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PREFATORY STATEMENT OF SYMBOLIC 
CONVENTIONS 

The purpose of the following observations is to bring together in one 
discussion various explanations which are required in applying the 
theory of types to cardinal arithmetic. It is convenient to collect these 
observations, since otherwise their dispersion throughout the several numbers 
of Part III makes it difficult to see what is their total effect. But although 
we have placed these observations at the beginning, they are to be read 
concurrently with the text of Part III, at least with so much of the text as 
consists of explanations of definitions. The earlier portion of what follows 
is merely a rimrrU of previous explanations ; it is only in the later portions 
that the application to cardinal arithmetic is made. 

I. General Observations on Types. 

Three different kinds of typical ambiguity are involved in our propo- 
sitions, concerning : * 

(1) the functional hierarchy, 

(2) the propositional hierarchy, 

(3) the extensional hierarchy. 

The relevance of these must be separately considered. 

We often speak as though the type represented by small Latin letters 
were not composed of functions. It is, however, compatible with all we have 
to say that it should be composed of functions. It is to be observed, further, 
that, given the number of individuals, there is nothing in our axioms to show 
how many predicative functions of individuals there are, i.e. their number 
is not a function of the number of individuals: we only know that their 
number ^2 N6qndiv , where “ Indiv” stands for the class of individuals. 

In practice, we proceed along the extensional hierarchy after the early 
numbers of the book. N If we have started from individuals, the result of this 
is to exclude functions wholly from our hierarchy ; if we have started with 
functions of a given type, all functions of other types are excluded. Thus 
a fresh extensional hierarchy, wholly excluding every other, starts from each 
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type of function. When we speak simply of “ the extensional hierarchy,” we 
mean the one which starts from individuals. 

It is to be observed that when we have the assertion of a propositional 
function, say “ b • <fx r,” the x must be of some definite type, i.e. we only assert 
that <f>x is true whatever x may be within some one type. Thus e.g . “ b.x=x ” 
does not assert more than that this assertion holds for any x of a given type. 
It is true that symbolically the same assertion holds in other types, but other 
types cannot be included under one assertion-sign, because no variable can 
travel beyond its type. 

The process of rendering the types of variables ambiguous is begun in *9, 
where we take the first step in regard to the propositional hierarchy. Before 
*9, our variables are elementary propositions . These are such as contain no 
apparent variables. Hence the only functions that occur are matrices, and 
these only occur through their values. The assumption involved in the 
transition from Section A to Section B (Part I) is that, given “ b .fp” where 
p is an elementary proposition, we may substitute for p ...),” where 

if > is any matrix. Thus instead of “ b .fp” which contained one variable/) of 
a given type, we have “ b .f{<f> l {x,y t z t ...)}, 1 ” which contains several variables 
of several types (any finite number of variables and types is possible). This 
assumption involves some rather difficult points. It is to be remembered 
that no value of <f> contains ^ as a constituent, and therefore <f> is not a 
constituent of fp even if p is a value of <f>. Thus we pass, above, from an 
assertion containing no function as a constituent to one containing one or 
more functions as constituents. The assertion “ b . fp ” concerns any elemen- 
tary proposition, whereas “ b\ f{<f > ! ( x,y,z , ...)} ” concerns any of a certain set 
of elementary propositions, namely any of those that are values of <f>. 
Different types of functions give different sorts of ways of picking out 
elementary propositions. 

Having assumed or proved " b .fp” where p is elementary and therefore 
involves no ambiguity of type, we thus assert 

h. fl<f> l (x, y, 

where the types of the arguments and the number of them are wholly 
arbitrary, except that they must belong to the functional hierarchy including 
individuals. (The assumption that propositions are incomplete symbols 
excludes the possibility that the arguments to <f> are propositions.) The note- 
worthy point is that we thus obtain an assertion in which there may be any 
finite number of variables and the variables have unlimited typical ambiguity, 
from an assertion containing one variable of a perfectly definite type. All 
this is presupposed before we embark on the propositional hierarchy. 

It should be observed that all elementary propositions are values of 
predicative functions of one individual, i.e. of <f > ! where £ is individual. 
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Thus we need not assume that elementary propositions form a type ; we may 
replace p by in “K/p.” In this way, propositions as variables 

wholly disappear. 

In extending statements concerning elementary propositions so as formally 
to apply to first-order propositions, we have to assume afresh the primitive 
proposition *111 (*11 is never used), i.e . given " h . <f>x ” and “ h . <f>x 3 >frx” 
we have " I- . yfrx” which is practically *912. This was asserted in *111 
for any case in which <j>x and yfrx are elementary propositions. There was 
here already an ambiguity of type, owing to the fact that x need not be 
an individual, but might be a function of any order. E.g. we might use 
*111 to pass from 

and “b to “K <£!&,” 

where ^ replaces the x of *111, and <f > ! a, <f > ! b replace <f& and yfr&. Thus 
*111, even before its extension in *9, already states a fresh primitive propo- 
sition for each fresh type of functions considered. The novelty in *9 is that 
we allow <f> and to contain one apparent variable. This may be of any 
functional type (including Indiv); thus we get another set of symbolically 
identical primitive propositions. In passing, as indicated at the end of *9, 
to more than one apparent variable, we introduce a new batch of primitive 
propositions with each additional apparent variable. 

Similar remarks apply to the other primitive propositions of *9. 

What makes the above process legitimate is that nothing in the treat- 
ment of functions of order n presupposes functions of higher order. We can 
deal with each new type of functions as it arises, without having to take 
account of the fact that there are later types. From symbolic analogy we 
“ see ” that the process can be repeated indefinitely. This possibility rests 
upon two things: 

(1) A fresh interpretation of our constants — v, !, (x). t (ga?). — at each 

fresh stage; 

(2) A fresh assumption, symbolically unchanged, of the primitive pro- 
positions which we found sufficient at an earlier stage — the possibility of 
avoiding symbolic change being due to the fresh interpretation of our 
constants. 

The above remarks apply to the axiom of reducibility as well as to our 
other primitive propositions. If, at any stage, we wish to deal with a class 
defined by a function of the 30,000th type, we shall have to repeat our 
arguments and assumptions 30,000 times. But there is still no necessity to 
speak of the hierarchy as a whole, or to suppose that statements can be made 
about “ all types.” 

We come now to the extensional hierarchy. This starts from some one 
point in the functional hierarchy. We usually suppose it to start from 
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individuals, but any other starting-point is equally legitimate. Whatever type 
of functions (including Indiv) we start from, all higher types of functions are 
excluded from the extensional hierarchy, and also all lower types (if any). 
Some complications arise here. Suppose we start from Indiv. Then if <f> 1 2 
is any predicative function of individuals, 2(<£!s) = ^!2. But identity 
between a function and a class does not have the usual properties of identity; 
in fact, though every function is identical with some class, and vice versa, the 
number of functions is likely to be greater than the number of classes. This 
is due to the fact that we may have £ (<f > ! z) = yfr l $ . 2 ! z) = x 1 2 without 

having yft ! i = % ! 2. 

In the extensional hierarchy, we prove the extension from classes to 
classes of classes, and so on, without fresh primitive propositions (#20, #21). 
The primitive propositions involved are those concerning the functional 
hierarchy. 

From all these various modes of extension we "see” that whatever cam, 
be proved for lower types, whether functional or extensional, can also be 
proved for higher types* Hence we assume that it is unnecessary to know 
the types of our variables, though they must always be confined within some 
one definite type. 

Now although everything that can be proved for lower types can be 
proved for higher types, the converse does not hold. In Vol. I. only two 
propositions occur which can be proved for higher but not for lower types. 
These are a ! 2 and g ! 2 r . These can be proved for any type except that of 
individuals. It is to be observed that we do not state that whatever is true 
for lower types is true for higher types, but only that whatever can be proved 
for lower types can be proved for higher types. If, for example, Nc'Indiv = v , 
then this proposition is false for any higher type ; but this proposition, 
Nc # Indiv = i/, is one which cannot be proved logically; in fact, it is only 
ascertainable by a census, not by logic. Thus among the propositions which 
can be proved by logic, there are some which can only be proved for higher 
types, but none which can only be proved for lower types. 

The propositions which can be proved in some types but not in others all 
are or depend upon existence-theorems for cardinals. We can prove 

g ! 0, g ! 1, universally, 
a 1 2, except for Indiv, 

3 1 3, a 14, except for Indiv, Cl'Indiv, Rl'Indiv ; and so on. 

Exactly similar remarks would apply to the functional hierarchy. In both 
cases, the possibility of proving these propositions depends upon the axiom 
of reducibility and the definition of identity. Suppose there is only one 
individual, x. Then are two different functions, which, by the 

* Bat of. next page for a more exact statement of this principle. 
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axiom of reducibility, are equivalent to two different predicative functions. 
Hence there are at least two predicative functions of x , and at least two 
classes i*x 9 A*. This argument fails both for classes and functions if either 
we deny the axiom of reducibility or we suppose that there may be two 
different individuals which agree in all their predicates, i.e. that the definition 
of identity is misleading. 

The statement that what can be proved for lower types can be proved for 
higher types requires certain limitations, or rather, a more exact formulation. 
Taking Indiv as a primitive idea, put 

Kl = Cl‘Indiv Df, K1’ = C1‘K1 Df, etc. 

Then consider the proposition Nc‘Kl = A. We can prove 

Nc'Kl a J'lndiv =A.g! Nc'Kl a £‘K1 . a ! Nc'Kl a $‘Kl a . etc. 

Thus Nc'Kl = A can be proved in the lowest type in which it is significant, 
and disproved in any other. The difficulty, however, is avoided if Indiv is 
replaced by a variable a, and K1 by Cl %‘a. Then we have 

Nc‘ClV«"*‘a=A, 

and this holds whatever the type of a may be. Thus in order that our 
principle about lower and higher types may be true, it is necessary that any 
relation there may be between two types occurring in a proposition should be 
preserved ; in other words, when one constant type is defined in terms of 
another (as K1 and Indiv), the definition must be restored before the type is 
varied, so that when one type is varied, so is the other. With this proviso, 
our principle about higher and lower types holds. 

With the above proviso, the truth of our statement is manifest. For we 
have shown that the same primitive propositions, symbolically, which hold 
for the lowest type concerned in our reasoning, hold also for subsequent 
types ; and therefore all our proofs can be repeated symbolically unchanged. 

The importance of this lies in the fact that, when we have proved a 
proposition for the lowest significant type, we “see” that it holds in any 
other assigned significant type. Hence every proposition which is proved 
without the mention of any type is to be regarded as proved for the lowest 
significant type, and extended by analogy to any other significant type. 

By exactly similar considerations we “see” that a proposition which can be 
proved for some type other than the lowest significant type must hold for 
any type in the direct descent from this. E.g. suppose we can prove a propo- 
sition (such as a ! 2) for the type K1 (where K1 = Cl'Indiv) ; then merely 
writing ClHndiv for Kl, we have a proposition which is proved concerning 
Indiv, namely g ! 2 a $‘Cl‘Indiv, and here, by what was said before* Indiv 
may be replaced by any higher type. 

Thus given a typically ambiguous relation iZ, such that, if r is a type, 
R*t is a type (Cl or R1 is such a relation), we “see” that, if we can prove 


Digitized by Google 



XIV 


PREFATORY STATEMENT 


<f> (72‘Indiv), we can also prove <f>(R‘T), where t is any type, and <f> is 
composed of typically ambiguous symbols. Similarly if we can prove 
<f> (Indiv, iJ'Indiv), we can prove <f> (t, where t is any type. But we 
cannot in general prove (Indiv, R‘ r) or (r, iZ'Indiv), and these may be 
in fact untrue. E.g. we have g ! Nc (Kl)'Indiv . ~ g ! Nc (K1)‘K1*. 

Thus more generally, when a proposition containing several ambiguities 
can be proved for the types ii'Indiv, S'lndiv, ..., but not for lower types, it 
is to be regarded as a function of Indiv, and then it becomes true for any 
type ; that is, given 

<t>(R‘ Indiv, S'Indiv, ...), 
we shall also have <f>{R‘r, S‘r , ...), 

where t is any type. In this way, aU demonstrable propositions are in the 
first instance about Indiv, and when so expressed remain true if any other 
type is substituted for Indiv. 

When a proposition containing typically ambiguous symbols can be proved 
to be true in the lowest significant type, and we can “ see ” that symbolically 
the same proof holds in any other assigned type, we say that the proposition 
has “permanent truth.” (We may also say, loosely, that it is “true in all 
types. ,, ) When a proposition containing typically ambiguous symbols can be 
proved to be false in the lowest significant type, and we can “ see ” that it is 
false in any other assigned type, we say that it has “ permanent falsehood.’’ 
Any other proposition containing typically ambiguous symbols is said to be 
“fluctuating,” or to have “fluctuating truth-value,” as opposed to “permanent 
truth-value,” which belongs to propositions that have either permanent truth 
or permanent falsehood. 

In what follows, ambiguities concerned with the propositional hierarchy 
will be ignored, since they never lead to fluctuating propositions. Thus dis- 
junction and negation and their derivatives will not receive explicit typical 
determination, but only such typical determination as results from assigning 
the types of the other typically ambiguous symbols involved. 

It is convenient to call the symbolic form of a propositional function 
simply a “ symbolic form .” Thus, if a symbolic form contains symbols of 
ambiguous type it represents different propositional functions according as 
the types of its ambiguous symbols are differently adjusted. The adjustment 
is of course always limited by the necessity for the preservation of meaning. 
It is evident that the ideas of “ permanent truth-value ” and “ fluctuating truth- 
value ” apply in reality to symbolic forms and not to propositions or propo- 
sitional functions. Ambiguity of type can only exist in the process of 
determination of meaning. When the meaning has been assigned to a 
symbolic form and a propositional function thereby obtained, all ambiguity 
of type has vanished. 
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To “ assert a symbolic form ” is to assert each of the propositional functions 
arising for the set of possible typical determinations which are somewhere 
enumerated. We have in fact enumerated a very limited number of types 
starting from that of individuals, and we “see” that this process can be 
indefinitely continued by analogy. The form is always asserted so far as the 
enumeration has arrived; and this is sufficient for all purposes, since it is 
essentially impossible to use a type which has not been arrived at by succes- 
sive enumeration from the lower types. 

The only difficulties which arise in Cardinal Arithmetic in connection 
with the ambiguities of type of the symbols are those which enter through 

the use of the symbol sm, or of the symbol Nc, which is sm. For it may 
happen that a class in one type has no class similar to it in some lower type 
(cf. *102-72-73). All fallacious reasoning in cardinal or ordinal arithmetic in 
connection with types, apart from that due to the mere absence of meaning 
in symbols, is due to this fact — in other words to the feet that in some types 
g ! Nc*a is true, and in other types g ! Nc'a may not be true. The fallacy 
consists in neglecting this latter possibility of the failure of g ! Nc‘a for a 
limited number of types, that is, in taking the “ fluctuating ” form g ! Nc*a 
as though it possessed a “ permanent” truth- value. 

A fluctuating form however often possesses what is here termed a 
“stable” truth- value, which is as important as the permanent truth- value 
of other forms. For example, anticipating our definitions of elementary 
arithmetic, consider 2 + 0 3 = 5. There is no abstract logical proof that there 
are two individuals ; so suppose 2 and 3 refer to classes of individuals, but 
5 refers to classes of a high enough type, then with these determinations 
2 + a 3 = 5 cannot be proved. But 2 + 0 3 = 5 has a stable truth- value, since 
it can always be proved when all the types are high enough. In this case 
the fact that our empirical census of individuals (at least of the “relative” 
individuals of ordinary life) has outrun the capacity of logical proof, makes 
the fluctuation in the truth-value of the form to be entirely unimportant. 

In order to make this idea precise, it is necessary to have a convention 
as to the order in which the types of symbols in a symbolic form are assigned. 
The rule we adopt is that the types of the real variables are to be first 
assigned, and then those of the constant symbols. The types of the apparent 
variables, if any, will then be completely determinate. 

A symbolic form has a stable truth-value if, after any assignment of types 
to the real variables, types can be assigned to the constant symbols so that 
the truth-value of the proposition thus obtained is the same as the truth-value 
of any proposition obtained by modifying it by the assignment of higher types 
to some or all of the constant symbols. This truth-value is the stable truth- 
value. 
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II. Formal Numbers. 

The conventions, which we shall give below as to the assignment of types, 
practically restrict our interpretation of fluctuating symbolic forms to 
types in which the forms possess their stable truth-value. The assumption 
that these truth-values are stable never enters into the reasoning. But we 
judge a truth-value to be stable when any method of raising the types of the 
constant symbols by one step leaves it unaltered. 

In practice the fluctuation of truth-values only enters into our considera- 
tion through a limited number of symbols called “formal numbers.” 

Formal numbers may be “ constant ” or “ functional.” 

A constant formal number is any constant symbol for which there is a 
constant a such that, in whatever type the constant symbol is determined, 
it is, in that type, identical with Nc'ol In other words if cr be a constant 
symbol, then cr is a formal number provided that “truth” is the permanent 
truth-value of <r = Nc'a, for some constant a. 

The functional formal numbers are defined by enumeration ; they are 
Nc‘«, 2Nc'*, IINc'*, 8m“/A, /A+ e v, /a- 0 v, fi v y 

where in each formal number the symbols a, *, /a, v occurring in it are called 
the arguments of the functional form even when they are complex symbols. 
The argument of Nc'(a + #) is a + #, and those of p + 0 ( v + 0 m) are p and 
v+ 0 w, and those of 1 + 0 2 are 1 and 2. 

Thus among the constant formal numbers are 

0, 1, 2, ..., K 0 , 1 + 0 2, 2x o tt 0 , 2*. 

The references which support this statement are 

*101*11*21*32 . *123-36 . *110 42 . *113 23 . *116 23. 

Among the functional formal numbers are 

Nc*(a + fi), ft + 0 (v + 0 nr), {ft + 0 v) x 4 v, (/*+, v) w . 

It will be observed that e.g. 1 + 0 2 is both a constant and a functional formal 
number, so that the two classes are not mutually exclusive. In fact they 
possess an indefinite number of members in common. 

All the formal numbers, with the exception of sm “p and /a— 0 i/, are 
members of NC without any hypothesis [cf. *100*41*01*52. *110*42. *112*101. 
*113-23. *1141 .*116*23, note to *11912, and *120*411]. 

A functional formal number consists of two parts, namely, its argument 
or arguments, and the constant “form.” An argument of a functional 
formal number may be a complex symbol, and may be constant or variable. 
Thus u 4*o v is an argument of (/a + c v)+ e p> and of (fi+ 0 v)x 0 l and of 
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0*+ o also 2 + 0 3 is an argument of (2 + 0 3) x 0 l. The constant form is 
constituted by the other symbols which are constants. Two occurrences of 
functional formal numbers are only occurrences of the same formal number 
if the arguments and also the constant forms are identical in symbolism. 
Thus two occurrences of Nc'a are occurrences of the same formal number, 
even if they are determined to be in different types ; but Nc'a and Nc'£ are 
different formal numbers. Also p l and p x 0 1 are different formal numbers 
because their “forms” are different, though the arguments p and 1 are the 
same and (in the same type) the entity denoted is the same. Thus the 
distinction between formal numbers depends on the symbolism and not on 
the entity denoted, and in considering them it is symbolic analogy and not 
denotation which is to be taken into account. For example two different 
occurrences of the same formal number will not denote the same entity, if in 
the two occurrences the ambiguity of type is determined differently. 

The functional formal numbers are divided into three sets: (i) the 
primary set consisting of the forms Ne'er, 2Nc*#, IINcSt, (ii) the argumental 
set consisting only of sm“/x, (iii) the arithmetical set consisting of /x+ 0 i/, 
p x 0 v , p v , and p — 0 v . 

A functional formal number has at most two arguments. But an 
argument of a functional formal number may itself be a functional formal 
number, and will accordingly possess either one or two arguments, which in 
their turn may be functional formal numbers, and so on. The whole set of 
arguments and of arguments of arguments, thus obtained, is called the set of 
components of the original formal number. Thus p, v , p, and p + 0 v are com- 
ponents of (/x+ 0 p)+ 0 p; and p, v and sm“/x are components of i/+ fl sm“/x; 
and /x, o and Nc'a are components of p + 0 Nc'o, The two arguments of 
(/x+ a p)+ e p are /x+ 0 f and p , and those of p+ 0 sm“/x are v and sm“/x, and 
those of /x+ 0 Nc'a are /x and Nc'a. 

Addition, multiplication, exponentiation, and subtraction will be called 
the arithmetical operations ; and in p + 0 v, p x 0 v t p v , p - 0 v t /x and v will each 
be said to be subjected to these respective operations. The arithmetical 
components of an arithmetical formal number ( i.e . one belonging to the 
arithmetical set) consist of those of its components which do not appear in 
the capacity of components of a component which does not belong to the 
arithmetical set. Thus p, v t p f p+ t v are arithmetical components of 
(a*+o v )4o ?\ an d v an d sm“/x are arithmetical components of v+ 0 sm “/x, 
but p is not one ; and p and Nc‘a are arithmetical components of p + 0 Nc‘a, 
but a is not one; and p and sm“(i/+ 0 p) are arithmetical components of 
fx+ 0 sm“(v+ 0 p), but i>+ 0 p and v and p are components of sm“(i/+ d p) and 
are therefore not arithmetical components of /x+ 0 sm“(v + 0 p). Only arith- 
metical formal numbers possess arithmetical components. 


Digitized by Google 



PREFATORY STATEMENT 


xviii 

A formal number of the arithmetical set having no components which 
are formal numbers of the argumental set is called a pure arithmetical 
formal number. For example p+ 0 (v + Q p) and /i+ a Nc‘a are pure, but 
p + 0 sm“(v + 0 p) and /i+ a sm“Nc'a are not pure. 

There are many types involved in the consideration of a formal number 
For example, in Nc ‘a there is the type of Nc‘a and of a ; in p + a v there is the 
type of p+ 0 v, the type of p, and the type of v ; and so on for more complex 
formal numbers. The type of a formal number as a whole in any occurrence 
is called its actual type . This is the type of the entity which it then 
represents. 

The other types involved in a formal number in any occurrence are called 
its subordinate types. 

The actual types are not indicated in the symbolism for the various 
formal numbers as stated above. They can be indicated relatively to the 
type of the variable £ by writing Nc sm^/i, {p+ Q v)t> (/4X 0 ^, (p*)^ 
(p — a i/)$ , by the notation of *65. Even when the actual type of a complex 
formal number, such as p + a (v + a w), is settled — so for instance that we have 
{p + a (v + a «r)}f — the meaning of the symbol is not completely determined, for 
the type of v + a m remains ambiguous. It follows, however, from 

*100*511 . *110*23 . *113*26 . *119*61-62, 

that the subordinate types make no difference to the value of a formal 
number, so long as the components are not null. 

We can therefore make a formal number definite as soon as its actual 
type is definite by securing that its components are not null. This is done 
by the convention II T (below) combined with the definitions 
*110*03*04 . *113*04*05 . *116*03*04. 

When the subordinate types are adjusted in accordance with these definitions 
and conventions, they will be said to be normally adjusted . 

But in order to state this convention II T we require a definition of what 
is here called the adequacy of the actual type of a formal number. The 
general idea of adequacy is simple enough, namely that, given the sub- 
ordinate types of <r, the actual type of a should be high enough to enable 
us logically to prove g ! <r when such a proof is possible for types which 
are not too low. For example, all types except the lowest for which it has 
meaning are adequate for the constant formal number 2. It is rather 
difficult however to state the meaning of adequacy with precision in a 
manner adapted to all formal numbers. Fortunately the definition of the 
lowest type which corresponds to this general idea of adequacy is not 
important for our purposes. It will be sufficient to define as adequate some 
types which certainly do have the property in question. 
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The method of definition which we adopt is to replace the formal number 
a by another one cr' so related to cr that with the same actual type for both 
we can prove g ! cr' . D . g ! cr, whenever <r is not equal to A in all types. 
If o- be functional, we need only consider its argument, or its two arguments, 
and can dismiss from consideration the other components ; then we replace 
these arguments by others so that the a has the required property. Thus : 

(i) The actual types of Nc‘a, 2Nc'*, IINc'*, and sm“/A are adequate 
when we can logically prove 

g ! Nc%‘a, g ! 2NcV*> 3 1 nNc%‘*, and g ! sm 

(ii) The actual types of /a + 0 v, /a — a v , fi x e v, and /a* are adequate when 
we can logically prove 

g ! N 0 c V/a + e N 0 c Vv, g ! N 0 c%^ - 0 0 n tjv, 
g ! N 0 c V /a x 0 N 0 c%‘i/, and g ! N 0 c%‘/A NiCVl< * 

It will be noticed that t^a, t^tc, and are the greatest classes of the 
same type as a, k, and /a respectively, and that N 0 c%‘/a and N 0 c%*v are the 
greatest cardinal numbers ojf the same type as /a and v respectively. These 
definitions hold even when any of a, *, /a, v are complex symbols. 

The remaining formal numbers which are not functional must certainly 
be constant. The difficulty which arises here is that if <r be such a formal 
number and Kq occurs in its symbolism, we have no logical method of 
deciding as to the truth or falsehood of g ! N 0 in any type. But we replace 
Kt by N 0 c‘£/Ko which is the greatest existent cardinal of the same type as K 0 
in that occurrence. Thus : 

(iii) If cr be a formal number which is not functional, an adequate 
actual type of cr is one for which we can logically prove g ! cr', where cr' is 
derived from cr by replacing any occurrence of K 0 in cr by N 0 c%‘K 0 . Accord- 
ingly if Kq does not occur in cr, an adequate type is any actual type for 
which we can logically prove g ! cr. 

In the case of members of the primary and argumental groups we have 
substituted the V of the appropriate type in the place of each variable. 
When the actual type is adequate we have 

(a) . g ! Nc'a, (*) . g ! 2Nc‘*, (*) . g ! II Nc'*, (/a) . g ! sm“/A. 

In the case of members of the arithmetical group (except in the case of 
H — c v ), we have substituted for each argument the largest cardinal number 
which can be obtained in the type of that argument, namely the N 0 c‘V for 
the V of the appropriate type. 'Accordingly we are sure (except in the case 
of /a — 0 v) that for all other values of the arguments which are existent 
cardinal numbers the formal number is not null 

It will be noticed that normal adjustment only concerns the subordinate 
types. For example *110*03 secures that in Nc‘<H- 0 /a the actual type of 

B.&W. IL b 
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Nc‘a is adequate, and *1 10*23 shows that any adequate actual type of Nc‘a 
will do. But nothing is said about the actual type of Nc‘a+ 0 /a. We make 
the following definition : When the subordinate types of a formal number are 
normally adjusted, and the actual type is adequate, the types of the formal 
number are said to be arithmetically adjusted. 

We notice that for the primary set, the arithmetical adjustment of types 
means the same thing as the adequate adjustment of the actual type. Also 
if the arguments of a formal number of the arithmetical set are simple 
symbols, the two ideas come to the same thing. 

In the case of variable formal numbers of the primary set, it follows from 
*117*22*32 that when their types are arithmetically adjusted they are not 
equal to A for any values of their variables. 

Also in tbe case of those variable formal numbers which are of the pure 
arithmetical set (excluding p— 0 v) it follows from *100*4*52*42 .*113 23 . 
*116*23 that, working from the ultimate components reached by successive 
analysis upwards, for all values of such ultimate components which are 
members of NC — i‘A they can be reduced to the case of the formal numbers 
of the primary group; and that therefore they are not equal to A when their 
types are arithmetically adjusted. For example in ^+ 0 {i'+ 0 (/>+ 0 <r)}, fi, v , 
p, cr are these ultimate components ; let them be existent cardinal numbers. 
Hence when the types are arithmetically adjusted, the actual type of p+ 0 < r 
is adequate andp+ 0 <r is an existent cardinal ; we can therefore substitute 
N 0 c*a for it By the same reasoning we can substitute N 0 c*£ for v + 0 N 0 c*a, 
and again N 0 c *7 for p + 0 N 0 c‘£. 

A definite standard arithmetical adjustment of types for any formal 
number can always be found by making every use of sm, whether explicit 
or concealed in Nc or in some other symbol, to be homogeneous. Proofs 
which apply to any arithmetical adjustment of types start by dealing with 
this standard type, and then by the use of *104*21 . *106*21*211*212*213 the 
extension is made to the adjacent higher classical and relational types. We 
then “ see 99 that by the analogy of symbolism this extension can always be 
formally proved at each stage, so that we are dealing with the stable truth- 
value. For some constant formal numbers a lower existential type can be 
found than that indicated by this method. 


III. Classification of Occurrences of Formal Numbers . 

A symbolic form of any of the kinds [cf. *117*01*04*05*06] 
fl>V, fi<v, /*</>, 

is called an arithmetical inequality . 
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These forms only arise when we are comparing cardinal numbers in 
respect to the relation of being “ greater than ” or “ less than.” It might 
seem natural to include equations among these arithmetical inequalities. 
Their use however, even as between cardinal numbers, is not so exclusively 
arithmetical, and it is convenient to consider them separately under another 
heading during our preliminary investigations. 

In the arithmetical inequalities as above written, /jl and v, or any symbols 
replacing p and v, are called the opposed sides of the inequality, and either 
of p or v is called a side of the inequality. 

Symbolic forms of the kinds c r = * and <r^*, where either cr or k is a 
formal number, will be called equations and inequations respectively; and cr 
and k are called the opposed sides of the equation or inequation, and either 
of them is simply a side of the equation or inequation. 

When we reach the exclusively arithmetical point of view, it will be 
convenient to put together equations, inequations and arithmetical inequalities 
as one sort of symbolic form. Their separation here is for the sake of 
investigations into the exceptions due to the failure of existence theorems in 
low types. It is unnecessary to consider arithmetical inequalities in this 
connection. 

The ways in which a symbol cr can occur in a symbolic form are named 
as follows: 

The occurrence of cr in sm“cr is called an argumental occurrence, 

The occurrence of cr as an argument of an arithmetical formal number 
(which may be a component of another formal number) or as one side of an 
arithmetical inequality is called an arithmetical occurrence, 

The occurrence of cr as one side of an equation is called an equational 
occurrence, 


The occurrence of cr in “ f e cr ” is called an attributive occurrence, 

Any other occurrence of cr is called a logical occurrence, so also is cr = A. 

It is obvious that a pair of opposed sides of an equation or inequation 
must be of the same type. Furthermore, if cr be a formal number, and 
*2018 is applied so as to give 

b cr = k . D : /(cr) • = • /(*), 

the equational occurrence of cr must be of the same type as its occurrence in 
/(<r), otherwise the inference is fallacious. Accordingly substitution in 
arithmetical formulae can only be undertaken when the conventions as to the 
relations of ambiguous types secure this identity. This question is considered 
later in this prefatory statement, and the result appeal's in the text as 
♦118*01. 
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At this point some examples will be useful ; they will also be referred to 
subsequently in connection with the conventions limiting ambiguities of type. 

*100‘35. b s. g ! Nc'a . v . g ! Nc'£ : D : 

Nc‘a = Nc‘£ . = . a e Nc‘£ . = . fi e Nc‘a . = . a sm fi 

Here the formal numbers are Nc'a and Nc*$, each of which has three 
occurrences. The first occurrence of Nc*a is logical, its second is equational, 
and its third is attributive. 

*100*42 (in the demonstration). 

b s /a, v e NC . a ! fi n v . D . (got, fi ) . fi = Nc'a . v = Nc € fi . Nc‘a = Nc ‘fi 
Here Nc‘a and Nc ‘fi are the only formal numbers, and all their occurrences 
are equational. 

*100*44 (in the demonstration). 

b: pe NC . g ! Nc‘a . a € fi . D . (g£) . fi = Nc‘£ . Nc‘a = Nc‘£ 

Here Nc‘a and Nc ‘fi are the only formal numbers; the first occurrence 
of Nc‘« is logical, its second is equational ; both the occurrences of Nc‘/8 are 
equational. 

*100 611. b : a l Nc ‘fi . D . sm“Nc ‘fi = Nc‘£ 

Here the formal numbers are Nc'$ and sm“Nc‘)8. The first occurrence 
of Nc ‘fi is logical, the second is argu mental, the third is equational; the 
only occurrence of sm“Nc‘)8 is equational. 

*100*621. bi fie NC . a * sm“/A . D . sm“sm“/i = fi 

Here sm “fi and sm“sm “fi are the only formal numbers; sm“/t has 
two occurrences, the first logical, the second argumental ; sra“sm“/i has one 
occurrence, which is equational. 

*101*28 (in the demonstration). 

b :yesm“l . = . (a*).«el .7am a 

Here the formal numbers are 1 and sm“l. The first occurrence of 1 is 
argumental, the second is attributive ; the occurrence of sm“l is attributive. 

*101*38. h:gl 2 .D. *‘C1“2 = 0 u 1 u 2 

Here the formal numbers are 0, 1, and 2, and their occurrences are all 
logical 

*110*54. I- . (Nc'a + 0 Nc ‘fi) +„ Nc*7 = Nc'(a + # + 7) 

Here the formal numbers are 

Nc'o, Nc ‘fi, Nc* 7, Nc‘(a + £ + 7)> Nc‘a+ e Nc‘£, (Nc‘a+ 0 Nc‘£)+ 0 Nc‘7. 
The occurrence of Nc‘(a + /9 + 7) and that of (Nc‘a+ 0 Nc‘)9)+ 0 Nc‘7 are 
both equational, and they must be of the same type since they are opposed 
sides of the same equation. The occurrences of the other formal numbers 


Digitized by Google 



PREFATORY STATEMENT 


xxiii 

are as arithmetical components of a more complex arithmetical formal number 
and are therefore arithmetical. 

*116 63. h . = (j ? )» 

The formal numbers are v x 0 «r, fi v , p 9 ** 9 , and (jjl v ) w . Each formal number 
occurs once only. The occurrences of vx c vr and g? are arithmetical, and 
those of the other two are equational. 

*117*106. h :• Nc‘a Nc‘)9 . s s Nc'a > Nc‘/8 . v . Nc‘a = Nc‘/9 

The formal numbers are Nc‘a and Nc‘/9, each with three occurrences. 
The first two occurrences of each formal number are arithmetical, the last 
occurrence of each is equational. 

*120*63 (in the demonstration). 

= = x 0 a* 

Here the formal numbers are y+ 0 8, cfi, ay, of, ay x 0 a*. Each formal 
number has one occurrence. Those of 7 + 0 8, of and a* x 0 a* are equational, 
and those of a? and of are arithmetical. 

*120*63 (in the demonstration). 

h : of = ay • /3 = y + C S .Qlcfi .D .ofi = ay x 9 of 

Here the formal numbers are of, ay, of, a? x 0 of, 7 + 0 8. The first 
occurrence of of is equational, its second occurrence is logical; the first 
two occurrences of ay are equational, its third occurrence is arithmetical ; the 
only occurrence of a* is arithmetical ; the only occurrences of oC* x 0 of and of 
7+ e 8 are equational. 

IV. The Conventions IT and II T. 

Two occurrences of a formal number with the same actual type are said 
to be hound to each other. 

The choice of types for formal numbe.rs, when they are not made definite 
in terms of variables by the notation of *65, is limited by the following 
conventions, which enable us to dispense largely with the elaboration 
produced by the definition of types. 

IT. All logical occurrences of the same formal number are in the same 
type; argumental occurrences are bound to logical and attributive occurrences; 
and, if there are no argumental occurrences , equational occurrences are bound to 
logical occurrences 

This rule only applies, so far as meaning permits, to those types which 
remain ambiguous after the assignment of types to the real variables. 

It will be noticed that if there are no argumental or logical occurrences 
of a formal number, IT does not in any way apply to the assignment of types 
to the occurrences in the form of that formal number. 
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The identification of types in argumental and attributive occurrences 
by IT is rendered necessary to secure the use of the equivalence 

7 e sm“o- . = . (got) . a e a . 7 sm a, 

where a is a formal number. Without the convention, this application of 
*37*1 would be fallacious. The only one of our examples to which this part 
of the convention applies is *101*28 (demonstration), where it secures that 
the two occurrences of 1 are in the same type. It is relevant however to the 
symbolism in the demonstration of *100*521. 

It will be found in practice that this convention relates the types of 
occurrences in the same way as would naturally be done by anyone who was 
not thinking of the convention at all. To see how the convention works, 
we will run through the examples which have already been given above. 

In *100*35, IT directs the logical and equational occurrences of Nc‘a to 
be in the same type, and similarly for Nc‘$. Also “meaning” secures that 
the equational types of Nc'a and Nc‘$ are the same. Thus these four 
occurrences are all in one type, which has no necessary relation to the types 
of the attributive occurrences of Nc'ot and Nc‘$. Thus, using the notation 
of *65*04 to secure typical definiteness, *100*35 is to mean 

h g ! Nc . v . g ! Nc s 3 : 

Nc (f)'a = Nc (gyp . = . a e Nc . = . /3 e Nc Q 3)‘a . = . asm 

The types of these attributive occurrences are settled by the necessity 
of “ meaning.” 

In *100*42 (demonstration), since all the occurrences of formal numbers 
are equational, IT produces no limitation of types. 

In *100*44 (demonstration), IT secures that the two occurrences of Nc*a 
are in the same type. Also we notice that the first occurrence of Nc‘£ is 
really (cf. *65*04) Nc(a)‘/9, sincr* “ae/i” occurs, and thus “meaning” requires 
this relation of types, and the second occurrence of Nc‘£ is in the type of the 
occurrences of Nc'o. 

In *100*511, IT directs that the logical and argumental occurrences are 
to have the same type. In *100*521, IT directs that the two occurrences 
of sm “ji are to have the same type. In *101*28 both occurrences of 1 are 
to be in the same type. In *101*38, IT directs that all the occurrences of 2 
are to have the same type. 

The convention IT in no way limits the types in *110*54, nor in *116*63, 
nor in *117*108. 

In the first example from *120*53 (in the demonstration) convention IT 
has no application. 

In the second example from *120*53 (in the demonstration) convention 
IT directs that the two occurrences of a* shall be in the same type; and the 
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necessity of “ meaning ” secures that the first occurrence of a* shall also be 
in this type. The same necessity secures that 7 + c $ shall be in the same 
type as /8; and it also secures that in “a* = a* x Q cf" the first occurrence of a* 
and that of a* x 0 a* shall have a common type, which is otherwise unfettered; 
also nothing has been decided as to the types of a? and of in a* x c of. 

We now come to conventions embodying the outcome of arithmetical 
ideas. The term “arithmetical” is here used to denote investigations in 
which the interest lies in the comparison of formal numbers in respect to 
equality or inequality, excluding the exceptional cases — whenever the cases 
are exceptional — due to the failure of existence in low types. The thorough- 
going arithmetical point of view, which we adopt later in the investigation 
on Ratio and Quantity and also in this volume in *117 and 4(126 and some 
earlier propositions, would sweep aside as uninteresting all investigation of 
the exact ways in which the failure of existence theorems is relevant to the 
truth of propositions, thus concentrating attention exclusively on stable truth- 
values. But the logical investigation has its own intrinsic interest among 
the principles of the subject. It is obvious however that it should be 
restrained to a consideration of the theorems of purely logical interest. In 
practice this extrusion of uninteresting cases of the failure of arithmetical 
theorems, even amid the logical investigations of the first part of this 
volume, is effected by securing that all arithmetical occurrences of formal 
numbers have their actual types adequate . 

As far as formal numbers of the primary group, i.e. Nc'a, 2Nc'#c, II No'*, 
are concerned, the arithmetical adjustment of types is secured formally in the 
symbolism by the definitions *11003*04! for addition, and *113*04*05 for 
multiplication, and *116*03*04 for exponentiation, and *117*02*03 for 
arithmetical inequalities, and *119*02*03 for subtraction. 

We save the symbolic elaboration whi^b would arise from the extension 
of similar definitions to other formal num^rs by the following convention : 

IIT. Whenever a formal number <r occurs , so that , if it were replaced 
by Nc'a, the actual type of Nc'a would by definition have to be adequate , then 
the actual type of a is also to be adequate . 

For example in /i + 0 (v + 0 w), if v+ 0 m were replaced by Nc'a, then by 
*11004 the actual type of Nc'a is adequate. Hence by HT the actual type 
of y+ 0 w is to be adequate: accordingly so long as v and w are simple 
variables and members of NC - t'A, we can always assume g ! (v+o®') for the 
type of the occurrence of v + c w in p + 0 (v + c or). 

It is essential to notice that so long as the argument of an argumental 
formal number, or the arguments of an arithmetical formal number, are 
adjusted arithmetically, the exact types chosen make no difference. This 
follows for argumental formal numbers from *102*862*87*88, for addition from 
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4(110*25, for multiplication from *113*26, for exponentiation from *116*26, for 
subtraction from *119*61*62. Thus (remembering also *100*511) in any 
definite type a formal number has one definite meaning provided that any 
subordinate formal number which occurs in its symbolism is determined 
existentially. The convention II T directs us always to take this definite 
meaning for any pure arithmetical formal number. 

The convention does not determine completely the meaning of an arith- 
metical formal number which is not pure. For example, /i+oO'+o p) is a 
pure arithmetical formal number when fi, v , p are determined in type ; and 
convention II T directs that the type of (i/+ 0 p) is to be adequate. But 
fi + 0 sm u (i/ + 0 p) is an arithmetical formal number which is not pure, and 
convention II T directs that the type of the domain of sm is to be adequate, 
but does not affect the type of v + 0 p. Thus it is easy to see that II T secures 
the adequacy of the actual types of all arithmetical components of any 
arithmetical formal numbers which occur, but does not affect the actual type 
of a formal number which occurs as the argument of an argumental formal 
number. But in this case convention IT will bind the actual type of this 
occurrence of the argument to any logical or attributive occurrence of the 
same formal number. For example, if g ! v+ c p and p + 0 sm“(v + 0 p) occur 
in the same form, then these two occurrences of v + c p must have the same 
actual type. In practice argumental formal numbers are useful as com- 
ponents of arithmetical formal numbers for the very purpose of avoiding the 
automatic adjustment of types directed by II T. 

The meaning of II T is best explained by examples. Among our previous 
examples we need only consider those in which arithmetical formal numbers 
occur. 

In *110*54 the convention or definitions direct us to determine the types 
of Nc*a and Nc‘/8 adequately when forming Nc‘a + c Nc‘)9, also to determine 
Nc‘a+ 0 Nc‘)9 and Nc'y adequately when forming (Nc'ot + 0 Nc‘$) + 0 Ncfy 
The convention does not apply to the types of (Nc‘a+ 0 Nc‘£)+ 0 Nc‘Y and 
Nc‘(« + )8 + 7 ). These types must be identical in order to secure meaning. 

In *116*63 the convention directs us to adjust the types of vx 0 v and 
^adequately; it does not affect the types of and (ji v ) w , which must 

be identical to secure meaning. If we replace /i, v, m by formal numbers, by 
2, M 0 , and 1 for example, we get “ h . 2N° xcl = (2N«) 1 .” The convention now 
directs that 1 is to be determined adequately. It so happens that any 
type is adequate for it, since g ! 1 can be proved in any type. Then adequate 
types for N 0 x o l and 2**° are types for which we can prove g !(N 0 c%‘N 0 ) x ol 
and g!2 No0 '*» - N*. Thus if t is the type of M 0 in both cases, an adequate type 
for M 0 x e 1 is t, and for 2#* is Cl‘r. 

In *117*108 we find arithmetical occurrences in arithmetical inequalities. 
Thus II T directs us to take the first two occurrences of Nc'ot and the first 


Digitized by Google 



PREFATORY STATEMENT 


XX Vll 


two of Nc‘/8 with adequate actual types. The type of Nc*« and Nc‘£ in 
Nc*ot = Nc‘£ is not affected by it. It is evident that the conventions IT, II T 
are not sufficient to secure the truth of this proposition as thus symbolized. 
It is essential that in the equation the type be adjusted adequately for 
both formal numbers. In fact the general arithmetical convention, that 
types of equational as well as of arithmetical occurrences are adjusted 
arithmetically, is here used. 

V. Some Important Principles . 

Principle of Arithmetical Substitution . In #120*53, the application of IIT 
needs a consideration of the whole question of arithmetical substitution. 
Consider the first of the two examples. We have 

h : £ = 7 + c 8 • g ! $ . D . a? = a* x 0 a 3 . 

It is obvious that unless we can pass with practical immediateness from 
"# = 7+o$.«? = c^ M to“a? = a ?+** 99 by #20*18, arithmetic is made practically 
impossible by the theory of types. But a difficulty arises from the application 
of IIT. Suppose we assign the types of our real variables first. Then the 
types of a, / 3 , 7, 8 can be arbitrarily assigned, and there is no necessary 
connection between them which arises from the preservation of meaning. 
Thus /3 may be in a type which is not an adequate type for 7 + c 8. Assume 
that this is the case. But the equational use of 7 + 0 8 is in the same type 
as fi, and by IIT the arithmetical use of 7+08 i& aY+ '* is in an adequate 
type. Thus, on the face of it, the reasoning, appealing to #20*18, by which 
the substitution was justified, is fallacious ; for the two occurrences of 7 + 0 8 
in fact mean different things. 

In order to generalize our solution of this difficulty it is convenient to 
define the term “arithmetical equation.” An arithmetical equation is an 
equation between purely arithmetical formal numbers whose actual types 
are both determined adequately. Then it is evident that from “o’ » r . /(r),” 
where a and t are formal numbers and r occurs arithmetically in /(r), we 
cannot infer f{<r) unless the equation o- = t is arithmetical. For otherwise 
the r in the equation cannot be identified with the t in /(t). 

When we have = where r is a formal number and /3 is a 

number in a definite type, and wish to pass to * /X#),” or “ 0 = t . f(f 3) 99 and 
wish to pass to a /(r),” the occurrence of r in /(t) being arithmetical, the 
type of /8 may not be an adequate type for t. Accordingly the t in “ & » t ” 
cannot be identified with the t in /(r). The type of the t in the equation 
ought to be freed from dependence on that of £. Accordingly the transition 
is only legitimate when we can write instead 

“£+*0 = t./(t)” or “£+ c 0 = r./08),” 
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where in both cases the equation is arithmetical. For now all the symbols 
are subject to the same rules. 

If this modification can be made without altering the truth-value of the 
asserted propositions, the substitution is legitimate, otherwise it is not. 

It is obvious that in the above our immediate passage is to or from 
f (fi + 0 0). But it is easy to see that, the occurrence of /8+ o 0 being arith- 
metical, we always have 

/(£). = . /08+ o 0). 

In order to prove this, we have only to prove 

a +« (fi +o 0) = a +„ 

«x o (£+ o 0) = ax c £, 

( a + c 0/ = efi, 

«*+•• = cfi, 

and a>/9+ o 0. = .a>#. = .a+ o 0>/9. 

The demonstration of the first of these propositions runs as follows : 
h . *1 10-4 . 3 I- : . 0 ~ e NC . v . £ = A : 3 . /3 +„ 0 = A . a + 0 y8 = A . 

[*1NH] 3 . a + c (/? +, 0) - A = a + 0 /8 (1) 

h .*110 4 .31-:. a~eNC.v.a = A:3.a+ o (j9+ o 0) = A = a+ o j9 (2) 

1- . *110-6 . 3 I- : a, # e NC — i‘A . 3 . a + # (/3 + 0 0) = a + 0 sm“y8 

-«+.£ (3) 

h.(l).(2).(3).3h:a+ e 09+ 8 O) = a+ o /9 

In the above demonstration the step to (3) is legitimate since by the 
hypothesis /3 is a determination of sm“/9 in an adequate type. 

Similar proofs hold for the other propositions, using *113*204 and 
*116-204 and *11712 and *10313. 

We must also consider the circumstances under which we can pass from 
“ /3 = t ” to “ /9 + 0 0 = t,” where the latter equation is arithmetical. In other 
words, using *65*01 we require the hypothesis necessary for 
3 ! t„ . /3 = r f . 3 . 0 + 0 0 = t, . 

We have 

h. *2018. 3h:/9 = T t .3./3+ e 0 = Tf+ o 0 (1) 

h . *110-35 . 3 1- : a 1 T* . a ! t, • 3 • T t + 0 0 = t, + 0 0 (2) 

h • (1) • (2) • 3l"!.3lT(.alT,iD!^ = T(.D.^ + 0 0 = T, + 0 0 (3) 

h.(3). 3l-:.a!/9.a lT ^*^ ! )8 = T t-^*/8+ o 0 = T,+ o 0 (4) 

Now in (4) the occurrences of /3 + 0 0 and r, +* 0, which are in the same 
type, may be chosen to be in any type we like. Hence we deduce 
h . (4) . *110-6 . 3 1- a 1 0 . a 1 T n • 3 : 0 - T f • 3 • (& +o 0)f = sm f “r, . 
[*100-511] 3 . (y8 + a 0)f = Tf 
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Hence a ! /8 is the requisite condition. Now since f can be in any type, 
we can also choose it in any existential type for t. Thus with II T applying 
to the arithmetical occurrence of r in /(t), we have, where t is a formal 
number and /3 is a number in a definite type, 

h: a !/3./3 = T./(r).D./(/3), 

h: a !£.£ = T./(£)0./(T), 

: a ! a . «r = T ./(t) . D ./(<r). 

In the last proposition by IT the equation <r = t is arithmetical These 
equations are summed up in *118*01. 

These three fundamental theorems embody the principle of arithmetical 
substitution. The hypothesis a I £ is really less than is assumed in ordinary 
life, the usual tacit assumption being /8eNC — i‘A. In fact unless /8eNC, 
/3 = t is necessarily false. 

Principle of Identification of Types . Suppose we have proved 
“ h s Hp . 3 . <fxr ” and “ h : <f> (at) . 3 . p” where a is a formal number whose 
occurrence in “ h s Hp • 3 . <f><r ” is in an entirely ambiguous type, and at is 
the same formal number a with its type related to that of £ by *65*01. 
Then since the type of the a in “ h s Hp • 3 . <f>a ” is ambiguous, we can write 
“ h : Hp . 3 . <f> (at),” and thence infer “ h . p” 

The principle is : An entirely undetermined type in an asserted symbolic 
form can be identified with any type ambiguous or otherwise in any other 
asserted symbolic form or in the same symbolic form. 

For example in *100*42 (demonstration) considered above, since a ! /* a v 
occurs, the first occurrences of Nc'a and Nc'/9 are of the same type, and so are 
their second occurrences in Nc'a = Nc'/8. But the two types are not deter- 
mined by our conventions to have any necessary connection. In fact the type 
in Nc'a = Nc'/8 is entirely arbitrary. Accordingly it can be identified with the 
other type, and thus the inference to the next line, viz. to “ h : Hp • 3 • fx = v” 
is justified. 

In the case of arithmetical equations, it is important to notice that we 
have 

h . *100*321*33 . 3 h s. a ! Nc (£)‘a . 3 : Nc (£)'a = Nc (£)'£ . 3 . Nc'a = Nc‘£. 
Hence if a and t are formal numbers, 

h s. a 1 • 3 • at = t$ . 3 . a = r. 

Thus if we have “ h s Hp . a 1 • 3 . a = t ” and “ h s Hp' . a n = r, . 3 . p” 

we can infer from the former proposition “ h : Hp . a ! <? • 3 . <r n = t,,” and from 
this and the latter proposition, we infer “ h : Hp' . Hp . a • a . 3 . p” so the 
general principle of identification can be employed when the <f> (a) in the first 
proposition is an arithmetical equation. 

For example, in an example given above, *100*44 (demonstration), viz. 

Vifie NC . a 1 Nc'a . a e fi . 3 . (a£) • f* = Nc'yS . Nc'a = Nc'£, 
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the equation Nc‘a = Nc‘/8 is arithmetical. Accordingly we are justified in 
asserting the propositional function 

b : /* e NC . g ! Nc'a . a * /u . 3 . (g£) . fi = Nc (a)‘/3 . Nc (a)‘ct = Nc (a)‘/8, 
where Nc(a)*/8 in ‘V= Nc (a)*#” has all along been presupposed by the 
necessity of meaning. 

Thus the inference follows, 

(-:/*€ NC . g ! Nc‘« . a e fi . 3 . Nc (a)‘a = /* . 

3.Nc‘a = /*. 

This proof loses its point when fi is looked on as a variable with necessarily 
the same type throughout. For then the proposition collapses into 
h s. /i € NC . 3 : a e fi . = . Nc (a)‘a = /i. 

But if fA be a formal number necessarily a member of NC, the proposition 
is really 

h g ! Nc'a . 3 : «e fi . = . Nc'a =* fi. 

With this presupposition we should have in the first line of the demon- 
stration 

“ b s a 1 Nc'a . Nc . 3 . a e p” 

though with “ fi” * single variable, the line is formally correct as it stands in 
the text. 

Recognition of Particular Gases. It is important to notice the conditions 
under which <f><r can be recognized as a particular case of where f is a real 
variable and <r is a formal number. In the first place obviously we must 
substitute <r a tfj* for <r, wherever it occurs in and thus obtain t 0 ‘£). 
Then we may find that by the application of our conventions, we can replace 
this by <fxr. For example we have 

♦100*42. I* : fi, v e NC prs v • /jl = v 

Now put Nc'a a tf/A for /*, we obtain 

b s Nc'a a tofi, v e NC . a 1 (Nc'a a t 0 ‘fi) a v . 3 . Nc'a a tjfi = v (1) 

b • (1) • *100*41 • 3 b s v e NC . a 1 Nc‘a a t^fi a v • 3 • Nc‘a a tfy, = v (2) 

Now by IT, even when v is a formal number, the identity of types of the 
two occurrences of Nc‘« is equally secured in 

b s v e NC • a 1 Nc‘a a v . 3 • Nc*a = v. 

Thus this is a particular case of *100*42. Such deductions can be made 
in general without any explicit formal statement. 

Ambiguity of NC. It follows (cf. *100*02 and *103*02) from the typical 
ambiguity of Nc that NC is also typically ambiguous. Hence “p e NC . v e NC” 
according to our methods of interpretation would not necessitate that fi and v 
should be of the same type. We shall always interpret u /a, v e NC ” as standing 
for “/ueNC.i/eNC” and therefore as not necessarily identifying the types 
of fi and v . Similarly for N 0 C, NC induct, and NC ind. For example 
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♦110*402. h s /a, v e N 0 C • 3 . a ! (ft + 0 v) a t*t*(fi f v) 

Here the p and v need not be of the same type. Again 
♦110*41. V s p, v e N 0 C . t € p = t € v . 3 . a ! (ft +o f) a 

Here the identification of the types of ftaud i/ requires the hypothesis 
u t‘p = t‘v" 


VL Conventions AT and InfinT. 

General Arithmetical Convention. Conventions IT and IIT are always 
applied, but the following convention is not used at first. This convention 
limits the remaining ambiguity of type by sweeping away the exceptional 
cases in low types, due to the failure of existence theorems. The convention 
will be cited as AT. 

AT. All equations involving pure arithmetical formal numbers are to be 
arithmetical . 

We have seen that from an arithmetical equation the analogous equation 
in any other type can be deduced. Thus with AT all equations between 
formal numbers are so determined in type that their truth in “any type” is 
deducible. Thus in the few early propositions where AT is introduced, the 
fact is noted by stating that the equations hold “in any type.” These 
propositions are ♦103*16, ♦110*71*72. 

The effect of applying AT to other propositions in ♦lOO is to render some 
of the hypotheses (usually logical forms affirming existence) unnecessary, but 
also materially to limit the scope of the propositions. Take for example 

♦100*35. V s a ! Nc'a . v . g ! Nc‘£ s D : 

Nc'a = Nc‘£ . = . a € Nc‘£ . = . # e Ne'a . = . a sm # 

If we apply AT to this, we can write 

h : Nc'ct = Nc‘/8 . = . a e Nc‘/8 . = . £ e Nc'a . = . a sm £. 

For the equational occurrences of Nc'a and Nc‘£ are by AT and IIT to 
be with adequate actual types. But if a is a small class in a high type, an 
adequate actual type for Nc'a will be a high type, whereas glNc'a may 
hold in a low type. Thus with AT, for the sake of simplicity we abandon 
the statement of the minimum of hypothesis necessary for our propositions. 
The enunciation of no other proposition in ♦100 is affected. 

The enunciation of no proposition in ♦lOl is affected by AT, though it 
would unduly limit the scope of ♦101*34. In ♦HO, AT would unduly limit 
the scope of such propositions as 

♦110*22*23*24*25*251-252*3*31*32*331*34*35*351*44*51-54 
and of many others, without altering their enunciations. There is no 
proposition in ♦HO whose enunciation it would alter. AT is already 
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applied to *110‘7l*72; if AT is removed from these propositions, then 
g ! Nc'a must be added as an hypothesis to both of them. The effect of AT 
on *113 and *116 is entirely analogous to that on *110; in neither of these 
two numbers is there any proposition to which AT is applied in the text. 

As regards *117, AT is applied throughout, so that the propositions are 
all in the form suitable for subsequent investigations in which the interest is 
purely arithmetical. It is important however to analyse the effect of AT on 
the enunciations for the sake of logical investigations, especially in connection 
with *120. First, AT can only affect propositions in which equations or 
inequations occur, and among such propositions it does not affect the enunci- 
ations of those in which both sides of the equations are not formal numbers, 
so that the equations are not arithmetical after the application of AT. These 
propositions are *117*104*14*24*241*243*31*551. These propositions, which 
are characterized by the presence of a single letter on one side of any 
equation involved, can be recognized at a glance. The propositions involving 
arithmetical equations whose enunciations are unaltered by the removal of 
AT are *117*2154*592. Propositions involving inequations whose enunci- 
ations are unaltered by the removal of AT are *117*26*27. Finally the only 
propositions of *117 whose enunciations are altered by the removal of AT 
are *117*108*21 1*23*25*3. 

In *118 and *119 AT is not used. 

In *120, which is devoted to those properties of inductive cardinals 
which are of logical interest, AT is never used. None of the propositions 
*117*108*211*23*25*3 are cited in it, except *117*25 in the demonstration of 
*120*435 for a use where AT is not relevant The application of AT to *120 
would simplify the hypotheses of *120*31*41*45 1*53*55, and limit the scopes 
of the propositions. 

One other convention, which we will call “ Infin T,” is required in certain 
propositions where the hypothesis implies that there are types in which every 
inductive cardinal exists, i.e . in which V is not an inductive class. Among 
such hypotheses are Infin ax, g ! Prog, g ! K 0 (or typically definite forms of 
these hypotheses), or iJeProg or aeN 0 . When such hypotheses occur, we 
shall assume that NC induct is, whenever significance permits, to be deter- 
mined in a type in which every inductive cardinal exists, i.e. in which the 
axiom. of infinity holds (cf. *12003*04). The statement of this convention 
is as follows: 

Infin T. When the hypothesis of a proposition implies that there is a type 
in which every inductive cardinal exists , every occurrence of “ NC induct ” 
in this proposition is to he taken (if conditions of significance permit) in a 
sufficiently high type to insure the existence of every inductive cardinal. 

It is to be observed that this convention would be unnecessary if we 
confined ourselves to one extensional hierarchy, for in any one such hierarchy 
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all types are inductive or all are non-inductive, so that if every inductive 
cardinal exists in one type in the hierarchy, the same holds for any other 
type in the hierarchy. But when we no longer confine ourselves to one 
extensional hierarchy, this result may not follow. For example, it may be 
the case that the number of individuals is inductive, but the number of 
predicative functions of individuals is not inductive ; at any rate, no logical 
reason can be given against this possibility, which can only be rejected on 
empirical grounds, if at all. 

The way in which this convention is used may be illustrated by the 
demonstration of #122*33. In the second line of this demonstration, we show 
that the hypothesis implies 

E!**.D.E!(i/+ 0 l)* (1) 

where by #121*04 v R = R^ 9l ‘B‘R Df, 

and by *121*02 R ¥ = {N 0 c‘I2 (x kh y) = v + 0 1} Df. 

It will be seen that these definitions do not suffice to determine the type 
of v. Hence in (1), the v on the left may not be of the same type as the 
?+ c l on the right. Now the use of #120*473, which occurs in the next line 
of the demonstration of #122*33, requires that the v on the left and the v + 0 1 
on the right should be of the same type. This requires that the v should 
not be taken in a type in which we have a ! v . v + 0 1 = A. Hence in order 
to apply #(120*473, we must choose a type in which all inductive cardinals 
exist Since a R e Prog ” occurs in the hypothesis, we know that all inductive 
cardinals exist in the type of C‘R, But it is unnecessary to restrict ourselves 
to the type of C‘R , since any other type in which all inductive cardinals exist 
will equally secure the validity of the demonstration. Thus the convention 
InfinT secures the restriction required, and no more. 

The convention InfinT is often relevant when “Infinax” without any 
typical determination occurs in the hypothesis. Whenever this is the case, 
if “NC induct” occurs in the proposition in a way which leaves its type 
undetermined so far as conditions of significance are concerned, it is to be 
taken in a type in which all its members exist. 

VIL Final Working Rule in Arithmetic . 

It is now (whenever AT is used, together with InfinT when necessary) 
possible finally to sweep aside all consideration of types in connection with 
inductive numbers. For by combining #126*121*122 and #120*4232*4622, we 
see that it is always possible to take the type high enough so that no definitely 
determined inductive number shall be null (A), and that all the inductive 
reasoning can take place within this type. Furthermore we have already 
seen that the arithmetical operations are independent of the types of the 
components, so long as they are existential. Thus, as far as the ordinary 


Digitized by Google 



XXXIV 


PREFATORY STATEMENT 


arithmetic of finite numbers is concerned, all the conventions (including AT), 
and the necessity for hypotheses as to the existence of inductive numbers, are 
finally superseded by the following single rule : 

Rule of Indefinite Numbers. The type assigned to any symbol which 
represents an inductive number is such that the symbol is not equal to A. 

We make the definition 
* 126 * 01 . Nc ind = Nc induct — i‘ A Df 

Wherever this symbol “ Nc ind ” for the class of “indefinite inductive 
cardinal numbers ” is used, the above rule is adhered to. In other words, 
“//.€ NCind” can always be replaced by “/A = Nc‘a . a e Cls induct,” where 
Nc‘a is a homogeneous or ascending cardinal, and a is the appropriate 
constant, or is a variable, as the case may be. In the latter case, a symbolic 
form such as 

(/*) •/(/* « NC ind, p) 

can be replaced by 

(/i, a) ./(/* = Nc'a . a e Cls induct, /a). 

Furthermore by *120 4622 it follows that with this rule the result of 
proceeding by induction in one type and then transforming to another type 
is the same as that of proceeding by induction in the latter type. Thus 
for example there is no advantage to be gained by discriminating between 

and 2,; for sm I “2*=2 ip sm^‘2, = 2*, /i+ 0 2* = /i+ o 2„ p x 0 2* = /a x c 2„ 

= 2^ = 2,'*, and /a^2*. = and so on. 

Hence all discrimination of the types of indefinite inductive numbers 
may be dropped ; and the types are entirely indefinite and irrelevant. 
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SUMMARY OF PART III. 


In this Part, we shall be concerned, first, with the definition and general 
logical properties of cardinal numbers (Section A) ; then with the operations 
of addition, multiplication and exponentiation, of which the definitions and 
formal laws do not require any restriction to finite numbers (Section B); 
then with the theory of finite and infinite, which is rendered somewhat 
complicated by the fact that there are two different senses of “ finite,” which 
cannot (so far as is known) be identified without assuming the multiplicative 
axiom. The theory of finite and infinite will be resumed, in connection with 
series, in Part V, Section E. 

It is in this Part that the theory of types first becomes practically 
relevant. It will be found that contradictions concerning the maximum 
cardinaJ are solved by this theory], We have therefore devoted our first 
section in this Part (with the exception of two numbers giving the most 
elementary properties of cardinals in general, and of 0 and 1 and 2, re- 
spectively) to the application of types to cardinals. Every cardinal is 
typically ambiguous, and we confer typical definiteness by the notations of 
*63, *64, and *65. It is especially where existence-theorems are concerned 
that the theory of types is essential. The chief importance of the propositions 
of the present part lies, not only, as throughout the book, in the hypotheses 
necessary to secure the conclusions, but also in the typical ambiguity which 
can be allowed to the symbols consistently with the truth of the propositions 
in all the cases thereby included. 


1—2 
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DEFINITION AND LOGICAL PROPERTIES OF CARDINAL NUMBERS. 

Summary of Section A. 

The Cardinal Number of a class a, which we will denote by “Ne'er,” is 
defined as the class of all classes similar to a , i.e. as /3(/3 smet). This 
definition is due to Frege, and was first published in his Qrundlagen der 
Arithmetik* ; its symbolic expression and use are to be found in his 
Gfrundgesetze der Arithmetik f. The chief merits of this definition are 
(1) that the formal properties which we expect cardinal numbers to have 
result from it; (2) that unless we adopt this definition or some more 
complicated and practically equivalent definition, it is necessary to regard 
the cardinal number of a class as an indefinable. Hence the above definition 
avoids a useless indefinable with its attendant primitive propositions. 

It will be observed that, if x is any object, 1 is not the cardinal number 
of x, but that of t‘x. This obviates a confusion which otherwise is liable 
to arise in dealing with classes. Suppose we have a class a consisting 
of many terms ; we say, nevertheless, that it is one class. Thus it seems to 
be at once one and many. But in fact it is a that is many, and i*a that is 
one. In regard to zero, the analogous point is still clearer. Suppose we say 
“ there are no Kings of France.” This is equivalent to “ the class of Kings of 
France has no members,” or, in our language, “ the class of Kings of France is 
a member of the class 0.” It is obvious that we cannot say “ the King of 
France is a member of the class 0,” because there is no King of France. 
Thus in the case of 0 and 1, as more evidently in all other cases, a cardinal 
number appertains to a class, not to the members of the class. 

For the purposes of formal definition, we subject the formula 

Nc'a = £08 sm a) 

to some simplification. It will be seen that, according to this formula, “Nc” 
is a relation, namely the relation of a cardinal number to any class of which 
it is the number. Thus for example 1 has to i*x the relation Nc; so has 

* Breslau, 1884. Cf. especially pp. 79, 80. 

t Jena, Vol. i. 1893, Vol. n. 1903. Cf. Vol. i. §§ 40 — 42, pp. 57, 68. The grounds in favour 
of this definition will be found at length in Principles of Mathematics , Part II. 


Digitized by Google 



SECTION A] ^.LOGICAL PROPERTIES OF CARDINAL NUMBERS 5 

2 to t'xvt'y, provided x 4= y. The relation Nc is, in fact, the relation sm; 

^ A 

for sm‘a = /8 (J 3 sm a). Hence for formal purposes of definition we put 

— > 

Nc = sm Df. 

The class of cardinal numbers is the class of objects which are the cardinal 
numbers ofeomething or other, i.e. of objects which, for some a, are equal to 
Nc*o. We call the class of cardinal numbers NC ; thus we have 

NC = ft {(a«) . /x = Nc*a}. 

For purposes of formal definition, we replace this by the simpler formula 

NC = D‘Nc Df. 

In the present section, we shall be concerned with what we may call the 
purely logical properties of cardinal numbers, namely those which do not 
depend upon the arithmetical operations of addition, multiplication and 
exponentiation, nor upon the distinction of finite and infinite*. The chief 
point to be dealt with, as regards both importance and difficulty, is the 
relation of a cardinal number in one type to the same or an associated 
cardinal number in another type. When a symbol is ambiguous as to type, 
we will call it typically ambiguous ; when, either always or in a given context, 
it is unambiguous as to type, we will call it typically definite . Now the 
symbol “ sm ” is typically ambiguous ; the only limitation on its type is that 
its domain and converse domain must both consist of classes. When we 
have a sm / 3 , a and £ need not be of the same type, in fact, in any type of 
classes, there are classes similar to some of the classes of any other type of 
classes. For example, we have t‘#sm i‘y, whatever types x and y may 
belong to. This ambiguity of “ sm ” is derived from that of 1 — > 1, which in 
turn is derived from that of 1. We denote (cf. *6501) by “ l a ” all the unit 
classes which are of the same type as ou Then (according to the definition 
*70*01) 1«— will be the class of those one-one relations whose domain is 
of the same type as a and whose converse domain is of the same type as /3 . 
Thus “ 1« — > Ip ” is typically definite as soon as a and £ are given. Suppose 
now, instead of having merely 7 sm 8, we have 

(3^) • It e l a — > 1/5 • — 7 • GVR = 8 \ 

then we know not only that 7 sm 8, but also that 7 belongs to the same type 
as a, and 8 belongs to the same type as £. When the ambiguous symbol 
“ sm ” is rendered typically definite by having its domain defined as being of 
the same type as a, and its converse domain defined as being of the same 
type as ft, we write it “sm^,,” because generally, in accordance with *65*1, 
if 12 is a typically ambiguous relation, we write R{a,p) for the typically 

* The definitions of the arithmetical operations, and of finite and infinite, are really just as 
purely logical as what precedes them ; but if we are to draw a line between logic and arithmetic 
somewhere, the arithmetical operations seem the natural point at which to place the beginning 
of arithmetic. 
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definite relation that results when the domain of R is to consist of terms of 
the same type as a, and the converse domain is to consist of terms of the 
same type as /8. Thus we have 

7sm (a ^) 8 . = . (g R ) . Re l tt — > 1 ^ . 7 = D ‘R . 8 = (Fit 
Here everything is typically definite if a and £ (or their types) are given. 

Passing now to the relation “Nc,” it will be seen that it shares the typical 
ambiguity of “sm.” In order to render it typically definite, we must derive 
it from a typically definite “sm.” So long as nothing is added to give 
typical definiteness, “ Nc‘y ” will mean all the classes belonging to some 
one (unspecified) type and similar to 7. If a is a member of the type to 
which these classes are to belong, then Nc*7 is contained in the type of a. 
For this case, it is convenient to introduce the following two notations, 
already defined in * 65 . When a typically ambiguous relation R is to be 
rendered typically definite as to its domain only, by deciding that every 
member of the domain is to be contained in the type of a, we write “R(a)” 
in place of R. When we further wish to determine R as having members of 
the converse domain contained in the type of /3 , we write “ R (a. /8) ” in place 
of R ; and when we wish members of the converse domain to be members of 
the type of £, we write “ R (0^) ” in place of R. Thus 

s g‘{# <«,#»} = {sg‘^1 («») 

(cf. * 65 * 2 ), and in particular, since Nc = sm, 

Nc (<**) = sg‘sm (a>/3) . 

Thus “Nc(a^) i 7” is only significant when 7 is of the same type as /8, and 
then it means “ classes of the same type as a and similar to 7 (which is of the 
same type as /8) 

“Nc(a)*7” will mean “classes of the same type as a and similar to 7.” 
As soon as the types of a and 7 are known, this is a typically definite symbol, 
being in fact equal to Nc(o y ) i 7. Hence so long as we only wish to consider 
“ Ncty” typical definiteness is secured by writing " Nc (a) ” in place of “ Nc.” 

When we come to the consideration of NC, “Nc(a)” is no longer a 
sufficient determination, although it suffices to determine the type. Suppose 
we put 

NC* (a) = D'Nc (ot/s) Df; 
we have also, in virtue of the definitions in * 65 , 

NC (a) = NCn t*‘ a = D'Nc (a). 

Thus NC(a) is definite as to type, but is the domain of a relation whose 
converse domain is ambiguous as to type ; and it will appear that there are 
some propositions about NC (a) whose truth or falsehood depends upon the 
determination chosen for the converse domain of Nc(a). Hence if we 
wish to have a symbol which is completely definite, we must write “NC*(a).” 
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This point is important in connection with the contradictions as to the 
maximum cardinal. The following remarks will illustrate it further. 

Cantor has shown that, if (3 is any class, no class contained in # is similar 
to CV(3. Hence in particular if £ is a type, no class contained in /8 is similar 
to Cl*/8, which is the next type above Consequently, if £ = o \j — a, where 
a is any class, we have 

00 (37) - 7Cau — a. 78m Cl‘(a u — a). 

Now (cf. *63) we put 

t 0 *a = a u — a Df, 

and we have t*a = Cl‘(a u — a). Thus we find 

(V (37) • 7 C U*o - 7 sm Sa- 
lience N c (oL*aYt‘ci = A. 

That is to say, no class of the same type as a has as many members as t*a 
has. Hence also 

A e NC t<a (a). 

But 7 C . 3 . 7 e Nc (a«)‘7 • 3 . H ! Nc (a«)‘7> 

and “ Nc (a+Yy ” is only significant when 7 C t 0 *a ; hence 

H € NO (a) . . 3 l fi 

and A<veNC a (a) ? 

Now the notation “NC(a)” will apply with equal justice to NC a (a) or to 
NO** (a); but we have just seen that in the first case we shall have 
A~eNC(flt), and in the second we shall have A€NC(a). Consequently 
M NC(a)” has not sufficient definiteness to prevent practically important 
differences between the various determinations of which it is capable. 

A converse procedure to the above yields similar results. Let a be a 
class of classes; then s*a is of lower type than a. Let us consider NO* a (a). 
In accordance with *63, we write tfa for the type containing 8* a, i.e. for 
8*ct u — 8*a. Then the greatest number in the class NC* 1 ® (a) will be Nc (d)%*o; 
but neither this nor any lesser member of the class will be equal to 
Nc («)%*«, because, as before, 

(37) • 7 ^ tfa . 7 sm t 0 *a. 

Hence Nc which is a member of NC a (a), is not a member of NC* 1 ®^); 
but NO (a) and NO* a (a) have an equal right to be called NC(a). Hence 
again “NC(u)” is a symbol not sufficiently definite for many of our purposes. 

The solution of the paradox concerning the maximum cardinal is evident 
in view of what has been said. This paradox is as follows : It results from 
a theorem of Cantors that there is no maximum cardinal, since, for all values 
of a, 

Nc'Cl'a > Nc‘a. 
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But at first sight it would seem that the class which contains everything 
must be the greatest possible class, and must therefore contain the greatest 
possible number of terms. We have seen, however, that a class a must 
always be contained within some one type ; hence all that is proved is that 
there are greater classes in the next type, which is that of Cl‘a. Since there 
is always a next higher type, we thus have a maximum cardinal in each type, 
without having any absolutely maximum cardinal. The maximum cardinal 
in the type of a is 

Nc (a)‘(a u — a). 

But if we take the corresponding cardinal in the next type, i.e. 

Nc(Cl‘a)‘(au-ct), 

this is not as great as Nc(Cl‘oc)‘Cl‘(a u — a), and is therefore not the 
maximum cardinal of its type. This gives the complete solution of the 
paradox. 


For most purposes, what we wish to know in order to have a sufficient 
amount of typical definiteness is not the absolute types of a and $, as above, 
but merely what we may call their relative types. Thus, for example, a and 
fi may be of the same type; in that case, Nc(a^) and NC* (a) are respectively 
equal to Nc(cr a ) and NC a (a). We will call cardinals which, for some a, are 
members of the class NC a (a), homogeneous cardinals, because the “sm” from 
which they are derived is a homogeneous relation. We shall denote the 
homogeneous cardinal of a by “N 0 c‘a,” and we shall denote the class of 
homogeneous cardinals (in an unspecified type) by “N 0 C” ; thus we put 

N 0 c‘a = Nc‘a n t‘a Df, 

N 0 C = D‘N 0 c Df. 


Almost all the properties of N 0 C are the same in different types. When 
further typical definiteness is required, it can be secured by writing N 0 c (a), 
N 0 C(a) in place of N 0 c, N 0 C. For although Nc(a) and NC(ot) were not 
wholly definite, N 0 c (a) and N 0 C (a) are wholly definite. Apart from the fact 
of being of different types, the only property in which N 0 C (a) and N 0 C (13) 
differ when a and are of different types is in regard to the magnitude of 
the cardinals belonging to them. Thus suppose the whole universe consisted 
(as monists aver) of a single individual. Let us call the type of this 
individual “Indiv.” Then N 0 C(Indiv) will consist of 0 and 1, i.e. 


N 0 C (Indiv) = t‘ 0 u t‘l. 


But in the next higher type, there will be two members, namely A and Indiv. 
Thus 


N 0 C (£‘Indiv) = i‘0 u t‘l u t‘2. 

Similarly N 0 C (£‘J‘Indiv) = t‘0 u t‘l u t‘2 v t‘3 u t‘4, 
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the members of t‘t‘Indiv being A n J'lndiv, t'A, t'lndiv, i‘A u t'lndiv ; and 
so on. (The greatest cardinal in any except the lowest type is always a 
power of 2.) 

The maximum of N 0 C(a) is N 0 c%‘a; but apart from this difference of 
maximum and its consequences, N 0 C(a) and N 0 C(/9) do not differ in any 
important properties. Hence for most purposes N 0 C and N 0 e have as much 
typical definiteness as is necessary. 

Among cardinals which are not homogeneous we shall consider three 
kinds. The first of these we shall call ascending cardinals. A cardinal 
NC*(a) is called an ascending cardinal if the type of # is t‘a or t‘t‘a or t‘tH‘a 
or etc. We write t u a for t‘t‘a, for and so on. We put 

N l c‘« = Nc‘« n t € t € a Df 
N*c‘a = Nc‘« n t‘t u a Df 
N s c‘a = Nc'a n t‘t?‘a Df and so on, 
and N J C = DWc Df 

N*C = D‘N*c Df 

N*C=*DWc Df and so on. 

We then have obviously 

N ! C (t‘a) C N 0 C (£*a). 

We also have (by what was said earlier) 

N 0 c‘£‘a ~ e N*C (£‘a). 

Hence g ! N 0 C (t‘a) - N>C (*‘a). 

The members of N 0 C ($*«) — will be all cardinals which exceed 

Nc%/a but do not exceed NcVa. 

Let us recur in illustration to our previous hypothesis of the universe 
consisting of a single individual. Then NVIndiv will consist of those 
classes which are similar to “ Indiv ” but of the next higher type. These are 
i*A and i‘Indiv. In our case we had N 0 c‘Indiv = 1. This leads to 

NVlndiv = 1 . N a c‘Indiv = Vetc. 
or, introducing typical definiteness, 

NVIndiv = 1 (^Indiv) . N*c'Indiv = 1 (£ 5 ‘Indiv) etc. 

We have then 1 (^Indiv) e N*C (WIndiv). Also 

1 (^Indiv) e N 0 C (WIndiv). 

And in the case supposed, 1 (^Indiv) is the maximum of N l C (M'lndiv), but 
2 (f'Indiv) e N 0 C (WIndiv). Hence 

N 0 C (mndiv) - N J C (mndiv) = i‘2. 

Generalizing, we see that N*C (t‘a) consists of the same numbers as N 0 C (a) 
each raised one degree in type. Similar propositions hold of N*C ($**«), 
N*C (P‘a) etc. 


Digitized by Tooele 



10 


CARDINAL ARITHMETIC 


[PART III 


It is often useful to have a notation for what we may call “the same 
cardinal in another type.” Suppose is a typically definite cardinal ; then 
we will denote by fi {1) the same cardinal in the next type, i.e. 

Sm “fJL A t‘fl. 

Note that, if /Lt is a cardinal, sra“/in/i = /i; and whether /* is a typically 
definite cardinal or not, 

sm“/i n t* 0 L 

is a cardinal in a definite type. If /jl is typically definite, then sm “/a n t‘ a 19 
wholly definite ; if is typically ambiguous, a t‘a has the same kind 

of indefiniteness as belongs to NC (a). The most important case is when /* 
is typically definite and a has an assigned relation of type to /a. We then 
put, as observed above, 

/A (1) = 8m“/A A t*fJL Df 
= sm u /i a t u fi Df etc. 

If (i is an N 0 C, /a ( 1) is an N*C and /a (,) is an N 2 C and so on. will 

consist of all numbers which are of the form /t (1) for some fi which is a 
member of N 0 C (a) ; i.e. 

N*C (£‘a) = v {(g/t) • p e N 0 C (a) . v = /i a) }. 

The second kind of non-homogeneous oardinals to be considered is called 
the class of “ descending cardinals.” These are such as go into a lower type ; 
i.e. Nc (a)‘/8 is a descending cardinal if a is of a lower type than /8. We put 

N,c*a = Nc ( aA t%‘a Df 
N a c < a = Nc t aArt/a Df etc. 

N^D'N^ Df 

N,C = D‘N a c Df etc. 

/i (1) = Sm “fJL A fJL Df 

fi( a) = sm ( ( fjL a tf/A Df etc. 

We have obviously N 0 c‘a = 

Hence N 0 C (a) C N,C (a). 

Also ry € N X C ‘8 . D . N^‘8 = N 0 C* 7 , 

whence g ! N x c‘$ . D . N #‘8 e N 0 C, 

whence N,C - 1‘ A C N 0 C. 

Since also A~e N 0 C (a), we find 

this proposition not requiring any further typical definiteness, since it holds 
however such definiteness may be introduced, remembering that such definite- 
ness is necessarily so introduced as to secure significance. Further, in virtue 
of the fact that no class contained in t 0 ‘a is similar to £*«, we have 

A e NjC (a). 
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Consequently N X C = N 0 C u i ( A. 

We can prove in just the same way 

N 2 C = N 0 Cut‘A. 

Hence NjC = N a C, 

and this result can obviously be extended to all descending cardinals. 

The third kind of non-homogeneous cardinals to be considered may be 
called “ relational cardinals.” They are those applicable to classes of 
relations having a given relation of type to a given class. Consider for 
example Nc*€ A ‘*. (We shall take this as the definition of the product of the 
numbers of the members of *.) Suppose now that k consists of a single term: 
we want to be able to say 

u 

Nc‘eA*tf= Nc t l i K. 

We have in this case, if * = t'o, 

= i 

and we know that l a“a sm a. But if we put simply 

Nc‘4,a“«=Nc‘o, 

our proposition, though not mistaken, requires care in interpretation. Just 
as we put i^aeNVa, so we want a notation giving typical definiteness to 
the proposition l a u a e Nc'o. This is provided as follows. 


Using the notation of *64, put 

NooC'a = Nc‘a a tH^a Df 

NoVa *= Nc'a a t% u a Df etc. 

NqoC = D'NggC Df 

IfyC = D'Nq'c Df etc. 


/i (00 ) = sm“fi, a Vtuftifi, Df etc. 

Then we have, for example, 

t 0 u a, i.e. la“a€t % u cl 

Hence a“a e N 0 l c‘a, where No'c'ci = Nc'a a t* u a. 

Similarly x e t‘a . D . I x“ol e Ngoc'a. 

Thus the above definitions give us what is required. 

In order to complete our notation for types, we should need to be able to 
express the type of the domain or converse domain of R, or of any relation 
whose domain and converse domain have respectively given relations of type 
to the domain and converse domain of R. Thus we might put 

d 0 ‘2J = *o‘D ‘R Df 
V-R-J/a'H Df 

(“b” appears here as “d” written backwards) 

d*^R = *‘(d 0 ^Rtb 0 ‘2J) Df 
= t‘R 

d mn ‘R = t‘(t m ‘d 0 ‘R f ^bjR) Df and so on. 
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This notation would enable us to deal with descending relational cardinals. 
But it is not required in the present work, and is therefore not introduced 
among the numbered propositions. 

When a typically ambiguous symbol, such as “sm” or “Nc,” occurs more 
than once in a given context, it must not be assumed, unless required by the 
conditions of significance, that it is to receive the same typical determination 
in each case. Thus e.g. we shall write “asm/9 . D . /8stu a,” although, if 
a and /9 are of different types, the two symbols “sm” must receive different 
typical determinations. 

Formulae which are typically ambiguous, or only partially definite as to 
type, must not be admitted unless every significant interpretation is true. 
Thus for example we may admit 

“h . aeNc'a ” 

because here “Nc” must mean “Nc^),” so that the only ambiguity remaining 
is as to the type of a, and the formula holds whatever type a may belong to, 
provided “Nc‘a” is significant, i.e. provided a is a class. But we must not, 
from “aeNc'a,” allow ourselves to infer 

“a ! Nc‘a 

For here the conditions of significance no longer demand that “Nc” should 
mean “Nc(a«)”: it might just as well mean “Nc (/8*).” And as we saw, if 
/9 is a lower type than a, and a is sufficiently large of its type, we may have 

Nc(/9 fl )‘a = A, 

so that “a f Nc‘a” is not admissible without qualification. Nevertheless, as 
we shall see in *100, there are a certain number of propositions to be made 
about a wholly ambiguous Nc or NC. 
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*100. DEFINITION AND ELEMENTARY PROPERTIES 
OF CARDINAL NUMBERS. 

Summary of *100. 

In this number we shall be concerned only with such immediate 
consequences of the definition of cardinal numbers as do not require typical 
definiteness, beyond what the inherent conditions of significance may bestow. 
We introduce here the fundamental definitions: 

*100*01. Nc =8m Df 

*100*02. NC=D‘Nc Df 

The definition “Nc” is required chiefly for the sake of the descriptive 
function Nc'a. We have 

*100*1 h . Nc'a = y§ (y8 sm a) = yS (a sm yS) 

This may be stated in various equivalent forms, which are given at the 
beginning of this number (* 100 * 1 — * 16 ). After a few propositions on Nc as 
a relation, we proceed to the elementary properties of Nc'a. We have 

*100*3. KaeNc'a 

*100*31. h : a e Nc*y8 . = . y8 € Nc'a . = . a sm yS 

*100*321. h : a sm yS . D . Nc‘a = Nc'yS 

*100*33. h : a ! Nc*a n Nc*y8 . D . a sm yS 

We proceed next to the elementary properties of NC. We have 

*100*4. h : /a e NC . = • (ga) . y, = Nc'a 

*100*42. h : yn, v € NC .g!/xni/.D./A = i; 

*100*46. h :/AeNC . ae/x . D • Nc*a = yu 

*100*51. h : /a e NC . a e /a . D . sm “p = Nc‘a 

Observe that when we have such a hypothesis as “/acNC,” the /a, though 
it may be of any type, must be of some type ; hence the /a cannot have the 
typical ambiguity which belongs to Nc'a. If we put /A = Nc‘a, this will hold 
only in the type of /a; but “sm“/A” is a typically ambiguous symbol, which 
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will represent in any type the “same” number as fi. Thus “ sm“/i = Nc‘a ” 
is an equation which is applicable to all possible typical determinations of 
“sm” and “Nc.” 

*10052. b : n e NC . a ! /* . 3 . sm“ ji e NC 

The hypothesis g ! /t is unnecessary, but we cannot prove this till later 

(* 102 ). 

We end the number with some propositions (*100*6 — *64) stating that 
various classes (such as i“a), which have already been proved to be similar 
to a, have Nc‘a members. 


*100*01. Nc = sm Df 
*100*02. NC = D‘Nc Df 

*100*1. b.Nc‘a = £(£sm a) = 0(asm0) [*32*13 . *73*31 . (*100*01)] 

*10011. h.Nc‘a = ^{(aB).ieel-*l.D‘i2 = a.a‘i2=/3) [*100*1 . *73 1] 

*10012. I- . Nc‘a = 0 {(gfl) .Rel-*1 .aCD‘R.0=R“a] 

[*100*1. *73*11] 

*100*13. b . Nc‘a = d“(l -> 1 a D‘o) = D“(l -> 1 n CPa) 

Bern. 

b . *100*11 . *33*6 . D b . Nc‘a = 0 {(g.R) .Rel^l.R e D‘a . d‘R = 0} 

[*22*33.*37*6] = <3“(1 -> 1 n D‘a) (1) 

b . *100*1 . *731 . *33*61 . I> b . Nc‘a - 0 {(gii) .Rel-*l.R e (Pa . D‘ii = /?} 

[*22*33.*37*6] - D“(l -» 1 a (Pa) (2) 

b . (1) . (2) . D b . Prop 

*10014. b.Nc‘a = ^}(aE).aCa , ^.i2| k «el-»l.y9 = B“a} 

[*73*15. *100*1] 

*10015. b . Nc‘a = 0 {(gi?) : E !! R“a : 

x,yea, R‘x = R‘y . D *, v . x — y : 0 = i2“a] 

Bern. 

b. *741*11. D 

b :. E !! R“a :x,yea. R‘x = R‘y . D x>v . x = y : 0 — R“a : = : 

.Rfae 1 — >Cls . aC (Pi? . iZf'ae 1 — > 1 .0 — R“a (1) 
b . (1) . *4*71 . *100*14 . D b . Prop 

*100*16. b . Nc‘a = 0 j(gi2) :. x, y e a . D I>t , : R‘x = R‘y . = . x = y :. 0 = iP'a] 

Bern. 

b. *71*59. D 

b :: x,yea . : R‘x = R‘y . = .x = yi. = . i2f*ae 1 — ► 1 , aC CP.R (1) 

b. (1). *10014. Db. Prop 
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*100-2. b.E! Nc‘a [*321 2 . (*10001)] 

*100-21. h.<3‘Nc = Cls 
Dem. 

b . *37-76 . (#100 01) .3b. <3‘Nc C Cls (1) 

b. *33-431. *100-2. Dt-.ClsCCE'Nc (2) 

b . (1) . (2) . 3 b . Prop 

*100-22. b. Neel-* Cls [*7212 . (*10001)] 

*100-3. b .ae Nc‘a [*733 . *1001] 

Note that it is fallacious to infer 3 ! Nc‘a, for reasons explained in the 
introduction to the present section. 

*100*31. b : aeNc'yS. = . y8e Nc‘a. = . asm /9 [#3218 . #73"31 . (*100"01)] 
*10032. b :aeNc‘y3.^6Nc‘ 7 .D.aeNc‘ 7 [*10031 . *7332] 

*100-321. b: asm ,9. 3. Nc‘a = Nc‘/9 
Dem. 

b . #73*37 .3b:. Hp . 3 : 7 sm a . =y . 7 sm yS : 

[#100-1] 3 : Nc‘a = Nc'yS :. 3 b . Prop 

Note that Nc < a=Nc‘yS.3.asmy9 is not always true. We might be 
tempted to prove it as follows: 

b . #100-1 . 3 b Nc‘a= Nc‘y9 . = : 7 sm a . = Y . 7 sm 0 : 

[*10*1] 3 : a sm a . = . a sm y9 : 

[*73'3] 3 : a sm y9 

But the use of *10-1 here is only legitimate when the “ sm ” concerned is 
a homogeneous relation. If Nc'a, Nc'yS are descending cardinals, we may 
have Nc‘a = A = Nc‘y8 without having a sm yS. 

*100*33. b : g ! Nc‘a a Nc'yS . 3 . a sm ft 

Dem. 

b . *100-1 . 3 b : Hp . 3 . (a 7 ) . 7 sm a . 7 sm yS . 

[*73-31] 3.(a 7 ).asm 7 . 7 smy9. 

[*73*32] 3 . a sm $ : 3 b . Prop 

Note that we do not always have 

a sm y3 . 3 . 3 ! Nc‘a a Nc‘y9. 

For if the Nc concerned is a descending Nc, and a and y8 are sufficiently 
great, Nc‘a and Nc‘/8 may both be A. For example, we have 

Cl ‘(a u — a) sm Cl‘(a v — a). 

But Nc (a)‘Cl‘(a w — a) = A, so that 

~3 ! Nc (a)*Cl‘(a w-#)nNc (a)‘Cl‘(a v — a). 
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Thus “ a sm /? . 3 . g ! Nc‘a n Nc‘/3 ” is not always true when it is 
significant. 

*100-34. h : a ! Nc‘a n Nc‘/9 . 3 . Nc‘a = Nc‘/3 [*100-33-321] 

*100'35. h a ! Nc‘o . v . a ! Nc‘/9 : 3 : 

Nc‘«« Nc‘/9 . = . a e Nc‘/3 . = . /S e Nc‘a . = . asm /3 

Dem. 

h . *22-5 . 31-:. Hp . 3 : Nc‘a = Nc‘/9 . 3 . a ! Nc‘a n Nc‘/9 . 

[*100-33] 3. a sin 0 (1) 

1- . (1) . *100-321 . 3 1- Hp . 3 : Nc‘a = Nc‘/9 . = . asm 0 (2) 

(-.(2). *100-31. 3 h. Prop 

Thus the only case in which the implications in *100-321-33*34 cannot be 
turned into equivalences is the case in which Nc‘a and Nc‘/S are both A. 

*100-36. l-:./8eNc‘a.3:a!a. = .a!/8 [*10031 . *7336] 

*100-4 1- : /x e NC . = . (a®) • /x = Nc‘a [*37-78-79 .(*100-02-01)] 

*10041. h.Nc‘aeNC [*1004-2. *14204] 

*100*42. V ifi,ve NC .3 l fir\v .D . /i — v 

Dem. 

\~ . #100-4 .31-: Hp . 3 . (a«t, /9) . /x = Nc‘a . v = Nc‘/9 . a ! Nc‘a « Nc‘/9 . 
[#100-34] 3 . (a«, /9) . /x = Nc‘a . v = Nc‘/S . Nc‘a = Nc‘/S . 

[*14 - 16] 3 . n ■» v : 3 1- . Prop 

*100-43. KNCeCVexcl [*10042 . *8411] 

*100*44 l-:./xeNC.aSNc‘a.3:ae/x. = . Nc‘a=/x 

Dem. 

I- .*100 - 3 . 3 1- : Nc‘a = /x. 3 . ae/x (1) 

1- . *10-24 . 3 I- : /x e NC . a 1 Nc‘a . a e/x . 3 . 

/x e NC • a V • 3 1 Nc‘a . a e/x . 

[*100-4] 3 . (a#) • /X = Nc‘y3 . a 1 Nc‘£ . a ! Nc‘a . a e Nc‘/3 . 

[*100-35] 3 . (a/9) . /x = Nc‘/9 . Nc‘a = Nc‘/3 . 

[*14"15] 3.Nc‘a = /x (2) 

1- . (1) . (2) . 3 1- . Prop 

*100*46. l-:/xeNC.ae/x.3.Nc‘a = /x [#100'4 - 31-321] 

*100*5. 1- : /xeNC . a,/3e/x. 3 . asm /3 

Dem. 

V . *100-4 . 3 I- : Hp . 3 . (37) . /x = Nc‘7 . a, /9 e Nc'y . 

[*10031] 3 .(37) -a sm y./9 sm 7. 

[*73-31-32] 3 . a sm /S : 3 t- . Prop 
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* 100 * 51 . h/ieNC.fle/i.D. 8in“/j = Nc‘a 
Dem. 

h . *100*5 . Fact . D h Hp .2 : /3 e fi .ysm @ .0 . asm fi . yam /3 . 
[*73*31*32] D.asmy. 

[*100*31] D.-yeNc'a (1) 

(- . (1) . *10*1 1*21*23 . *371 . D (- : Hp . D . sm“/t C Nc‘a (2) 

t~ . *100*31 . D h Hp . D : y e Nc‘a . D . y sm a.ae/i. 

[*37*1] D . y e sm “ji (3) 

b . (2) . (3) . D (- . Prop 

* 100 * 511 . b : g ! Nc'yS . D . sm“Nc‘/3 = Nc‘/3 

Here the last “ Nc‘j3 ” may be of a different type from the others: the 
proposition holds however its type is determined. 

Dem. 

b . *100*51*41 . D I- : a e Nc‘/9 . D . sm“Nc‘/3 = Nc‘a 
[*100*31*321] = Nc‘/9 (1) 

b.(l). *10*11*23. Db. Prop 

* 100 * 52 . h: M eNC.g!M-3-sra“^eNC [*100*51*4] 

This proposition still holds when p = A, but the proof is more difficult, 
since it depends upon the proof that every null-class of classes is an NC, 
which in turn depends upon the proof that Cl‘a is not similar to a or to any 


class contained in a. 

*100*521. 1- : fi e NC . g ! sm“^ . D . sm“sm“/i = /t 

Dem. 

b . *37*29 . Transp .31-:. Hp . D : g ! fi : 

[*100*52] D:sm‘VeNC: 

[*100*51.Hp] D : y e sm“/t . D . sm“sm“^ = Nc‘ 7 (1) 

I- . *37*1 . Fact . D b : Hp . y e sm“/t . D . (ga) . a e /a . fi e NC . y sm a . 

[*100*45*321] D . (ga) . Nc‘a = ,* . Nc‘ 7 = Nc‘a . 

[*13*17] D.Nc < 7 = A i (2) 

b.(l).(2). D 1- :. Hp. 7 esm"/» . D . sm“sm“/t = M (3) 

1- . (3) . *10*1 1*23*35 . D I - . Prop 

*100*53. b :. g ! ft , . g ! v. D : fie NC • v — sm“/t . = . v e NC . n = sm‘V 

Dem. 

b.*100'52. D (- :. Hp . D :/t eNC . v**sm“/t . D . veNC (1) 

(- . *100*521 . D b :. Hp . D : fi e NC . v — sm‘V • D . /t = sm'V (2) 

I" . (1) - (2) . D I- :. Hp . D : /xeNC . i; = sm“/t . 3 . ve NC ./t = sm‘ f i» (3) 

b.(3).(3)^.:>b.Prop 

faV r 

R. & W. II. 2 
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*100-6. 

*10061. 

*10062. Ka4“aeNc‘a 
*100-621. f- . 1^‘afNc‘a 
*100*63. I- . e A ‘t‘a e Nc‘a 
*100-631. I- . D“e A ‘t‘ae Nc‘a 


[* 73-41 .* 100 - 31 ] 

[* 73 - 27 . * 54 - 21 . * 100 - 31 ] 
[* 73 - 61 . * 100 - 31 ] 
[* 73 - 611 . * 100 - 31 ] 

[* 83-41 .* 100 - 31 ] 

[* 83 - 7 . * 100 - 6 ] 


Kt"«eNc‘a 

t- . /3 {(gy) . y e a . (3 — i‘x u i ( y\ e Nc‘« 


*100*64. I- : k e Cls* excl . D . C Nc‘* 

Dem. 

H . #84*3 . #80"14 . D h : Hp . R e ed** .D.iJel— »1.* = Q‘i2 . 
[*73"2.*100"31] D . D‘J2 e Nc‘/e : D h . Prop 
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*101. ON 0 AND 1 AND 2. 


Summary of *101. 

In the present number, we have to show that 0 and 1 and 2 as previously 
defined are cardinal numbers in the sense defined in *100, and to add a few 
elementary propositions to those already given concerning them. We prove 
(*101*12*241) that 0 and 1 are not null, which cannot be proved, with our 
axioms, for any other cardinal, except (in the case of finite cardinals) when 
the type is specified as a sufficiently high one. Thus we prove (*101*42*43) 
that 2c and 2^ exist; this follows from A=J=V and A^V. We prove 
(*101*22*34) that 0 and 1 and 2 are all different from each other. We prove 
(*101*15*28) that sm“0 = 0 and sm“l = 1, but we cannot prove sm“2 = 2 
unless we assume the existence of at least two individuals, or define the first 
2 in “ sm“2 = 2 ” as a 2 of some type other than 2^^, where “ Indiv ” stands 
for the type of individuals. 

It should be observed that, since 0 and 1 and 2 are typically ambiguous, 
their properties are analogous to those of “Nc‘a” rather than to those of /a, 
where /a e NC. For example, we have 

*100*511. I- : a ! Nc'/8 . D . sm <r Nc'/8 = Nc‘£ 

but we shall not have /a € NC . g ! /a . D . sm“/A = y, unless the “ sm ” concerned 
is homogeneous, since in other cases the symbols do not express a significant 
proposition. But in *100*511 we may substitute 0 or 1 or % and the 
proposition remains significant and true. In fact we have (*101*1*2*31) 

h . 0 = Nc‘A . 1 = NcVa? . 2 = u i‘A), 

where 0 and 1 and 2 have an ambiguity corresponding to that of " Nc.” 


*1011. 

K0 = Nc‘A 

[*7348 . *1001] 

*10111. 

KOeNC 

,[*1011. *1004] 

*10112. 

1- . a ! 0 

[*51-161 . (*54-01)] 

*10113. 

1- . 3 ! 0 n Cl‘a . A e 0 n Cl‘a 

[*5116 . *60-3] 


2—2 
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[PART III 


*10114. h : Nc‘7 = 0 . = . 7 = A 
Dem. 


h . *101’1'12 . D h : Nc‘7 = 0 . = 
[*13194] = 

[*100-35] s 

[*1011 .*54102] s 

[*101112.*13194] = 

*10115. Kara “0 = 0 

Dem. 


Nc‘7 — Nc‘A . a ! Nc‘A . 

Nc‘7 = Nc‘A . a ! Nc‘A . a ! Nc‘7 • 
7 e Nc‘A . a ! Nc‘A . a ! Nc‘7 ■ 

7 = A . a ! Nc‘A . a ! Nc‘7 ■ 

7 = A : D I- . Prop 


h .*37-1 . D h : 76 sm“0 . = • (aeO.aeO.7ama. 
[*54-102] = . 7 sm A . 

[*73-48] = . 7 e 0 : D I- . Prop 


*101*16. h :. /* e NC — i‘0 . D : a e /* . D. . 3 ! a 

Dem. 

K *100-45. 3h/te NC . A e/e. D ./t= Nc‘A 
[*1011] =0 (1) 
h . (1) . Transp . 3 h :. fie NC — 1‘0 . D : A~e/x : 

[*24-63] D:ae/*.D..aJ a ”3^*Pr<>P 

*101-17. I- : A e Nc‘o . = . Nc‘a= 0 . = . Nc‘a = Nc‘A . = . a = A 

Dem. 

h . *100-31-321 . D h : A e Nc‘a . D . Nc‘a = Nc‘A . 


[*1011] 

D.Nc‘a = 0 

a) 

h. *101*13. 

D h : Nc‘a=0 . D . AeNc‘a 

(2) 

Ml). (2). 

D h : A e Nc‘a . = . Nc‘a = 0 . 

(3) 

[*101-1] 

= . Nc‘a = Nc‘A. 

(4) 

[*101-14] 

Ill 

a 

II 

> 

( 5 ) 


I- . (3) . (4) . (5) . D I- . Prop 


*101‘2. 

h . 1 = Nc‘i‘a: [*73-45 . *1001] 

*101-21. 

l-.leNC [*101-2 . *100-4] 

*10122. 

Kl+0 

Dem. 

h. *52-21 .*10113. Dh. A~el .AeO. 
[*1314] Dh.1 + 0 

*101-23. 

P . 1 n 0= A 

Dem. 

P. *52-21. Df-:ael.D.a*A. 
[*54-102] D.«~e0 

1- . (1 ) . *24-39 . D h . Prop 
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*101*24. h : g ! a . D . g ! 1 n Cl‘a 
Dem. 

h . *52*22 . *60*6 . DHatea.D.t'atelo Cl‘o (1) 

h . (1) . #10*11*28 . D h . Prop 
*101*241. Kg!l [*52*23] 

*101*25. Hotel. /9Ca./9 + a.D./3e0 
Deni. 

Y. *52*64. *22*621 . D I- : cte 1 . /9 C a . D . £ e 1 o0 (1) 

I" ■ *52*46 . Dh:«,/9el./9Ca.D./9 = o: 

[Transp] Dh :«el ./9Ca./3 + a. D./3~el (2) 

h . (1) . (2) . D h . Prop 

*101*26. H . «‘C1“1 = 0 o 1 

Dem. * 

I- . *60*371 . *40*43 . D Y . «‘C1“1 C 0 u 1 (1) 

I- . *60*3*34 . D (- . A e C\‘i‘x . i‘x e Cl t i t x . 

[*52*22.*40*4] D Y . A e s‘Cl“l . i‘x e s‘Cl“l . 

[*51*2.*52*1] D Y . 0 C s‘Cl“l . 1 C s‘Cl“l (2) 

I- . (1) . (2) . D Y . Prop 


*101*27. I- . 1 = a {(gat) . x e a . o — i‘x e 0} 

Dem. 

Y . *54*102 . D 1- : (ga;) .xea.a — i‘xe0 . = . (ga;) .xea.a — i‘x=A. 
[*24*3] = . (ga;) . x e a . a C i‘x . 

[*51*2] = . (gx) .a — i‘x. 

[*52*1] = . a e 1 : D h . Prop 


*101*28. Ksm“l = l 

Dem. 

I- . *37*1 . D Y : 7 e sm“l . = . (ga) . a e 1 . 7 sm a . 
[*62*1] = . (ga;) . 7 sm t‘x . 

[#73*45] = . 7 e 1 : D h . Prop 


*101*29. I- : t‘a; e Nc‘a . = . Nc‘a = 1 . = . Nc‘a = NcVa; . = . a e 1 
Dem. 


I-. *100*81*821. 

D Y : t‘a;eNc‘a. D . Nc‘a=Nc‘i‘a;. 


[*101*2] 

D . Nc‘a= 1 

(1) 

K *52*22. 

D h : Nc‘a = 1 . D . i‘x e Nc‘a 

(2) 

I-.(l).(2). 

Dh:i‘tfe Nc‘a . = . Nc‘a = 1 . 

(3) 

[*101*2] 

= .Nc‘a = Nc‘t‘a; 

W 

Y . #101*2 . *52*1 . 

D h : ae 1 . D . Nc‘a= 1 

(5) 

Y . *100*3 . 

3 1- : Nc‘a = 1 . D . a e 1 

(6) 

h . (3) . (4) . (5) . (6) . 3 h . Prop 
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*101*3. I- : x 4 = y . D . 2 = Nc‘(t‘<r v t‘y) 

Dem. 

h . *73*71*43 . *51*23-1 . D h Hp . D : z 4= w . D • (i‘z w i‘w ) sm (i‘x u i‘y) : 
[#54*101] D : y9e 2 . D . /3 am (i‘x w t‘y) : 

[*1001] D : 2 C Nc‘(i‘* u i‘y) (1) 

h . *5332 . *71163 .DI-:.Rel-rl.#,ye d‘R . D . 

R“(i‘x v i‘y) = i‘R‘x \j i‘R‘y (2) 

H . *7156 . Transp . D I- : Hp . IZ e 1 — *1 .x, ye d‘R . D . R‘x 4= R‘y (3) 

h . (2) . (3) . *54-26 . D 

h Hp . D : IZ € 1 — >1 ,x,ye d‘R . y3 = R“(l‘x w i‘y) . D . /8 e 2 : 
[*10*1 1*21*23.*51 *234] D : (giZ) . iZ f 1 -► 1 . t 4 * u i‘y C O'iZ ./3=R“(i‘x\Ji‘y) . 

D./9e2: 

[*73*12.*100*1] D : Nc‘(i‘a:u i‘y) C 2 (4) 

V . (1) . (4) . D I- . Prop 

*101*301. h . 2 = fi {(g#) . a: e a . a — t‘a: « 1} [*54 3] 

In comparing *101 31 with #101*1*2*3, it should be observed that i‘x and 
A are both classes, whereas in *101*1*2*3 there was no typical limitation 
beyond what was imposed by the conditions of significance. 


*101*31. 

H . 2 = Nc‘(t‘t‘a: w t‘A) 



Devi. 

h .*51*161 . 

D h . i‘x =|= A 

(1) 


h. (1). *101*3. Dh. Prop 


*10132. 

h . 2 e NC 

[*101*31 . *100*4] 


*10133. 

1- : o , Re 1 A . D . 

«w/3e2 [*54*43] 


*101*34. 

h. 2 + 0. 2 + 1 



Dem. 

h . *101*13 . 

DI-.AeO 

(1) 


h .*101*301 . 

Dh:ae2.D.g!a: 



[*24*63] 

D K A~e2 

(2) 


h . (1) . (2) .*13*14 . 

Dh.2 + 0 

(3) 


h . *52*22 . *54*26 . *22*56 . D b . i ( y e 1 . i‘y ~ e 2 . 



[*13*14] 

DI-.1 + 2 

(4) 


h . (3) . (4) . D h . Prop 


*10135. 

h.2n0=*A.2nl = A 

[*100*42 . Transp . *101*11*21*32*34] 


*101*36. h:ae2./9Ca./94=a.D./9e0ul 

Rem. 

h. *54*42. Dh:ae2.y9Ca.a!/9. /?=}=«. D./Sel (1) 
K *54*102. Dh:~a!£.D./9e0 1 (2) 

h.(l).(2). Dh.Prop 
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* 101 * 37 . h . s‘ Cl“2 C 0 w 1 u 2 [*54 411] 


*101-38. H : a ! 2 . 3 . «‘C1“2 = 0ulw2 
Deni. 

K*60'3. 3 I- : Hp . 3 . (go) . a e 2 . A e CP# . 

[*40-4] 3 . A e s‘Cl“2 . 

[*51-2] 3 . 0 C s‘Cl“2 (1) 

h. *60-34. 3h.2C«‘Cl"2 (2) 


b . *54-101 . 3 h :: Hp . 3 (a®, y) . y :• 

[*13*171.Transp] 3 (a®, y) (?) • z + ® • v . z 4 = y 

3 :■ (a 3 ’* y ) ( z ) : l ‘ z w 1<X 6 ^ • v • *** w t‘y e 2 
3 (s) (a«, /9) : a e 2 . e Cl‘a . v . /3 e 2 . i‘z e Cl‘y8 
3 (z) . i‘z es‘CP‘2 

3:.1C«‘C1“2 (3) 


[*54-26] 

[*ll-26.*22-58] 

[*40-4] 

[*521] 


I- . (1) . (2) . (3) . *101-37 . 3 h . Prop 


*101-4. l-:(a«,y).a;+y. = .aJ2 

Dem. 

I- . *54*26 . 3 h : <r + y . 3 . a ! 2 : 

[*ii-ir35] DH:(a«*y)-«+y-^-a 12 (!) 

H . *54101 . 3 I- : a e 2 . 3 . (a#> y) • « + y : 

[*10-11-23] D h : a ! 2 . 3 . (a®, y) ■ « + V ( 2 ) 

I- . (1) . (2) . 3 1- . Prop 

When we are considering the lowest type occurring in a context, our 
premisses do not suffice to prove (a x >y) • x ^y- For evel 7 other type, this 
can be proved. Thus A =j= V and A V give the required result for classes 
and relations respectively. 


* 101 ' 41 . I- : (a«). V . = . a ! 2 
Dem. 

I- . *24*14 . Tramp . 3 

I-:. (a<c). t‘a; + V.= : (a*) : (ay) • V ~ « : 

[*51-15] = :(a*,y).a;+y: 

[*101-4] = : a 1 2 3 1- . Prop 

* 101 - 42 . h.a!2 Cto .t‘Avi‘Ve2 cu 

Dem. 

I- . *20-41 . *241 . 3 V . A, V e Cls . A + V (1) 

V . (1) . *54-26 . 3 V . i‘A v i‘ V e 2 . t‘A v t‘V C Cls . 

[*63-371105] 3h.i‘Aut‘Ve2n<‘Cis. 

[(*6501)] 3h.i‘Awt‘Ve2 cta .3l-.Prop 

* 101 - 43 . h . a ! 2 k,! [Proof as in *101-42] 
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* 102 . ON CARDINAL NUMBERS OF ASSIGNED TYPES. 


Summai'y of * 102 . 

In this number, we shall consider a typically definite relation “ No,” i.e. we 
shall consider the relation, to a class $ which is given as of the same type as 
yS, of the class g, of those classes 7 which are similar to 8 and of the same 
type as a. We shall then put 

A t = Nc(a^yS, 

7 eNe (c^yS, 

7 Sm (a, 0) S, 

and the class of all such numbers as /a for a given a and y9 we shall call 
NC^(a), so that 

NC* (a) = D‘Nc (ap). 

The notations here introduced for giving typical definiteness to “sm” and 
“ Nc” are those defined in *65 for any typically ambiguous relation. 

By *63*01 *02 we have, if a is a typically ambiguous symbol, 

h . a* = a r\ t € x, 
h . a (x) = a n t‘i‘x. 

Thus h . a(x) = a t i x . If we apply the definitions to 1, “ l x ” is meaningless 
unless x is a class; we therefore write a Greek letter in place of x, and 

WA HQ VP 

If x e yS, we shall have i € x = yS . v . i € x yS. Hence 

h sareyS. D . i‘xelp. 

Similarly h s x ~ e yS . D . i € x e lp* 

Thus h s x e tyfi . 3 . e lp. 

The converse implication also holds, so that 

H 2 € iff ■ L^X € l^. 

Thus lp consists of all unit classes whose sole members x either are or are 
not members of yS, i.e. for which “ x e yS ” is significant. 

In “ xetyfi . D . 1‘xelp,” the hypothesis renders explicit the condition of 
significance; thus “tfxelp” is always true when significant, and always 
significant when x sty ft. On the interpretation of negative statements con- 
cerning types, see the note at the end of this number. 

It should be noted that all the constant relations introduced in this work 
are typically ambiguous. Consider e.g . A, sg, D, $, £, /, t, e, Cl, Rl. These 
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all have more or less typical ambiguity, though all of them have what we 
will call relative typical definiteness, i.e . when the type of the relatum is 
given, that of the referent is given also. (In regard to D, it is not true that, 
conversely, when the type of the referent is given, that of the relatum is also 
given.) But “ sm” and “ Nc ” have not even relative definiteness. When the 
type of the relatum is given, that of the referent becomes no more definite 
than before ; the only restrictions are that the relatum for "sm” or "Nc” must 
be a class, that the referent for " sm ” must be a class, and that the referent 
for " Nc ” must be a class of classes. When a relation R has relative definite- 
ness, it is enough to fix the type of the relatum ; and if further R e 1 — ► Cls, 
so that R leads to a descriptive function, “ R‘y ” has complete typical definite- 
ness as soon as the type of y is given. Now the constant relations hitherto 
introduced, with the exception of “ sm ” and " V,” have all been one-many 
relations, and have been used almost exclusively in the form of descriptive 
functions. Hence no special notation has been required to give typical 
definiteness, since " R‘y ,” in these circumstances, has typical definiteness as 
soon as y is assigned. But with the consideration of " sm ” and " Nc,” which 
do not have even relative definiteness, an explicit means of giving typical 
definiteness becomes necessary. It should be observed, however, that " Nc *8 ” 
has typical definiteness, when 8 is known, as soon as the domain of " Nc ” 
has typical definiteness, since 8 must belong to the converse domain. It is 
for the sake of this and similar cases that we introduced the two definitions 
in *65, which only give typical definiteness to the domain. 

In virtue of the definitions in *65, if R is a typically ambiguous relation, 

and x is a referent, R becomes R x ; if, further, y is a relatum, R becomes 

— ► — > — ► 

R&,y ) . If a: is a referent for R , we have (gy) . x e R‘y , and R‘y € D‘R. Thus 
has a member of the type next above that of x, i.e. of the type of i‘x. 

Thus 

h . sg ( (R X ) = (R)(x) 

and |- . sg^iJ^y)} = (R) ( x y ) 

as was proved in *65. Hence in particular 

Ksg‘{sm (a , 0 ,} = Nc(a 0 ). 

It is chiefly for this reason that it is worth while to introduce the defini- 
tion of R(x y ). 

We have, in virtue of the above, as will be proved in *102*46, 

h : 7 € t*a . 8 e t ( j 3 . y sm 8 • = . 7 e Nc (<fyy8. 

With regard to "Nc(ct),” which is to be interpreted by *65*04, some 
caution is necessary. This will mean some one of those typically different 
relations called "Nc” which have their domains composed of terms of the 
same type as a. But it will not mean the logical sum of all such relations, 
because these relations are of different types according as their converse 
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domains differ in type, and therefore their logical sum is meaningless. Thus 
for example if the type of /9 is lower than or equal to that of a, we shall have 

b . a ! Nc (a)‘£, 

whence, if “Nc(a)” has its converse domain composed of terms of the same 
type as yS, 

b . A e D*Nc (a). 

But if /9 is of higher type than a, we shall find 

b . A eD'Nc(a). 

Thus “ Nc(a) ” is indeterminate in a way that makes a practical difference. 
Exactly similar remarks apply to NO (a). We have 
b . NC (a) = D*Ne (a); 

thus “ NC (a) ” shares the ambiguity of “ Nc (a).” The question whether 
AeNC(a) depends upon the decision of this ambiguity. The difficulty 
is that “NC(a)” stands for the domain of any one determination of “ Nc” 
which has its domain composed of objects of the type of t*a; but it is the 
domain of only on \e such determination of “ Nc,” because different determina- 
tions are of different types, and therefore cannot be taken together, even 
when their domains are all of the same type. In consequence of this 
ambiguity, “ NC (a) ” is a symbol which is as a rule better avoided, and 
“Nc(a)” is not often useful except as a descriptive function, in which case 
the relatum supplies the requisite typical definiteness. 

The peculiarity of “NC(a)” is that it is typically definite, and yet is 
capable of different meanings : it is not wholly definite, being defined as the 
domain of a relation whose converse domain is typically ambiguous. It 
results- that we cannot profitably make “ NC ” half-definite, as “ NC (a) ” does, 
but must make it completely definite, as we do by taking D i Nc(a /B ). For 
this we adopt the notation NC* (a). We cannot adopt the notation NC(cfc), 
because that would conflict with * 6511 , nor NC(a)/ 5 , because that would 
conflict with * 65 * 01 , nor NCp(a), for the same reason. But NC*(a) has no 
previously defined meaning. We may if we like regard “NC*” as 
D*(Ncf£*/S). Then the required meaning of “ NC* (a) ” would result from 
* 65 * 04 . But as “NC*” so defined is not required, it is simpler to regard 
“ NC* (a)” as a single symbol. We therefore put 

*102-01. NC* (a) = D‘Nc (a fi ) Df 

The present number begins with various propositions (* 102 * 2 — * 27 ) on 
a typically definite relation of similarity, i.e. sm (a(/3) . We then have a set of 
propositions (* 102 * 3 — * 46 ) on “ Nc (ap)*&” This is only significant if j3 and 8 
are of the same type ; it then denotes the class of those classes which are 
similar to 8 and of the same type as a. We then have a set of propositions 
(* 102 * 5 — * 64 ) on NC*(a), i.e. on cardinals consisting of classes of the same 
type as o which are similar to classes of the same type as f3. We next prove 
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(*102*71 — *75) that no sub-class of a is similar to Cl‘a, and therefore 
(substituting t 0 ‘a for a) no class of the same type as a is similar to t% and 
therefore 

*102*74. h.AeNC^(a) 

This proves that A is a cardinal, which is a proposition constantly 
required. The remaining propositions of *102 are concerned with sm “ft 
where /a is a typically definite cardinal 

The most useful propositions in this number (apart from *102*74) are 
*1023. h : 78m 8 . = . 7 e Nc (ap)‘<$ 

*102*46. b : 7 e Nc (ap)‘8 . = . 8 e Nc 09„)*7 . = . 7 sm 8 . 7 e t‘a . 8 e t‘f 9 
*102*6. ht/ieNC* («). = . (gS) . /* = Nc (a„)‘S 
*102*6. I- . Nc (a)‘/3 = Nc (a ,)‘/3 = 7 (7 sm /S . 7 e t‘a) = N c‘/9 a t‘a 
*102*72. b:/9Ca.3.~09 sm Cl‘a) 

This is used in proving fi e NC . 3 . > /*, which is the proposition from 

which Cantor deduced that there is no greatest cardinal. (If fi = Nc‘a, 
2* = Nc'Cl'a, and thus there is a rise of type.) 

*102*84 b : (37) . 7 e t‘a . 7 sm a . 8 sm 7 . = . 8 sm a 
*102*86. f- . 8m“/i a = sm p“fi 

*102*01. NC< , (o) = D‘Nc(a 3 ) Df 
*102*11. b:.ftel-»l .3. R tXiV) e 1 (#)-* 1 (y) 

Here, if R is a real variable, the conditions of significance require 
R = Ru,v) ■ But if R is a typically ambiguous constant, such as I or A or sg, 
R*, v) is a typically definite constant. It is chiefly for such cases that 
propositions such as the above are useful. 

Dem. 

I- . *37*402 . (*65*1) .31-. D ( R^ y) C t‘x. 

[*33*15] 3 1- . {sg*.R C t‘x . 

[*63*5] 3 b . [sg'Rtx^Yz e t‘t‘x (1) 

I- . (1) . *71*102 . 3 1- : Hp . z e Q‘iJ te>y) . 3 . (sg‘.ft to>1 ,) } *z e 1 a t‘t‘x . 

[(*65*02)] 3 . {ag‘ R^Yz e 1 ( x ) (2) 

Similarly 1- s Hp . w e D ‘R &, y ) . 3 . {gs‘R {X ,y) Y w e 1 (y) (3) 

b. (2). (3). *70*1. 3 b. Prop 

*102*13. b : i2 e 1 — ♦ 1 . 3 . -R* e 1 (#) — * 1 [Proof as in *102*11] 

*102*2. I- : 78m(. t ,) 8 . = . 78m 8 . yet‘a . 3 et‘/3 [*35*102 . (#65*1)] 

•102*21. b:7 sm KW S.= .(%R) .Rel-*1 .T>‘Ret‘a. 

a‘Uet‘^.D‘U = 7.a‘B = 8 [*102*2 . *731] 
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*10222. h : 7 sm (x,y) 8 . = .y sm 8 . 7 C t‘x . 8 C t‘y [*63'5 . (*65 - 12)] 

*102 23. h : 7 sm (x,y) 8 . = . (giJ) . R e 1 — > 1 . D‘i2 C t‘x . 

d‘R C t‘y . D‘R = y . d‘R = 8 [*10222 . *731] 

*10224. \-:rysm(x,y)8. = .(^R).Rel(a;)-*l(i/).D ( R = y.(I f R = S 

Dem. 

V . *102-23 . *40-5-52-43 . *37 25 . 3 
I - 7 sm (x, y) 8 . = : (g.R) : R e 1 — > 1 : w e (P.R . 3 W . R‘w C t‘x : 

*eD‘J8.3,.S i *C*«y:D‘2i«7.a«.R-8: 

[*63-5] s : (gfl) :Rel-+l. R“d‘R C t‘t‘x . R“D‘R C t‘t‘y . 

D‘R = y.d‘R = 8: 

[*7 1 -102.(*65-02)] = : (gfi) . R“d‘R C 1 (*) . R“D‘R C 1 (y) . D‘R=y . d‘R= 8 : 
[*70*1] = : (gfl) .Rel(x)-+l(y). T>‘R « 7 . (l‘R - 8 3 1*. Prop 

*10225. h : 7 sm (a>ft 8 . = . (g.R) . .R e 1 . -* 1 $ . D‘R = 7 . (Pi? = 8 
[Proof as in *102-24] 

*102-26. I- : 7 sm («,£) 8 . 7 ' sm (a ,^ 8 . D . 7 sm (a>a) 7 ' 

Dew. 

h . *102*2 . D h : Hp . D . 7 sm 8 . 7' sm 8 . 7 , 7 ' e t‘a . 

[*73*32] D . 7 sm 7' . 7 , 7 ' e . 

[*102*2] D . 7 sra (a( ,) 7 ' : D h . Prop 

*102*27. h : 7 sm (ai p, 8 . 7 ' sm (a ' iW 8 . D . 7 sm (a>a ') 7 ' [Proof as in *102*26] 

*102*3. h : 7sm ( . )W 8. = . 76 Nc (a ^)‘8 

Dem. 

K *3218. 3 

h : 7 sm, a>/}) 8 . = . 7 e {sg‘sm (a>w )‘ 8 . 

[*65‘2] = . 7 e {(sg'sm) (a^)j ‘3 . 

[(*100 01)] 3 7 e Nc(a*)‘ 8 : 3 (* . Prop 

*102-31. h . Nc (ap )‘8 = D “{1 ->l4 (D‘R e *‘a . d‘R e t‘/3 . d‘R = 8 )} 

Dem. 

h. *102-3-21. 3 

I- : 7 e Nc (c^)‘ 8 . = . (gR) . R e 1 -» 1 . D‘R e t‘a . d‘R e t‘/3 . D‘R = y.d‘R = 8 . 

[*33123.*371] = .ye D “{1 -*lnR (D‘Ret‘a . d‘R et‘/3 . d‘R = 8 )} : 

3 h . Prop 
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*102-32. b . Nc (aj)‘S=D“{(l a -> l fi ) a d‘S} 

Dem. 

b. *102-3-25. D 

I- : y e Nc ( ctp)‘B . = . (3,11) . R e 1, -* 1^ . D‘ii = 7 . d‘R = 8 . 

[*3361] = .(^R).Rel a -*l p .Red‘8.D , R = y. 

[*33 123.*37-1] = .7«D“((l a ->lp)na‘St :Dh.Prop 

*102-34. b . Nc (a, £ )‘S = D“{1 -+lr\R (D‘R e t‘a . d‘R C *'/ 3 . d‘R = S){ 

[Proof as in *102 31] 

*102-35. 1- . Nc (a,y9)‘8 = D“[(l a -* 1 (yS)} n CPS] [Proof as in *102-32] 

*102-36. b . E ! Nc (a p )‘8 [*102 31 . *14-21] 

This proposition is true whenever it is significant, and is significant 
whenever 5 e t‘y 9. When 8 belongs to some other type, the above proposition 
is not significant. 

*102-361. b.E!Nc(a,y9)‘S [*1 02-34 . *14-21] 

*102-37. 1- . d‘Nc (a fi ) = t‘/3 

Dem. 

I- . *37-402 . (*6511) . Db. d‘Nc (a„) C Py9 (1) 

I- . *102-36 . *33-43 . 3 h . (3) . 3 < d‘Nc (ay,) . 

[*6314] D b . e„‘d‘Nc (a^) = d‘Nc (a„) (2) 

*•. (1). *63-21 . Dh.ca‘Nc(ap) = <‘y9 (3) 

I- . (2) . (3) . D I- . Prop 

*102-4. b : 7 e Nc • y e Nc (a^)‘3 . D . 7 e Nc (tt*)‘y' [*102 3-26] 

*102-41. b : 7 e Nc (a,)‘S . y’ e Nc (a' fi )‘8 . D . 7 e Nc (a.-)V [*102 3-27] 

*102*42. KaeNc^/a [*102-3 2 . *733 . *63103] 

*102-43. b.g!Nc («.)*« [*102-42] 

This inference is legitimate because, when a is given, “Nc(a.)‘a” is 
typically defiuite. The inference from“aeNc‘a” (which is true) to “g ! Nc‘a” 
is not valid, because “ g ! Nc‘a ” may hold only for some of the possible 
determinations of the ambiguity of “ Nc.” 

*102'44. 1- :asmy9. = . aeNc(ap)‘y9. = . y9e Nc(yS«)‘a 

Dem. 

b. *63102. D 

1- : asmy9.= . asm# . aetf'a . y9ef‘y9 (1) 

b . (1) . *102'2*3 .3b. Prop 
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*10245. 

Dem. 

h : 7 € Nc (zp) ( & . D - 7 e Nc (a«)*7 



h . *102*3*2 . D h : Hp . D . 7 e 2‘a 

(1) 


h.*73*3. Dh.7 8ra7 
h. (1). (2). *102*3*2. Dh. Prop 

(2) 


*102 46. b : 7 e Nc . = . 8 « Nc (/3«)‘y . = . 7 sm 8 . 7 e t‘a . 8 e t‘/ 3 
[*102*2-3. *73-31] 

*102-6. NC' (ft) . = . (g8) . ^ = Nc («*)‘S [*10022. *7 141 .(*10201)] 

In using propositions, such as those of *100, in which we have a typically 
ambiguous “Nc” or “ NC,” any significant typical definiteness may be added, 
since, when a typically ambiguous proposition is asserted, that includes the 
assertion of every possible proposition resulting from determining the 
ambiguity. 

*102-501. b.Nc(o„)‘SeNC'(a) [*102o-36] 

*102-61. b : 7 e Nc (apyS . 3 . Nc (ap)‘8 = Nc (a a )‘7 . 

Nc e NC' (a) . Nc (a a )‘ 7 e NC* (a) 

Dein. 

b. *102-3-2. 3 

I- :. Hp . 3 : 7 sm 8 . 7 e t‘a . 8 e t‘/3 : 

[*73"37 .*4"73] D:fsmS. = .f 8 m 7 :fsmS. = .f8m3.8e t‘fi : 

f sm7 . = . £ sm 7 . 7 e<‘« : 

[*4*22] 3 : f sm 8 . 8 e t‘0 . = . £ sm 7 . 7 « <*a : 

[Fact] 3 : f sm8 . £ et‘a .Set‘/3 . = . f sm 7. f ei‘a . yet‘a : 

[*102-2-3] D:Nc(a #1 )‘S = Nc(a a )‘7 (1) 

I- . (1) . *102-501 .31-. Prop 

*102*52. I- : a ! Nc(a3)‘8 . D . Nc (a^)‘3eNC*(a) [*102-51] 

*102-53. b . NC* (a) - i‘A C NC* (a) 

Derm.. 

b . *102-52 . 3 b : /* = Nc (a ? )‘8 . a 1 P • 3 . fi e NC* (a) (1) 

I- . (1) . #102'5 .3b. Prop 

*102*54. h : 8 « Nc (yS«)‘7 . 3 . Nc = Nc (a^Yy [#1 02-51*46] 

*102-541. I- : a ! Nc (£.>‘7 . 3 . Nc (a.)‘ 7 e NC® (a) - t‘A 
Dem. 

1- . *102-54-501 . 3 b : 8 e Nc (fry y . 3 . Nc (a.)‘ 7 « NC' (a) (1) 

I- . *102-46-45 . 3 b : 8 e Nc (frYy . 3 . 7 e Nc (a a )‘ 7 . 

[*10-24] 3 . 3 1 Nc (a tt )‘7 (2) 

K(l).(2).3 

b : 8 e Nc (fry y . 3 . Nc (a.)‘ 7 e NC' (a) - i‘A : 3 b . Prop 
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*102*55. h s A ~e NO (13). D. NC* (a) - i‘A = NO (a) 

Dem. 

K *102*5. 3 

h j. Up • 3 :/i = Nc ($«)* 7 • 3^-y ■ 3 • ^ • 

[*102*541] 3^ . Nc (a a )‘ 7 e NO (a) - i‘A : 

[*10*23] 3 : ( 3 / 1 ) . fi = Nc (&)‘ 7 . 3 y . Nc (a a )‘ 7 e NO (a) - i‘A s 
[*102*36] 3 s ( 7 ) . Nc (daYy * NO (a) - t*A : 

[*13*191] 3 s v = Nc (cr a )‘ 7 . 3„, y . * e NC 8 (a) - t‘A : 

[*102*5] 3 s i/ e NO (a) . 3, . i/ e NC 8 (a) - i‘A (1) 

h . (1) . *102*53 . 3 h . Prop 

The above proposition shows that, if every class of the same type as £ is 
similar to some class of the same type as or, then, given a class 7 of the same 
type as a, there is a class 8 , of the same type as yS, such that the classes 
similar to 8 and of the same type as a are the same as the classes similar to 
y and of the same type as a ; and conversely, given any class 8 , of the same 
type as / 8 , and similar to some class of the same type as a, then there is 
a class 7 , of the same type as a, such that the classes similar to y and of the 
same type as a are the same as the classes similar to 8 and of the same type 
as cl We may express this by saying that, if the cardinals which go from 
the type of a to the type of j3 are never null, then those that go from the 
type of /3 to the type of a, with the exception of A (if A is one of them), are 
the same as those that begin and end within the type of cl The latter are 
what we call “ homogeneous ” cardinals. Thus our proposition is a step 
towards reducing the general study of cardinals to that of homogeneous 
cardinals. 

*102*6. h • Nc (i ay/3 = Nc (apy/3 = ^ ( 7 sm f3 . y e t‘a) = Nc‘/9 n t‘a 

Dem. 

h • *35*1 . (*65*04) . 3 

\- : fi = Nc («)*$ . = . fi = Nc‘$ . p e t u a . 

[*63*5] =.poiNc'£.pCt'a. 

[*65*13] EE.p-Nc'zSnfa. (1) 

[*100*1] =./* = $( 7 am/3 .yet‘a). (2) 

[*63*103] = . fi = ^ ( 7 sm f3 . y e • f3 e t‘/3) • 

[*102*46] =./a = Nc (cLpYfi (3) 

h . ( 1 ) . ( 2 ) . (3) . * 20 * 2 . * 100 * 1 . 3 K Prop 

*102*61. h s 8 e t <$ . 3 . Nc (ays = Nc (a *)‘8 
Dem. 

h . *4*73 . 3 h : Hp . 3 . y (y sm 8 • y e t‘ a) = y (y sm 8 . y e t l a . 8 e t*/3) 
[*102*46] = Nc(a *)‘8 ( 1 ) 

h . ( 1 ) . *102*6 . 3 h . Prop 
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*102-62. b . NC* (a) = Nc (a)“<‘/3 
Deni. 

b . *37-7 . (*10001) . 3 
b . Nc (a)“<‘/9 = ft {(g8) . 8 e t‘/3 . fi = Nc («)'$} 

[*102-61] = ft {(gS) . 8 e t‘/3 . n = Nc (a,)‘S) 

[*102-37] = D‘Nc(a,) 

[(*10201)] = NC* (a). 3 b. Prop 

*102*63. b : n = Nc f 7 . a e /* . 3 . /* = Nc ( oi)‘7 
Dem. 

b . *63"5 .3b: Hp .3 ,fi= Nc‘7 .fiCt‘a. 

[*66-13] 3.^ = Nc‘7r»<‘a. 

[*1026] 3 . fi = Nc(a)‘7 : 3 b . Prop 

*102-64. b : /* e NC . g ! /* . 3 . (ga, 7) . /* = Nc (o)‘ 7 [*102-63 . *1004] 

The following propositions are part of Cantor’s proof that there is no 
greatest cardinal. They are inserted here in order to enable us to prove that 
A is a cardinal, namely what we call a “ descending ” cardinal, i.e. one whose 
corresponding “ sm ” goes from a higher to a lower type. 

*102-71. b : /J e Cls — * 1 . D‘ii C a . d‘R C Cl‘a . 3 . g ! Cl‘a — Q‘.R 

Dem. 

b. *20-33. *4 73. 3 

v 

I- :: Hp . «r = &(x€ D‘R . x~eR‘x ) . D 

X € D • Dj; m X € tT • ~ ■ X € "R/^ X ■ 

V 

[*5’18] D* : [x € m . = . x e R‘x ] : 

[*20*43.Transp.*71*164] D x : w R‘x s. 

[*7l*4Ll.Transp] D s. (1) 

h . *20*33 . *3 26 . D h s Hp (1) . D . w C D ‘R . 

[Hp] D - C a (2) 

h.(l). (2). *13*191. D 

h:Hp.D.^(x6D^.^e^)€CFa-a^:Dh.Prop 

*102*72. h s C a . D . ~ (ft sm Cl‘a) 

Dem. 

K . *102*71 . D h. Hp. D : i? € 1 -»1 . D ( R = fi . (P22 C Cl‘a. D* . g ! Cl'a - (Pi? : 
[*24*55.*22 41] D : R e 1 1 . D‘R = /3.D R . d‘R + Cl‘a : 

[*10*51] D : ~ (%R) . R e 1 -» 1 . D € R = /3 . d‘R = CVa : 

[*73*1] D : ~ (J3 sm Cl‘a) D h . Prop 
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*10273. b . Nc {a)H ( a = A 
Dem. 

b . *102*6 . 3 b . Nc = $(ysmt‘a.y€ t‘a) 

[*63*65] = 7 (7 sm C\%‘a . 7 C t^a) 

[*102*72] = A . 3 h . Prop 

This proposition proves that no class of the same type as a is similar to 
t‘<L Now t l a is the greatest class of its type ; thus there are classes of the 
type next above that of a which are too great to be similar to any class of the 
type of a. Thus (as will be explicitly proved later) the maximum cardinal in 
one type is less than that in the next higher type. Cantor’s proposition that 
there is no maximum cardinal only holds when we are allowed to rise to con- 
tinually higher types : in each type, there is a maximum for that type, namely 
the number of members of the type. 

*10274. h.AeNC^(a) 

Dem. 

b . *102*6*501 . 3 b . Nc (a) V a e NC** a (a) ( 1 ) 

b . ( 1 ) . *102*73 . 3 h . Prop 
*10275. b. NC t- * (a) = NC* (a) v t‘A 
Dem, 

b. * 100 * 6 . 3 b : 7 e^a . 3 . 7 e^a . t^ 7 eNc f 7 ( 1 ) 

b . *63*64*5 . 3 b : 7 e t‘a . 3 . i“y e &‘a (2) 

b . ( 1 ) . ( 2 ) . *102*46 . 3 b s 7 e t‘a . 3 . i“a e Nc l(*‘a) a }‘ 7 . 

[*10*24] 3 . a ! Nc {($*«)«} *7 (3) 

b . (3) . *102*55 . 3 b . NC*- (a) - i‘A = NC* (a) (4) 

b. (4). *102 74. 3b. Prop 

*102*8. b s 7 e Nc (a*)‘ 8 . 7 sm £ . f e t ‘{ . 3 . ? € Nc (&)‘$ . ? e Nc (£.>‘7 
Dem. 

b. *102*46. 3 

h:Hp.D . 78 m B .yet‘a.Bet‘/3 .y smf. fet'f . 

[*73-31-32] D . f sm B . £ e . B e t‘0 . fsm y . £ e . 7 e t‘a . 

[*102-46] D.feNc (&)‘S .feNc (^)‘y : D h . Prop 
*102-81. h : 7 e Nc (a fi )‘S . D . sm“Nc (a*)‘S a = Nc (&)‘S = Nc (f .)‘ 7 

Dem. 

h . *102*8 . *73*31*32 . D 

h : 7 , 7 ' e Nc (a,)‘$ . £sm 7 ' . f e . D . £<■ Nc (&)‘S . ?e Nc (f .)‘ 7 ( 1 ) 

h . (1) . *37-1 . 3 h : Hp . D . sm“Nc (a„)‘S a C Nc (&)‘ 8 . 


sm“Nc (a„)‘S a C Nc (f a )‘ 7 (2) 

h. *102-46. *73-31-32. D 

1- : Hp. £eNc(£p)‘S . D . f 61 x 17. 7 6 Nc(e^)‘S . 

[*371] D . sm“Nc (a*)‘S a (3) 

Similarly 

h : Hp . ? e Nc (&)‘y . D . f e sm“Nc (o*)‘S a (4) 

h . ( 2 ) . (3) . (4) . D 1- . Prop 

B. * W. 1L 3 
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*102*82. h:/ieNC 0 (a).g!/i.D.sm“/trU‘?eNC*(£) [#102*81*5] , 

*102*83. l*:/ieNC J (a).a!/t. v = sm“/t« 3 S ^ • 

sm“/t a = sm“» a t‘f . ft = sm“v a £‘a 

Deni. 

K *102*81.3 

h : Hp . y e ft . ye v . ft = Nc (<*p)‘8 • 3 • 

v - Nc (&)‘S = Nc (f,)'? . sm‘ V « = Nc (?«)‘ 7 . 

[*102*81] 3 . sm“v a t‘Z= Nc (&)<y = sm‘V a . 

8 m“» a £‘a = Nc (otfO'S = /i (1) 

h . (1) . *102*5 .31-. Prop 

#102*84. h : ( 37 ) . 7 sm a . 7 e t‘a . 8 sm 7 . = . $ sm a 

Dem. 

h . *73*32 . 3 h : ( 37 ) . 7 sm a . 7 e t‘a . $ sm 7 . 3 . 8 sm a (1) 

h . *73*3 . *63*103 . 3 

1 - : 8 sm a . 3 . a sm 0 . a e t‘a . $ sm 0 . 

[*10*24] 3 . ( 37 ) . 7 sm 0 . 7 e <‘a . 3 sm 7 (2) 

h . ( 1 ) . ( 2 ) . 3 h . Prop 

*102*86. f- . 8 tn“/i a t‘fi = sm f “/t [*65*3] 

*102*86. I- : ft = Nc (a)‘ 8 . g ! /i . 3 . sm f ‘V = Nc (f )‘8 

Dem. 

I-. *102*6*81. 3 

h : 7 e Nc (a)‘ 8 . 3 . sm“Nc (a)‘S a t ‘% = Nc (? )‘$ . 

[*102*85] 3 .sm f “Nc(a )‘8 = Nc(f)‘S (1) 

K(l).*13*12.3 

h : (i = Nc (a )‘8 .yefi.O. sm(“ ft = Nc (£)‘S : 3 I- . Prop 

*102*861. h . 8 m.“sm{“/i C am a “ ft 

Dem. 

h . *37*1 . 3 1- : 7 e 8m 0 “sm{“/4 . 3 . (g£, v) • V e P • ?sm»/.f et‘l- . 78 m £.yet‘a. 
[*73*32.*10*5] 3 . (g?;) . r) e ft . 7 star ) . 7 e t‘a . 

[#37*1] 3 . 7 c sm.“/i : 3 h . Prop- 

*102*862. h r\ e ft . 3, . g ! Nc : 3 . sm a “/* = sm B “smt‘V 

Dem. 

h . *102*6 . 3 V Hp . 3 : r, e . 3 . (g£) . f sm r, . ?<? : 

[Fact.#10*35] 3 : y e fi . 7 sm 77 . 7 e <‘a . 3 . 

(gf) . f sm q . f e t‘H . 7 sm ij . 7 e t‘a . 

[*73*37] 3 . (gf) . f sm 17 . £e . 7 sm £. £e «‘a . 

[*37*1] 3 . 7 e sm a “smf“/t (1) 

h .( 1 ). *10*11*23 .#37*1 . 3 h : Hp. 3 . 8 m.“^C 8 m.“sm{‘V (2) 

K ( 2 ). *102*861. 3 h. Prop 


Digitized by Google 



SECTION A] 


ON CARDINAL NUMBERS OF ASSIGNED TYPES 


35 


*102*863. h = Nc 0 9)‘S . a ! Nc (£)‘S . 3 : v eg, . 3, . a ! Nc 

Dem. 

h . *100-31-321 . 3 h : Hp . v e p . 3 . Nc (f)^ = Nc (f)‘$ . 
[Hp] D . 3 ! Nc (f)S; s 3 h . Prop 


* 10287 . 


* 102 * 88 . 

Dem. 


h s /x = Nc (ySyS . a * Nc (gy8 . 3 . sm«“/* = sm a “sm$“/* 
[*102-862-863] 

h : /i = Nc (j8)‘$ . a • sm ^/i . 3 . sm*"/* = Nc (f )*8 . sm. 1 ^ = Nc(a)‘S . 

sm tt “/i, = sm a “sm$“^ = sm<i“Nc (f)‘S 

h . *3729 . Transp .Dh:Hp.D.a-M- 

[*102-86] 3 . ami"/* = Nc (f)‘8 . sm.'V = Nc («)'S . (1) 

[Hp] 3-3 *Nc (g)‘8. 

[*102*87] 3 . sra a “/i, = sra a “s my*/* (2) 

[(1)] = sm a “Nc (f)‘S (3) 

b . (1) . (2) . (3) . 3 h . Prop 


Wofe on negative statements concerning types. Statements such as 
or “x<*>etfa” are always false when they are significant. Hence 
when an object belongs to one type, there is no significant way of expressing 
what we mean when we say that it does not belong to some other type. The 
reason is that, when, for example, t € a and t 0 ‘a are said to be different, the 
statement is only significant if interpreted as applying to the symbols, ue . as 
meaning to deny that the two symbols denote the same class. We cannot 
assert that they denote different classes, since “2‘a^^a” is not significant, 
but we can deny that they denote the same class. Owing to this peculiarity, 
propositions dealing with types acquire their importance largely from the 
feet that they can be interpreted as dealing with the symbols rather than 
directly with the objects denoted by the symbols. Another reason for the 
importance of typically definite propositions is that, when they are impli- 
cations of which the hypothesis can be asserted, they can be used for 
inference , i.e. for the assertion of the conclusion. Where typically ambiguous 
symbols occur in implications, on the contrary, the conditions of significance 
may be different for the hypothesis and the conclusion, so that fallacies may 
arise from the use of such implications in inference. E.g. it is a fallacy to 
infer “h . a • Nc*a” from the (true) propositions “ h : a e Nc‘a . 3 . a \ Nc*a” and 
“KaeNc'o.” (The truth of the first of these two requires that “Nc*a” 
should receive the same typical determination in both its occurrences.) For 
these two reasons hypothetical concerning types are often useful; in spite of 
the fact that their hypotheses are always true when they are significant. 


3—2 
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*103. HOMOGENEOUS CARDINALS. 


Summary of *103. 

In this number, we shall consider cardinals generated by a homogeneous 
relation of similarity. A “ homogeneous ” cardinal is to mean all the classes 
similar to some class a and of the same type as a. The “homogeneous 
cardinal of a” will be defined as Nc'an^a; we shall denote it by “N 0 c*o.” 
Then the class of homogeneous cardinals is the class of all such cardinals 
as “ N 0 c*a ,” i.e . it is D‘N 0 c ; this we shall denote by “ N 0 C.” The symbol 
“ N 0 c*a ” is typically definite as soon as a is assigned ; “ N 0 C,” on the con- 
trary, is typically ambiguous : it must be a Cls 8 , but otherwise its type may 
vary indefinitely. Homogeneous cardinals have, however, many properties 
which do not require that the ambiguity of “ N 0 C ” should be determined, 
and few which do require this. They are important also as being the 
simplest kind of cardinals, and as being a kind to which other kinds can 
usually be reduced. 

The chief advantage of homogeneous cardinals is that they are never null 
(*103T3’22). This enables us to avoid by their means the explicit exclusion 
of exceptional cases ; thus throughout Section B we shall use homogeneous 
cardinals in defining the arithmetical operations: the arithmetical sum of 
Nc‘a and Nc‘£, for example, will be defined by means of N 0 c*a and N 0 c*$, in 
order to exclude such a determination of the typical ambiguity of Nc*cc and 
Nc*/S as would make either of them null. It is true that not only homo- 
geneous cardinals, but also ascending cardinals (cf. *104), are never null. But 
homogeneous cardinals are much the simplest kind of cardinals that are never 
null, and are therefore the most convenient. 

The fact that no homogeneous cardinal is null is derived from 

*10312. KaeN 0 c‘a 

Other important propositions in this number are the following: 

*103*2. h:/*eN 0 C. = ■ (3°) • H- =* Nc‘a nt‘a. = . (ga) . /x = N 0 c‘a 

*10326. h:./*eNC.D:ae/&. = .N,,c‘a=/i 

The above proposition is used constantly. 
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*103 ’27. h:/* = N„c‘a. = ./xeNC.ae^ 

Thus to say that p is the homogeneous cardinal of a is equivalent to 
saying that p is a cardinal of which a is a member. 

*103-301. b.NO(a) = N 0 C(a) 

*103-34 KNC — 1‘ACN.C 
*103*4. b . sm“N () c‘a = Nc‘a 
*103*41. b . sm“N 0 c‘a a £‘/9 = Nc (y9)‘a 


*103-01. N#c‘a = Nc‘« a t‘a Df 
*103-02. N,C = D'NoC Df 

*1031. b . N„c‘a = (Nc‘a). = Nc (a)‘a = Nc (*.)‘a [*102-6 . (*103-01)] 

*10311. b : fie N*c*a . = . /9 sm a . /S et‘a. = . fi e Nc‘a . /3 et‘a 
[*1031 . *102-6] 

*10312. b.aeN„c‘a [*10311 .*733 .*63103] 


*10313. b . g ! N,c‘a [*10312 . *10 24] 

This is a legitimate inference from *103-12 because, when a is given, 
N«c‘a is typically definite. 


*10314 

b : N,c‘a = N 0 c‘j 8 . = . a e N„c‘/9 . = . /3 e N„c‘a . = . a sm /3 . 

act* ft 

Dem. 

b. *10311. 3 

b N*c‘a = N,c‘j 8 . = : y sm a . 7 e t‘a . = y . 7 sm y9 . 7 c t‘/3 : 

a) 


[* 10 * 1 ] 3 : a sm a . a e t*a . = . a sm fi . a e t‘13 : 

[*73*3.*63-103] 3 : a sm /9 . a e 

( 2 ) 


b. *73-32. *6317 

b : a sm fi . a e t‘/3 . 7 sm a . 7 e <‘a . 3 . 7 sm /9 . 7 e t‘fi 

(3) 


b. (3) £-?. *73-31. *6316. 3 
-'a.yS 

b : asm £. a e$‘/9. 73 m /9. 7 et‘/9. 3. 78 m a. 7 ei‘a 

(4) 


b • (3) • (4) . ( 1 ) . 3 
b : a sm /3 . a e t‘/3 . 3 . N 0 c‘a = N 0 c‘y3 

(5) 


b . (2) . (5) . *103-11 . *73-31 . *6316 . 3 b . Prop 

*103*15. b : a ! N„c‘a a N*c ‘/8 . = . N„c‘a = N„c‘/3 
Dem. 

b . *103-13 . 3 h : N 0 c‘a = N.c‘,8 . 3 . a ! N 0 c‘a a N 0 c‘yS (1) 

b . *103*14 . 3 b : 7 e N 0 c‘a . y e N 0 c‘/9 . 3 . N 0 c‘a = M 0 c‘7 . N 0 c‘/3= N 0 c‘7 . 
[*14131-144] 3 . N„c‘a = N,c‘/3 : 

[*10-11-23] 3 b : a ! N„c‘« a N 0 c ‘/9 . 3 . N 0 c‘a = N 0 c‘/3 (2) 

b . (1) . (2) .3b. Prop 
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*10316. b : N 0 c‘a « Nc‘£ . = . Nc'a - Nc‘/9 

In this proposition, the equation “Nc‘a = Nc‘$” must be supposed to 
hold in any type for which it is significant. Otherwise, we might find a type 
for which Nc*a = A = Nc‘$, without having N 0 c‘cc = Nc‘/8. 

Bern, 

b . *10312 . D b : N 0 c‘a= Nc‘£ . D . a e Nc‘£ . 

[*100 31-321] D.Nc‘a=Nc‘£ (1) 

b . *22*481 . D b s Nc‘a = Nc‘£ . D . Nc‘a n t<a = Nc‘£ n t‘a . 
[*6513.(*103*01)] D . N 0 c‘a = Nc‘/9 (2) 

b . (1) . (2) . D b . Prop 

*103*2. h s /i c N 0 C . = . (ga) . p = Nc'a n t‘a . = . (ga) . p = N 0 c'a 

[*71*41 . *100*22 . (*103 01*02)] 

*103*21. b . N 0 c‘a e N 0 O . N 0 c‘a e NC [*103*2 . *100-2*4 . *14*28 . *6513] 

In adducing a proposition, such as *100*2, which is concerned with an 
“Nc” entirely undetermined in type, any degree of typical determination 
may be added to our “ Nc,” since an asserted proposition containing an 
ambiguous “ Nc ” is only legitimate if it is true for every possible determina- 
tion of the ambiguity. 


*10322. 

b 1 fie N 0 C . 3 . g ! fi 

[*10313-2] 

*10323. 

b . A ~ 6 N 0 C 

[*103-22] 

*10324. 

b . N 0 C e Cls ex 2 excl 

[*100-43 .*103-23 . *8413] 

*10325. 

*103 26. 

Dem. 

b :. /i, v e N 0 C .D:g!/ini;. = ./i = i/ 
b : . fj, 6 N C .D'ac^t.^i N qC a = 

[*103-24. *84135] 


b . *100*45 . D b Hp . 3 s a e fi . D . Nc'a = fi (1) 

b . *63*22 . Db:a€j*.3./xC£'a (2) 

b . (1 ) . (2 ) . *22*621 . D b :. Hp . D s a € fi . D . Nc'a n t‘a = jU . 
[(*103*01)] D.N 0 c ‘a = /i (3) 

b. *103*12. D b s N 0 c‘a = /i . D . ae/* (4) 

b . (3) . (4) . D b . Prop 

*103*27. b ifi= N 0 c'a.= . /^eNC. a e/i 
Bern, 

b . *103*26 . D b : pe NC . = N 0 c'a . = . fi e NC • ae/i (1) 

b . (1) . *103*21 . D b . Prop 

*103*28. b : (ga) . 7 sm a . fi = N 0 c'a . = . g ! fi . ^ = Nc'7 
Bern. 

b. *103*27.3 

b s (ga) . 7 sm a . /i = N 0 c'a . = . (ga) . 7 sm a . fi e NC . a e fi . 
[*100*31] = • fie NC . g ! /i r\ Nc'7 • 

[*100*42*41] = . /i e NC • g l n Nc'7 . /* = Nc r 7 . 

[*100*41] = . g l ft. Nc'7 :3b. Prop 
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*103*3. h :/3et‘a.O . N 0 c‘£ = Nc(a)‘£ = Nc(a«)‘/9 = Nc*$ r\t‘a . 

Dem. 

h .*63*16 . D h : Hp . D . «‘/8 = <‘a . 

[*22*481.(*103*01)] D . N 0 c‘y9 = Nc‘/S n t‘a (1) 

[*102*6] = Nc(a)‘/9 (2) 

[*102*61] =Nc(ot)‘/9 (3) 

h . (1) . (2) . (3) . D h . Prop 

*103*301. I- . NO(a) = N„C(a) 

Note that although “NC(a)” is not definite, “N 0 C(a)” is absolutely 
definite as soon as a is assigned. 

Dem. 

h . *103*3 . D h : # e t‘a . fi = N 0 c‘£ . = . /8 e t‘n . p = Nc . 


[*102*37] =. M = Nc («.)'£ (1) 

K *63*5. (*103*01). D 

fi = H,c‘/3 .0 : /3et‘a. = . (2) 

h . (1) . (2) . D h : e t ai a . /t = N„c‘j8 . = ./* = Nc (aa)‘/3 (3) 

h. (3). *10*11*281*35. D 

I- :. /t e t“a : (a£) . /* = N t c‘j8 : = . fa/3) . //. = Nc (a.)‘/8 . 

[*102*5] = .fxe NC* (a) (4) 

h . (4) . *103*2 . D h : e < !< a a N„C . = . /i e NC* (a) (5) 

K (5). (*65*02). Dh. Prop 

*103*31. I- : g ! Nc (arf'S . D . Nc («„)*$ e N.C (a) 

Dem. 

h . *102*52 . D h : Hp . D . Nc (<*,)'$ e NO* (a) . 


[*103*301] D . Nc (a fi )‘S e N 0 C (a) : D h . Prop 

*10332. h . NC* (a) - i‘A C N 0 C (a) 

Dem. 

h . *103*31 . D h : fi = Nc (<tp)‘8 .3 I /» • 3 • /* e N 0 C (a) (1) 

h . (1) . *102*5 . D h . Prop 

In the above proposition, the “/3 ” may be omitted, and we may write 
(c£ *103*33, below) 

I- . NC (a) - t‘A C N 0 C (a). 

For the fi is wholly arbitrary, so that any possible determination of 
NC (a) makes the above proposition true. We may proceed a step further, 
and write (*103*34, below) 

l-.NC-t'ACN.C. 

But although we also have N 0 C C NC — t‘A, provided the “NC” on the right 
is suitably determined, we do not have this always. For example, if “NC” is 
determined as NC« (<‘o), and “ N 0 C ” as N,C (t‘a), then N 0 c‘t'a e N„C — NC. 
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*103*33. h . NC (a) — i‘A C N 0 C (a) 

Bern . 

h. *4*2. (*65*02). 3 

h : . /* € NC (a) — A . = : /x e NC . /* e ‘a . g ! /* : 

[*100*4.*63*5] = : (gy8) . /i = Nc‘)8 :/iC^a.g!/i: 

[*65-13] = s (gy8) . fi = Nc‘)8 n : g S fi s 

[*102-6] = : (3)9) . /x = Nc (a fi ) ( /3 . g ! /* : 

[*103-31] 3 : fi e N 0 C (a) :. 3 h . Prop 

*103*34. h , NC — A C N 0 C 
Bern. 

h. *100-31-321. *63-5. D 
h : /x = Nc'a . )9 € /x . 3 . /x = Nc‘/8 ri £‘)8 
[(*103*01)] =N 0 c‘)9. 

[*103*2] D . /i e N 0 C (1) 

h . (1) . *100-4 . *11-11*35*54 . 3 h . Prop 
Thus every cardinal except A is a homogeneous cardinal in the appropriate 
type. Note that although of course every homogeneous cardinal is a cardinal, 
yet “ N 0 C C NC ” must not be asserted, because it is possible to determine the 
ambiguity of “ NC ” in such a way as to make this false. Hence we do not 
get NC — i‘A = N 0 C. 

*103*35. h : A^e NC a (y8) . 3 . NC* (a) — i‘A = N 0 C (a) [*102 55 .*103-301] 
The hypothesis of this proposition is satisfied, as will appear later, if the 
type of )9 is in what we may call the direct ascent from that of a, i.e. if it can 
be reached from a by a finite number of steps each of which takes us from a 
type r to either C1‘t or RP(r f t). Thus in such a case the cardinals (other 
than A) which go from t‘/3 to t‘a are the same as those which begin and end 
within t‘cu It will also appear that in such a case A always is a member of 
NC*(a). If two cardinals which are not equal must always be one greater 
and the other less, then A c NC* (a) is the condition for N 0 c ‘t‘/3 > Nc Q 3)‘t‘a . 
In that case, we shall have AeNC*(a) . 3 . A^»eNC a ()9). But there is no 
known proof that of two different cardinals one must be the greater, except 
by assuming the multiplicative axiom and proving thence (by Zermelo’s 
theorem) that every class can be well-ordered (cf. *258). 

*103*4. h . sm“N 0 c‘a = Nc‘a 
Bern. 

h. *37-1.3 

h s S e sm“N 0 c‘a . = . (37) . 7 sm a . 7 e t‘a . 8 sm 7 . 

[*102*84] = . 8 sm a : D h . Prop 

*103-41. h . sm“N 0 c‘a n t‘/3 = Nc 
Bern . 

h . *103*4 . 3 h . sm“N 0 c‘er n t‘/3 = Nc'a n t‘/3 
[*102*6] = Nc (/9)‘a . 3 b . Prop 
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*10342. h : sm a . = . Nc (J$)‘a = N 0 c'/9 
Dem. 

h . *100-321 . D h : /9 sm a . D . Nc'a = Nc‘/J . 

[*22-481] D . Nc'a n t‘fi = Nc'/8 a t‘fi . 

[*102-6.(*103-01)] D . Nc (£)‘a = N 0 c‘/3 (1) 

I- . *103-12 . D h : Nc (£)'« - N.c‘,9 . D . £ e Nc 09)‘a . 

[*100-31] D./9sma (2) 

h . (1) . (2) . D h . Prop 

*103*43. h:/i€NC.D.sm << /*A£ 0 ‘/i = /* 

Dem. 

h. *37*29. D h : fi = A . D . sm“/t a t t ‘p = A (1) 

H . *103"27 . D h : /<• e NC . a e /t . D . ft = NoC‘a . <//* =* <‘a . 

[*103-41] D.sm‘V« VM = Nc(a)‘« 

[*103-3-27] =i u (2) 

K(l).(2).DKProp 

*103*44. f- fx, v c N 0 C . D : p — 8m“v . = .»» = 8va“p 

Dem. 

h . *100*53 . D h g !/i . g ! j/./*, »»eNC . D:^ = sm“v. = . v = 8m'V (1) 
V . *103-27-2 . D h : Hp . D . a ! p • 3 ! v • /*> v e NC (2) 

K(l).(2). D h . Prop 

*103-5. I- . 0 e N 0 C 

Dem. 

h . *101-11*12 . D h . 0 e NC . a * 0 . 

[*103-34] D K 0 e N 0 C . D h . Prop 

*10351. K 1 e N 0 C 

Dem. 

h .*101-21-241 . D V . 1 eNC . a 1 1 • 

[*103-34] Dh.leN.C.Dh. Prop 

0 and 1 are the only cardinals of which the above property can be proved 
universally with our assumptions. If (as is possible so far as our assumptions 
go) the lowest type is a unit class, we shall have in that type (though in no 
other) 2 = A, so that in that type 2 ~ e N,C. 
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*104. ASCENDING CARDINALS. 

Summary of *104. 

In this number we have to consider cardinals derived from a relation of 
similarity which goes from the type of a to that of t*a, or to that of t 2t ou The 
propositions to be proved can be extended, by a mere repetition of the proofs, 
to a, etc. This extension must, however, be made afresh in each 
instance; we cannot prove that it can be made generally, because mathe- 
matical induction cannot be applied to the series 

C«, f‘a, .... 

Ascending cardinals, though less important than homogeneous cardinals, 
yet have considerable importance in arithmetic, because Nc‘cr x Nc‘/8 and 
(Nc‘a) Nc< * are defined as the cardinals of classes of higher types than those of 
a and $, and the same applies to the product of the cardinals of members of 
a class of classes. In these cases, however, we also need cardinals of relational 
types, which will be dealt with in *106. 

We have to deal, in this number, with three different sets of notions, 
namely 

*104*01. NVa = Nc‘a t‘t‘a Df 

*104*02. N^^DWc : Df 

*104*03. /4 (1, =sm Df 

with similar definitions of N*c‘er, etc. Thus NVa consists of all classes 
similar to a but of the next higher type, i.e. it is the cardinal number of a in 
the type next above that of N 0 c*a; N J C is the class of all such cardinals as 
NVa, and is a typically ambiguous symbol, though NVa is typically definite 
when a is given; ji a) (if fi is a cardinal which is not pull) r is the “same” 
( cardinal in the next higher type, so that, e.g., if /i is 1 determined as consisting 
of unit classes of individuals , fi M will be 1 determined as consisting of unit 
classes of classes of individuals. (When is not an existent cardinal, /t™ is 
unimportant.) 

The following are the most useful propositions in the present number: 
*104*12. h s e NVa . 7 e . 3.76 N 2 c*a 
*1042. F.^aeN^a 
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*104-21. h . a ! NVa 

*10424. !-:/* = NVa .}./* = N 0 c‘i“a = N„c‘/S {(ay) -yea.fi — i‘xo i‘y) 
*104*26. h . N'C C N 0 C 

*104-26. (-:/* = NV* . D . /a n > = N,e‘i“a = NVa 
*104*266. h . n m = sm/ V 
*104*27. h /teNC . D : ft = N 0 c*a . = . /t ni — NVa 
*104*36. h . NMD C N’C . N*C C N 0 C 

*104*43. h : t‘a = t‘/3 . D . ( 37 , S) . 7 e NVa . 8 e NV/8 . y n 8 — A 


*104*01. NVa = Nc‘a n t‘t‘a Df 

This defines the cardinal number of a in the next type above that of 
N„c‘a ; thus NVa consists of all classes similar to a and of the next type 
above that of a. 

*104*011. NVa = Nc‘a a t‘t u a Df 

Similar definitions are to be assumed for NVa, etc. 

*104*02. N'C = D‘N"c Df 

N'C, like N 0 C, is typically ambiguous ; but N'C (a) is typically definite. 
*104*021. N*C = D‘N*c Df 

Similar definitions are to be assumed for N*C, etc. 

*104*03. fi n> = sm “/* a tV Df 

Here, if fi is a cardinal, is the same cardinal in the next higher type. 
For example, if /i is couples of individuals, /i w is couples of classes of 
individuals. 

*104*031. /«<*>= sm Df 

Similar definitions are to be assumed for /»», etc. 

*104*1. l-:/3eNVa. = ./9eNc‘a./9em«. = .£eNc‘a./SCt‘a 
[*63*5. (*104*01)] 

*104*101. I -:/3e NVa . = . £ sm a . £ C t‘a [*100*31 . *104*1] 

*104*102. h.NVa=Nc(t‘a)‘a=Nc{(t‘a) a } f « [*102*6 . (*104*01)] ' 

*104*11. l-:y3eNVa. = .y3eNc‘a./9et‘t ), ‘a. = ./3eNc‘a./3Ct“a 
[*63*5. (#104*011)] 

*104*111. h : £ e NVa . = . 0 sm a . 0 C Pa [*100*31 . *104*11] 

*104*112. I- . NVa = Nc(t*‘a)‘a = Nc {(f*‘a) a )‘a [*102*6 . (*104*011)] 
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*104*12. h : /8 c N'c'a . y e N l c‘/9 . 3 . y e NVa 

Dem. 

h . *104*1 . 3 h : Hp . 3 . /8 « Nc‘a . /3 e t‘t‘a . 7 e Nc‘$ . 7 e tH'i 3 . 
[*100*32] 3 . y e Nc‘a . /9 <? . 7 e . 

[*63*16] 3 . y e Nc‘a . < f /9 = t‘t‘a . 7 e W‘/3 . 

[*13*12] 3 . 7 e Nc‘a . 7 e . 

[*104*11] 3 . 7 e N s c‘a : 3 h . Prop 

*104*121. h : fi e N'c'a . 7 e N J c‘o . 3 . 7 e N‘c‘/9 

Dem. 

I- . *104*102112 . 3h:Hp.3./9eNc {(*'«).}' ‘a . y e Nc }(<“a)„J‘a . 
[*102*41] 3 . y e Nc {(<“«),.} (1) 

F . *104*1 . 3 I- : Hp . 3 . /8 e t‘t‘a . 

[*63*16] 3 . = t‘t‘a . 

[(*66*11)] 3 . Nc {(<««>.} - Nc {(**$*} (2) 

h . (1) . (2) . *104*102 .31-. Prop 

*104*122. b : £ <• NVa . 3 . N'c‘/3 = NVa [*104*12*121] 

*104*123. b : N 0 c‘y9 = NVa . 3 . NV/9 = NVa [*104*122 . *103*26] 

*104*13. h : /i e N'C . = . (ga) . ft = NVa [*100*22 . *71*41 . (*104*02)] 

*104*14. h : Seft (,) . = . fay) .y e fi . 8 sm y.8et‘fi . s . (ay^yeft.Ssmy.SCf'y 
[*37*1 . *63*22 . (*104*03)] 

*104*141. l-:/t€NC.a!fi.3. ft (1) e NC [*100*52] 

When the hypothesis “ 3 ! ft ” is omitted, this proposition is still true, but 
with a difference. E.g. let us put 

ft = Nc (a)‘t‘a. 

Then ft =* A . ft 01 = A. Thus ft" 1 =(= Nc (t‘ayt‘ a. But we still have 

ftW = Nc(t‘a)‘t“«. 

Thus ft<"> eNC, but ft 0) is not the same cardinal as ft in a higher type, 
i.e. there are classes whose cardinal in one type is ft, but whose cardinal in 
the next higher type is not ft* 1 '. 

*104*142. h : ft e NC. g! ft. 3. ft® s NC [*100*52] 

*104*16. I- : ft e N’C. = .(a«). ft = N»e‘a [*100*22. *71*41 .(*104*021)] 
*104*2. h.c“«eN'c‘o 

Dem. 

h . *63*621 . 3 h : x e a . 3* . i*w e t‘a : 

[*37*61] 3Kt“aC t‘a (1) 

b . (1 ) . *100*6 . *104*1 . 3 b . Prop 
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*104*201. b : {3 e N 0 c'a . D . t“/9 e N'c'a . N'c'a = N'c'/S 

Dem. 

I- . *100*31*321 . D b : Hp . D . Nc‘« = Nc‘/9 (1) 

b . *1 03*11 . D b : Hp . D . @et‘a . 

[*63*16] D . <‘a = <‘/9 . 

[*30*37] D . t‘t‘a = (2) 

I- . (1) . (2) . (*104*01) . D b . N'c‘a= N'c‘/9 (3) 

b . (3) . *104*2 . D b . Prop 

*104*21. h . g ! N'c'a [*104*2] 

It follows from this proposition that ascending cardinals are never null. 
The proof has to be made separately for each kind of ascending cardinal, 
i.e. N'C, N*C, etc. 

*104*211. I- . a 1 NV« a Cl‘l [*104 2. *52*3] 

*104*23. I- . j8 {(ay) .yea.f3 = i‘x\j i‘y) e N'c‘a 

Dem. 

b . *51*16 . Dbiyea.D.yean ( i‘x v i‘y ) . 

[*63*16] D . i‘x <j i‘y e t‘a (1) 

b . (1) . *10*11*23 . D b . ft {(ay) • y e a . # = t‘a: v i‘y\ C t‘a (2) 

b . (2) . *100*61 . *104*1 . D b . Prop 

*104*231. b : N*c‘« = N'c‘/S . D . N 0 c‘a = N 0 c‘/9 

Dem. 

b . *104*2 . D b : Hp . D . i“/3 e N,c‘a . 

[*104*101] D . i“/3 sm a . t“/S C t‘a . 

[*73*41 .*63*21*64] D . 0 sm a . f‘/3 « f‘a . 

[*103*11.*63*16] D./Ss N„c‘a. 

[*103*14] D . N 0 c‘a = N„c‘/S : D b . Prop 

*104*232. b : N*c‘a = N'c‘/8 . = . Njc'a = N„c‘y9 . = . /8 e N„c‘a 
[*104*231*201. *103*14] 

*104*24. b : /t = N'c‘a . D . y. - N 0 c‘t“a = N 0 c‘£ {(ay) .yea./3=i‘xvi‘y} 
[*104*2*23. *103*26] 

*104*26. b.N'CCN.C [*104*24*13] 

This proposition holds for each possible determination of the typical 
ambiguities, t.e. for every a we have 

N»C(f‘a)CN 0 C(f‘«). 

We do not have N'C (t‘a) = N 0 C (t‘ a), 

because N 0 c‘t‘a e N„C (t‘a) — N'C (f‘a). 
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*104*251. h.A~e N l C [*10425. *10323] !. 

*104*252. h . N’C e Cls ex 3 excl [*104*25 . *10324 . *84*2Q] 

*104*26. I- :/* = N 0 c‘ouD./a ( 1 ) «N^cV5a*NVa 

Dera. 

h. *10414. *103*11.3 

h :. Hp . D : 8 e/x (I) . = . ( 37 ) . 78 m a . ye t‘a . Ssm 7 . 8 C ^ 7 . ( 1 ) 

[*73*32.*63*16] D . 8 sm a . 8 C t f a . 

[*104*101] D.JeNVa 1 ( 2 ) 

h. *104101. D 

hsSeNVa. D . 8 sma. SC^a. 

[♦TS^.^tGS’lOS] D . a sm a . a e t'a . 8 sm a . 8 C t‘a . 

[*10*24] D • ( 37 ) . 7 sm a . 7 e . 8 sm 7 . 8 C t‘y (3) 

H^SJ.^.Df-s.Hp.DsSeN^a.D.Se^ .(4) 

h . ( 2 ) . (4) . *104*24 . D h . Prop 

*104*261. I" : /x (1) = NVa . D . /i, C N 0 c‘a 
Dem. 

h. *10414101. D 

h :. Hp . D : ( 37 ) . 7 e ji . 8 sm 7 . 8 C ^ 7 . =*. 8 sm a . 8 C : 

[*10*23] D: 7 f/i. 8 sm 7 . 8 C t‘y . 8 sm a . 8 C <‘a . 

[*4’7] D Tl { . 8 sm a . 8 sm y . 8 C t*a . 8 C <‘ 7 . 

[*73*32.*63*13] Dy j.ysma, yet‘a. 

[*10311] Dy.j.YeNoc'a (1) 

h . (1) . *10’23-35 . *104101 . D 

h:.Hp. D : 7 6 /* • 3 • N’c'y . D y . ye NoC'a : 

[*10421] D : 7 e /x . Dy . 7 e N 0 c‘a D h . Prop 

*104*262. I- : /x e NC . /x ( " = N l c‘a . D . /x = N„c‘a 
Bern. 

I- .*104-21 . D h : Hp . D .g !/*<•» . 

[*37'29.Tran8p] D . g ! jx ( 1 ) 

h .*103*26 • D h : Hp . yep . D . ft = ^ 0*7 ( 2 ) 

h.(l).( 2 ).Dh:Hp.D.(a 7 )-/*=N Q c‘ 7 . 

[*104'26.Hp] D . (g 7 ) . /x = N 0 c f 7 . N‘c‘a = N‘c* 7 . 

[*104-231] D . (g 7 ) . /x = N 0 c‘ 7 . N„c‘a - N,c‘ 7 , 

[*13*172] D . (*, = N 0 c‘a : D h . Prop 

*104*263. h : ae/i. D . i“ae/i w 
Dem. 

V . *73 41 . *37 - l . D V : Hp . D . i“a e sm“/* ( 1 ) 

I- . *63-64. D h : Hp. D. i“aet‘n •. 

K ( 1 ). (2). (*104*03). DK Prop 
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*104 '264. b : g ! /x . = . g ! p® 

Dem. 


Y. *104263. 3h:gl/t.3.g!p« (1) 

h . *3729 . Transp . (*104'03) . D b : g ! p m . D . g ! p (2) 


*104266. 

b . (1) . (2) . D b . Prop 
b . p a) = 8m H “p 

[*102-85 . (*104-03)] 

*104-27. 

Y :. /u.eNC . D : /x = N 0 c < a. = ./x (1) = NVa 

[*104-26262] 

*10428. 

Y : jteNC — t‘A . D . N*C 

[*10426 . *103-34] 

*104-29. 

Y : ve N’C. = .(g^)./xeN 0 C . v=p m 


Dem. 



1“ . *104*26 . D h : = N 0 c*a . v = . D • v 

= NVa : 


[*10'1 1 28] D b : (ga) . /x = N„c‘a . v = /x (I) . D . (go) . v = N J c‘a : 


[*1032.*10413] D I- : /* e N.C . i/ = /*« . D . »» e N*C (1) 

b. *10426. *1032. 1) 

b : i/ = N*c‘a . p = N 0 c‘a . D . v = p (l) . p e N„C (2) 

b . (2) . *101128-35 . D 

I- v = N’c‘a : (g/x) . p = N„c‘a : D . (g/t) . p e N 0 C . v = /*<« (3) 

b. (3). *1002. *14204. D 

I- : i» = N'c‘a. D . (g/x) . p e N„C . v = p a) (4) 

b . (4) . *101123 . *10413 . D 

!■ : v e N'C . D . (g/x) . p e N 0 C . v = p l,) - (5) 


b . (1) . (5) . D b . Prop 
*104-3. b.t“t“aeNVa 
Dem. 

I- . *104*2 . D b . i“a € N'c‘a . i“i“a e N l c V‘a . 

[*10412] D b . i“i “ a e N J c‘a 

*104-31. b . g ! N»c‘a [*104 3] 

*104311. b.Wa = N,c‘t“i“a = NW‘a [*104*32 . *10326] 

*104*32. b : p = N„c‘a . D . p m = N 0 c‘i‘V‘a = N*c‘t“a = NVa = {/*<*>) » 
Dem. 

b . *10426 . D Y : Hp . D . (1 > = N„c‘i“t“a (1) 

[*104-311] = NVa (2) 

I- . *103-11 . (*104-031) . D 

Y :. Hp . D : S e p a> . s . (g7) . 7 sm a . 7 e t‘a . 8 sm 7 . 8 e . 

[*102-84.*6316] = .Sama.$et‘t u a. ’ 

[*10411] =.Se NVa (3) 

Y . (1) . (2) . (3) . *10424 . D Y . Prop 
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*104*33. h /a e NC . D : /a = N 0 c‘a . = . f* w = NVa 

Devi. 

I- . *104-27 . D h Hp . D : ft = N 0 c‘a . = . p 0) = N'c‘a . 

[*104-24] = . ft a » = N 0 c‘t“a . 

[*104-27-141.*103-13] s . {/*">)<« = N'c‘i“a . 

[*104-32-24] = . ft 1 * = N’c‘a D h . Prop 


*104*34. I- : » e N'C . = . (g»») . v e N'C . vs = j» (,) . ~ . (gft) . ft e N 0 C . vs = ft ( " 

Dem. 

h . *104-32 . D 

h : vs = NVa . /* = N 0 c‘a . D . vs = . /ie N 0 C (1) 

I- . (1) . *100 2 . *10-1 1-28-35 . D 

h : (ga) . vs = NVa . D . (g/x) . ft e N„C .ra = /i w (2) 

I- . *104 32 . D h : ft = N„c‘a . vs = ft (,) . D . vs = NVa . 
[*10415.*103'2] D h : ft e N 0 C . vs = /*<* . 3 . vs e N’C (3) 

h . (2) . (3) . D h : vs e N’C . = . (gft) . ft e N 0 C . vs = ft"* . (4) 

[*104-32] s . (gft) . ft e N 0 C . « = {/t«>}<» . 

[#13*195] : . (gft, v) . ft e N 0 C . v = ft (,) . vs = v il) . 


[*104-29] 

K(4).(5).DKProp 


= • (gt>) . v e N'C . vs = v a 


( 5 ) 


*104-35. I- . N’C C N'C . N'C C N 0 C [*104-311-1315] 


*104*36. h : y e N'C ‘a . 7 e N V/3 . D . /3 e NVa . NVa = N 0 c ‘/8 
Dem. 

I- . #104-1"11 . D b : Hp . D . 7 e Nc‘a . 7 e f‘t 5 < a . 7 e Nc‘/9 . 7 e t‘£‘/ 8 . 
[*100-34.*6316] D . Nc‘a = Nc‘/3 . . 

[*63-3515] D . Nc‘a = Nc‘/9 . i»‘a = «‘/3 . 

[(*104-01. *103 01)] D . NVa = N 0 c‘/3 (1) 

K(l). *10312.31-. Prop 


*104*37. I- : NVa = NV/9 . = . N'c‘a = N„c‘/9 

Dem. 

I- . *104-21 . Dh: NVa = NV/9 .D.g! NVa « NV/9 . 

[*104-36] 3.NVa = N„c‘/9 (1) 

K (1). *104123. DK Prop 

The following propositions are concerned with the proof that, given any 
two cardinals ft and v, of the same type, we can find two mutually exclusive 
classes one of which has ft terms while the other has v terms. The proof 
requires that we should raise the types of both /t and v one degree above 
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that in which they were originally given, i.e. that we should turn p and v 
into fjL a) and v®. Thus, for example, suppose the total number of individuals* 
in the universe were finite (a supposition which is consistent with our primi- 
tive propositions), and suppose fi were this number. Then unless v = 0, a 
class of v individuals will be an existent sub-class of the only class which 
consists of individuals, and therefore we shall have 

a € fi . /3 e v . . a S an /3. 

But if we consider classes of p classes and v classes , we shall always be 
able to find a y and a S such that 

y € /m® • S € • y n 8 = A* 

The existence of such a y and S is important in connection with the 
arithmetical operations, and is therefore proved here. 

♦104*4. b:.xea m x^y.x^z.y^z: ( w ) . w t = au (a = i‘w u i € u) : D . 

x“(a — i € x) \j 1‘ytz € N*c‘a n Cl*2 


Dem . 

h . ♦100*61 . DhrHp.D. x“(a - i‘x) sm (a - i‘x) (1) 

h . ♦73*43 . D h : Hp . D - i € yfz sm i*x (2) 

h . ♦51*232 . Transp . D h : Hp . D . x ~ e yfz (3) 

I-. *51*232. D I- : Hp . 7 ear, “(a — i‘x ) . D .xe 7 (4) 

P .(3) . (4) . D h : Hp . D . y,‘.z~ea:,“(a — i*x) . 

[*51211] D . x‘‘(a — i‘x) a i l y*z — A (5) 

I- -*51*21-211 . D h . (a — i‘x) r\i‘x = A (6) 

P . (1) . (2) . (5) . ( 6 ) . *73-71 . *51-221 . D 

I- : Hp . D . x“(a — i‘x) w i‘y‘z sm a (7) 

1- . *63101 16 . *51-23216 . D 


P : Hp . D . t‘x = t‘y . x e a . y e y‘z . y‘z e x‘ f {a — i‘x) w i‘y‘z . 
[*63-53-2] D . t“x = t‘a . t u y = — i‘x) w i‘y t ‘z} . t u x = t % ‘y . 
[*1317] D . <‘a = - i‘x) o L l y‘z ) . 

[*63-105] 3.c/‘(a-t*«)ut<y,'*Cf‘a (8) 

1 - . *54 - 26 .DP: Hp . D . a:, “(a — t‘ar) w t‘y‘z C 2 (9) 

1 - . (7) . (8) . (9) . *104-101 . D h . Prop 

*104*41. 1- = : (ga;, y, .?) . e a . <c ^ y . aJ + ^-y+s : 3 . 

( 37 , S) .ye NVa , 8 6 N'o'/S . 7 a 8 = A 

Dem. 

h. *104-4-2. *52-3. D 

I- : Hp . Hp *104 4 . D . (gar, y, z) . x“(a — l‘x) w i‘y‘z e N‘c‘a a C1‘2 . 

t“/9 e N'c ‘/8 a Cl‘ 1 . 

[*13-22] D . (ga;, y, z, 7 , 8 ) . 7 = #,“(« — Pa;) w i ( y‘z . 8 = i“/3 . 

7 e N*c‘a a C1‘2 . 8 e N-c'/S a Cl‘l . 

[*11-55] ^ • ( 37 > 8 ) • 7 e N*c*a a C 1 ‘ 2 . 8 e N'c‘y9 a Cl‘l ( 1 ) 

l- . ( 1 ) . *10135 . D h . Prop 

b. <*r w. u. 4 
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This proposition proves the desired conclusions provided g ! a, and t 0 ‘a 
consists of at least three terms. The following propositions deal with the 
cases in which this hypothesis is not verified. 

*104*411. I- : . a e 0 . y = A« . 8 = . 3-76 NVa. 8 e NV£ . y n 8 = A 

Devfi . 

h. *73*47 . 3 h : Hp . 3 . ysm a ( 1 ) 

*22*43 . (*65*01) . 3 h : Hp . 3 . y C *‘a ( 2 ) 

h . ( 1 ) . (2) . *104*101 . 3 h : Hp . 3 . 7 e N’c'a (3) 

h . (3) . *104*2 . *24*23 . 3 h . Prop 

*104*412. I" : t*a = t‘/3 . a = i*x . 7 = A* . 8 = . 3 . 

7 e N^c'a • 8 e NW/S . 7 n 8 = A 

Dem . 

K *73*43. 3 I" : Hp . 3 . y sma ( 1 ) 

h . *63*61*103 . 3 h : Hp . 3 . a e t 2 ‘x (2) 

h . *22*43 . (*65*01) . 3 h : Hp . fey . 3* . f C . 

[*63*5] 3 s.geP'x. 

[(2).*63*13] 3*.fe*‘a (3) 

h . ( 1 ) . (3) . *104*101 . 3 h : Hp . 3 . 7 e NVo ( 4 ) 

h. *101*23. 3 h : Hp . 3 . 7 n 8 = A ( 5 ) 

K (4). (5). *104*2. 3 K Prop 

*104*413. h s . a = u i'y . x =£ y . 7 = t‘A v u ^y) . 8 = i“fj . 3 . 

7 e NVa . 8 e NV/S . 7 n 8 = A 

Dem. 

h. *54*26. 3 I- : Hp . 3 . t‘ye 2 . ( 1 ) 

[*101*35] . 3 . A i‘y . 

[*54*26] 3 . i l A yj i\i‘x u i‘y) e 2 . 

[*101*3] 3 . t‘A u l‘(^# w i‘y) e Nc‘(l‘# w i‘y) (2) 

h . *51*16 . 3 h : Hp . 3 . a e 7 . 

[*63*5] 3 . 7 C (3) 

V . ( 2 ) . (3) . *104*1 . 3 h : Hp . 3 . 7 e NVa (4) 

h. *52*21*3. 3h.A~efc“£ (5) 

h . ( 1 ) . *52*3 . *54*25 . 3 b : Hp .3 ( 6 ) 

h.(5).(6). 3 h : Hp . 3 . 7 r* 8 = A (7) 

K (4). (7). *104*2. 3 h. Prop 

*104*42. h : t € a = . a e 0 u 1 u 2 . 3 . (gy, 8 ) . 7 e NVa . 8 e N'c'jS . 7 n 8 = A 

[*104*411*412*413 . *52*1 . *54*101] 
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. *10443. h : t‘a = t‘/3 • D . (37, 8) . y e N’c'a . 8 e N'c'/S . 7 a 8 = A 

Devi. 

h. *5456.3 

HHp. CC eO u 1 w 2 . D . (ga:, y,z) . x,y, z ea . x^y . x^z . y . 
[*104*41] D . (37, 8) . 7 e NVa . 8 e NVyS . 7 n 8 = A (1) 

h . (1) . *104*42 . D h . Prop 

The above proposition gives the desired result. The following proposi- 
tions re-state this result in other forms. 

*104*44. b : fi,pe N J C • tffi = t‘v • D • (37, 8)-7€/Lt.8€i/.7n8 = A 
[*104*13*43] 

*104*45. h : fi, v e N 0 C • t ( fi = t € v . 3 - (37, 8) . 7 e /x fl) . 8 e i/ (1) . 7 n 8 = A 
[*104*29*44] 

*104*46. h : /a, v e NC — A . . 3 . (37, 8) . 7 e /a (1) . 8 € . 7 n 8 = A 

[*104*28*44] 


4—2 
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*105. DESCENDING CARDINALS. 


Summary of *105. 

In this number, we consider cardinals generated by a relation of similarity 
which goes from a higher to a lower type, i.e. given any class of classes we 
consider Nc‘* in the type of members of k (which we shall call N^c**) or in 
some lower type. Thus e.g . we shall have 

k = i“a . D . a e NjC**, 

where means ‘'classes similar to k but of the next lower type." 

Similarly 

k = i“i“a . D . a € NjC'/c, 
and so on. We shall have generally 

/8 e N^e'a . = a e NV/8, 

/3 e N,c‘a . = a e NVj8, 

and so on. The chief difference between ascending and descending cardinals 
is that A is one of the latter, but not one of the former. Otherwise the 
propositions of the present number are mostly analogous to corresponding 
propositions of *104. 

On the analogy of the definitions in *104, we put 
NjC = D‘NxC Df, 

/Lt (1) = sm “p n tifi Df, 
with similar definitions for N 2 C and /a (2) . 

No proposition of the present number is ever referred to in the sequel, and 
the reader who is not interested in the subject may therefore omit it without 
detriment to what follows. The principal propositions proved are the 
following : 

*105*25. h.N 0 C = N 1 C-i‘A 
*105*251. h . N 0 C = N a C - i‘A 
*105*26. h.N 1 cVa = A 

Thus or N a C, in any given type, only differs from N 0 C in that 
type by the addition of A. 
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*105*3. h : fi = N 0 c‘a . D . /*,„ = N,c‘a 
*105*322. h g ! N^'a . D : N,c‘a = N^'yS . = . N 0 c‘a = N 0 c‘/9 
*105*34. h :./«eNO . g ! /i a) . D : /i^ = NjC'a. = ./* = N 0 c‘a 
*105*35. H ft e NC . v e N 0 C . D : /i = v m . = . /X(u = r 
*105*38. h . = /tea 


*10601. N,c‘a= Nc‘a a Df 
We might write 

N,c‘a = Nc‘a a t 0 ‘a Df, 

which would be equivalent to the above. But we choose the above form for 
the sake of uniformity. If s is any suffix, we put, provided <,‘a has been 
defined, 

Njc'a = Nc‘a a t‘t,‘a Df, 

and if t is any index for which t u a has been defined, we put 

N’c f a = Nc‘a a t‘t u a Df. 

Thus for the sake of uniformity it is better, in the above definition 
*105*01, to write a” rather than “ t 0 ‘a.” 

*105011. N,c‘a = Nc‘a a t‘t t ‘a Df 
*10502. NjC = D‘N,c Df 

*105*021. N,C = D‘N,c Df 

*10503. = sm“/t a tiii Df 

*105031. fi& = sm “ft a ti/i Df 

*105*1. h . Nj C ‘a = Nc‘a a [*63*383 . (*105*01)] 

*106*101. I- . N,c'a = Nc‘a a t,‘a [*63*41 . (#105*011)] 

*105*11. I- : £ e N^'a . = . /8 e Nc‘a . /8 e Ufa . = . (3 sm a . fi e tja . = . fi sm a ./3 C f/a 
[*105*1. *100*31. *63*51] 

*105*111. I- lySeNjc'a.H.ySeNc'a.ySe^'a.H.^sma.jSe^'a.s./Ssma./SCis'a 
[*105*101 . *100*31 . *63*52] 

*105*12. h : fi e NjC'a . = . # e Nc‘a . a C t‘/3 . = . ft sm a . a C t‘/8 . = . « e N'c'/S 
[*105*11 .*63*51 .*104*1] 

*105*121. h : /8 e N,c‘a . = . /9 s Nc‘a . a C t u ft . = .& sm a . a C f“/3 . = . a e N*c ‘/3 
[*105*111 . *63*52 . *104*11] 

*105*13. h . N,c‘a = Nc (t/a/a = Nc {((,*«).}*« [*102*6 . (#105*01)] 

*105*131. h . N s c‘« = Nc(< a ‘a)‘a = Nc ((^a) 0 j‘a [*102*6 . (*105*011)] 
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*10514. zaeto‘0 .0 . N lC ‘£ = Nc (a )‘fi = Nc (^)‘£ 

Bern. 

h . *63*22 . 3 h : Hp . 3 . f a = . 

[*105*1] 3.N 1 c‘ y S = Nc‘£nfa (1) 

h . (1) . *102*6 . 3 h . Prop 

*105*141. h : a e . 3 . N*c‘£ = Nc (a)‘fl = Nc (a*)‘£ [Proof as in *105*14] 

*105*142. h : £ C fa . 3 . N,c‘£ = Nc (a)‘£ = Nc foy/S [*10514 . *63*51] 

*105143. hs^C^a.3.N 2 c^ = Nc(a)^ = Nc(a^ [*105*141 . *63*52] 

*10515. h s fi e N,C . = . (a«) . p = N lC r a [*100*22 . *71*41 . (*105*02)] 

*105*151. I- : /x e N a C . = . (ga) . /x = Njc'a 

*10516. h : 8 € fid ) . = . (37) •yefi.8 sm 7 . 8 e . 

= • (37) . 7 • 8 sm 7 • * e £ 0 *7 • 

= . (37) .76/1. 8 sm 7 . 7 C f 8 [*37*1 . *63*51*54] 

*105*161. h : 8 € /x (a) . = . (37) .7 e fi.S sm 7 . 8 € £//x . 

= ■ (37) • yefi.Bsmy.Be t* 7 . 

- • (37) *7 € /x . 8 sm 7 . 7 C t u B [*37*1 . *63*52*55] 

In what follows, propositions concerning N a c or N a C have proofs exactly 
analogous to those of the corresponding propositions concerning N x c or N,C. 

*105*2. h . N 0 c*a = NjC 1 t i ti a 

Bern. 

h . *105*12 . *104*2 . 3 h . a e N x cV‘a . 

[*103*26] 3 h . N 0 c‘a = N^V'a 


*105-201. 

1- . N„c‘a = N a c W‘a 


*105-21. 

1- . N.C C NjC 

[*105-215] 

*105 211. 

h . N 0 C C N 3 C 


*105-22. 

h : 7 « NjC'S . D . N,c‘S = N 0 c f 7 

[*103-26] 

*105-221. 

h : y e N a c f & . D . N s c‘S = N 0 c‘<y 


*105 23. 

h : 3 ! N,c‘S . D . N,c‘3 e N,C 

[*105-22] 

*105231. 

1- : 3 ! NjC ‘8 . D . N,c‘S e N,C 


*10524. 

h . N,C — t‘A C N„C 

[*105-23] 

*105241. 

1- . N,C — t‘A C N 0 C 


*10525. 

(- . N 0 C = N,C - i‘A 

[*105-21-24. *103-23] 

*105251. 

T 

O 

O 

II 

IX 

0 

1 

> 
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*106-262. l-.N 1 c < /9 = N 2 c‘t“/9 
Bern. 

h. #105*111 .31- : a e N 2 c‘t“y8 . = . a sm l“/9 . a e . 
[*73-41.*63-64-54] = . asm £ . aetJP . 

[*105-11] = . a e N,c‘j8 : 3 1- . Prop 

*10626. I- . N,c‘f ‘a = A 
Bern. 

h . *105142 . 3 h . NjcVa = Nc (o)‘<‘o (1) 

h.(l). *102-73. 3 (-.Prop 
*106-261. l-.N^Va-A [*105-26-252] 

*106-27. h . A e NjC [*105-26] 

*106271. h . A e N S C 

*106-28. 1- . N,C = N„C w t‘A [*105-25-27] 

*106-281. h.N,C = N,C = N 0 C w i‘A 

*106-29. I-.NCCN.C.NCCN.C [*105281 . *103-34] 

*105*3. h :/* = N 0 c‘a. 3 . = Njc'a 
Bern. 

I- . *103-4 . (#105 03) . 3 h : fi = N,c‘a . 3 . /*„, = Nc‘a a t ,*/* (1) 

I-. *10312. 3(-:/i = N 0 c‘a.3.ae/t. 

[*63105] 3 . a e t 0 ‘/i . 

[*63-54] 3.<„‘« = <iV (2) 

I- . (1) . (2) . 3 (- : p = N 0 c‘o . 3 . ^ (1) = Nc'o a ( 0 ‘a . 

[*105-1] 3 . fi w = Nic'a : 3 I- . Prop 

*105*301. (-:/* = N,c‘a .3 .**<« = N s c‘o 

*10531. h : /* e N 0 C . 3 . /*,« c N,C [*105 315 . *103 2] 

*105-311. I- : fi e N.C . 3 . /*„, e N,C 

*105-312. I- : 7 e N,c‘a . 3 . a e N*c‘ 7 . N'c'y = N 0 c‘ct [*105-12 . *103-26] 
*105-313. I- : 7 e N a c‘a . 3 . a e NV 7 . N 3 c ‘ 7 = N,c‘a 
*105-314. (- : N,c‘o = N 0 c‘ 7 . 3 . N 0 c‘a = N‘c ‘7 [*105 312 . *10312] 

*105-315. 1- : NjC‘a = N,c‘ 7 . 3 . N„c‘a = NV 7 

*105-316. I- : g ! N,c‘a . N,c‘a = N,c‘/9 . 3 . N 0 c‘a = N„c‘/9 

Bern. 

t- . *105*312 . 3 1- : 7 e N^‘0 . N,c‘a = N,c‘/3 . 3 . N‘c‘7 = N 0 c‘a . N‘c‘7 = N 0 c‘/9 . 
[*13171] 3 . N 0 c‘a = N 0 c‘£ (1) 

I- . (1) . *1011-23-35 .31-. Prop 

*105*317. I- : g ! NjC‘a . NjC‘o = N s c‘/9 . 3 . N 0 c‘a = N 0 c‘/3 
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*105 32. h : N 0 c‘a = N 0 c‘/? . 3 . N^'a = N,c‘yS 
Dem. 

h . *103-41 . 3 h : Hp . 3 . Nc («,‘a)‘o = Nc (*/«)'£ (1) 

h . *103-14 . 3 V : Hp . 3 . /8 e t‘a. 

[*6316-36] 3 . = (2) 

I- . (1) . (2) . 3 h : Hp . 3 . Nc (<,‘a)‘a = Nc (*,«£)*£ • 

[*105-13] D.N 1 c‘a = N 1 c‘/9:Dh.Prop 

*105*321. h : N 0 c‘a = N 0 c‘/3 . 3 . Njc‘« = N,c‘/S 

*105-322. 1- g ! N lC ‘a . 3 : N,c‘a = N lC ‘/8 . = . N„c‘a = N,c‘£ [*105-316-32] 
*105*323. h :. g ! N a c‘o . 3 : N s c‘ct = N,c‘/9 . = . N„c‘a= N 0 c‘y9 


*105-324 h : a ! . 3 . a 1 (i [*37-29 . (#105-03)] 

*105*325. h : a ! /*(» • 3 ■ a ! 

*105*326. (■ : /i e NC • /* (I ) = N 0 c‘y .3 . ft = N*c‘y 

Dem. 


I-. *103-26. 

[*105*3] 

[Hp] 

[*105-314] 

[( 1 )] 

h. (2). *10-1 1-23-35 
h . (3) . *105-324 . *10313 . 3 b . Prop 

*105*327. I* : /a e NC . = N 0 c*7 . 3 . /a = N 2 c*7 


3h:Hp.ae/A.3./A = N 0 c‘a . 

3 . /Ad) = . 

3 . N^'a = N 0 c *7 . 
3 . N 0 c‘a = NV 7 . 

3 . /a = N*c ^7 
3 h : Hp . g ! /a . 3 . /a = NV 7 


a) 

(2) 

( 3 ) 


*105*33. I- : /* e NC . 3 ! Mai ■ /*m = N,c‘a .3 . /t = N 0 c‘a 

Dem. 

h . #103-26 . 3 V : 7 e /x m . /x< u = NjC'o . 3 . N,c‘a = N 0 c‘y . 

[*105-314] 3 . Noc'a = NVy (1) 

t-.(l). *105-326. 3 

h : y e /im . /u.(u = N^'a . fi e NC . 3 . /t = N 0 c‘a ( 2 ) 

1- . ( 2 ) . *1011-23-35 .31-. Prop 

*105*331. h : fi e NC . 3 ! /*» • /*» = N s c‘a .3 . fi = N 0 c‘o 

*105*34 I- :./*«NC . 3 !/*<d • ^ s /*id = N,c‘a . = ./*= N„c‘a [*105'333] 

*105*341. Vi.fie NC . 3 ! /a ) s) . 3 : /*w = N s c‘a . = ./*= N 0 c‘a 

*105-342. h . /* e NC . 3 . /*„, e N,C 
Dem. 


h . *103-34 . 

DhrHp.gl/A.D./Ae N 0 C . 


[*105-31] 

3 . /Ad) € NjC 

a) 

h. *105-324 

• 3 1 - : Hp ! /a . 3 ! /a^ - 


[*105-27] 

3 ■ /jL(i) c N,C 

(2) 

Ml)- (2). 

3 h . Prop 
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*105*343. b:/*eNC.3. M(8) eN 9 C 

*105*344. b : /a = NV 7 . 3 . /a (1) = N 0 c*7 

Bern. 

b . *104*24 .3b: Hp . 3 . p = N 0 c‘t“7 . 

[*105*3] 3 . //>(i) = NjC r t^7 • 

[*105*2] 3 . >L6 (1) = N 0 c ^7 :3b. Prop 

*105*345. b : fi = N a c*7 . 3 . ^ (2) = N 0 c r 7 

*105*35. b :. /a e NC . v e N 0 C . 3 : /a = j/ a) • = . /a ( 1) = v 
Dem. 

b. *105*326. *104*26. 3 

h : yn € NC • j/ = N 0 c ^7 . /a ( 1 ) = p . 3 . /a = N*g *7 . ?/ (1 - = N*c*7 • 
[*13*172] 3./a = (1) 

b . *104*26 . Fact . 3 

b : ft e NC . i/ = N 0 c*7 . /a = i/ (1) • 3 . /a = NV 7 • i/ = N 0 c*7 • 
[*105*344] 3 . /i <1} =s N 0 c *7 . v = N 0 c*7 • 

[*13*172] 3./a u) = i/ (2) 

b . (1) . (2) . 3 b :. /a € NC . ? = N 0 c*7 • 3 : fi = i/ (l) . = . /A(d = p (3) 
b . (3) . *103*2 . 3 b . Prop 

*105*351. b :. fi e NC . v e N 0 C • 3 s /a = y (2) . = . ^ (2) = i/ 

*105*352. b :. p, v c NC • a ! v . 3 : /a = . = • /a<d = [*105*35 . *103*34] 

*105*353. b :. v e NC . a ! v . 3 : /a = i> (2) . s . /a^ = y 

*105*354. bri/eNC.gSi/.D. } (1) = v [*105*352] 

*105*355. b : i/eNC . a ! i/ . D . = i/ 

*105*356. b : /a e NC . a ! /a (1) . 3 . {/a (1) } « = /a [*105*352] 

*105*357. b : yn € NC . a ^ 3 • t/*(a) } (2) — ^ 

*105*36. b : ft e N^a . 7 e N x c i /3 .3.76 Nac'a 
Dem . 

b . *105*11 . 3 b : Hp . 3 . # sra a . # e t 0 ‘a . 7 sm # . 7 e . 

[*73*32.*63*38] 3 . 7 sm a . 7 € £/a . 

[*105*111] 3 . 7 e N 2 c‘a :3b. Prop 


*105*361. b : /3 e Njc'a . 7 e N 2 c r a . 3.76 N x c ‘/3 

Dem. 

b . *105*11*111 . 3 b s Hp . 3 . /3 sm a . fi e t^a . 7 sm a . 7 e f/a . 
[*73*31*32] 3 . 78 m $ . y9e £ 0 r « • 7 e (1) 

b. *63*54. • 3b:/8€^a.3.^y9 = ^a (2) 

b . ( 1 ) . ( 2 ) . 3b: Hp . 3 . 7 sm y 8 . 7 € £</# • 

[*10511] 3. 7 e N,c 4 y 9 :3b. Prop 
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*105*362. b : /3 e N lC ‘a . 3 . N lC ‘y8 = N^'a [*105-36*361] 

*105-37. b : N 0 c‘£ = N lC ‘a . 3 . N lC ‘y8 = N^'a [*105 362 . *10312] 

*105-371. b : g ! /z (2) . 3 . g ! /* (1) 

Dem. 


b. *63*381. (*63*05). 3 

h:7sma.ae/t-7€ t^p .3.7 sm a . a e ft . t* y = £/ft . 
[*73*41 .*63*64] 3 . *“7 sm a . a e ft . £<,^“7 = tip • 

[*63*57] 3 . t^7 sm a . a e ft . $V*7 = £/ft . 

[*63*103] 3 . i tt y sm a . a € ft . 1**7 e tf/ya . 

[*105 16] 3 . t c< 7 e fX(i ) . 

[*10-24] 3 . g ! p (l) 

h.(l). *1011-23. 3 

b : (ga) .7sma.aeyLt.7e tip . 3 . g ! yLt (1) 
b . (2) . *105*161 . 3 b : 7 e ft (2 ) . 3 . g ! fi (l) 
b. (3). *10*11*23 3b. Prop 


( 1 ) 

( 2 ) 

( 3 ) 


*105*372. I- : ft (1) = A . 3 . ft (2) = A [*105*371 . Transp] 

*105*38. b • {m(d}(i) — Pm 
Dem. 

h .*105*16 . 3 b : 7e {ft (l )} (1 , . = . (gy8) . y8e/i (1) . 7S111 y8 . 7c J 0 ‘y8 • 

[*105*16] = . (ga, y8).aeft.y8sma.y8e f/a . 7 sm y9 . 7 e tifi . (1) 

[*73*32.*63*38] 3 . (ga) .aeyLt.7sma.7e £/a (2) 

b. *73*41 . *63*64*53*57. 3 

bsaeyLt.7sma.7e ti * . 3 . a e ft . 1 “ 7 sm a . 7 sm ^“7 . 7 e £ 0 ‘i“7 • i“y € t Q ‘ a . 

[(!)] ^ • 7 6 {/*<» } (1) ( 3 ) 

b . (2) . (3) . 3 b : 7 e {yLt (l) ] (1) . = . (ga) .aeyLt.7sma.7e f/a . 

[*105*161] = . 7 e yLt ( 2 > :3b. Prop 


*105*4. b s 7 e N 2 c‘a . 3 . i“y e Njc'a 

Dem. 

b . *105*111 . *73*41 . *63*64 . 3 b: Hp . 3 . t “ 7 sm a . 7 e £/a . 7 e t^i^y • 
[*63*41*383*1 6*55] 3 . t,“y sm a . */a = t 0 ‘i“ 7 . 

[*63*54] 3 . t a 7 sm a . t“y e • 

[*105*11] 3 . 1 “ 7 e N,c‘a : 3 b. Prop 

*105*41. b : g ! N 2 c‘a . 3 . g ! N,c‘a [*105*4] 

*105-42. b : NjC*a = A . 3 . N 2 e‘a = A [*105 41] 
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*105*43. h : (i m = Njc'a . 3 . = Njc'a 

Dem. 

!■ . *105*11 . D : Hp . y8 e /*,„ . D . /9 e Nc‘a r\ t 0 ‘a . 

[*63*54.*100*31*321] D . Nc‘/9 = Nc‘a . <// 9 = (,'« . 


[*105*1*101] D . N,c‘y9 = N,c‘a (1) 

h . *105*3 . *103*26 . 3 h : Hp . £ e /t (I) . D . N,c‘£ = {/*,„} 

[*105*38] =/t(a) (2) 

h . (1) . (2) . 3 h : Hp . g ! M(1) . D . M(s) = N jC ‘« (3) 

h. *105 372*42. D h : Hp . M(1) = A . D . M(s) = A . N^‘a= A (4^ 

H . (3) . (4) . D h . Prop 

*106*44. h . Njc'^'a = A 

Dem. 

h. *105*26. DI-.N 1 c‘«‘< , o = A. . , 

[*105*42] D I- . N„c Wa = A. Dh. Prop 
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*106. CARDINALS OF RELATIONAL TYPES. 


Summary of *106. 

In this number we have to consider the cardinals whose members are 
classes of relations which have a given relation of type to some given class. 
For example, we have l x“a sm a, and ^ x“a has a given relation of type to 
a when x is given. Thus we want a notation for 

Nc'an t‘ l x“a 

and all the associated ideas. In this number, we shall deal only with 
relations in which the referent and relatum have a relation, as to type, 
which can be expressed by the notations of *63, i.e. roughly speaking, when, 
for suitable values of a, m, n, our relations are contained in 

t m ‘a\t n ‘ a or or £ n ‘a or * n ‘a. 

Thus if t/tfa has been defined, we shall put 

N^c'a = Nc'a n t% p ‘a Df, 

N m „C = D^N^c Df, 

? (m„) = sm“f n t% p %^ Df, 
with analogous definitions for t^a, and HJcl 

Much the most important case is that of For this case we have 

*1061. h : /3 e Nooc'a . = . £ e Nc‘a . ft e t% 0 ‘a . = . ft sm a . /8 e t‘t\t* 0 L f tfa) . 
= .j9sma.j8C t‘(a f a) 

Thus NooC c a will be the number of a class of relations whose fields are of 
the same type as a, provided this class of relations is similar to a. E.g. the 
number of terms such as x x t where x e a, will be Nooc'a. 

We have 

*106*21. h . a ! Nooc'a . N w c r a € N 0 C 
*106*22. h : A e NoVa . = . Cnv“A e 'NoC'a 
*106*23. I- s /3 e NVa . D . N 1 Va = NooC‘$ 

*106*32. h : t 0 ‘a = t 0 ‘/3 . D . (37, 8 ) . 7 e N^c^a . 8 € . 7 n 8 = A 

*106*4*41 *411. h :/ll = N 0 c‘a . 3 . /ll (00) = N w c‘a . /i (u) = N ll c‘a . jll (u > = N u c*a 
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*106*63. f- . Nc (a)‘<oo‘a = A 
whence it follows that 
*106*64 h . ~e NooC 

The propositions of this number, except * 106 * 21 , are never referred to again 
(except in * 154 * 25 * 251 * 262 , which are themselves never used again), but they 
have a somewhat greater importance than the propositions of * 105 , owing to 
the fact that the arithmetical operations are defined by means of classes of 
relations, %je. the sum of two cardinals (for instance) is defined as the cardinal 
number of a certain class of relations (cf. * 110 ). 

*106*01. N*c r a = Nc‘a a <%/« Df 
*106011. N n c‘a = Nc‘a n t‘t u ‘a Df 
*106012. N„c'a = Nc‘an t‘t m ‘a Df etc. 

*10602. N.'c'a = Nc‘a a t% u a Df etc. 

*106021. ‘NoC'a = Nc‘a a t‘\‘a Df etc. 

*10603. N„C = D'NjoC Df etc. 

*10604 /i|w) = sm“/t a Df 

*106041. p ai) = sm‘V a tH' u t x ‘p Df etc. 

*106*1. 1- : /8 e Nooc‘a . = ./3e Nc‘a . ft e t‘t„‘a . 

= .ftama.fte t‘t f (t,,‘a f tfa) . 

= . ft sm a . ft C t‘(a f a) 

[* 100 * 1 . (* 106 * 01 . * 64 * 01 ) . * 64 * 11 ] 

*106*101. h : ft e N“c‘a . = . ft e Nc‘a . ft e t‘t"‘a . 

= . ft sm a . ft e a *f t‘a ) . 

= . ft sm a . ft C t‘(t‘a \ t‘a) 

Similar propositions hold for any other double index mn for which 
{"“‘a has been defined. 

*106*11. I* : ft e N 01 c*a . = . ft e Nc‘a . ft e t%‘a . 

= .ftsma.fte f t,‘a) . 

= . ft sm a . ft C <‘(£o‘a t <i‘ a ) 

Similar propositions hold for any other double suffix mn for which 
tn/a has been defined. 

*106*12. t- : ft « N, l c‘o , = .fte Nc‘a . ft e t‘t 0 u a . 

= . ft sm a . ft e | t‘a) . 

= . ft sm a . ft C <‘(C® t * <a ) 

*106*121. I- : ft e ‘N.c'a . = .fte Nc‘a . ft e • 

= . ft sm a . ft e t‘£‘(< <a t £o‘«) • 

= . ft sm a . ft C t‘(t‘a *[* t 0 ‘a) 
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Similar propositions hold for any other index and suffix for which 
t m n ‘a or n t m ‘a has been defined. 

*10613. I- : n e NooC . = . (ga) . n = Nooc'a [*100 22 . *71*41 ] 

Similar propositions hold for N"C‘a etc. 

*10614. h : £ e . - . (ga) .ae/jL.fi&ma.fie V T ^ V) • 

= . (ga) .ae/it.y8sma./3e t‘t„,‘a . 

= . (ga) .aefi .& sm a . # C t‘(a f a) [*64*33*11] 

*106141. 1- : /3 e . = . (ga) .ae/x./9sma.y8e ]* i 0 ‘/*) • 

= • (ga) . a e /i . sin a . ft e t‘t 0 u a . 

= . (ga) .ae/i./S sma.ySC t‘(a \ t‘a ) 

Similar propositions hold for '/x 0) fi u , /X,, etc. 

*106*2 h : a; e < 0 ‘a . D . 4 a;“a e N OT c‘a . ^ x“a. e N 0 c‘ ^ x“a 

Bern. 

I- . *55*15 . D h : R e | x"a . D . D‘R C a . (KR = i‘x : 

[*63*105] D h a; e t,‘a . D : R e ], x u a . D * . D ‘R C t t ‘a . CP-R C tja . 
[*35*83] 0 K .Rd t 0 ‘a \ t 0 ‘a . 

[*64*16*13] 0 R . Re t‘(a f a ) : 

[*22*1] D : ^ a;“a C t‘(a f a) (1) 

h . (1) . *73*611 . *106*1 . *10312 .DK Prop 

*106*201. I- : 0 e t‘a . D . i £“a e N,>c‘a 

*106*202. I- : fi e (“a . D . J, /3“a e N 0 *c‘a 

*106*203. 1- . ^ a“a e N 0 l c‘a 

*106*204. h.4,(i“a)“aeN 0 Va 

*106*21. h . g ! Nooc'a . N w c*a e N 0 C 

*106*211. h . A ~ e NooC . N W C C N 0 C . N M C e Cls ex 2 excl 

*106*212. I- . A~e No'C . N 0 'C C N 0 C . N 0 'C e Cls ex* excl 

*106*213. h . A~e N„*C . N„*C C N,C . N 0 *C e Cls ex* excl 

*106*22. h : A e NVc'a . = . Cnv“A e *N 0 c‘a 

Bern. 

l-.*73*4. D I- : A sm a . = . Cnv“Asra a 
h . *64*16 . D I- A C t‘(t 0 ‘a f t‘a ) . = : R e A . D* . R Q t 0 ‘a f t‘a : 

[#35*84] = : R e A . . R G t‘a f t/a : 

[*37*63] = : 8 e Cnv“A . D s . 8 G t‘a f : 

[*64*16] = : Cnv“A C t‘(t‘a f t^a) (2) 

h . (1) . (2) . *106*12 . D h . Prop 

The proof requires, in addition to *106 12, its analogue for ‘Nqc'o. Such 
analogues will be assumed as required. 


[*106*201] 
[*106*202] . 
[*106*2. *63*1 8] 
[*106*21 . *103*24] 
[*106*203] 
[*106*204] . 

( 1 ) 
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*106*221. b : X e N 0 Va . = . Cn v“\ e 2 N 0 c‘a 

*106222. I- . A~e ’NoC . l N 0 C C N 0 C . ’NoC e Cls ex 2 excl [*106*22*212] 
*106*223. b . A~e 2 N 0 C . 2 N 0 C C N 0 C . 2 N 0 C e Cls ex 2 excl 

Other propositions of the same kind as the above may be proved by 
observing that, if m and n are indices for which t m ‘ a and t ni a have been 
defined, we have 

7 C t nt a . e N m c'a . 3 . I fi“y e N mn c*a, 
of which the proof is direct and simple. Hence, since we always have 
! N m c‘a, we also always have 

g[ ! N wn c‘a, 

whence N mn C C N 0 C . N mn C e Cls ex 8 excl. 

We have in like manner 

a 1 N 0 m c‘a . a ! m N 0 c‘a 
But we do not always have 

a ! N wn c*a or a 1 N n m c‘a or a f - m N n c‘a. 

*106 23. b : 0 € N’c'a . 3 . N“c ‘a = N w c‘£ 

Bern . 

b . *64*33 . *104*1 . *63*5 . 3 b : Hp . 3 . t iu a = t w ‘fi 
b . (1) . (*106*01*011) . *100*321 . 3 b . Prop 

*106*231. b : /? e N x c^a . 3 . N n c‘a = [Proof as in *106*23] 

*106*24. b : N*c‘a- N 0 c‘£ . 3 . N u c‘a = [*106*23] 

*106*241. b : Njc'a = N 0 c‘£ . 3 . N u c‘a - N w c‘£ 

The analogues of the above propositions for other indices or suffixes are 
similarly proved. 

*106*26. h . N”c‘a * [*106*23 . *104*2] 

*106*261. b . Nooc'a = N n c‘i“a 

*106*31. b : x, y e t 0 ‘a . t 0 ‘a = t 0 ‘/3 . x + y . 3 . 

lx“<xe N M c‘a . J, y“0 e N w c </3 . 1 x“a n | = A 

[*106*2. *55*233] 

*106*311. b x € t 0 ‘a . t 0 *a = Vi9 :a = A.v.j 8 = A:3. 

I x“a e NooC^a . ! e NooC*# . I x“a n | = A 

[*106*2 . *55*232 . Transp] 

*106*312. bs t o ‘a=i‘x,a = 0 = i*x.'5 . 

i‘{i‘x f i*x) e NooC r a • t*(A f t^eNooC ‘fi.i‘(i‘x f i‘x)m f (A f i*x )= A 

Dem . 

b . *73*43 .3b. i\i*x f sm l‘x . t‘(A f sm i‘x . 

[*13*12] 3 b : Hp . 3 . i\i*x f i l x) sm a . i‘(A f i‘x) sm fi (1) 

b . *64*16 .3b: Hp . 3 . t f x f t ( x e t^a . A f i‘x e t w ‘a (2) 

b . (1 ) . (2 ) . *106*1 . *51*161 . *24*54 . *55 202 .3b. Prop 
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*106‘32. h : Ufa = U‘fi • 3 • (37. 8) . 7 e N M c‘a . 8 e Nooc'/S . y n 8 = A 
Dem. 

K*10e-31.Dh:.Hp:(a«,y).^ye«,‘a.»+y:3- 

(37, 8) . 7 e Nooc‘o . 8 e NooC'^ . 7 8 = A (1) 

(- . *52'4 . 3 I" :~(3^.y) ■ y e U‘ a • 4* V • ^ • ^» <ae 1 w t‘A . 

[*6318] D.<o‘ael ( 2 ) 

I- .(2) . *60-38 . *63-105 . *52-46 . 3 V : ~ (g«, y).x,yet 0 , a.x^y. g ! a. g ! £ . 3 . 

fl = = 6 1 • 

[*106312] D.(g7,8).7eN 00 c‘«.86N 00 c‘/9.7o8 = A (3) 

(-.*106-311. *6318. 3 

h:.Hp (g 1 a . g ! fi ) : 3 . (37. 8) • 7 e Nwc'a . 8 e . 7 « 8 = A (4) 

I- . (1) . (3) . (4) . 3 I- . Prop 

*106-4. h : /* = N 0 c‘a . 3 . fi m = N TO c ( a 
Dem . 

h . *106*14 . 3 h :: Hp . 3 $ e /iw . s : (37) . 7 e N 0 c‘a . fi smy . fi e t%o‘7 s 
[*64"3] = s (37) • 7 6 N 0 c‘a . fi sin y : fi e t‘t^a : 

[*10284] = : /S stn a . # e <'<«,'<* : 

[*1061] = • fi 6 N w c‘« " 3 K Piop 

*106401. I- : y. = N l c‘a . 3 . /t (w , = N“c‘a 


(- . *104-24 . *106-4 . 3 h : Hp . 3 . p M = No„c‘t“a 
[*106-25] = N"c‘a : 3 1- . Prop 

*106 402. h : ^ = N^'a . g ! /* • 3 . /*<«» = N„c‘a 
Dem. 

I- . *106-231 . 3 1- : Hp . £ e/i . 3 . N.^'a = N M c f /3 

[*106-4.*103-26] = /“<«» (!) 

(- . (1) . *10-11-23-35 . 3 h : Hp . g ! y . . 3 . /*«*» = N„c‘a : 3 1- . Prop 

*106'41. h : /a = N 0 c‘a . 3 . /x <m = N“c‘a 

Dem. 

1- . *63-54 . (*106 041) . *103 27 . 3 

l-::Hp.3:.#e . = : ( 37 ) . 7 e N 0 c‘a . fi sm 7 : £ e t‘t n %‘a : 

[*102-84.*64 32] = : fi sm a . fi e t‘t u ‘a : 

[(*106-011)] = : fie N ll c‘a :: 3 I- . Prop 

*106-411. (-:/* = N„c‘a . 3 . /*,„> = N n c‘a [Proof as in *106-41] 


*106-43. Y i/i,ve N 0 C . t‘n = t‘v .0 . (37, 8) . 7 e (i m .8ev im .yr\8 = A 
Dem . 

I- . *103-2 . 3 I- : Hp . 3 . (ga, fi ) . fi = N 0 c‘a . v = N,c‘/3 . 

[*106-4] 3 . (ga, fi) . /x m = N„<,c‘a . v m = N M c ‘fi . 

[*106-32] 3 . (37, 8) . 7 e /* (Ml .8ev wl .yn8 = A:2Y. Prop 

*106*44. I- :/x,vel$ V) G.t‘fi = t c v. "Z.fay.S) .y e ft .8 ev ,yr\8 = A [*10632] 
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The following propositions are analogous to *102*71 ff.,and similar remarks 
apply to them. 

*106*5. I- s R e Cls -> 1 . D‘R C a . <1‘R C Rl‘(a | a) . 

W=* £$) [x, y e a . ^ x {R i x) y ] . 3 . e G*iJ . Wd a f a 

Dent. 

h .*4*73 . 3 h :: Hp . 3 x,y ea. D XtV : xWy . = • <^>x(R i x)y\ 

[*5'18] 3* |V : ~ {xWy . = ,x(R‘x) y) 

[*10*1] 3 # ea . 3* . ^ . = .x(R‘x)x ] . 

[*21*43.Transp] 3 X . 

[Hp] 3 x e D *R - 3* . TF+ s. 

[*71*41 l.Transp] 3:. TT^eG‘22 (1) 

h . *21*33 . (*35*04) . 3 h : Hp ■ 3 . W G a f a (2) 

h . (1) . (2) . 3 h . Prop 

*106*61. V : £ C a . 3 . ~ {£ sm Rl‘(a t «)] 

Bern. 

K *106*5. 3 h : Hp . iJ e 1 — » 1 . DGJ = . Q.‘R C RP(a f a) . 3 . 

(a W ) . Tf e Rl‘(a | a) . TT ~ e Q.‘R . 

[*1314] 3 . Gl‘R =J= RP(a f a) (1) 

K(l).*22*41.3h:.Hp.3:i2el->l.D‘£ = £. 3* . a‘i?! + Rl‘(a | a) : 
[*10*51. *73*1] 3 : ~ sm RP(a f a)} 3 h . Prop 

*106*52. h : # C . 3 . # ^ e Nc%</a 

Bern. 

h . *106*51 . 3 h : Hp . 3 . ~ (/3 sm RP(^a f ^a)} . 

[*64*54] 3 . ^ {/9 sm <oo ‘a} . 

[*1001] 3 . 0 ~ e Nc‘<„o‘a : 3 h . Prop 

*106-53. t- . Nc (a)‘<oo‘a = A [*106-52 . *102 6 . *63 37 1] 

*10654 I- . N 0 c‘<„o‘a ~ e N„„C 

Bern. 

I-. *100 33. *103 15. 3 

h : Nooc‘/3 = NocVa . 3 . y8 sm <oo‘a (1) 

h. *1031 2. (*106*01). 3 

I- : NopC'yS = N 0 c‘<oo‘a . 3 . t^a e t%‘fi . 

[*6316.(*6401)] 3 . <‘<‘(<,‘0 f */«) = <‘<‘(C/S t C£) • 

[*63-391] 3 . <‘(< 0 ‘a | *o‘«) = <‘(C£ 1 <o‘£) ■ 

[*64-3.(*6401)] 3 . <„‘a = <„‘/9 . 

[*63-105] 3./9C < 0 ‘a (2) 

h . (1) . (2) . D h : Nooc'yS = N 0 c Va .3.#e NcVa . £ C «,*« (3) 

h . (3) . Transp . *106*52 .3b. (yS) . NooC‘y9 =|= N 0 c‘<oo‘a . 
[*106"13.Tran8p] 3 h . N 0 c‘<oo‘« ~ e NooC . 3 h . Prop 

*106-55. l-.a!N 0 C-N„oC [*10654] 

K.4W. II. 5 
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SECTION B. 


ADDITION, MULTIPLICATION AND EXPONENTIATION. 

Summary of Section B. 

In the present section, we have to consider the arithmetical operations as 
applied to cardinals, as well as the relation of greater and less between 
cardinals. Thus the topics to be dealt with in this section are the first that 
can properly be said to belong to Arithmetic. 

The treatment of addition, multiplication and exponentiation to be given 
in what follows is guided by the desire to secure the greatest possible 
generality. In the first place, everything to be said generally about the 
arithmetical operations must apply equally to finite and infinite classes or 
cardinals. In the second place, we desire such definitions as shall allow the 
number of summands in a sum or of factors in a product to be infinite. In 
the third place, we wish to be able to add or multiply two numbers which 
are not necessarily of the same type. In the fourth place, we wish our 
definitions to be such that the sum of the cardinal numbers of two or more 
classes shall depend only upon the cardinal numbers of those classes, and 
shall be the same when the classes overlap as when they are mutually exclusive; 
with similar conditions for the product. The desire to obtain definitions 
fulfilling all these conditions leads to somewhat more complicated definitions 
than would otherwise be required ; but in the outcome, the result is simpler 
than if we started with simpler definitions, since we avoid vexatious exceptions. 

The above observations will become clearer through their applications. 
Let us begin with the case of arithmetical addition of two classes. 

If a and ft are mutually exclusive classes, the sum of their cardinal 
numbers will be the cardinal number of a v ft. But in order that a and ft 
may be mutually exclusive, they must have no common members, and this 
is only significant when they are of the same type. Hence, given two 
perfectly general classes a and ft, we require to find two classes which are 
mutually exclusive and are respectively similar to a and ft; if these two 
classes are called a! and ft', then Nc^a' v ft') will be the suip of the cardinal 
numbers of a and ft. We note that Ana and A n ft indicate respectively 
the A’s of the same types as a and ft , and accordingly we take as a' and ft ' 
the two classes 

i (A f\ft)“i“a and (A f\a)l“i“ft; 
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these two classes are always of the same type, always mutually exclusive, and 
always similar to a and /8 respectively. Hence we define 

a + ]8=|(An v (A a a) J, ‘ V‘y9 Df. 

The sum of the cardinal numbers of a and y9 will then be the cardinal 
number of a + y8 ; hence we may call a + y9 the arithmetical class-sum of two 
classes, in contradistinction to a w y9, which is the logical sum. It will be 
noted that a + y8, unlike clsj ft, does not require that a and yS should be of the 
same type. Also a + a is not identical with a, but when a = A, a + a is also A, 
though in a different type. Thus the law of tautology does not hold of the 
arithmetical class-sum of two classes. 

If fi and v are two cardinals of assigned types, we denote their arithmetical 
sum by /a+ c i/. (Ajs many kinds of arithmetical addition occur in our work, 
and as it is essential to our purpose to distinguish them, we effect the 
distinction by suffixes to the sign of addition. It is, of course, only in 
dealing with principles that these different symbols are needed : we do not 
wish to suggest that they should be adopted in ordinary mathematics.) Now 
if g + e v is to have the properties which we commonly associate with the sum 
of two cardinals, it must be typically ambiguous, and must be the cardinal 
number of any class which can be divided into two mutually exclusive parts 
having g terms and v terms respectively. Hence we are led to the following 
definition : 

g +c * = ? Ka«. P) . g * N 0 c‘a . v = N 0 c‘y8 . f sm (a + y9)} Df. 

In this definition, various points should be noted. In the first place, it 
does not require that /a and v should be of the same type ; /a + c v is significant 
whenever /a and v are classes of classes. Thus it is not necessary for signifi- 
cance that /a and v should be cardinals, though if they are not both cardinals, 
ja+ c v = A. If they are both cardinals, we find 

+«i' = £ {(3^)8) .ae/A./Sei/.fsm (a + £)}. 

Thus in this case ae/A.y8ei/.D.a4-y86/A+ c i/. 

Hence if neither /a nor v is null, and if a has /a terms and y8 has v terms, 
a + y8 is a member of /a + 0 v. It easily follows that 

b : n s* N 0 c‘a . v — N 0 c*y8 . D . /a + 0 v = Nc‘(a -h y9). 

Hence when g, and v are homogeneous cardinals ( i.e . when they are 
cardinals other than A), their sum is the number of the arithmetical class- 
sum of any two classes having /a terms and v terms respectively. 

A few words are necessary to explain why, in the definition, we put 
|a= NflC'a • 1 /= N 0 c‘y9 rather than /A = Nc‘a. Nc‘y9. The reason is this. 
Suppose either g or v t say /a, is A. Then, by *102*73, /a = Nc (£)Vf* if f is 
of the appropriate type. Hence if we had put 

+ 0 * = ? {( 3 «> P ) . /a = Nc‘a . v = Nc‘y8 . £ sm (a + y8)} Df, 

5 — 2 


Digitized by Google 



68 CARDINAL ARITHMETIC [PART III 

where the ambiguities of type involved in Nc‘a and Nc*£ may be determined 
as we please, we should have 

v = Nc‘$ . D . t‘£ + 0 e /a 4- 0 v, 
i.e. v= Nc‘$ . D . t € £ + 0e A+ 0 v. 

We should also have t‘t‘£ + fi e A+ 0 v and so on. Thus A+ 0 v would not 
have a definite value, i.e . it would not merely have typical ambiguity, which 
it ought to have, but it would not have a definite value even when its type 
was assigned. Thus such a definition would be unsuitable. For the above 
reasons, we put /a = N 0 c‘a . v = N 0 c‘$ in the definition, and obtain the typical 
ambiguity which we desire by means of the typical ambiguity of the “sm " 
in “f sm (a + 0).” It is always essential to right symbolism that the values 
of typically ambiguous symbols should be unique as soon as their type is 
assigned. The scope of these definitions and of the corresponding definitions 
for multiplication and exponentiation (*113*04*05 . *116*03*04) is extended 
by convention II T of the prefatory statement. 

The above definition of fi + 0 v is designed for the case in which /a and v 
are typically definite. But we must be able to speak of “ Nc‘ 7 + 0 Nc*8,” and 
this must be a definite cardinal, namely Nc‘( 7 + 8). If we simply write 
Nc‘ 7 , Nc‘8 in place of /a, v in the definition of /a+ 0 i;, we find 

Nc‘ 7 + 0 Nc ‘8 = f {(a«, 0 ) . Nc‘ 7 =* N 0 c‘a . Nc‘8 = N 0 c‘£ . f sm (a + 0 )} . 

But this will not always have a definite value when the type of Nc* 7 + 0 Nc‘8 
is assigned. To take a simple case, write t € % for 7 and i‘y for 8. Then 

Nc^'f + 0 Nc ‘i‘y = f {(go, 0 ) . Nc‘£‘f = N 0 c‘a . Nc ‘i‘y = N 0 c‘£ . f sm (a + 0)} t 
whence we easily obtain 

NcVf +o NcVy = f {(a«) • Nc'tf'f = N 0 c‘a . f sm (a + y )}. 

If we determine the ambiguity of Nc‘£‘f to be NjC^'f, we find 

Nc‘*‘?+ 0 NcVy«A 

in all types ; but if we determine the ambiguity to be NoC^f, we have 
Nc'^f + c Nc ( i‘y = Nc‘(£‘f + i‘y\ 

and this exists in the type of i‘y> if not in lower types. Hence the value 
of NcVf +c NcVy depends upon the determination of the ambiguity of Nc‘£*£ 
It is obvious that we want our definition to yield 

Nc‘ 7 + 0 Nc‘8=Nc‘( 7 + 8) 

in all types ; but in order to insure that this shall hold even when, for some 
values of f, Nc (f)‘ 7 = A, we must introduce two new definitions, namely 

N c‘a +c /a = N 0 c'a + c y. Df, 

/a + 0 Nc‘a = fi + 0 N 0 c'a Df, 

whence I- : Nc‘a + c Nc'£ = N 0 c'a + c N 0 c‘£ = Nc‘(a + 0). 

This definition is to be applied when “Nc^y” and 4 Nc‘8” occur without any 
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determination of type. On the other hand, if we have Nc (£)*y and Nc (y)‘8, 
we apply the definition of fi + 0 v. We shall find that whenever Nc (£)‘y an d 
Nc(i i)‘8 both exist, 

Nc (£)‘y 4* 0 Nc ( y)‘8 = N 0 c ^7 + c N 0 c‘ 8. 

Thus the above definition is only required in order to exclude values of f or y 
for which either Nc (£)‘y or Nc (y)‘8 is A. 

The commutative and associative laws of arithmetical addition are easily 
deduced from the definition of a 4* ft. We shall have 

h . a + /9=Cnv“(£ + a), 

whence h . Nc'a 4- 0 Nc‘ft = Nc'£ + c Nc‘a, 

because each = Nc'(a 4* ft). A similar though slightly longer proof shows that 

h .(<*4-/9) + 7sm a + (/3 + 7), 

whence h . (Nc'a 4* 0 Nc*$) + 0 Nc‘7 = Nc‘a 4 C (Nc'/S + 0 Nc‘7). 

The above definition of a + ft enables us to proceed to the sum of auy 
finite number of classes, and allows any one class to recur in the summation. 
But it does not enable us to define the sum of an infinite number of claves. 
For this we need a new definition. Since an infinite number of classes cannot 
be given by enumeration, but only by intension, we shall have to take a class 
of classes k , and define the arithmetical sum of the members of k. Thus now 
the classes which are the summands must all be of the same type (since they 
are all members of *), and no one class can occur more than once, since each 
member of k only counts once. (In order to deal with repetition, we must 
advance to multiplication, which will be explained shortly.) Thus in removing 
the limitation to a finite number of summands, we introduce certain other 
limitations. This is the reason which makes it worth while to introduce the 
above definition of a + ft in addition to the definition now to be given. 

If k is a class of classes, the sum of the cardinal numbers of the members 
of k will evidently be obtained by constructing a class of mutually exclusive 
classes whose members have a one-one relation to the members of corresponding 
members of k. Suppose a, ft are two different members of k, and suppose x 
is a member both of a and of ft. Then we wish to count x twice over, once 
as a member of a and once as a member of ft. The simplest way to do this 
is to form the ordinal couples x ^ a and x ^ ft, which are not identical except 
when a and ft are identical. Thus if we take all such ordinal couples, i.e. if 
we take the class 

R Ka*) .#ea.ii = #4 a }’ 

for every a which is a member of k , we get a class of mutually exclusive 
classes, namely the classes of the form ^ a“a, where ae k, and each of these 
is similar to the corresponding member of k . Hence the logical sum of this 
class of classes, i.e. 

R l(a«, x)*aeK .xea. R = xla], 
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has the required number of terms. Now, by *85*601, 

l a“a = 6 J ‘a. 

Hence the class whose logical sum we are taking is e J “k. Hence we put 

Vk = s‘e l“/c Df. 

2'/c may be called the arithmetical sum of k , in contradistinction to s‘/e> which 
is the logical sum. Thus 2'/e bears to s*k a relation analogous to that which 
a + ft bears to au/8. 

We put further SNc'* = NcVe Df. 

Thus 2Nc'/c is the sum of the numbers of members of k . 

It is to be observed that SNc'* is not in general a function of Nc“*. For, 
if two members of k have the same cardinal number, this will only count once 
in Nc'Sc, whereas it counts twice in 2Nc'*\ 

We shall find that, provided a=|= ft, 

2Nc<(t'a u i‘ft) = Nc'a + c Nc‘/9. 

Thus where a finite number of summands are concerned, the two definitions 
of addition agree, except that the first allows one class to count several times 
over, while the second does not. 

In dealing with multiplication, our procedure is closely analogous to the 
procedure for addition. We first define the arithmetical class-product of two 
classes a and ft, which is a certain class whose cardinal number is the product 
of the cardinal numbers of a and ft. We write ft x a for the arithmetical 
class-product of ft and a, and define it as the class of all ordinal couples of 
which the referent is a member of a and the relatum a member of ft, i.e. as 

R f(a*. y) • «« * • y • R = « 1 y)- 

By *40*7, this class is s‘a ^ “f 3 . Hence we put 

ft xa = s‘a^“ft Df. 

The class a j^“ft is similar to ft, and each member of it is similar to a; hence 
if N 0 c 4 a = ^ and N 0 c'/8 = j/, “0 consists of v classes having /a members 

each. The class a ^ “ft is important also in connection with exponentiation. 
The product of two cardinals is defined as follows : 

p x c * = f £)./* = N 0 c‘a . v = N 0 c'£ . f sm (a x £)} Df. 

In regard to types, this definition calls for analogous remarks to those which 
were made on p+ c v. Also, as before, we need definitions of p x c Nc'a and 
Nc'a x c p, whence we obtain 

Nc'a x c Nc'$ = N 0 c'a x 0 N 0 c'£ Df. 

By means of these definitions, we can define the product of any finite number 
of cardinals ; but in order to define products which have an infinite number 
of factors, we need a new definition. 
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If k is a class of classes, we take e±K as its arithmetical product. In 
simple cases, it is easy to see the justification of this decision. E.g. let k 
consist of the three classes a n c^, a,, and let the members of a x be x lt x % ; those 
of a,, yi, y,; those of a,, z l9 z q . Then the members of e&tc are 

i «i u y x 4 or, c; z v J, a,, 

i «1 « Vl 4 «2 ^ *1 l «3, 

i «i u y 2 j a, c; ^ j, a 3 , 

^2 i <*i v y% i 02 u sj 4 a 8 , 

with four more obtained by substituting z % for z x in the above. Thus 
Nc *€** = 8 = Nc^ x c Nc'o* x 0 Nc'a s . In general, however, the existence of 
€&‘k is doubtful, owing to the doubt as to the validity of the multiplicative 
axiom. (We shall return to this point shortly.) Hence there is no proof 
that the product of an infinite number of factors cannot be zero unless one of 
the factors is zero. 

When k is a class of mutually exclusive classes, is similar to D“e A *tf. 
On account of its lower type, T)“€lk is often more convenient than e A ‘/c. 
Hence we put 

Prod‘*=D“e A ‘* Df, 
or (what comes to the same thing) 

Prod = D e | e A Df. 

For the product of the cardinal numbers of the members of *, we put 

IINcSc = Ne'e*'* Df. 

As in the case of 2Nc‘*, IlNc'* is not in general a function of Nc“*. We 
shall have 

1- : . D . nNc‘(t'a u t'/8) = Nc‘a x c Nc‘/9. 

Thus for products of a finite number of different factors, the two definitions of 
multiplication agree. 

It remains to define exponentiation. Since this is not a commutative 
operation, it essentially involves an order as between the base and the 
exponent ; hence we do not obtain a definition of the exponentiation of a 
class *, analogous to 2Nc‘* or nNc'*, but only a definition of fi v t which may 
be extended to any finite number of exponentiations. We put 
• a exp /8 = Prod'a 1 Df, 

where a “fS has the meaning explained above, resulting from #38’03. It 
will be observed that, if N 0 c'a = /tt and N 0 c*/8 = i/, *^*‘0 xs a class of v 

mutually exclusive classes each of which has g, terms; hence a exp/8 may 
suitably be used to define /a*'. Hence we put 

| Ka«, 0 ) - M = N o c' 0 t . V = N 0 c'/9 . £ sm (a exp £)) Df, 
and for the same reasons as before, we put 

Nc‘a Nc4 * = N 0 c‘a N ^ Df. 
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The above definition of exponentiation gives the same value of fi v as results 
from Cantor’s definition by means of “ Belegungen.” The class of Cantor’s 
“ Belegungen ” is 

£ {.R e 1 -* Cls . D‘R C a . a‘R = £}, 
i.e. (a t /3 ) a ‘/9, 

and it is easily proved that this is similar to a exp /8. 

The usual formal properties of exponentiation result without much 
difficulty from the above definitions. 

The above definition of exponentiation is so framed as to make proposi- 
tions on exponentiation independent of the multiplicative axiom, except 
when exponentiation is to be connected with multiplication, i.e. when it is to 
be shown that the product of v factors, each of which is fi, is fi r . This 
proposition cannot be proved generally without the multiplicative axiom. 
Similarly, in the theory of multiplication, the proposition that the sum of 
v fi8 is fi x 0 v requires the multiplicative axiom (as does also the proposition 
that a product is zero when and only when one of its factors is zero). Other- 
wise, the theory of multiplication proceeds without the need for employing 
the multiplicative axiom. 

To take first the connection of addition and multiplication : this connec- 
tion, in the form in which we naturally suppose it to hold, is affirmed in the 
proposition : 

fi, v e NC . k e v a Cls excl ‘fl . D - s‘k € fl x c v (A) 

or fl, v e NC . k e v r\ Cl ‘fi - D - 2** € fl x c v. 


We will take the first of these as being simpler. 
v fis is fi x c v. This can be proved when v is 
finite, whether fi is finite or not ; but when v 
is infinite, it cannot be proved without the 
multiplicative axiom. This may be seen as 
follows. We know that 
h : fi, reNC . a e fi . y8 e v . D . 
ol 1 “fi € v n Cls excl'u . s‘a 1 “fi e fi x c v (B). 

Thus (A) above will result if we can prove 
k,\ e v n Cls excl V . D . s‘k sm 8*\, 
since we shall put a “/3 for \ and use (B). 

Since k, \ e v, we have k sm X. Assume 

s € i — > i . dss = k . a*s = x. 

Let K \ , * 2 , ... be members of *,and let Xj, ... 
be the members of X which are correlated with 


It affirms that the sum of 
S 




, *a, ... by S , i.e. X t = S‘tc x . X* = S‘tc % . etc. We 
have, since «,Xe Cl i fi, k x sm Xj . /r a sm Xq . etc. 



s 
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Thus aSfi . D a ,/i . a sm fi t i.e. S G sm. If k and X sure finite, we can pick out 
arbitrarily a correlation Si for k y and \ , another for k % and X* , and so on ; then 
Si c; S* ci . . . correlates s‘tc and s‘X, and therefore s‘tc sm s'X. But when k and X 
are infinite, this method is impracticable. In this case, we proceed as follows. 

By ♦TS’Ol, a sm fi = (1 — > 1) n D‘a n G'$ Df. 

Thus “fl8ma” will stand for all the permutations of a class into itself; 
“ a sm fi ” stands for all the permutations of a into fi, i.e. all the 1 — > l’s whose 
domain is a and whose converse domain is fi. It is obvious that 
\- : Q l asm fi r\ y sm 8 . D . a *= y . fi = 8. 

In the case of the k and X above, we know that asm fi when a Sfi ; thus 

a e k . D a . g ! a sm (S‘ a) 
or fi € X - Dp . a ! ( S‘fi ) sm fi. 

Put Crp (S)‘fi = (S‘fi) sm fi Df, 

where “Crp” stands for “ correspondence.” Thus Crp(/S)'/9 is the class of all 
correspondences of S‘fi and fi ; Crp ( S)“\ is the class of all such classes 
of correspondences. If we extract one member out of each of these classes of 
correspondences, We get a class of relations whose sum is a correlator of 
8*k and s ‘\ ; i.e. 

nr e D“e A 'Crp (S)“\ - D . s f nr e ( s‘k ) sm (s‘X). 

Thus the desired result follows whenever 

3 !e A ‘Crp 

Now we have Sel-frl.SGsm.D. Crp (S)“X e Cls ex 2 excl. 

Consequently 

Mult ax . D : S e 1 — > 1 . S G sm . DSS = k . Q.‘S = X . *, X e Cls* excl . 

D . 8‘k sm 8 ( \, 

whence, by what was said previously, 

Mult ax . D : k e v r\ Cls exc l ( fi . D - s‘/c e fi x c v . 2Nc'* = fi x c v. 

The consideration of € A 'Crp (S)“\ leads similarly to the proposition 
h Mult ax . D : /a, v e NC . K€ v n CP/l l . D . c&k e fi v . IINc** = ji r . 

The proof is closely analogous to that for the connection of addition and 
multiplication. 

It will be seen that, in the above use of the multiplicative axiom, we 
have two classes of classes k and X concerning which we assume 
( 5 pS) .<Sel->l.<SfGsm. D ‘S = k . G'S = X, 
i.e. we assume that k and X are similar classes of similar classes. A slightly 
modified hypothesis concerning k and X will enable us to obtain many 
results, without the multiplicative axiom, which otherwise might be expected 
to require this axiom. This is effected as follows. 
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Put /csmsmX.E. (g? 7 ) . T e 1 1 . G'T^s'X . tc » T e ‘% 

where “ sm am ” is a single symbol representing a relation. 

When this relation holds between k and X, we shall say that k and X have 
“ double similarity.” In this case, T correlates 8‘/c and $‘X, while T t correlates 
k and X, so that if >S is a member of X, T € ‘/3, i.e. T“/3 f is its correlate in k. 
We shall then have 

h : k sm sm X . D . s‘/c sm s‘X, 
h/csm sm\.3. 2Nc‘* = 2Nc‘X, 
h : k sm sm X . D . IINc^/c = IlNc'X. 

Also we have 

h s k sm sm X . D . (g&) • S cl -+1 . S Gsm . D'S = k . Q.‘S = X. 
Conversely, 

h : *, X e Cls 2 excl .Sel-tl.SGsm. D'S = k . G‘S = X . 

nr e D“e A 'Crp ( S)“X . T = s‘w . D . Te 1 -> 1 . d ( T = s‘\. k = 2V‘X, 

whence 

h :: Mult ax . D tc, X e Cls 2 excl : (gS) - fifel— > 1 . S G sm . D ‘S = k . GSS = X s 

D . k sm sm X. 

Hence the multiplicative axiom is only required in order to pass from 
(g S) .Sel-tl.SGsm. D ‘S = k . GSS = X 
to k sm sm X. It is this fact, and the consequent possibility of diminishing 
the use of the multiplicative axiom, which has led us to the employment of 
“ sm sm ” in the present section. 

We treat also, in this section, the relation of greater and less between 
cardinals. We say that Nc'a>Nc*/8 when there is a part of a which is 
similar to /8, but no part of ft is similar to a. The principal proposition 
in this subject is the Schroder-Bernstein theorem, i.e. 

V l fl^V .V^ fl.^ . fl = V. 

This is an immediate consequence of *73 88. It cannot be shown, without 
assuming the multiplicative axiom, that of any two cardinals one must be the 
greater, i.e . 

fiy veNC./i=}=i'.D:/A>v.v.i/>/*. 

If we assume the multiplicative axiom, this results from Zermelo’s proof that 
on that assumption, every class can be well-ordered, together with Cantor’s 
proof that of any two well-ordered series which are not similar, one must be 
similar to a part of the other. But these propositions cannot be proved till a 
much later stage (*258). 
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*110. THE ARITHMETICAL SUM OF TWO CLASSES AND OF 

TWO CARDINALS. 

Summary of *110. 

In this number, we start from the definition : 

*110*01. a+)3 = |(AA i 9) < V ( au(Ana)|“i“ i 8 Df 

a-f/8 is called the “arithmetical class-sum” of a and y8. The definition is 
framed so as to give two mutually exclusive classes respectively similar to a and 
A so that the number of terms in the logical sum of these two classes is the 
arithmetical sum of the numbers of terms in a and y8 respectively, a + y8 is 
significant whenever a and y8 are classes, whatever their types may be. 

By means of a + y8, we define the arithmetical sum of two cardinals 
as follows: 

*110*02. ft + 0 v = f {(go, y8) . /a = N 0 c‘a . v = N 0 c‘y3 . £ sm (a + y8)} Df 

This defines the “arithmetical sum of two cardinals.” (It is not necessary 
to significance that ft and v should be cardinals, but only that they should 
be classes of classes. If, however, either is not a cardinal, /a + c i/= A.) It 
will be observed that, when /a and v are typically definite, so are a and y8 
in the above definition; but f is typically ambiguous, on account of the 
ambiguity of “ sm.” Hence /a + 0 v is also typically ambiguous. 

It will be shown that /a + 0 v is always a cardinal, and that, if 
/a = N 0 c‘a . v = N 0 c'y8, then /a + c v = Nc'(a + /8). 

Hence whenever /a and v are cardinals other than A, fi+ c v is an existent 
cardinal in some types, though it may be A in others. 

Two more definitions are required in this number, namely : 

♦llOOa Nc‘a+ o/ A = N 0 c‘a + oA a Df 
*11004. fi + 0 Nc‘a = ft + 0 N 0 c‘a Df 

These definitions are needed in order to apply the definition of g. + c v to 
the case in which ft and v are replaced by typically ambiguous symbols 
Nc‘a and Nc'yS. It does not make any difference to the value of Nc*a + c Nc‘y8 
how the ambiguities of Nc'ct and Nc‘y8 are determined, so long as they are 
determined in a way that insures g ! Nc'a . g ! Nc‘y8 ; but if there are types 
in which either Nc‘a or Nc‘y8 is A, we get Nc‘a + 0 Nc‘y8 = A in all types if we 
determine the ambiguities so that Nc*a = A or Nc‘y8 = A. It is in order to 
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exclude such determinations of the ambiguity that the above definitions are 
required. Also in connection with these definitions and the corresponding 
definitions *113*04*05 and *116*03*04 and *117*02*03, the convention IIT of 
the prefatory statement must be noted. 

The propositions of the present number begin with the properties of 
a + /8. We show (*110*11*12) that a + 0 consists of two mutually exclusive 
parts, which are respectively similar to a and 0 ; we show (*110*14) that 
if a and 0 are mutually exclusive, a u 0 is similar to a + 0, and (*110*15) that 
if 7 and 8 are respectively similar to a and 0 y then y + S is similar to a + 0. 
We show (*110*16) that Nc‘(a + 0) consists of all classes which can be divided 
into two mutually exclusive parts which are respectively similar to a and 0. 

We then proceed (*110*2 — *252) to the consideration of fi+ 0 v. Here 
fi and v are typically definite, and the definition *110*02 applies to any 
typically definite symbols, such as N 0 c'a or Nc (rtf a. We prove (*110*21) that 
if fji and v are cardinals, their sum consists of all classes similar to some class 
of the form a + 0, where aefi.0ev ; we prove (*110*22) that the sum of 
N 0 c‘a and N 0 c*£ is Nc‘(a + )8), and (*110*25) that if fi and v are cardinals, 
their sum is equal to the sum of the “ same ” cardinals in any other types in 
which they are not null, i.e. 

*110*25. h : fi, v e NC . g ! sm,“/i . g ! sm/S . D . fi + c v = sm,“/i + c sm^'i/ 

We then (*110*3 — *351) consider Nc'a + c Nc‘y8, to which we apply the 
definitions *110*03*04. We have 

*110*3. h . Nc‘a + c Nc‘£ = N 0 c‘a + c N 0 c‘/9 = Nc‘(a + 0) 
whence the other properties of Nc'a+cNc'/S follow from previous pro- 
positions. 

We then have (*110*4 — *44) various propositions on the type of fi+ c v and 
its existence and kindred matters. The chief of these are 
*110*4. h:g!/i+ 0 i/.D.ft, i/eNC — i‘A . v e N 0 C 

*110*42. h • /jl+ 0 v € NC 

This proposition requires no hypothesis, because, if /i and v are not both 
cardinals, ft+ 0 v = A, and A is a cardinal, by *102*74. 

Our next set of propositions (*110*5 — *57) are concerned with the per- 
mutative and associative laws, which are *110*51 and *110*56 respectively. 

We then (*110*6 — *643) consider the addition of 0 or 1, proving (*110*61) 
that a cardinal is unchanged by the addition of 0, and (*110*643) that 1 + 0 1 = 2. 

*110*01. a + 0 = i ( A n 0)“l“a u(Ana)| “i“0 Df 

*110*02. fx +o v = % {(ga , 0 ) . /x = N 0 c'a . v = N 0 c‘/8 . £ sm (a 4- £)} Df 

*110*03. N c‘a 4“ c (i = N 0 c‘ a + c fi Df 

*110*04. fi + 0 Nc'a = fx + c N 0 c‘a Df 

These definitions are extended by IIT of the prefatory statement. 
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*1101. h Rea + ft . = : (g<r) .xea.R — (i‘x) |(A a(3).v. 

(ay) • y « ^ • -K = ( a n a)4 (t'y) 

[*3813131 .(*11001)] 

*110-101. h . (l‘x) 4 (A a ft) + ( A a a) (i‘y) 

Dem. 

I-. *55-15. Dh.D‘(t < a:)4(AA/3) = t < t , a:. D‘(Aoa)4(t‘y)=t‘(Aoa) (1) 

h . *51161 . 3 h . i‘x (A a a) . 

[*51-23] 3 V . i‘i‘x + t‘(A a a) (2) 

h . (1) . (2). 3 I- . D‘(i‘.r) 4 ( A a ft) + D‘(A a a) 4 (i‘y ) . 3 I- . Prop 
*11011. h . 4 (A a ft)“i“a a (A a a) 4 “i“/9 = A 

Dem. 

h . *110"101 .Dh:a:ea..R=4(AA ft)‘i‘x .ye/9. $= (A a a) 4 *t*y . 3 . R^S: 
[*37-67] D I- : jB e 4 (A a ft)“i“a . Se(A a a) 4 “l“ft .0. R^S (1) 

l-.(l). *2437.31-. Prop 

*11012. I- . 4 ( A a ft)“i ,f a »m a . (A a a) 4 “l“ft sm ft [*73-41-61*611] 
*110-11"12 give the justification for the use of a + ft in defining arith- 
metical addition, since they show that a + ft consists of two mutually 
exclusive parts which are respectively similar to a and ft. 

*11013. I- : 7 sin a . 8 sm y8 - 7 n 8 = A . D . 7 u 8 sm (a + y8) 

Dem. 

K *110*12. DhiHp.D.ysm (An£)“t“a.8sm(Ana) J, (1) 

k(l). *11011 .*73*71 .Z>h. Prop 
*110*14. h : a n y8 = A . D . a u y9 sm (a + y8) [*11013 . *73*3] 

Thus whenever a and y8 are mutually exclusive, their logical sum may 
replace their arithmetical sum in defining the sum of their cardinal numbers. 

*110*15. h :7sma.8smy8.3.7 + 8sma-t-/9 

Dem. 

I- . *11012 . 3 I- : Hp . 3 . 4 (A a sm a . (A a 7) 4 “t“8 sm ft (1) 

1- . *11011 . 3 1- . 4 (A a S)“i“ 7 a (A a 7) 4 “i“S = A (2) 

I- . (1) . (2) . *110-13 . 3 

h : Hp . 3 . 4 (A a S)“t“ 7 w (A a 7) 4 “t“8 sm a + ft : 3 1- . Prop 
*110 151. h :.aA/8=A.3:£sm(avyS).=.(a7,S).78ma.SsmjS.7A8=A.|;=7vS 

Dem. 

h . *7371 .31-:. Hp . 3 : 

( 37 , 8 ). 78 m a. 8sm/9 . 7 a 8 = A . f = 7 u 8 . 3 . f sm (a v/9) (1) 
h . *72-411 . *37-25-22 . *73-22 . 3 
h : S e 1 -> 1 . D‘S = £ . (PS = a w ft . a a ft = A . 3 . 

S“a a S“ft = A. f = S“a v S“/9 .S“a sm a . S“/9 sm /9 . 

[*11"36]3 . (37, 8) .73m a . 8 am ft . 7 a 8 = A . £ =7 v 8 (2) 

h . (2) . *101 1-23 35 .*731.3 

h :. Hp . 3 : f sm (a sj y8) . D . (37, 8).7sma.8smy8.7n8 = A.£ = 7v8 (3) 

h . (1) . (3) . 3 h . Prop 
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♦110152. b : f sm (a + y 8 ) . = . ( 37 , 8 ). 78 ma. 8 smy 8 . 7 A 8 = A.f = 7 v 8 
Bern. 

h. ♦110*151*11. 3 

h : f sm (a 4 - yS) . = . ( 37 , 8 ) . 7 sm l (A n f3)“i“a . 8 sm (A n a) l “i“/3 . 

7 n 8 = A.f= 7 u 8 . 

[♦73*37 .♦ 110 * 12 ] = . ( 37 , 8 ). 7 sma. 8 sm/ 8 . 7 n 8 = A.f = 7 u 8 :Dh. Prop 

♦110*16. b . Nc‘(a 4 - y8) = f {( 3 % 8 ). 78 ma. 8 smy 8 . 7 A 8 = A.f = 7 v 8 } 
[♦110*152. ♦100*1] 

♦11017. b : a e t € fi . 3 . 3 ! Nc (*‘a)‘(a + y 8 ) 

Bern. 

h . ♦104*43 . 3 

1- : Hp . 3 . ( 37 , 8 ) . 7 sm a . 7 C t f a . 8 sm y 8 . 8 C t‘a . 7 n 8 = A . 
[♦22*59] 3 . ( 37 , 8 ) . 7 sm a . 8 sm y 8 . 7 a 8 = A . 7 u 8 C . 

[♦11016] 3 . (g£) . f C t‘a . f e Nc‘(a 4 - £) . 

[♦102*6.*t63*5] 3 . 3 ! Nc (*‘a)'(a + y9):Dh. Prop 
Thus when a and £ are of the same type, Nc‘(a 4 -y 8 ) exists at least in the 
type next above that of a and y 8 . We cannot prove that it exists in the type 
of a and y 8 . E.g. suppose the lowest type contained only one member ; then 
if x were that one member, Nc‘(£'# 4 - t f x) would not exist in the type to which 
l‘x belongs, but would exist in the next type, i.e. there would not be two 
individuals, but there would be two classes, namely A and i‘x, so that 
i l A u e Nc‘(t‘# 4 - i‘x). 

♦110*18. h . a -h y 8 e f 1‘{ 8) 

Bern. 

b . ♦64*53 . 3 h : a e a . 3 4 ( A n j3)‘i‘x e t‘(t‘a f t‘/3) (1) 

b . (1) . *37 61 . 3 b . 4, (A a C t‘(t‘a t If, 0) (2) 

Similarly h . ( A a a)| “i“/3 C t € {ffa f £‘y 8 ) (3) 

h . ( 2 ) . (3) . 3 I- . a 4- y 8 C f t‘fj ) . 

[♦63*5] 3 b . a 4 - y 8 e t‘t‘(t‘a f £‘y 8 ) . 3 h . Prop 

♦110*2. h : f € /i 4- c p . = . (ga, /9) . /a = N 0 c'a . 1 / = N 0 c‘a . £ sm (a 4 - y8) 

[(♦ 110 - 02 )] 

♦110*201. h :. £ e /a 4- 0 y . = : /a, e NC : (ga, y 8 ) . a e /a . y 8 e r . f sm (a 4 - y 8 ) 
[♦103*27 . ♦110*2] 

♦ 110 * 202 . b :. f e /a +0 p • = '• 

g ! /a . g ! v : ( 37 , 8 ) . /a = Nc* 7 . 1 / = Nc' 8 . 7 n 8 = A.f = 7 ^ 8 

Bern. 

h . ♦110*2*152 .Dh. fe/4 4 0 ^' = : 

(ga. ft, 7 , 8 ) . fx = N 0 c‘a . ? = N 0 c'y8 .7sma.8sm/9.7A8=A.f = 7 u 8 : 
[♦103*28] = : ( 37 , 8 ).g!^.g!i/./i, = Nc* 7 . 1 / = Nc* 8 . 7 A 8 = A.f = 7 v/ 8 s. 
3 b . Prop 
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♦110121. h / a, v € NC . D : f e yu + 0 y . = . (ga, /8) . a € /a . fi e v . f sm (a + /8) 
[*110*201] 

*110*211. h :• /la, v € NC . D : f e /a + 0 . = . 

(37* S) . 7 € sm“/4 . 8 esm“y .7n8 = A.f = 7u8 

Dem. 

h . *110-21*152 . D h Hp . D : f e ,a + c i/ . = . 

(3a>y8,% 8 ).a€/A./S€i/. 7 sma. 8 sm$. 7n8 = A.f = 7u8. 
[*37*1] = . (37, 8) . 7 € sm “/jl . 8 e sm“i/ . 7 n 8 = A . (■ = 7 u 8 D h . Prop 

*110*212. h eNC .3:fe/i+ 0 i>.= .(37). <y e . 7 C f f — ye sm“v 

Dem. 

P. *110 211. *24*47. 3 

P :. Hp . 3 : f « ^t+e v • = . (37, 8 ) . 7 esm“/* . 8 6sm“n . 7 C f . 8 = £ — 7. 
[*13*195] = . (37) . 7 e sm “ft . 7 C £ . £ — 7 e am‘V :. 3 1* . Prop 

*110-22. P . N„c‘a + 0 N 0 c‘/9 = Nc‘(a + 0) 

Dem. 

h. *103-4. *110 211. 3 

I* : f e N,c f a + 0 N 0 c‘/3 . = . (37 , 5) . 7 e Nc‘a . 8 e No'# .yr\B = A..^ = yuB. 
[*10031] = . (37, 8).7 sma. 8 sm) 8 . 7 n 8 =A.f = 7u8. 

[*110-16] = . f e Nc‘(a + /S) : 3 P . Prop 

*110-221. h € Nc(,)‘a+ 0 Nc(?)‘/3. = .3 JNc^ya.slNc^.feNc^a+zS) 

Dem. 

P . *110-202 . 3 P :. f e Nc ( v )‘« + e Nc (£)'£ . 

= : 3 ! Nc (r))‘a . 3 ! Nc (£)‘/9 : (37, 8) . Nc (ij)‘a = Nc‘7 . 

Nc (f)‘/8 = Nc‘8 -7n8 = A.f = 7w8: 

[*100"35] = : a I Nc(i/) < a.3!Nc(f)‘#:(37,8).78ina.8sm/S.7rt8 =A.f= 7v8: 
[*110*16] = : 3 ! Nc (1 >)‘a . 3 ! Nc (£)'# . ?e Nc‘(a +/9) 3 P . Prop 

*110-23. b : 3 ! Nc (i?)‘a . 3 ! Nc (?)‘/9 . 3 . 

Nc ( v )‘a + 0 Nc (0‘/9 = Nc‘(a + /3) = N 0 c‘a + 0 N„c‘y3 [*110-221-22] 
Thus Nc + 0 Nc (f)‘/9 is independent of 77 and f so long as Nc‘a and 

Nc‘/9 exist in the types of 17 and f respectively. 

*110-231. P :. Nc (i;)‘a = A . v . Nc (£)‘£ = A : 3 . Nc (7j)‘a + 0 Nc (?)‘/3 = A 
[*110-221] 

*110*24. P : if sm a . f sm y8 . 3 . N 0 c‘i; + 0 N 0 c‘f = N 0 c‘a + 0 N 0 c‘y8 

Dem. 

P. *103-42 . 3 P : Hp . 3 . N.c't? = Nc ( v )‘« . N 0 c‘? = Nc (f)‘/3 (1) 

P . (1) . *103-13 . 3 P : Hp . 3 . 3 ! Nc (»;)‘a . 3 ! Nc (?)‘/9 . 

[*110-23] 3 . Nc (i/)‘a + 0 Nc = N 0 c‘a +, N.c‘/9 (2) 

P . (1) . (2) . 3 P . Prop 
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*110*25. h : /x, v € NC . g ! sm “p . g ! . 3 . /x + 0 v = sm/V + c sm/‘i/ 

Bern. 

h . *103*27 . 3 h : /x, i/ € NC . a e /x . # e . g ! sm/^ . g ! sm £ lt v . 

3 - /x = N 0 c‘a . = N 0 c‘$ . g ! sra,“/i . g S sm^ “i/ . 

[*103*41. *102*85] 3 . /x = N 0 c‘a . v = N 0 c‘/3 . sm/ V = Nc ( v )‘a . 

sm^v = Nc (£/£ . g ! Nc ( rjYa . g ! Nc (f)'/3 . 
[*110*23] 3 . /x + 0 v = N 0 c‘a + 0 N 0 c ‘/8 = sm/ V + c sra/^ ( 1 ) 

l-.(l). *10*11*23*35. 3 

h :/A,i/€NC.g!/t.g!j/.g!sm/V-g!sm^^j/.D./i 4 - 0 i/=sm/^+ c sm c ^i/ ( 2 ) 

h . *37*29 . Transp . 3 h : g ! sm “p . g ! sm^i; . 3 . g ! /x . g ! v (3) 

h . ( 2 ) . (3) . 3 h . Prop 

*110*251. V : fi,ve NC . 3 . /x {1) + 0 y (1) = /x + c v 
Bern. 

h. *110*25. *104*265. 3 

h : Hp . g ! /x (1) . g ! v (l) . 3 . n {l) + 0 v {l) = /x + 0 v (l) 

V . *110*202 . 3 h : ~ (g ! *x (,) . g ! *«) . 3 . + c * (l) = A ( 2 ) 

h . *104*264 . 3 h : Hp ( 2 ) . 3 . ^ (g ! /x . g ! i/) . 

[*110*202] 3 . /x + 0 p = A . 

[(2)] 3 . /x (l) + 0 1 / (1) = fi + c v (3) 

h . ( 1 ) . (3) . 3 h . Prop 

*110*252. \~ : fM,ve NC . 3 . /jl {00) -f 0 v {00) = /x + c v [Proof as in *110*251] 

A similar proof applies to /x w , v {2 \ etc., and to any such derived cardinals 
whose existence follows from that of /x and v. The proposition does not hold 
generally for /x (1) , i/ (1) and other descending derived cardinals, because they 
may be null when /x and v exist. 

The following proposition (*110*3) is more often used than any other in 
this number except *110*4. 

*110*3. I- . Nc < a+ 0 Nc < /3=N 0 c^+ 0 N 0 c^=Nc < (a+/S) [*110*22. (*110*03*04)] 
*110*31. h : 7 sm a . 8 sm fi . 3 . Nc^ + 0 Nc ‘8 = Nc‘a + c Nc‘/3 [*1 10*24*3] 
The following proposition is frequently used. 

*110*32. h : a a fi = A . 3 . Nc‘a + 0 Nc‘/9 = Nc‘(a u fi) [*1 10*3*14] 

* 110 * 33 . I- : f eNc‘a+ 0 Nc‘$ . = . (g% 8) . ysm a . 8 sm/J . y n 8 = A - £= 7^8 
[*110*3*16] 

The above proposition is used in *110*63. We might have used the above 
to define arithmetical addition, but this method would have been less con- 
venient than the method adopted in this number, both because there would 
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have been more difficulty in dealing with types, and because the existence of 
Nc‘a + c Nc‘y 8 (in the types in which it does exist) is less evident with the. 
above definition than with the definitions given in * 110*01 *02*03*04. 

*110*331. I- . Nc‘a + c Nc‘/S = f [( 37 ) . 7 sm a . £ — 7 sm . 7 C £} 

Dem. 

K *110*33. *24*47. 3 

V : f € Nc‘a + c Nc‘/ 8 . = . ( 37 , 8).ysma.8sm/9.'yCi-.8 = g — 7 . 
[*13*195] = . ( 37 ) . 7 sma.f — 7 sm/ 9 . 7 Cf:Dh. Prop 

*110*34 I- : 3 ! Nc ( v )‘a . 3 ! Nc (£)‘/3. 3 . Nc ( v )‘a + c Nc (?)‘/9 = Nc‘a + e Nc‘j3 
[*110*23*3] 

*110*35. I- . N'c‘a + 0 N*c‘/3 = Nc‘a + 0 Nc‘/3 [*104*102*21 . * 1 10*34] 

*110*351. 1 - . Nojc'a + 0 Nooc ‘/8 = Nc‘a + 0 Nc‘/3 [*106*21 . * 1 10*34] 

Similar propositions will hold generally for ascending cardinals. 

The following proposition (*110*4) is the most used of the propositions in 
this number. It is useful both in the form given, and in the form resulting 
from transposition, in which it shows that g. + 0 v = A unless both /x and v are 
existent cardinals. It is chiefly useful in avoiding the necessity of the 
hypothesis fi,ve NC in such propositions as the commutative and associative 
laws. 

*110*4 l: 3 !/i+ c i>.D./t,i/eNC- i‘A ./i,ve N 0 C [* 1 10*201 * 202 * 2 ] 

The following propositions, down to *110*411 inclusive, are concerned 
with types. They are not referred to in the sequel. 

*110*401. I - : /* = N 0 c‘a . v = N 0 c‘/3 .3.a + /3e | v) 

Dem. 

h . *110*18 . *103*12 . 3 V : Hp . 3 . a + $ e <‘<‘($‘01 f* t‘/3 ) . a e /* . /3 e v . 

[*63*11] 3.a + £e t‘t‘(t‘a j t ‘&) . t‘a = 4 */* . . 

[*13*12] 3.a + /9e f t«‘v ) . 

[*64*13] 3 . a + e f v ) : 3 1- . Prop 

*110*402. I- : fi, v e N 0 C . 3 . 3 ! (jt +„ v) a \ v) 

Dem. 

I-. * 110 * 22 . *100*3.3 
h : /* = N„c‘a . v = N 0 c‘/3 . 3 . a + y9e/*+ 0 v. 

[*1 10*401] 3 . a + /3 e (m +0 f) a tn ( (p. f v) . 

[*10*24] 3 . 3 ! 0* + c v) a t v) (1) 

I-. (1). *103*2. 3 K Prop 

*110*403. 1 - : n, V e N,C . = . 3 ! (ji + c v) a t v ) t* 1 10*402*4] 

*110*404 I- . 3 ! (Nc‘a + c Nc‘/9) a \ t‘i 3) [*1 10*18*3 . *100*3] 

B. * W. IL 6 
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*110*41. I- : fi, v e N 0 C . = t‘v . 3 . a ! (ji + 0 v) n t‘/jL 

Bern. 

h . *103*11 . 3 1- : n — N„c‘a . v = N 0 c‘y9 . t‘/t = t‘v . 3 . 

fi C t‘a . v C £‘/9 . t‘fi = . 

[*63*21*35] 3 . = t‘a . C** = £‘/9 . <# V = <o‘»' • 

[*131617] 3. t‘a = <‘£ = *»'/*• 

[*110-17] D . g ! Nc‘(a + /9) a ■ 

[*110*22.*63*19] 3 . a ! (p +. v) a <7* : 3 h . Prop 

*110*411. I- : t‘a = . 3 . a ! (Nc‘a +„ Nc‘/3) r» t‘f‘a . a ! Nc (t‘a)‘(a -f y9) 

[*11017-3] 

It will be observed that the following proposition (*11042) requires no 
hypothesis. This is owing to *110'4 and *102 74. 

*11042. l-./t+ c i/eNC 

Bern. 

I- .*110*22 . 3 I- :/t=N„c‘a . v = N 0 c‘i9. 3 . fi + c v = Nc‘(a + /?) . 

[*10041] D./t+^eNC (1) 

h . (1) . *103*2 . D h : /*, i/eN 0 C . D ./i + 0 veNC (2) 

1- . *110*4 . Transp . 3 I- : ~ (ji, v e N„C) . 3 . fi + c v = A . 

[*102-74] D./u+ 0 veNC (3) 

I- . (2) . (3) . 3 I- . Prop 

*110*43. I- : ^ + c v = N 0 c‘i; . = .rjefi+ e v [*110-42 .*103*26] 

*110*44. h . 8m“(/t + c v) = /i + c v 

Bern. 

h . *37*1 .*110*2.3 

I- : f esm“(jt,+ e v) . = . (a’i,a,/9)./t = N 0 c‘a . i/ = N 0 c‘/3 .i;8ni(a + /3).f smi; . 
[*73*3*32] = . (aa, /9)./* = N„c‘a . v = N 0 c‘y9 . f sm (a + /8) . 

[*110*2] =.fe/i+ c i/:Dh. Prop 

The above proposition depends upon the fact that /* +„ v is typically am- 
biguous, even when /* and v are typically definite. It is used in the theory 
of inductive cardinals (*120*32*41*424). 

The following propositions are concerned with the commutative and 
associative laws for arithmetical addition of cardinals. 

*110*5. h . /9 + a — Cnv“(a 4- /S) 

Bern. 

I- . *55*14 . 3 h . Cnv“(a + £) = i “i“a w | 3 

[(*110*01)] = /9 + a . 3 h . Prop 


/l«P 
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*110-501. b./9 + asm« + £ [*1105 . *734] 

*110-51. I -.p+ e v = v+ e p [*1 102-501 . *73-37] 

It is not necessary to the truth of the above proposition that p and v 
should be cardinals. If either is not a cardinal, p+ c v and v + c p are both A. 
The following propositions lead to the associative law (*11056). 

*110-52. b : f 8 m (a + y 8 ) + 7 . = . (g 7 r, p, a) . tt sm a . p sra fi . a sm 7 . 

7r n p = A . 7r n (r = A.p^(T = A.f=7rupu(r 

Dem. 

h . *110*152 . D h s. f sm (a + #) + 7 . = : (gi/, a ) . 17 sm (a + / 8 ) . 

a sm 7 -i;A (7 = A.f = iyu<r: 
[*110*152] = s (g 7 r, p, v), a) . 7 Tsma. psm/3 . 7 rnp = A.i; = 7 rvp. 

<r sm y.7)f\<r = A.l’ = r)\j<ri 

[*13'195.*22*68.*24*32] = : (g 7 r, p, a) . 7 r sm a . p sm y 8 . a sm 7 . 7 r a p = A . 

7 TA<r=A.pA<r = A.f = 7 rupu<r:. Dh. Prop 

*110*521. h : f sm a + (y 8 + 7 ) . = . (aw.p, a ) . it sm a. psm/9 . o-smy . 

7rnp=A.7rrta- = A.pntr = A.f = 7rwpuo- [*110*501 ”52] 

*110*53. b.(a+y9) + ysma + (/3 + 7 ) [*110-52-521] 

*110"531. # + jS+ i y = (# + 13) + 7 Df 

*110-54. 1- . (Nc‘a + c Nc‘/9) + 0 Nc ‘ 7 = Nc‘(« + £ + 7 ) 

Dem 

I- . *1103 .31-. (Nc‘a + c Nc‘/ 9 ) + c Nc ‘7 = Nc‘(a + /9) + c Nc ‘7 
[*110-3.(*110 531)] = Nc‘(a + £ + 7 ) . 3 b . Prop 

*110-541. I- . Nc‘a + c (Nc‘/9 + 0 Nc‘ 7 ) = Nc‘(« + £ + 7 ) 

Dem. 

b . *110-3 .31-. Nc‘a + 0 (Nc‘/9 + c Nc‘ 7 ) = Nc‘{a + (fi + 7 )} 
[*110-53.(*110-531)] = Nc‘(a + y3 + 7 ) . 3 h . Prop 

*110-55. I- . (Nc‘a + 0 Nc‘y3) + 0 Nc‘ 7 =Nc‘a+ c (Nc‘£ + c Nc‘ 7 ) [*110-54-541] 
*110-551. I- . (Noc'a + o N 0 c‘/9) + 0 N 0 c‘ 7 _ N 0 c‘a + c (N 0 c‘/9 + 0 N 0 c‘ 7 ) 

[*110-55 . (*1100304)] 

*110*56. 1 - . (p + 0 v) + 0 «r = p + c (y + c «r) 

Dem. 

I-. *110-551. *103-2. 3 

I- :/i,j/,«reN 0 C. 3.(/t+ e v)+ c «r = /t+ c (i/+ c w) (1) 

I- . *110*4 . Transp . 3 

b : ~ (ji, v, er e N 0 C) . 3 . (p + c v) + c w = A . p + c (v + c w) = A . 
[*13-171] 3 .(p+ 0 v)+ c w = p + c (v+ 0 w) (2) 

b . ( 1 ) . ( 2 ) . 3 b . Prop 

6—2 


Digitized by Google 



84 


CARDINAL ARITHMETIC 


[PART III 


This is the associative law for arithmetical addition. It will be seen 
that, like the commutative law, it does not require that p, i/, «r should be 
cardinals. 

*110*561. fl+ c v + c 'GT = (jl+ c v) + c nr Df 

*110*57. h . (/it + c v) + c (©■ + c p) — P + c v +c «■ + c P [*110*56 . (*110*561)] 

The following propositions, concerning the addition of 0 or 1 , are used 
frequently in dealing with inductive cardinals (* 120 ). 

*110*6. V i fie NC . D . fi -f c 0 = sm “fi 
Dem. 

I-. * 101 * 11 . * 110 * 21 . D 

h:.Hp.D:f*/Li+ c 0. = . (ga, £) . a e fi . yS e 0 . f sm (a + y 3 ) . 

[*54*102] = . (ga) . a € fi . f sm (a + A) . 

[*1 10*1 52] = . (ga, 7 , S).a €^.7 8 raa. 8 smA. 7 n 8 = A.£= 7 v 8 . 

[*73*47] = . (ga, 7 ) . a e/x . 73 m a . f = 7 . 

[*13*195] = . (ga) . a € fi . f sm a . 

[*37*1] = . £ e sm il fi D h . Prop 

When fi is a typically definite cardinal, s m“fi is the same cardinal 
rendered typically ambiguous; when fi is a typically ambiguous cardinal, 
sm “/i is fi. In place of the above proposition, we might write 
fi e NC - D . fi + c 0 = fi ; this would be true whenever the ambiguity of 
/i+ c 0 was so determined as to make it significant. But the above form 
gives more information. 

*110*61. h . Nc‘a + c 0 = Nc‘a 
Dem. 

1- . *101*1 . D h . Nc‘a + c 0 = Nc‘a + c Nc‘A 
[*110*32] =Nc ( (auA) 

[*24*24] = Nc‘a . D h . Prop 

In this proposition, Nc‘a is typically ambiguous ; hence we escape the 
necessity of putting sm“Nc‘a on the right, as we should have to do if 
Nc‘a were typically definite. We can deduce *110*61 from * 110*6 as 
follows : 

h . *110*3 . D h . Nc‘a + C 0 = N 0 e‘a + c 0 
[*110*6] =sm“N 0 c‘a 

[*103*4] = Nc‘a 

We have to travel via N 0 c‘a in this proof, in order to avoid the possibility 
of a typical determination of Nc‘a which would make Nc‘a=* A. It is for 
the same reason that we cannot put “ sra“Nc‘a = Nc‘a”; for if the first 
Nc'a is determined to a type in which Nc‘a = A, while the second is not, 
this equation becomes false. 
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♦11062. h:/x+ c i/ = 0. = ./x = 0.y = 0 
Dem, 

h . *103*27 . *101*11*13 . 3 h . 0 = N 0 c‘A (1) 

h • (1) . *110*43 . 3 

h fi 4* c v = 0 .= s A € n + c v : 

[*110*202] = : 3 ! /i . 3 ! r : (37,S)./Lt=Nc i 7.i/=Nc i S-7oS= A. 7 V 8= A: 

[*24*32.*13*22] = :g!/i.g!i/:/A = Nc‘A . v = Nc'A : 

[*101*1*12] = :/x=0.j/ = 0:.3f-. Prop 

*110*63. h • Nc*a + c 1 = £{(37, y) • 7 sm a . y <^e 7 . £ = 7 u *‘y} 

Bern. 

K *101*2. 3 

h . Nc'a + c 1 = Nc‘a + c Nc‘i‘x 

[*110*33] = £ {(37, 8) . 7 sm a . 8 sm . 7 n 8 = A . £ = 7 u 3} 

[*73*45] = £ {(37, 8) . 7 sm a . 8 e 1 .70 8 = A.f = 708) 

[*52*1] = £ {(37, 8, y ) . 7 sm a . 8 = i‘y . 7 n 8 = A . £ = 7 u 3} 

[*13T95.*51*211] = £ {(37, y) . 7 sm a . y~ e 7 . £ = 7 u i‘yj . 3 h . Prop 

The above proposition is much used in the theory of finite and infinite, 
both cardinal and ordinal. It connects mathematical induction for inductive 
cardinals with mathematical induction for inductive classes (cf. *120). 

*110*631. h : fi e NC . 3 . fi+ e 1 = £ {(37, y) - 7 e sm i6 fi . y~e 7 ■ £ = 7 ^ ^y] 
Dem. 

h. *110*211. *101*21. 3 

h : Hp . 3 ./x+ c 1 = £ 1(3% 8) . 7esm“/x . 8esm“l .7n8 = A.£ = 7v8} 
[*101*28] = £ {(37, 8) . 7 c sm“/x .8el-7nS = A.£ = 7u8} 

[*52*1. *51 *211] =£ {(37,y) . yeam“fjL . y~ey . £=*7 u i‘y} : 3 h . Prop 
The proposition 

/*eNC.D./*+ c l = | {(37, y).y efi.y~ey .%smy\J l ( y\ 
which might at first sight seem demonstrable, will only be true universally 
if the total number of objects in any one type is not finite. For suppose a 
is a type, and /x = N 0 c*o. Then if a is a finite class, /x = t‘a. Hence 

A 

7 e /i . 3 Yf y .ye 7. Hence £ {(37, y) . 7 e /x . y 7 . £ sm (7 v i‘y)} = A in all 

types. But /x 4* c 1 will exist in all types higher than that of 7. If on the 
other hand the number of entities in a is infinite, we shall have 
ye a . 3 . a — i‘y eNc‘a . y^ea — t‘y. 

Hence in this case the above proposition will be true universally. 
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*110*632. b : e NC . 3 . /* + c 1 = f {(gy) • y « f f — t‘y e sm“/i} 

Dent. 

I-. *110*631 .*51*211*22.3 

I- : Hp . 3 . fi + c 1 = f {(g 7 , y) . ye sm“/i . y e £ . y = £ - t‘y} 

[*13*195] = f {(gy) .y ef . f — t‘y esm“/i} : D f- . Prop 

*110*64. b.0+ c 0 = 0 [*110*62] 

*110-641. H. l+o 0 = 0 + c 1 = 1 [*110-51-61. *101 -2] 

*110-642. I-.2 4c 0 = 0+ c 2 = 2 [*110*51*61 .*10131] 

*110-643. b . 1 + c 1 = 2 

Dem. 

h. *110-632. *101-21-28. 3 

l-.i + c i = |{(ay)-y€?-f-t < y e1 } 

[*54-3] = 2 . 3 b . Prop 

The above proposition is occasionally useful. It is used at least three 
times, in *113-66 and *120T23472. 

*110-7-71 are required for proving *110‘72, and *11 07 2 is used in 
*117"3, which is a fundamental proposition in the theory of greater and less. 

*110-7. h : fi C a . 3 . (g M ) ,/ttNC . Nc‘a = Nc‘/3 + cf i 

Dem. 

I- . *24-411-21 . 3 I- : Hp . 3 . a = /3 w (a-yS) . y3n (a-/3) = A . 

[*110-32] 3 . Nc‘a = Nc‘/3 + 0 Nc‘(a - /9) : 3 b . Prop 

*110"71. b : (gy.) . Nc‘a = Nc‘y9 + c y . 3 . (g8) . 8 sm /3 . 8 C a 

Dem. 

b. *100-3. *110-4. 3 

b:Nc‘a = Nc‘£+ c y.3.yeNC-t*A (1) 

b . *110-3 .3b: Nc‘a = Nc‘/9 + c Nc‘ 7 . = . Nc‘a = Nc‘(,8 + 7) . 

[*100 3-31] 3 . a sm (y9 + 7) . 

[*73T] 3 . (g R) . R el -*1. D ‘R = a . d‘R= i A T “t“£ v A„ l “i“y. 

[*3715] 3 . (g R ) . R e 1 -+ 1 . J, A r “t“/3 C <I‘.R . R“ j A y “t“/S C a . 

[*11012.*73-22] 3 . (gS) . 8 C a . S sm 0 (2) 

b . (1) . (2) . 3 b . Prop 
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The above proof depends upon the fact that “Nc‘a” and “Nc‘/8+ c ft” 
are typically ambiguous, and therefore, when they are asserted to be equal, 
this must hold in any type, and therefore, in particular, in that type for 
which we have aeNc'o, i.e. for N 0 c‘a. This is why the use of *100*3 is 
legitimate. 

♦110*72. h s (gS) . i sm . 8 C a . = . (g/i) . fi e NC . Nc‘ot = Nc ‘/3 + c fi 
Dem. 

h. *100*321. *110*7. 3 

h:.Ssm/3.8Ca.3: Nc'S = Nc'# : (g/*) .fie NC . Nc'a = Nc'S + 0 fi : 
[♦13*12] 3 : (g/i) . fi e NC . Nc‘a = Nc‘# + c fi (1) 

V. (1). *110*71. 3 h. Prop 
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* 111 . DOUBLE SIMILARITY. 


Summary o/*lll. 

The arithmetical properties of a class, so far as these do not require or 
assume that it is a class of classes, are the same for auy similar class. But a 
class of classes has many arithmetical properties which it does not share 
with all similar classes of classes. For example, if k is a class of classes, the 
number of members of s*tc is an arithmetical property of a:, but it is obvious 
that this is not determined by the number of members of k , but requires 
also a knowledge of the numbers of members of members of k. For example, 
let k consist of the two members a and #, and let X consist of 7 and 8. 
Then /esmX; but in order to be able to infer s‘*sms‘X, we require 
K y X e Cls a excl and a sm 7 . sm 8 or a sm 8 . sm 7 or some such further 
datum. The relation of “double similarity ,” to be defined in the present 
number, is a relation between classes of classes, which, when it holds between 
k aud X, insures that all the arithmetical properties of k and X are the same, 
e.g. we have (in particular) NcVa: = NcVX and = Nc‘e A ‘X. This 

relation we denote by " sm sm,” which is to be read as one symbol. It is 
defined as follows: We define first the class of “double correlators” of k and 
X, which we denote by “ k sm sm X,” and of which the definition is 

* 111 - 01 . *smsm\ = (l— »l)n OVA, n T{k = T e “\) Df 
so that 

V 1 T e tc sm sm X . = . T e 1 — » 1 . d € T = s‘X . k = T € “\. 

We then define “/csmsmX” as meaning that ArsmsmX is not null, 
i.e. that there is at least one double correlator of k and X. 

To illustrate the nature of a double correlator, let us suppose that k 
consists of the two classes 0^ and or 2 , and that consists of a^ lf w lf , while 
Oj consists of x 2U x «, x n . Similarly let X consist of & and # a , while 
consists of y lu y l2 and consists of y^y^ Now let T correlate each x 
with the y having the same two suffixes. Then T is a one-one, and its 
converse domain is s‘X. Moreover T^S\ (which is T“^8 J ) = a 1 , and 2 V& = aa, 
so that T e “X= k . Thus T is a double correlator according to the definition. 

The essential characteristic of a double correlator T is that (1) T is a 
correlator of 8 1 k and s‘\ ( 2 ) T e [ X is a correlator of k and X. If we write S 
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in place of 2c fX, then if fie\ f we have S‘ fie/c ; moreover T[fi is a 
correlator of S‘fi and fi. Thus k and X are similar classes of similar classes. 
They are not merely this, however, for we not only know that S‘fi is similar 
to fi, but we know a particular correlator of S‘fi and fi, namely TfjS. This 
is essential to the use of double similarity, as will appear shortly. 

Let us consider the relation between k and X which consists in their 
being similar classes of similar classes. This means that there is a correlator 
8 of k and X, such that, if fi e X, S‘fi is similar to fi. That is to say, we are 
to consider the hypothesis 

(5pS) . S e 1 — ► 1 . D ‘S — k . <I‘S = X . 8 G sm 
or, as it may be more briefly expressed, 

gUsmXo Rl'sm. 

Let us assume Sex sm X n Rl'sm. If we attempt to prove (say) that 
8*k is similar to s f \, we find that we are forced to assume the multiplicative 
axiom, unless k and X are finite. This necessity arises as follows. Let 
us put 

Crp {S) ( fi = (S‘/3) sm fi, 

where w Crp” stands for “ correspondence.” Then we know that whenever 
£eX, Crp($)*/8 is not null. Further it is easy to prove that, if k and X 
are classes of mutually exclusive classes, and if we can pick out one 
representative member of Crp (S)‘fi for each value of fi which is a member 
of X, then the relational sum of all these representative correlations gives us 
a correlator of s‘/c and s‘\. That is, we have 

l“:*,X€Cl8*excl - Se /cam X r\ Rl'sm . iZeeA^Crp^^X.D.s^D^iZe^^sm^X). 

But in order to infer hence s‘/c sm we need g ! e^'Crp ($)“X, i.e . we 
need to be able to pick out a particular correlator for each pair of similar 
classes S‘fi and fi. This, however, cannot be done in general without 
assuming the multiplicative axiom. It follows that we must not define two 
classes as having double similarity when g ! k sm X n Rl'sm, but must give 
a definition which enables us to specify a particular correlator for each pair 
of similar classes. This is what is effected by the above definition of 
double correlators, where our S is given as of the form TefX, where 
Te 1 — ► 1 . (J ( T — s'X. If the multiplicative axiom is assumed, but in general 
not otherwise, we have (*111 ’5) 

ir, X e Cl8 a excl .D:/csm8mX.= .g!*8mXn Rl'sm. 

In the present number, we shall begin with various properties of double 
correlators. We prove (*111*11) that T is a double correlator of k and X 
when, and only when, T is a correlator of s‘/c and $‘X, and TefX is a 
correlator of k and X. We prove (*111*112) that in the same hypothesis, 
IcfXctfsmX n Rl'sm. We prove (*111*13) that ZfVX is a double 
correlator of X with itself; that (*111*131) if T is a double correlator of 
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k and X, T is a double correlator of X and k\ that (*111132) if 8 , T are 
double correlators of k with X and of X with /t respectively, 8\ T is a double 
correlator of tc with /t . Hence it follows (*111*45*451*452) that double 
similarity is reflexive, symmetrical, and transitive. 

We then proceed (*111*2 — *34) to consider Crp(/S>)“X, where it is to be 
supposed that 8 is a correlator of S“\ and X, and that S‘/3 is similar to 
if ySeX. We prove 

* 111 * 32 . h s X, £“X e Cls* excl .£el-*l .Re e A ‘Crp (S)“X . M = s‘D ‘R . D . 

ifel->l.a f if=^X.S << X = Jfe^X.Srx = Jf f r^ 

Thus in the case supposed, M is a double correlator of S“\ and X. Thus 
* 111 * 322 . h : *, X e Cls 8 excl . $ e * sm X . R e €*‘Crp (/S>)“X . M = a*D*I2 . D . 

Jfe/c8m8mX.S = Jlfcf k X 
We then proceed (*111*4 — *47) to various propositions on “smsm,” and 
finally (*111*5*51*53) state three propositions which assume the multiplicative 
axiom, namely 

* 111 * 5 . If *, Xe Cls 2 excl, then *sm sm X . = . g ! *smXn RPsm. 

* 111 * 51 . In the same case, g!«smXn RPsm . D . s‘/c sm 8 ( \, i.e. if k and X 
are similar classes of mutually exclusive similar classes, their sums are 
similar. 

* 111 * 53 . In the same case, if /c, X e Cls 8 excl, /csmsmX. Hence the 
multiplicative axiom implies that two mutually exclusive classes of ft 
classes each of which has v terms, have the same number of terms in 
their sum. 


*111*01. k sm sm X = (1 — ► 1) n <3 VX n ?*(* = ZV‘X) Df 
*111*02. Crp (S)‘/3 = (S‘/3) sm £ Df 

*111*03. sm sm = £ X (g ! k sm sm X) Df 

*111*1. HTe/csmsmX.s.Tel— >1. <3‘T=s*X . # = 2V‘X [(*111*01)] 

*111*11. h : Te * sm smX . = . T e {s 1 k) sm (a‘X) . I^Xc* smX 
Lem. 

h . *37*25 . Fact . D h 2 d‘T= s‘\ . * = T<“\ . D . D <T= T“e ( \ . * = ZV'X . 
1*40*38] D.D‘T= s‘T“‘\ . * - 2V‘X . 

[(*37*04)] O.L‘T=s‘k (1) 

h . *72*451 . *60*57 . *35*65 . D 

h2rel->l.a i T=^X.D.Ter^€l->l.X = a f (2 7 e rM (2) 

h . *37*401 . D h 2 * = Te“\ . = . * = D <(T< [ X) (3) 

h . (1) . (2) . (3) .*4*71 . D h 2 Te 1 -*1 . a c 2 T =s c X . *=* JV'X. = . 

7 , €l-*l.D^=^.a < 7 T = ^X.Ter^l->l-D f (TerM“^- ( 3^r x )= x ( 4 ) 

h . (4) . *111*1 . *73*03 . D h . Prop 
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4(111 '111. b : T e k sm sm A . D . T t [ A G sm 

Bern. 

b .*111*1 .*60-57 . D I- : Hp . D . Te 1 -► 1 . AC Cl‘<3‘7\ 

[*73 5] D . [ A G sm : D b . Prop 

(*111*112. h : Te/esmsmA . D . r e [A€ *sm A a Rl‘sm [*111'11*111] 

The two following propositions are useful lemmas for the case when T 
is replaced (as it often is) by Tf o. 

*11112. b : «‘A C a . D . (Tf a) t “A = T<“ A . (Tf a)« f A = T e f A 

Bern. 

b . *37101 '421 . D I- : 0 C a . D . (Tf a) e ‘/9 = T € ‘/3 (1) 

I- . *40*13 . D b :. Hp .D:/9eA.D.#Ca (2) 

b.(l).(2). D b :. Hp . D : /S e A . D . (T [ a) e ‘/8 = T e ‘/3 : 

[*37*69.*35*71] D : (2 , | k a) e “A=T e “A.(T [ «)* [ A = T c f A Db.Prop 

*111*121. I- . (T [ a‘ A)<“A = Te“ A = (Te f A)“A . (Tf s‘A)« [ A = T t \ A 

Bern. 

I- . *37*421 . D b . 2V‘A = ( T t \ A)“A (1) 

h . (1) . *111*12 ^ -DP. Prop 

*111*13. b ./f*s‘AeAsmsmA 

Bern. 

b . *7217 . *50*5*52 .Db./fVAel— >1. d‘(/ f «‘A) = s‘ A (1) 

b. *111*121. D b . (/ [* s‘A)«“A = /*“A 

[*50*16*17] = A (2) 

b. (1). (2). *111*1. Db. Prop 

*111*131. b : T e k sm sm A . = . T e A sm sm k 

Bern. 

b. *71*212. Z>b:Tel— »l. = .Tel— >1 (1) 

b .*111*11 .DbtTexsmsmA. D.D < 7’=«‘* (2) 

b. *111*1. (2). *60*57. D 

b : T e * sm sm A . D . T e 1 -► 1 . « C CI‘D‘T. A C Cl'd'Z 7 . k = 2V‘A . 
[*74*6] D. A = (T)'“k (3) 

b .(1). (2) . (3) . *111*1 .Db: T’e/esmsmA.D.TeAsmsm# (4) 

D b : Te Asmsm/c . D . Teicsm sm A (5) 


T 

b-(4)j. 


b . (4) . (5) . D b . Prop 
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*111*132. (-riSe/esmsinX.Z’eXsmsm/t.D.SIZ’e/esmsmi* 

Dem. 

(-.*11111. *73-311. D 

(- : Hp .5 .S\Te (s‘«) sm («V) • (<S« \ X) | (Te ( 1 ) 
(-. *35-354. DI-.(&rx)l(T*[/t) = &|(Xir«|‘/*) . (2) 

I- . *74-251 . *111 1 . D h : Hp . D . & | (Xl r £ [>) = & | (ftO) 

[*35-23] -(&|T.)f> 

[*37-34] = (<S|Z>|> (3) 

h . ( 1 ) . ( 2 ) . (3) . D h : Hp . D . S | Te (s‘k) sm (s‘/i ) . (S \ T) e f /a e * sm fi . 
[* 111 - 11 ] D . /S| Tetesm sm/i : 5 I- . Prop 

*11114. I- : Tf" «‘X e * sm sm X . = . Tf s‘X e 1 — * 1 . s‘X C Q‘T . k = Z*“X 

Dem. 

(-.* 1111 121 . D 

(- : T[s‘\ e k sm sm X . = . Tf «‘X e 1 — > 1 . CP(jTf * f X) = a‘X . * «= T ,“\ . 
[*35-65] = . TfVXel-»l .«‘XC d‘T . k = ZV‘X s D h . Prop 

*111*15. I- : Tfs'X € k sm sm X . = . Z’fa'X e («‘*)j 8 m («‘X) . Te [ X e k 5 m X 

Dem. 

h .* 11111 . D 

I- : Tf a‘Xe*smsmX. = . Tf-s'X «(«'*) sm(s‘X) . (3PfVX) e f XeximX (1) 
(-.( 1 ). *111121. DK Prop 

*111*16. l-:g!asm/ 9 r» 78 m 5 .D.a = 7./9 = 5 

Dem. 

b . *73-03 . D I- : Hp . D . (giS) . D‘i2 = a . CPiZ = /3 . D‘i* = 7 . (Pi* = 3 . 
[*13171] D.a = 7 .yS = 3:DI-. Prop 

*11118. l -.0 8my9C(at/3V/9 

Dem. 

b . *35-83 . *7303 .5b : Reaam/3 .5 . RGa\/3 ( 1 ) 

(- . *73"03 . D(-:i2ea8m^.D.i2el— > Cls . (Pi2 = /S ( 2 ) 

b . ( 1 ) . (2) . *8014 ,5 b. Prop 

The class (a f /S)a ‘/3 is important, being the class of Cantor’s “Belegungen,” 
used by him to define exponentiation ; we have in fact 

Nc‘(« t /SV/9 = (Nc‘«) N ^. 

Thus the above proposition shows that Nc*(a sm / 8 ) is less than or equal to 
(Nc‘a) Nc< 0 ; and since, whenever it is not zero, Nc‘a=Nc‘/ 9 , it is less than or 
equal to 

(Nc‘a) Nc ‘ a . 
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The following propositions lead up to *111'32'33'34 : 

*111-2. I- : E ! S‘0 . D . Op (S)‘/S = (<S‘/9) sm /9 [*14-28 .(*111 02)] 

*111*201. I- : /{Crp(/S)‘/9} . = ./{(£*/ 9) §m£} [*4-2 . (*111-02)] 

*111*202. 1- : R e Crp (S)‘/3 . = . Re 1-*1 . D‘R = S‘/3 . (I ‘R = /3 

[*111-201 . *7303] 

*111-21. h : a ! Crp (S)‘/9 . = .S‘/3 sm £ [*1 1 1 -201 . *73 04] 

*111-211. I- : a ! Crp (W . D . E ! S‘/3 . e d‘S [*11121 . *14-21 . *33 43] 

*111*22. H:.£ea‘S.D,.a!Crp(<9)‘/9: = .S € 1— >Cls.£Gsm 
Den i. 

h . *1 1 1*21 . D h /9e d‘S . Z>„ . a ! Crp (<9)‘/9 : = : /9 e <PS . . S f /9 sm £ : 

[*72-93] = : <Sel— >Cls./SGsm:.Dl-.Prop 

*111-221. h Se 1-* Cls . 5 C sm . D : a ! Crp . = . /9 e (ISS 

Dem. 

I- . *111*22 .31-:. Hp . D : /8 e G‘/S . D . a ! Crp (S)‘/3 (1) 

h.(l). *111-211. DK Prop 

*111-23. I- : Se 1 -> 1 . £ e d‘,S . D . Crp (S)‘i 3 - Cnv“Crp ( S)‘S‘/3 

Dem. 

K* 111-2. *71163. D 

I- :. Hp . D : Crp (S)‘i 9 - (S‘/3) sm / 3 

[*73-301] =Cnv“(£smS‘/9) 

[*72-241] = Cnv“(/S‘5‘/8 sm S‘/3) (1) 

V 

I- . (1) . #111-201 • 3 1* • Prop 

*111*24. h : S e 1 -* Cls . \ C ITS . D . Crp (S)“\ e Cls* excl 

Dem. 

K *111-2. *71163. D 

h :. Hp . D : 0, y e X . D*, y . Crp (S)‘/9 = (S‘/9) sm £ . Crp (S)‘y = (S‘ 7 ) sm 7 . (1) 
[*111-16] D ?iT .a!Crp(/8)‘/9nCrp(S) < 7.D./8= 7 . 

[(1).*30*37] D.Crp(S) < /9=Crp(S) < 7 (2) 

h . (2) . *37 "63 . D h :. Hp. D : p, <r e Crp (S)“\ . 3 !p <*» p = <r:.DKProp 

*111*26. h : Se 1— » Cls . S Q sm . X C CHS . D . Crp (S)“X e Cls ex’ excl 
[*111-24-22] 
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*m-3. h : X e Cls* excl . D . s“D“e 4 ‘a §m“X C (a t #‘X) A ‘«‘X 

Bern. 

h. *37-29. *2412. D 

h : e A ‘a sm“X = A . D . i“D“€ 4 ‘a sm“X C (a f (1) 

h . *831 . D 

I- :. Hp . g ! 64 ‘a §m“X .D:y9eX.D^.a!a sm 4 # . 

[*iii-i8] Va!(aT£V£- 

[*80-15] 3? • 3 ! (« t «‘*>V£ • 

[*80-83] 3 : {(a T ***)a“M ] (a | *‘>-)a e 1-*1 (2) 

K(2)..im8.^5-72 “y (aT f>- .3 

h : Hp . a J «A‘a 8m“X . D . D“e4 f a sm“X C D“e A ‘(a t *‘ X V‘ X • 

[*37-2] D . s“D“e A ‘a §m“X C i“D“e A ‘(a t *‘X)4“X 

[*85-27] C (a T «'*•)* ‘®‘ x ( 3 ) 

h . (1) . (3) . D h . Prop 

*111-31. h : X, /S“X € Cls a excl .Sel-*\. Re e A ‘Crp (<S)“ X . D . 

«‘D‘i2 e («‘/S“X) sm («‘X) 

Berm. 

K* 832. D 

h :. Hp . D : /3 e X . h . iJ‘Crp (S)‘/3 6 Crp (S)‘£ . 

[*111-202] = . -R'Crp (S)‘/3 e 1 -* 1 . D‘i2‘Crp = S‘y9 . 

Q‘i2‘Crp (<S)‘/9 = # (1) 

h . (1) . *72-322 . D h : Hp . D . s‘.R“Crp (S)“X e 1-* 1 . 

[*80-34] 3 • *‘D ‘R e 1— > 1 ( 2 ) 

I- . (1) . *37-68 . *5017 . D h : Hp . D . D“.R“Crp (S)“X = -Sf“X . 

G“i2“Crp (S)“\ = X . 

[*80-34] D.D“D‘R = S“\.(I“D < R = \. 

[*41-43-44] D ■ DVD*B = s‘S “\ . (Ts‘D‘.R = s‘X (3) 

h . (2) . (3) . *7303 . D I- . Prop 

*111*311. 1- : X, S“\ e Cls a excl . S e 1 -* 1 . a ! «A*Crp (S )“\ . D . s‘S“\ sm s‘X 
[*111-31 . *7304] 


*111-313. I- : X e CU a excl . R e e^Crp (S)“\ ./3e\.M= s‘T>‘R . D . 

M [ 0 = .R'Crp (,S)‘£ . M [ £ e Crp ( S)‘/3 

Dem. 

h . *83-2 . D I- : : Hp . D : .a e X . D. : i?‘Crp (<S)‘a e Crp ( S)‘a : (1 ) 

[*111-202] D a : G'ii'Crp (S)‘a = a : 

[*33-14.*4-7l] D.iaj^'Crp^aJy.s.aj^Crp^ajy.yea (2) 
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I- . *35101 . *83 23 . *4111 . 3 

I- Hp . 3 : x(M[0)y . = . (ga) .ae\.x {.R'Crp (S/a} y . y e 0 . 

[(2)] = • (3«) . a e A . x (iJ‘Crp (8)‘a} y . y e a n 0 . 

[*84-ll.*22-5] = . (ga) . a e A . x {R‘ Crp (S)‘aj y.y e / 3.a = 0. 

[*13-195] =.0e\.x {.R'Crp (S)‘0\ y.y e/3. 

[Hp.*4-73.(2>] = . x 1-R‘Crp (S)‘0\ y (3) 

K(l).(3).3KProp 

*111-32. I- : A, S“\ e Cls* excl . S e 1 -* 1 . R e e A ‘Crp (S)“\ . M = #‘D‘ .ft. 3. 

M e 1 -> 1 . d‘M = s‘A . S“\ = M e “\ . 8 fA = M t h A 

Lem. 

K. *111-31 .*73-03 . 3 h : Hp . 3 . .Me 1— >1 . =«‘X (1) 

H . *111-313-202 . 3 h :.Hp. 3 : 0 e A . 3 . V‘(M [ 8 ) = S‘0 . d‘(M\-0 ) = 0 . 

[*37-25] 3.(Mt0)“0 = S‘0. 

[*37-42111] = 

[*35-71. *37 69] 3 : M e f A = A . M ( “\ = S“\ (2) 

I- . (1) . (2) . 3 I- . Prop 

*111-321. \-:\,S“\e Cls* excl . Se 1-*1 . g ! e A ‘Crp (S )“\ . 3 . 

(gif) .Me 1->1 . (I‘M = s‘\ .S“\ = M t “\ . Sf A = M< [A 
[*111-32] 


*111*322. h : A e Os* excl . Se k sm A . R e e A ‘Crp (S)“\ . M = s ( D ( R . 3 . 

Me*sm§mA.£=M«[A [*111-321 . *3566. *73-03] 
*11133. (-:.Multax.3:Sel— >l.$Gsm./e,AeCl8 a excl.*=$“A.AC(I < /S.3. 


K *111221. 3 

h :. Se 1-»1 . & G sm . x, A e Cls a excl . k = S“ A . A C d‘8. 3 : 

£ e A . 3* . g ! Crp(<S)‘/S : 

[*88"37] 3 : Mult ax . 3 . g ! e A ‘Crp (S)“\ . 

[*111*311] 3 . s‘k sm «‘A :. 3 I" . Prop 

*111*34. h :. Mult ax . 3 : 


(gS) .Sel-+1 .SGam. L‘S - * . d‘S = A . x, A e Cls* excl . 3 . 
(gM) . M e 1 -> 1 . d‘M=s‘\ . k = M t “ A 

Dem. 

h . *111-25 . 3 

h:./Sfel-»l.(3Gsm. T>‘S = x . d‘S = A . x, A e Cls 3 excl . 3 : 

Crp ($)“ A e Cls ex a excl : 

[*88-32] 3 : Mult ax . 3 . g ! e A ‘Crp (S)“ A . 

[*111-321] 3.(gM). Mel-* 1. d‘M=s t \.K = M t “\ (1) 

1- . (1) . *1011-23 . Comm . 3 I- . Prop 


Digitized by Google 



96 


CARDINAL ARITHMETIC 


[PART III 

The following propositions are concerned with the elementary properties 
of “ sm 8m.” It will be seen that they are closely analogous to those of “ sm.” 

*111*4. hs/csm sm A. = .(gr). Tel— >1 .G'?^ s'X./^TV'A.^.gl/esmsm A 

[*111*1. (*111 *03)] 

*111*401. h/Kam8mA. = . (gT) . Te 1 — ► 1 . s *X C G'T . tc = A 

Dem. 

b . *22*42 . *111*4 . 3 h : * sm sm A. 0.(rT).T €1-+1.8‘\C<1‘T.k= T e “\ (1) 
l-.(l). *111*14. 3h. Prop 

*111*402. b : k sm sm A . = . (g T) . T [s‘\ e 1 1 . s‘ A C <I ( T . k = Te“A 

[*111*141*121] 

*111*43. b : * sm sm A . 3 . (gS) . S e 1— ► 1 . S G sm . DSS = * . GSS = A 
[*111*11*111] 

*111*44. h : k sm sm A . 3 . k sm A . 8 f tc sm s t A [*111*11*4 . *73*03] 

*111*46. h . A sm sm A [*111*13*4] 

*111*461. husmsra A.= .Xsmsmx [*111*131*4] 

*111*462. b : k sm sm A . A sm sm fi . 3 . k sm sm /jl [*111*132*4] 

*111*46. b : A, S“ A e Cls 2 excl . 8 e 1 1 . g ! e A ‘Crp (£)“ A . 3 . S“ A sm sm A 

[*111*32*4] 

*111*47. h :. k sm sm A . 3 s k e Cls 2 excl . = . A e Cls 2 excl 
Dem. 

h. *111*4. Dh:.Hp.D:(gr).Tel->l.a tf T=^A.i t =r^A: 
[*84*53] 3 : A e Cls 2 excl . 3 . k e Cls 2 excl (1) 

h . (1) . *111*451 . 3 h Hp . 3 : k e Cls 2 excl . 3 . X e Cls 2 excl (2) 

h . (1) . (2) . 3 h . Prop 

*111*6. b :: Mult ax . 3 *, A e Cls 2 excl . 3 : 

k sm sm A . = . (g S) .Sel— ►l.SGsm. D‘S = te . GSS = A . 

= . g ! k sm A r\ Rl‘sm [*111 34*43*4] 

*111*61. b :. Mult ax . 3 s tc, A e Cls 2 excl . g ! k sm A n Rl'sm .3 ,8‘/c sm 8*\ 
[*111*5*44] 

*111*62. h:/4,i/6NC.«,Ae^n Cl‘v . 3 . g ! k §m A n Rl'sra 
Dem. 

h . *100*5 . *73*1 . 3 h : Hp . 3 . (g$) . <S» e 1 — ► 1 . D'S = tc . (I‘S = A (1) 

h .*100*5 . 3 h :. Hp .3:ae/c.y8eA.3.asm# (2) 

h . (1) . (2) . 3 h . Prop 

*111*63. b s. Mult ax . 3 : /x, veNC./c, A e /x n Cl excl *v . 3 . k sm sm A 
[*111*52*5] 
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*112. THE ARITHMETICAL SUM OF A CLASS OF CLASSES. 


Summary of *112. 

In this number, we return to the arithmetical operations. The definition 
of addition in *110 was only applicable to a finite number of summands, 
because the summands had to be enumerated. In the present number, we 
define the arithmetical sum of a class of classes, so that the summands are 
given as the members of a class, and do not require to be enumerated. Hence 
the definition in this number is as applicable to an infinite number of 
summands as to a finite number. 

If k is a class of mutually exclusive classes, the number of s‘/c will be the 
sum of the numbers of members of k ; i.e. if we write “ SNcSt ” for the sum 
of the numbers of members of k , 

k e Cls 2 excl . D . Nc V/c = 2Nc‘*. 

But when the members of k are not mutually exclusive, a term x which is a 
member of two members (say a and ft ) of k has to be counted twice over in 
obtaining the arithmetical sum of *, whereas in the logical sum x is only 
counted once. Thus we need a construction which shall duplicate x , taking 
it first as a member of a, and then as a member of ft. This is effected if we 
replace x first by x a, and then by x ^ ft. In fact, x\a has the kind of 
arithmetical properties which we mean to secure when we speak of “ x con- 
sidered as a member of a ” — a phrase which, as it stands, does not serve our 
purpose, for x is simply x however we may choose to consider it. Thus 
we replace a by 4 and ft by l ft“ft and so on ; i.e . (using *85*5), we 
replace a by € J a and ft by e J ft and so on. These new classes are similar to 
a and ft and so on, and are mutually exclusive. Hence their logical sum has 
the number of terms which is wanted for the arithmetical sum of the members 
of k . Thus we put 

= Df, 

2Nc‘* = Nc Df. 

With regard to the second of these definitions, it is to be observed that 
SNcSc is not a function of Nc“*, unless no two members of k are similar; for 
Nc“* cannot contain the same number twice over. For the same reason, 
if X is a class of cardinals, and we define “Sum‘\,” we do not get what 

ilAw. ii. 7 
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is wanted for arithmetical addition, because our definition will not enable us 
to deal with summations in which there are numbers that are repeated. We 
could, if it were worth while, define “Sum'X” as follows: Take a class of 
classes k , consisting of one class having each number which is a member 
of X, i.e . let tc be a selection from X ; then 2‘* will have the required number 
of terms. I.e. we might put 

Sum'X = £ {(a*) . k e D “€±‘\ . f sm 2‘/c} Df. 

But since this definition is only available for sums in which no number 
is repeated, it is not worth while to introduce it. 

In this number we prove the following propositions among others. 

*112*15. h : k e Cls 2 excl . D . 8 ( k e 2Nc‘* 

This is an extension of *110*32. 

*112*17. husmsmX.3. 2Nc‘/c = 2Nc* X . 2‘* sm 2‘X 

The chief point in the above proposition is that it does not require 
*, X e Cls 2 excl. 

*112*2 — *24 are concerned with the use of the multiplicative axiom and 
the propositions of *111 in which it appears as hypothesis. We have 

*112*22. h Mult ax . D : g ! (e J “k) sm (e J “ X) a Rl‘sm . D . 2Nc 1 k = 2Nc r X 
whence we derive the proposition 

*112*24. h Mult ax . D : /*, vcNC./c, Xe/in Cl'p . D . 2Nc‘* = 2Nc‘X 

I.e. assuming the multiplicative axiom, two classes which each consist of 
fi classes of v terms each have the same number of terms in their sum. This 
number would naturally be defined as /x multiplied by i/, but owing to the 
necessity of the multiplicative axiom in this proposition, we have selected 
a different definition of multiplication (*113) which does not depend upon the 
multiplicative axiom. The reader should observe that the similarity of two 
classes, each of which consists of p mutually exclusive sets of v terms, cannot 
be proved in general without the multiplicative axiom. 

The remaining propositions of this number give properties of 2 in special 
cases. We prove that 2‘A = A (*112*3), that 2NcVa= Nc‘a (*112*321), that 
a 4 s # • 3 • 2Nc‘(t‘a u i*/S) = Nc‘a + c Nc*/9 (*112*34), which connects the defini- 
tion of addition in this number with that in *110. Finally we prove the 
general associative law for addition, in the following two forms: 

*112*41. K*‘2“X = 2VX 

*112*43. h : X e Cls 2 excl . D . Nc‘2‘2“X = Nc'2VX 
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*11291. Z‘K = 8‘el“K Df 
*11292. 2Nc‘# = Nc‘2‘* Df 

*1121. (-.2‘* = s‘eJ“* [*202. (*11201)] 

*112101. h . 2Nc‘* = Nc‘2‘/e = Nc Ve J “k [*20*2 . *1121 . (*11292)] 

*112102. h . = ft {(go, x).aetc ,xea.R = x | a} 

Dm. 

(-.*859. *4011. *1121 .3 
I" • = 22 {(a/*, a).aex./i = l a“a . Re /i] 

[*13*195] = 22 {(a«) . ae k . R e l a“a} 

[*55-231] = % {(aa, x ) . a e k . x e a . R = x ^ a} . 3 h . Prop 


*112-103. h.S‘* = s‘£ {( a a) . a e * . fi = J, a“a} [*1121. *85-6] 
*11211. h:/8e2Nc‘/c. = .£sms‘e J“* [*112101] 

*11212. I" . 8‘e J e SNc‘# [*1 12*11] 

*11213. : A sm sm e J . 3 . *‘\ e 2Nc‘* [*11144 . *11211] 

*11214. h : * e Cls 2 excl . 3 . e J “* sm sm k 
Dem. 

h .*21-33. 31- :. Hp.2’=i^{(aa).ae*.a;ea.22 = a;|a} .3: 
xTR . yTR . 3 . (aa, f3).R = x\,a.R = y . 


[*55-31] 3.<r = y: 

[*7117] 3: Tel -* Cls ( 1 ) 

h. *21-33. 3 

I" • Up (1) • xTR • xTS • 3 • ( 3 a, j3) • f3eiC'Xe(ir\(S,R = x^Q..8— x^&m 
[*8411.Hp] 3 . (a», {3).a = f3.R = x^a.8 = x^R. 

[*13195] 3.22 = S: 

[*71171] 3 sTeCla-^l ( 2 ) 

(-.*33131 . 3 h :. Hp(l). 3 txed'T . = . (a22,a).ae x.xea. R = x^a. 
[*5512] =.xes‘x (3) 

(-.*37111 .3 

(- :: Hp . 3 :. a e k . 3 : 22 e 2Va . h . ( 3 ®, /3).xear\/3./3eic.R = xll3. 
[*84 - ll.Hp] = . (a«, / 8 ) .x e an 8 • 8 6 # • « = /3 . R = x ^ /3 . 

[*13-195] = . (a<r) .xea.R = xl/3. 

[*85601] = .22eeJ‘a:. 

[*37-69] 3 :. T<“k = e J “* (4) 

(- . ( 1 ) . ( 2 ) . (3) . (4) . *111-4 . 3 (- . Prop 


* 112 - 15 . h:*€Cls*excl.3.s‘*<?2Nc‘/c [*1121411 .*11144] 

7—2 


Digitized by Google 



100 


CARDINAL ARITHMETIC 


[PART III 


*112151. s‘e J“A = ^ {(go, a;). 06 X.*ea.iJ = a:|«}. 8 Ve J“A = e [ A 
Dem. 

h. *4011. (*85-5). 3 
h . 8‘e J“A = i? ((g«) . a e A . JS e 4 «“*} 

[*38131] =^{(ga,a;).aeA.a;ea.l? = a;4o) (1) 

l-.(l). *4111.3 

h . s‘s‘e J“A = 0 {(gi?, a, <c).aeA.a:ea..R = a;|a. yR/3} 
[*13195.*5513] = $9 {(ga, x).ae\.xea.y = x.^ = a} 

[*13-22] = {/3 e\ .y e ft] 

[*35101] =e [A (2) 

h . (1) . (2) . 3 h . Prop 

The following proposition is a lemma for #112-153, which is required for 
*11216. #11216 in turn is used in #1121 7, which is a fundamental proposi- 
tion in the theory of addition. 

*112152. I- : Te 1 -> Cls . £ C d‘T . 3 . (T || T t )“e I P = * I (T“P) 

Dem. 

V . *37-6 . *85-601 .3h.(T|| f e )“e \ &=R {(gy).y 6y9.iJ=(T|| &)‘(y | £)} (1) 
l-.(l).*55-61.D 

I- : Hp . 3 . (T\\ ?e)“e J /3 = R {(gy) . y e 0 . R = (^y) i(r f ‘y8)) 

[*37-11] = R {(gy) .yefi.R = (T‘y ) | (T“/9)J 

[*38-131] =1(T“0)“(T“I3) 

[*85-601] = e l (T“0) :3h. Prop 

In the following proposition, we have a double correlator of a sort which 

will frequently occur in cardinal arithmetic, namely T\\ T e with its converse 
domain limited, where T is a given double correlator (or single correlator, on 
other occasions). As appears from the propositions used in the above proof 
of *112152, if T is a correlator whose converse domain includes ft and has y 

as a member, ( T || Te)‘{y J, ft) = ( T‘y ) | ( T“ft ). Thus T j| T e is an operation 
which, when operating on suitable relations of individuals to classes (including 
selectors), turns the individuals into their correlates and the classes into the 
classes of their members' correlates. This is why it is a useful relation. 

*112153. Te k sm sm X . 3 - (T || T € ) [ s‘e J“X e (e J“*) sm sm (e J“X) 

Dem. 

h . *112151 .*41-43 44. 3 V .8 ( D“s‘e J“X » T>‘(e [ X) . s‘a“s‘e J“X = CI‘(e [ X) . 
[*6241-43] 3 h . 8‘D“s‘e J“X = s ‘\ . s‘<I ( ' f 8<e J“X = X - i‘A (1) 
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K (1). *111-1. *37 - 231.DI-:Hp.D.s‘D‘'«‘eJ“XCG'2 , .s‘G“a‘eJ'‘XC<I‘2e (2) 
K *1111. *7129. Dh:Hp.D.T|VD“s‘«J“Xel-*l (3) 

(-.*11111.(1). DI-:Hp.D.Te|Va“s‘eJ“Xel-*l (4) 

h.(2).(3).(4).*74-775 a< y X, ^ - p -. 3 h; Hp.3.(r|| T,)|Ve J“Xel-*l (5) 

a,, y, it 

K *43302. Z>l-.a'eJ‘'AC<I‘(7’||? e ) (6) 

I- . *112152 . D h : Hp . D . (I’ll ?<)'“« J“X = e J“T“‘X . 

[*3711] D . (I’ll T t ) t “e J“X = e 

[♦llll.Hp] = ej“* (7) 

(- . (5) . (6) . (7) . *11114 . D h . Prop 


*11216. h:*smsmX.D.e J“*smsmeJ“X [*112153 . *1114] 

*112*17. h : * sm sm X . D . SNc‘* = SNc'X . S'* sm S'X 

Bern. 

h . *11216 . *111-44 . D (- : Hp . D . s‘e J“* sm s‘e J“X (1) 

h. (1).*1 121-101. Dh. Prop 

*11218. h . SNc‘* = SNc'e I “* 

Dem. 

(- . *85-61 .*112-15. Dl-.s'e J“* e SNc'e J“* (1) 

I- . (1) . *11212 . *100-34 .31-. Prop 

*112-2. h : S e 1 -> 1 . D'S = e J«* . d‘S = e J"X . g ! e 4 ‘Crp (S)“X . 

3 . SNc‘* = SNc'X . S'* sm S'X 

Dem. 

I-. *111-311. *85-61. 3(-:Hp.3.s'eI“*sm«'eJ“X (1) 

K(l). *112-1-101. 3K Prop 

*112-21. I- Mult ax. 3: (g£) . S e 1 -> 1 . S C sm . T>‘S= e J"* .a'S=e J“X . 

= . e J“* sm sm e J“X [*111-5 .*85 61] 

*112'22. (- :. Mult ax . 3 : g ! (e J ''*) sm (e J “X) n Rl'sm . 3 . 

SNc‘* = SNc'X [*11217-18-21] 

* 

♦112*23. h Mult ax . D : *, X e Cls a excl l g ! k sm X n Rl'sm . D . 

8*\ e SNc '* • 2Nc'/c = SNc'X 

Dem . 

h . *112 a 15 . D h : Hp . *, X c Cls* excl .D.s^e SNc'* . s'X e SNc'X (1) 
h - ♦111*51 . D h : Hp (l).g!/c§mXn Rl'sm .D.i'/c sm s'X (2) 

K (1) . (2) . D h . Prop 

♦112*231. hs S6«SmXnRl'sm • D. ej | jS| Cnv*eje(e J"*)§m(e J"X)n Rl'sm 
Dem. 

h . ♦73*63 .♦85*601 .Dh:flfe*ra5X.D.eJ|S| Cnv'e J 6 (• J"*) sm (e J"X) (1) 
h . ♦85*601 . ♦73*33*34 .DhsSGsm.D.eJISI Cn v'e J G sm (2) 

h .(l).(2).Dh:/Se/c8mXnRl'sm.D.€ J |/S| Cnv'e Je(e J''*)im(€ J''X) a Rl'sm: 
Dh.Prop 
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*112*24 h Mult ax . D : /*, v e NC . k, X e/i r\ CPp • D . SNcSr = 2Nc‘X 
Dem. 

h .*111*52 v eNC. k, X e/inCPv. D.g! *smXn RPsm . 

[*112*231] D. a !(eJ“*)8m(eJ“X)nRl‘ 8 m (1) 

h.(l). *111*51. *85*61.3 

h :. Mult ax . D : /i, v e NC .K,\efir\ C\‘v . D . s‘e J sm s‘e J“X . 

[*112*101] D . 2Nc‘« = 2Nc‘X :. 3 1- . Prop 

*112*3. 1- . £‘A = A [*37*29. *40*21. *1121] 

*112*301. 1- . 2 VA = A 

Dem. 

V .*112*102 . 3 h . 2‘l‘A = R {(ga, x). ael'A .xea. R = *:,[, a} 

[*51*15] = R {(3a;) .xe A . R = A) 

[*24*15] = A . 3 K Prop 

*112*302. 1- . 1‘k = 2‘(* - i‘ A) 

Dem. 

I- .*112*102. 3 I- ,X‘k = R {(ga,*). aeic.xea. i2 = a;,[,a} 

[*10*24] = R {(ga,<c). ae#.g ! a.xea. R = x l a} 

[*53*52] = R {(ga, x).a e * - t‘A .<rea.jR=a:4 r a} 

[*112*102] = 2‘(* — t‘A) .31-. Prop 

Thus if A is a member of a class of classes, it does not affect the value of 
their arithmetical sum. 


*112*303. h : k n X = A . 3 . n 2‘X = A 
Dem. 

h. *112*102. 3 

1- : jB e 2‘k n 2‘X . = . (ga, /3, x,y) .ae ic . ft e\ .xea.y e 0 . R = x ±a = y l /3 . 
[*55*202] 3 . (ga, x) .ae k n\ .xea. 

[*24*5] 3 . g ! * n X (1) 

h • (1) . Transp .0 h . Prop 

*112*304 h : 2‘k = A . = . s‘k — A 

Dem. 

V . *112*3*301 . *53*24 . 3 h : s‘k = A . 3 . S‘* = A (1) 

h . *112*102 . Dhsae/c.tcea.D.jcjiK 2‘* : 

[*10*24.*40*11] 3 h : g ! s‘k . 3 . g ! 2V (2) 

I- . (1) . (2) . 3 h . Prop 

*112*31. 1- . 1‘(k w X) = 2‘k v 2‘X 
. Dem. 

I- . *112*1 . 3 I- . 2‘(* w X) = s‘e J“(ac w X) 

[*40*31] = s‘e l “k w 8‘e J“X 

[*112*1] = 2‘k w 2‘X .31-. Prop 
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*112-311. h : ac a \ = A . 3 . 2Nc‘(ac u \) = SNc'ac + 0 SNc'X 
Dem. 

h. *11 2-303. *1 10-32. D 

I- : Hp . 3 . Nc‘(2‘ac w 2‘A.) = Nc‘2‘* + 0 Nc‘2‘\ 

[*112101] = 2Nc‘ac + 0 2Nc*X * (1) 

h . (1) . *112-31 .31-. Prop 

*11232. h . 2‘t‘a = e J a 
Dem. 

h . *53-31 . *1121 . 3 h . 2‘i‘a = «‘t‘e J a 
[*53"02] = e J a . 3 h . Prop 

*112-321. h . 2Nc‘t‘a = Nc‘a [*112-32101 . *85-601] 

*112-33. h . 2‘(t‘a w t‘/3) = e J a w e J /3 [*112-32-31] 

*112-331. h . 2‘(/c w i‘/3) = 2‘ac v e i 0 [*112 31 32] 

*112-34. h : a + /3 . 3 . 2Nc‘(i‘a w i‘0) = Nc‘a + 0 Nc‘£ 

Dem. 

V. *51-231 .*112-311 . 3 
h : Hp . 3 . 2Nc‘(t‘a u t‘/9) = 2Nc‘i‘a + 0 2Nc‘t‘/3 
[*112-321] = Nc‘a + 0 Nc‘/9 : 3 h . Prop 

This proposition establishes the agreement of the two definitions of 
addition, namely that in *110 and that in *112. It will be seen that the 
definition of *112 is inapplicable to the addition of a class to itself, if this 
is to give the double of the class, instead of (like logical addition) simply 
reproducing the class. Hence the need of the condition a /9 in the above 
proposition. 

*112-341. b:/3~6*.3. 2Nc‘(# « i‘/3) = 2Nc‘# + 0 Nc‘/3 

Dem. 

h . *51-211 . 3 h : Hp . 3 . ac a t‘/9 = A . 

[*112-311] 3 . £Nc‘(ac v t‘/9) = SNc'ac + 0 2Nc‘t‘/9 

[*1 12-321] = SNc'ac +c Nc'yS : 3 I- . Prop 

*112-35. I- : a+y9.a+y./9=)= 7 . 3 . 2Nc‘(t‘a v t‘£ v t‘«y)=Nc‘a + c Nc‘/9 + 0 Nc‘<y 
Dem. 

h. *51-231. *112-311. 3 

h : Hp . 3 . 2Nc‘(i‘a v i‘fi u i‘y) = 2Nc‘(t‘a u i‘, 3) + 0 2Nc‘t‘<y 
[*112-34*321] = Nc‘a+ 0 Nc‘/9 + c Nc‘ 7 : 3 1- . Prop 

Similar propositions can obviously be proved for any finite number of 
summands. 
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*112*4. h : 8 i K i 8 u k e Cls* excl - D . SNcV* = 2Nc 
Lem. 

h . *112*15 . D h : Hp . D . SNcV* = Nc'sV* 

[*421] =Nc W‘k 

[*11215] = 2Nc V‘k : D h . Prop 

*112*41. Ks‘S“X = 2VX 
Lem. 

h . *112*1 .DK s‘£“X = sV‘e J‘“X 
[*421] = «VeJ‘“X 

[*40 38] =s‘e J‘VX 

[*1121] = 2VX.DKProp 

*112*42. h : X e Cls 2 excl - D . 2“X e Cls 2 excl 
Lem. 

h . *112*303 . D h s. X e Cls 2 excl : ft,y e\ . /3 ^-y • D^ Y . 2^8 n 2*7 = A s 

[*30*37. Transp.*37*63] D : /a, v e 2“X • fi ^ v • D Mi ^^ai/ = A: 

[*84*1] D : 2“X e Cls 2 excl s. D h . Prop 

*112*43. h : X e Cls 2 excl . D . Nc‘2‘2“X = Nc‘2 VX 
Lem. 

h . *11215*42 . D 1- : Hp . D . Nc‘2‘2“X = Nc V2“X 
[*112-41] = Nc‘2VX : D h . Prop 

The above is the associative law for arithmetical addition. 
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*113. ON THE ARITHMETICAL PRODUCT OF TWO CLASSES OR OF 

TWO CARDINALS. 


Summary of *113. 

In this number, we give a definition of multiplication which can be 
extended to any finite number of factors, but not to an infinite number of 
factors. We define first the arithmetical class-product of two classes a and /8, 
and thence the product of two cardinals y and v as the number of terms in the 
product of a and /8 when a has y terms and /3 has v terms. In *114, we shall 
give a definition of multiplication which is not restricted to a finite number 
of factors. The advantages of the definition to be given in this number are, 
that it does not require the factors to be of the same type, and that it enables 
us to multiply a class by itself without (as in logical addition and multiplica- 
tion) simply reproducing the class in question. The disadvantage of the 
definition in this number is the impossibility of extending it to an infinite 
number of factors. 


The arithmetical class-product of two classes a and /3 t which we denote by 
/9 x a # , is the class of all ordinal couples which take their referent from a and 
their relatum from /9, i.e. it is the class of all such relations as x J, y, where 
x € a and y e /J. For a given y, the class of couples we obtain is l y“a, which 
is similar to a; and the number of such classes, for varying y, is Nc‘/8. Thus 
we have Nc‘/8 classes of Nc ‘a couples, and /3 x a is the logical sum of these 
classes of couples. The class of such classes as J, y“a, where y e/8, is important 
again in connection with exponentiation ; we have J,y“a=a^y, whence the 

class of such classes, when y is varied among the /8*s, is a ^ “/S, and 


/8 xa=rt|j “fi (c£ *40*7), 


which we take as the definition of /9 x ou 


We represent the arithmetical product of y and v by y x c v . This, as well 
as Nc‘a x c Nc‘/8, is defined in terms of a x /8 exactly as, in *110, the sum was 
defined in terms of a + /3. 


* We define this as p x a, rather than a x 0, for the sake of oertain analogies with products in 
relation-arithmetic. Cf. *166. 
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The present number contains many propositions which belong to the theory 
of a J, “ft rather than (specially) of /3 x a ; and many propositions are rather 

logical than arithmetical in their nature, i.e. they might have been given 
in *55. The line is, however, so hard to draw that it has seemed better 
to deal simultaneously with all propositions on a ^ “ft or on its sum, which is 

)8xa. Thus in the present number, the early propositions, down to *113*118, 
deal mainly with logical properties of a £ “ft and j8xa; the following proposi- 
tions, down to *113*13, deal mainly with arithmetical properties of “ft\ 

the propositions *113*14 — *191 are concerned mainly with arithmetical pro- 
perties of j8xo; *113*2 — *27 deal with the simpler properties of /ax c v\ 
*113*3 — *34 give propositions involving the multiplicative axiom, and 
exhibiting the connection (assuming this axiom) of addition and multipli- 
cation; *113*4 — *491 are concerned with various forms of the distributive 
law ; *113*5 — *541 deal with the associative law of multiplication, and the 
remaining propositions deal with multiplication by 0 or 1 or 2. 

The most important propositions in the present number are the following : 

*113101. h : R e ft x a . = . (g#, y).xea.yeft.R = xly 
This merely embodies the definition of ft x cl 

*113*105. h:g!a.D.a^el-»l 

This proposition is especially useful in dealing with exponentiation (*116). 

*113 *114. h.a = A.v.j8 = A: = .j8xo = A 

It is in virtue of this proposition that a product of a finite number of 
factors only vanishes when one of its factors vanishes. 

*113*118. h - 8<D“(I3 x a) C a . s‘d“0 3 x a) C ft 

This proposition is chiefly useful in the analogous theory of ordinal 
products (*165, *166), where it enables us to apply *74*773. Unless ft = A, 
we have 8* D“(ft x a) = a, and unless a= A, s‘Q“()8 xa) = j9 (*113*116). 

*113*12. h s a ! a . 3 . a 1 “/3 e Nc‘/3 n Cl excl'Nc'a 

I.e. unless a is null, a l “/3 consists of Nc*/9 mutually exclusive classes 
each having Nc‘a members. 

*113*127. h:i?f'7 €asm 7 .S[Se/S 8m8 .D. 

( R || S) [ (S x y) e (a l “/3) sm sm (7 ^ “8) 
This is an important proposition, since it gives a double correlator of aj, “ft 
with 7 1 “8 whenever simple correlators of a with 7 and of ft with 8 are given. 
It leads at once to 
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*11313. H s a sm 7 . /8 sm 8 . D . a ^ “f3 sm sm y ^“8 • (y9 x a) sm (8 x 7) 

This proposition is fundamental in the theory of multiplication, since it 
shows that the number of members of £ x a depends only upon the numbers 
of members of a and £. It is also fundamental in the theory of exponentiation, 
as will appear in *116. 

*113141. KNc‘(ax£) = Nc‘OSxa) 

This is the source of the commutative law of multiplication (*113 27). 

*113146. hsa^/S.D.axySsm u i € f3) 

This connects our present theory of multiplication with the theory of 
selections. 

We come next to propositions concerning g, x c v. We have 

*113*204. = = v eNC) : D . /1 x c 1/ = A 

The use of this proposition, like that of *110*4, is for avoiding trivial 
exceptions. 

*113 23. h . fi x c i/eNC 

*113*25. h . Nc^ x c Nc‘8 = Nc*(7 x 8) 

This proposition enables us to infer propositions on products of cardinals 
from propositions on products of classes, and is therefore constantly used. 

*113*27. h m /ix 0 v = vx 0 /i 

This is the commutative law of cardinal multiplication. 

The chief proposition using the multiplicative axiom is 

*113*31. I- Mult ax . D : fi, v e NC . rcev n CV/j, . D . e/iX c v 

Le. assuming the multiplicative axiom, the sum of the numbers of 
members in v classes of /* terms is fix 0 v. If we had taken this sum as 
defining g. x 0 v , almost all propositions on multiplication would have required 
the multiplicative axiom. The advantage of “fi is that, given asm 7 and 

£sm8, we can construct a double correlator of a^ with 7^ “8, without 

using the multiplicative axiom. This is proved in *113*127 (mentioned 
above). 

The distributive law, which is next considered, has various forms. We 
have, to begin with, 

*113*4. h . (fi w 7) x a= (/8 x a) v (7 x a) 

whence, using also the commutative law, we easily deduce 

*113*43. h .(i/+ c «r) X c p = n X c (j/+ 0 «*) = (/* X c i/)+oO* x c 

But the distributive law also holds when, instead of enumerated summands 
y9, 7 or v , w, the summands are given as the members of a class tc, which may 
be infinite. We have 
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*113*48. h.*‘«x“* = #x 8‘k — Cdv“(«‘/c x a) 
whence, using the definitions of *112, we find 

*113*491. h : k e Cls* excl . D . SNc'a x “k — Nc‘(a x S‘«) = Nc‘a x 0 2Nc‘* 

This is an extension of the distributive law to the case where the number 
of summands may be infinite. 

The associative law 

*113*64. 1- .(p x c v) x 0 vr=p x e (v x c w) 

is proved without any difficulty. 

We prove next that p x 0 v = 0 when, and only when, p = 0 or v — 0,p, v 
being existent cardinals (*113*602); that a cardinal is unchanged when it 
is multiplied by 1 (*113*62*621); that p x 0 2 = p + c p (*113*66) and that 
px e (v+ l) = (px e v)+ 0 p (#113*671). 


*113*02. y9 x “/8 Df 

» 

*113*03. px e v = £ {(go, y9 ) . p = N 0 c‘a . v = N 0 c‘y9 . f sm (a x y8)} Df 

*113*04. Nc‘j8x c y* = N,,c‘/9 x c p Df 

*113*05. p x c Nc‘a = p x 0 N 0 c‘a Df 

In relation to types, *113*03*04*05 call for similar remarks to those made 
in *110 for addition. 

*1131. h.£xa = s‘aj,“/3 [(*113*02)] 

*113*101. H : R e /3 x a . = . (go;, y).xea.yeR.R = x\,y [*40*7 . *113*1] 

*113*102. h:ye/8.D.a^y = (a'| > yS ) A ‘t‘y 

Dem. 

I- . *35*103 . D 

I- Hp .D:x(a\ /3)y . = .xea: 

[*85*51]D:(«t/8Vt‘y = ly“a 
[(*38*03)] = a y : D 1- . Prop 

*113*103. h . a ; “y9 = (a t ‘i“y9 = (a f y9) J “y3 [*113*102 . *85*52] 

*113*104. h . E ! a ^ ‘y [*38*12] 
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*113105. l-:a!a.D.a^el-*l 

Dm. 

Y . *113104 . *71-166 . D K a e 1 -> Cls (1) 

Y . *38*131 ,'5Y’.a^ t yz=a^ t z.xeOL.^.x^yea^‘z. 

[*38*131] "2 .(’&x r ).rfea.x ly = x' ^z . 

[*55*202] D -y = z (2) 

h (2). *10*11*23*35. D f-: al“-“i ‘y = «i 3-y = £ (3) 


k(l).(3). *71*54. D f- . Prop 
*113106. Yixea.yefi.O.x^yefixi [*113*101] 

*113*107. hiala.glyS.D.gl^xa [*113*106] 

*113*11. h : g I a . D . a “^8 e Nc‘$ : (y ) . a l y e Nc‘a 

Dm. 

I- . *113*105*104 . *73*26 . D Y : a 1 a • 3 • « l “P sm £ (1) 

Y. *38*2. *73*611. 3 1- . aj, y sm a (2) 

1- . (1) . (2) . D I- . Prop 

*113*111. I- . “/9 e Cls* excl [*113*103 . *85*55] 

*113*112. h:a = A.a!/8.D.a^«/S = i‘A 

Dem. 

h . *38*3 . D h : Hp . D . a ^ “fi = p, {(ay) . y e fi . p = ^ y“Aj 

[*37*29] ” =/2{(ay).y€/3./*=A} 

[Hp] = t‘A 

*113*113. Y:i 3 = A.D.aJ.“ / 8 = A [*37*29] 

*113*114 h:.« = A.v.j9=A:=./3xo = A [*113*1*112*113*107 . *53*24] 
*113*115. K«‘(/9xa) = at/9 

Dem. 

K *113*101. *41*11.3 

I- : u {«‘(/9 xi))i. = . (a-R. x,y).xea.ye/3.R = xly. uRv . 
[*13*195.*55*13] s . (a®, y).xea.ye/3.u = x.v = y. 

[*13*22] = . u e a . v e R . 

[*35*103] = . u (a j* /S) u : D h . Prop 

*113*116. Y : a ! /9 . 3 . s‘D“(/3 x a) - a : a ! « . 3 ■ s‘<l“(0 x a ) = £ 

[*113*115 . *41*43*44 . *35*85*86] 

*113*117. h :. a = A . v . £ = A : 3 . s‘D“(£ x a) = A . s‘<3“03 x a) = A 
[*113*115 . *41*43*44 . *35*88] 

*113*118. Y . s‘ D“(/3 x a) C a . a‘<I"(/9 x a) C /3 [*113*116*117] 
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*11312. h : a ! a . D . o ^ “/9 e Nc‘$ « Cl excl‘Nc‘a [*11311111] 

*113121. h . 2‘a i “0 sm/9 x a [*11215 . *1131111] 

*113122. h:i2r7,/S[8eCl8-»1.7Ca‘i2.SCa‘S.D.(ie||S)( k (3x7)€l-*l 
[*74-773. *113118] 

*113123. h : J?[7, <S> [" 8el — » Cls .yC&R . 8 C (1‘S.zey. we 8 . 3 . 

(i? 1| S)‘(z 4 w) = (R‘z) 4, (S‘w) [*5561] 
*113-124. i-iijr^srgei-^cis^ca^.aca^.weS.D. 

(R || S)“ 7 iw = (R“y) j, ( S‘w ) 

Dem. 

V . *113123 . *38131 . 3 V : Hp . 3 . (R || 8)“ 4 w“y = 4 (S‘w)“R“y . 

[*38-2] 3.(1? || S)“y 4 w = (1?‘‘7) I (S‘w) :3K Prop 

*113125. l-:l?[7,-S[8€l->Cl8.7Ca‘l?.8Ca‘-S.3. 

(1? || S) e “7 4 “8 = (R“y) 4 “(S“8) [*113124] 

*113126. h : Hp *113125 . 3 . (R || S)“(S x 7) = (S“8) x (R“y) 

Dem. 

h . *113-1 . *40-38 . 3 1- . (R || S)“(8 x 7) = s‘(R || S)“‘y j, “8 (1) 

1- . (1) . *113-125 . 3 1- : Hp . 3 . (i? || S)“(8 x 7) = s‘(R“y ) j, “(S“8) 

[*1131] = (S‘‘8) x (R“y ) : 3 1- . Prop 

*113*127. H:l?[76«8m7.iS[‘8ejQ8m8.3. 

(-B II S) T (8 x 7) e (a £ “£) sm sm (7 4 “8) 
[*113122125 . *43*302 . *73*142 . *11114] 

*113128. h : Hp *113127 . 3 . (R || S) f (8 x 7) e (0 x a) sm (8 x 7) . 

(2? || S)c [ (7 .j, “8) e(a 4 “/3)sm(7 4 “8) [*113127 .*11115] 

*113*13. h : a sm 7 . 0 sm 8 . 3 . a 4 “0 sm sm 7 4 “$ . (0 x a) sm (8 x 7) 

[*1 131 27 . *1 1 1 -4-44 . *1131] 

*113*14 Ka x /9 = Cnv“(/S x a) [*1 13-101 .*55-14] 

*113141. h . Nc‘(a x yS) = Nc‘(/3 x a) [*113-1 4. *73-4] 

*113*142. h : g 1 /9 . 3 . D“(/8 x a) = i“a : g ! a . 3 . x a) = i“0 

Dem. 

h . #55"261 . *2’02 . 3 h : y e 0 . 3 . D“a 4 y = t“a 
[*37-63] 3 H : 7 c D‘“a ^ “0 !*3 . 7 = t“a (1) 


Digitized by Google 



SECTION B] ON THE ARITHMETICAL PRODUCT OF TWO CLASSES 


111 


K *37-46. Dh:3!£.:>.a!D“‘ai“/3 (2) 

K(l).(2).*51141 . D h : g ! y3 . D . D‘“et ], “£ = t‘i“« . 

[*40-38.*5302] D . D*V«| {( 0 = i“a (3) 

h . #55 251 . D h : 3 ! a . D . d“« J y = t‘t‘y . 

[*37-355] D . <T“« “£ = . 

[*40-38.*53-22] D . <I“s‘a | “/9 = i“/9 (4) 

h. (3). (4). *1131. Dh.Prop 

*113143. = = 

P = (P‘a) I (R‘0 ) . R = D‘P f i‘a w <I‘P f i‘0 

Devi. 

h . *55 62 . D h : Hp . D . R‘a — x . R‘0 = y . 

[*30 19.*1315] D . P = (P‘a) | (P‘/9) (1) 

I- . *55*15 . D I- : Hp . 3 . D‘P = i‘x . <3‘P = i‘y . 

[*551] D . R = D‘P 1 1‘« o CI'P 1 i'0 (2) 

I* . (1) . (2) . 3 h . Prop 

*113144. h : a =1= £ .T=Pfi [(a®, y) .xea.y e 0 .P=x [y ,R=x \awy ^ 0). 
O.Tel-*l. T>‘T=0x a . Q.‘T= e A ‘(i‘a w t‘/3) 

Devi. 

V . *21-33 . D h Hp . D : 

PTR . QTR . D . (a®, y,z,w).x,zea.y,we0 ,P = x ly ,Q = z lw . 

R=xX<i\jyl/3=z l<xwwl/3. 
[*113143] D . P = (R‘a) j (R‘0) . Q = (R‘ a) J, (R‘0 ) . 

[*13172] D.P=Q (1) 

h . *21-33 . D h Hp . D : PTQ . PTR . D . 

(3 z;,y,z,w) .x,z ea.y,weR.P=x ly=w ^ z.Q=x lavty ^ R.R=z l aow 1 0. 
[*1 13143] D . Q = D‘P t t‘a u; a‘P ]- 1‘)8 • P = D*P f t' ‘a ^ d‘P T . 

[*13172] 3.Q = P (2) 

K *3313. DHHp.D. 

D‘P = .P {(aP. ®,y).a:ea.y€jQ.P = a;4y.P = a;|ac»y^y8} 
[*11-55.*1319] =P{(a*,y) .xea.ye0.P = xly} 

[*113101] = 0 xa (3) 

K *33131. Dh:Hp.D. 

a‘P=^i(aP,®, y)*X€Ct.ye/3*P = xly.R = xla\yyl/!J} 
[*11-55.*13-19] =P{(a«, y) . x e a . y e 0 . R = x ^ aw y ^ 0} 

[*80-9] = es‘(l‘a v i‘0) (4) 

h . (1) . (2) . (3) . (4) . D h . Prop 
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Note to *1131 44. In virtue of *113*143 and *55*61 we have 
h Hp *113*144 . D : PTR . = . Re e A ‘(i‘a u t‘/9) .P = (P|| R)‘(a | /S). 

At a later stage (in *150) we shall put 

RfS=(R\\R)‘S Df. 

Thus we shall have, anticipating this notation, 

h : Hp *113*144 . 3 . T= {f(« i £)} [ «**(**« v t‘/ 3). 

Hence we have 

h : a ^ /3 . 3 . [f (a J, /9)| [ €*‘(1 ‘a w t‘/9) e (/3 x a) Sm €a‘(i‘« w t‘jS). 
*113*146. I- : «+ /8 . 3 . £ x a sm e A ‘(i‘« u i‘y9) [*113*144] 

*113146. l-:a + /8.D.ax/Ssm v l‘/9) [*113*141*145] 

*113*147. h : Hp *113*144 ./3x«=/».D. 

P = PP {P e /* . P = D‘P | t‘s‘D> c* a‘P f t Vd'V] 

Lem. 

h . *113*114 .Transp .DhrHp.Pe^.D.gla.al/S. 

[*113142.*53*22] 3 . a= s‘D‘V . /9= (1) 

h. *113*101*143. 3h:.Hp.Pe/*.3:PPP. = .P=D‘Pti‘ac»<I < Ptt‘/3 (2) 
h. *113*144. 3h:Hp.PPP.3.Pe/* (3) 

H . (1) . (2) . (3) . *113*101 . 3 I- . Prop 

The advantage of this proposition is that it exhibits the correlator of 
j3xa and wi‘y8) as a function of /3 x a . 

*113*148. Han£ = A.D.Cr(ax£)el-*l 

Lem. 

K *113*101. *55*15. 3 
H :. Hp . 3 : P, £ e a x /9 . C‘P = (7‘<S . = . 

(a*, y, yO ■ x > x ' e « ■ y> y' e & • -R = y i , s = y' | . i‘x w i‘y = l ‘ x ' « t‘y' • 
[*54*6] D. (a^Xy, yO'*>®'«“-^y ,e /3-P=y 

[*13*22*172] 3.P = S (1) 

1- . (1) . #71*55 .31-. Prop 

*113*15. h . C“(a x fi)= C“(/9 x«)=f {(a®, y) .xea.ye fi . l- = l‘xv l‘y] 

Lem. 

h . *113*1 . *40*38 .31-. C“(/9 x «) = s‘C“‘a I “£ 

[*4o*4] =|{(ay)-y^-f^“« j 4 >y } 

[*55*27.*38’2] = f (i) 

^•(l)^- Dh.C“(a x/3) = f {(aa?,y).a;«a.ye/8.f=t < a:wt < y} (2) 

h . (1) . (2) . 3 h . Prop 
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*113151. h:a+/8.D.C“(ax/9) = D“e 4 ‘(4‘a wt‘0) [*11315 .*8092] 

*113-152. h : a n /9 = A . 3 . C“(a x 0) am (a x 0 ) . D“e A ‘(i‘« u i‘0) am (a x 0) 
Dem. 

h . *84-41-62 . Z> h : Hp . a $ . 3 . D M ea*(l*a « t‘/9) sin e±‘(i‘x u t*/S) (1) 

l-.(l). *113146151. 3 

h : Hp . a 4 s y8 . 3 . C“(a x 0 ) sm (a x 0 ) . D“e A ‘(i‘a u t‘/9) amax 0 (2) 

h . *2438 . 3 h : Hp .a = $.3.a=A.# = A. 

[*113114.*8311.*37-29] 3 . ax/8=A.D“e 4 ‘(i‘aut‘/i})=A.C'“(axy9)=A. 

[*73-47] 3.C“(ax/3)sm(ax/3).D“€ A ‘(t‘awt‘/9)sm(ax/9) (3) 

h . (2) . (3) . 3 I- . Prop 

The following proposition is only significant when \ and /t are classes of 
relations. It is used in relation-arithmetic (*172 34). 

*113153. h I C f‘(\Xu)e(s‘X.ci“/*)sm(X.x/*).s‘\c»“/*sniA,X/* 

» » 

Dem. 

h . *5515 . *5313 .3h:E = 2 T |/S.3. e‘C‘R = SvT (1) 

h.(l). *113101 .3 
h : R,Re\ x fi . s‘C‘R = s'O'ii' . 3 . 

(as.-s', t, T^.s.s'ex. t, re/* .r-ti s.R’= r 4 s’.sv T=s r w r (2) 

K (2). *25-48. *4113. 3 

!-:.Hp.3:I2 ( ^ , eXx/*.s‘C‘i2 = s‘C' < i2 , .3.i2 = i?' (3) 

h . (1) . *113-101 .31-. s“C“(\ x /*) = id {(aflf, T).Se\.Tefi.M=SvT} 
[*40-7] = s‘\c/> (4) 

h. (3). (4). *73-25.31-. Prop 

*11316. I- : t‘a = t‘0 . 3 . Nc‘(a x/9) = 

f {(37, 8) . 7 c N x c^a . 8 e . 7 n 8 = A . f sm D“eA*(t‘7 v fc‘8)} 

Dem. 

h .*113*152 . Dh:.76N 1 c‘a.8eN l c‘;8.7n8=A.D: 

f f 8tn(7 x 8) . 

[*1 13*13.*104*101] = . £ sm (a x fi) . 

[*100*31] = . ? <? Nc‘(a x /8) (1) 

K(l). *5*32. *11*11*341.3 

h :• (37, 5) . 7 e NVa . 8 e N*c^ . 7 n 8 = A . f sm D“€t‘(L‘y w t‘8) . = : 

(37, 8) . 7 e NVa . 8 e . 7 n 8 = A . f e Nc‘(a x fi) : 
[*11*45] = s (37, 8) . 7 c NVa . 8 € N Wfi . 7 n 8 = A s £ e Nc‘(a x /8) (2) 

K (2). *104*43. Dh. Prop 

R.AW, II. 8 
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*11317. K/SxaeW‘(at/9) 

Dem. 

h .*113115 . *41-13 . 3 I- : Re0 x «. 3 . RQa\0. 

[*64-201] (1) 

I- . (1) . *63 5 .31-. Prop 

*113-171. h:a rt/ 8 = A.D.a!Nc (<‘a)‘(a x 0) 

Dem. 

h . *113-15215.3l-:Hp.3.£ {(^x.y).xea.ye0.^=i‘x\n , y]e Nc‘(axj8) (1) 
h . *51*16 . ^b:xea.ye0.^=‘i , x\Ji‘y.O.xea.xe^. 

[*6313] 3.£e<‘a (2) 

h. (2). *1111-35.3 

b . | {(g®, y) . x e a . y e 0 . £ = l‘x w t‘y{ C £‘a . 

[*63 5] 3 h . f {(a®, y) . x e a . y e 0 . f = l‘x w t‘y} e t‘<‘a (3) 

I- . (1) . (3) . 3 1- : Hp .3-a! Nc‘(a x 0) n t*£‘a (4) 

(-.(4). *102-6. 3 h. Prop 

Note that the hypothesis a a 0 = A is only significant when a and /3 are of 
the same type. 

*113*172. h : aet‘/3 . 3 . 3 ! Nc (<*‘a)‘(« x 0) 

Dem. 

I- . *113*16 . 3 h Hp .3:76 N'c'a . 8 e N*c‘)8 . 7 n 8 = A . 3 . 

D“e A ‘(l‘7 w t‘3) € Nc‘(a x 0) (1) 

K(l). *104-43. 3l-:Hp. 3. 

(37. 8) • 7 € N*c‘a . 8 e N'c‘0 . D“e A ‘(l‘ 7 w l‘8) e Nc‘(a x 0) (2) 


h . *104-1 . 3 1- : 7 e NVa .3.7c t v a . 


[*63-61-621] 

3.1*70 i‘8 e t‘P‘a . 


[*83-81] 

3 . D“eA f (l*7 u i‘8) e t‘t u a 

(3) 

1* . (2) . (3) . 3 h : Hp . 3 . 

3 ! Nc‘(a x 0) a t‘t u a 

(4) 

1- . (4) . *102*6 . 3 h . Prop 


*113-18. h : a ! * • a 1 0 

.ax/3 = o'x/9 , .3.a = a'./9 = /9' 


Dem. 



b. *113114. 

3 1- : Hp . 3 . 3 ! a' x /S' . 


[*113114] 

3 . 3 ! «' • a ! P 

(1) 

b. *30-37. 

3 b : Hp . 3 . «'(!“(« x 0) = *‘CI“(a' x 0 ') . 


[*113142.(1)] 3 . s‘i“a = sW . 


[*5322] 

3 . «=a' 

(2) 

Similarly 

h : Hp .0.0 = 0' 

(3) 

K (2). (3). 3 h. Prop 
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*113181. P:a!a.a!«' •ax/8 = a' x 0' .2 . 0= 0 1 
Dem. 

P. *13172. 1\-:0 = A.0' = A.3.0 = 0' (1) 

P . *11318 . D I- : Hp . ~ (/8 = A . /S' = A) . D . 0 = 0‘ (2) 

P.(1).(2).DP. Prop 

*113 182. P:a!/8.a!/9'.ax/S = a'x/9'.D.a = a' 

[Proof as in *113181] 

*113183. l-:a!a.a!0.D. F “( a x 0) = 8 ‘C“(a x/3)=«oj8 
Dem. ' 

P. *40-57. D P . 8 t C ,t {a x 0) = s‘D“(a x /9) u s'CP'fa x /8) (1) 

P . *40-56 . DP. ^“(a x/9) = s‘C“(a x 0) (2) 

P . *113142 . D P : Hp . D . s‘d“(a x0) = s‘i“a 

[*53-22] = a (3) 

P . *113142 . D P : Hp . D . «‘D"(a x £) = a‘i“/9 

[*53-22] =/3 (4) 

P.(3).(4). D P : Hp . D .s‘D“(a x /9) u s‘d“(a x /8) = a v /8 (5) 

P . (1) . (2) . (6) . D P . Prop 

*113*19. (ax /3) r\ (y x 8) . = . a n y . /3 r\ 8 

Dem. 

I- . *113101 . D P a I (« x 0) n (7 x 8 ) . = : 

(3*. y,z,w) .xea.y e 0 . zey .w e 8 . x Xy = w X z : 
[#55-202] = : (a#, y,z,w) ,xe a.y e 0 . z ey . w e8 .x = z ,y = w : 
[*13*22] = : (a#, y).xear\y.ye0r>8i. DP. Prop 

*113*191. P a I * • 3 s 3 S ® ^ ^ “7 • = ■ a ! /8 a y 

Dem. 

P . *37*6 . D P : a ! « ^ ® i “7 • = ■ (ay, z).ye0.zey .a^y—aXz (1) 

P. *1 13105 .#7l - 57 .DP:. Hp .D:a ^y = a^z. = ,y**z\ 

[(l)] D:at«^ “7*=-(aj , .' ? )*y e / 3 *^7-y=^* 

[*13195] = . a !an/9:.DP. Prop 

*1132. P : f e y. x e v . = . (a«, 0) • /* — N„c‘a . * = N 0 c‘/9 . £ sm (a x 0) 

[(*11303)] 

*113-201. P :. f e/t x 0 v . = :/*, veNC : (3a, 0)- *e fi. 0ev . t;am(ax 0) 
[*113-2. *103-27] 

8—2 
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*113*202. f-:. £e/tx c v. = :g!y&.g!i/: (37,8) .ytt=Nc‘7.i»=Nc*8.f 800(7x6) 
Dem. 

K *113 201. *100-4. D 

H £ eft x c v . = : (ga,y 3,7,5) . /t= Nc‘7 . v = Nc*8 .aep. /3 e v . £ sm (« X y8) • 
[*100"31] = : (ga,/9,7,S)./t=Nc‘7.r = Nc‘S . asm 7 . y9sm8. fsm(axy9). 

[*113-13.#73-37] = :(ga, yS, 7, 8) ./t=Nc‘7.i/=Nc‘8.a8in7.y8sm8. £sm(7x8). 
[*100"31] = : (ga,yS,7, 8) ./i= Nc‘7 . v = Nc‘8 .ae fi . /3 ev . £ 300(7 x 8). 

[*10"35] =:g!/t.g!v: (g7, 3) . fi — Nc‘7 . v = Nc‘8 . £ sm (7x8):. 

D h . Prop 

*113-203. h : g ! /t x c i» . D . /t, v c NC — t‘A . n,ve N 0 C [*113-201-202-2] 

*113*204. H :./»=A.v.«' = A.v.~(/t, veNC):D./t x 0 j> = A [*113"203] 

*113-205. h : ~ e N 0 C) .D./tx c i/ = A [*113 203] 

*113*21. h fi, v e NC . D : £ e /i x c v . = . (ga, yS) . a e /* . y9 e v . £ sm (a x y8) 
[*113-201] 

*113*22. h : £ e Nc (77/7 x 0 Nc(f)‘8 . = .g ! Nc(iy)‘7 . g! Nc(£)‘8.£ 8111(7x3) 
Dem. 

h . *1 13-21 . *100 41 . D I- : £ e Nc (17 >‘7 x c Nc (0‘S . = . 

(ga, #) . a e Nc (iy)‘7 . /8 e Nc (f)‘8 . £ sm (a x yS) . 

[*102‘6] = . (ga,/9).a6Nc(»7)‘7./9eNc(f) < 3.a8m7.y98m8.f8m(a x /8). 

[*113-13.*73 - 37] = .(ga, y8) . a eNc(ij)‘7.78eNc(f)‘8. 08017. ySsm 8. £810(7x8). 
[*102-6] = . (ga, y8) . a e Nc ( V )‘y . y9 « Nc (?)‘8 . £ sm (7 x 3) . 

[*10 35] * = . g ! Nc(ij)‘ 7. g ! Nc(f)‘8 . £ sm (7 x 8) : D I- . Prop 

*113-221. I- : g ! Nc ( v )‘y . g ! Nc (f)‘8 . D . Nc ( v )‘y x 0 Nc (£)‘8 = Nc'fo x 8) 
[*113-22] 

*113*222. h . N 0 c‘7 x c N 0 c‘8 = Nc‘(7 x 8) 

Dem. 

h . *103-1-13 .31- . N 0 c ‘7 = Nc ( 7 )‘ 7 . N 0 c‘8 = Nc (8)‘8 . g ! N 0 c‘7 . g ! N 0 c‘8 . 
[*113-221] Dh.N 0 c‘7X c N 0 c‘S=Nc‘(7x8).Dh.Prop 

*113-23. V . fi x c veNC 

Dem. 

h. *113-222. *100-41. 3 h ; /*, ve N„C . 3 ./* x c j/ifNC ( 1) 
h .*113 205 .*102-74. 3 I- : ~ (/<., 1/ e N„C) . D.ytx 0 i/fNC (2) 

1- . (1) . (2) . 3 I- . Prop 

*113-24. h . Nc‘7 ><c Nc‘8 = N 0 c‘7 x c N 0 c‘8 [(*1 13-04 05)] 

*113-25. I- . Nc f 7 x c Nc‘8 = Nc‘( 7 x 8) [*113-24-222] 

This proposition constitutes part of the reason for our definitions. It is 
obvious that such definitions ought, if possible, to be chosen as will yield 
this proposition. 
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*113-261. b . 7 x 8 e Nc‘«y x c Nc'S [*113*25 . * 100 * 3 ] 

*113*26. b s g, v € NC . g ! sm/^ . g ! . 3 . /4 x 0 v — sm/'/x x c sm^i; 

Dem. 

h - *37*29 . Transp . 3 b : Hp . 3 . g ! /a . g ! v . 

[*102-64] D.(ga, / 9, 7 ,S). M = Nc(cty 7 .i/ = Nc03yS (1) 

b . * 102 * 88 . 3 b : g = Nc (a)* 7 . v = Nc (#)‘ 8 . g ! sra/'/x • 3 l sra/'i/ . 3 . 

8 m “g = Nc (r))‘y . sm^'i/ = Nc (f)‘ 8 . g ! Nc (r))‘y . g ! Nc (g)‘8 . 
[*113*221] 3 - sra/ V x c sm c “v = Nc ‘( 7 x 8 ) (2) 

h . *37*29 . Transp . *113*221 . 3 

h : g = Nc (a)‘ 7 . v — Nc (/})‘ 8 . g ! sm "g . g ! sm^'i/ . 3 . g x c v= Nc ‘( 7 x 8 ) (3) 
b . ( 2 ) . (3) . D h : /i = Nc (a)‘ 7 . v = Nc (y 8 )‘ 8 . g ! sm“/i . g S sm{“v . 3 . 

/iX c j/ = sm/*^ x c sm^'i/ (4) 

K (4) . *11*11*35*45 . (1) . 3 b . Prop 

*113*261. h : g, v e NC .3./iX c j/ = /i (1) x c v a) = g^ x c i/ ( 00) = etc. 

Here “etc.” includes all ascending derivatives of g. We shall only prove 
the result for g® and v® 9 since it is proved in just the same way for the 
other cases. g w x c i/ (a > or g^ x c or etc. will serve equally well; i.e. it is 
not necessary to take the same derivative of g as of v. 

Dem. 

b. *104*264*265.3 

1- : Hp . g ! g . g ! v . 3 . g® = 8 m M “/A . v {1) = sm r “/x . g ! g® . g ! 

[*113*26] D./tx c y = ^x c (1) 

K *104*264. *113*204. 3 

h : ^(g!/i.g!v).3.^x 0 i/ = A. /x (1) x c yw = A (2) 

h . ( 1 ) . ( 2 ) . 3 h . Prop 

As appears in the above proof, if g> and r* are any derivatives of g and i/, 
the above proposition holds provided we have 

g ! g . g ! v . 3 . g l g i . g ! v*. 

Thus it holds for all ascending derivatives, but not always for descending 
derivatives. 

*113*27. b . g x c v = v x c g 
Dera. ^ 

h. *113*2*141. 3 

b s £ e g x c i/ . = . (ga, £) . g = N 0 c*a . v = N 0 c */8 . £ sin (/8 x a) . 
[*113*2] = . £ ev x c g : 3 I- . Prop 

Note that this proposition is not confined to the case in which g and v are 
cardinals. Wljen either or both are not cardinals, 

g x c i/ = A = i/ x c g. 
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*113*3. I- Mult ax . D : x e Nc‘j8 r» Cl‘Nc‘a . D . 2‘*eNc f a x 0 Nc‘/8 
Dem. 

K *112-24. *1 1312. D 

I- Mult ax . g ! a . D : k e Nc‘/9 r> 01‘Nc‘a . D . %‘k sm 2 ‘a ^ “/9 . 

[*1 13*121] D . 2 < xsm/9 x a. 

[*113*141*25] D . 2‘k e Nc‘a x 0 Nc‘/8 (1) 

1- . *113*114*25 . D I- : a = A . D . Nc‘a x c Nc‘/8 = 0 (2) 

I- . *101*14 .DH:.a = A.#e Nc‘/9 n Cl‘Nc‘a . D : * e Cl‘t‘A : 

[*60*362] D:* = t‘A.v.* = A: 

[*112*3*301] D : 2‘* = A (3) 

I- . (2). (3) . *54*102. Dh:a=A.*eNc‘ / 9nCl‘Nc‘a.D.2‘*eNc‘ax c Nc < /8 (4) 
(■ . (1) . (4) . D I- . Prop 

*113*31. h Mult ax . D : fi, ve NO . * e v n CP/x. . D . 2‘* e/t x e v [*113*3] 

*113*32. I- Mult ax . D : fi, v e NC . k e v a Cl excl‘/* . D . s‘k e fi x e v 
[*112*15 .*113*31*23] 

*113*33. (■ Mult ax . D : fi, v e NC .xevn Cl ‘fi .\e/ir\ Cl*** . D . 

2Nc‘* = 2Nc‘\=^ x 0 v [*113*31*27*23] 

*113*34. 1* Mult ax . D : fi, v e NC . k e v n Cl excl*/* . A e ji r» Cl excl'v . D . 

NcV# = Nc VA = fi x c v [*1 13*32*27] 

The above propositions give the connection of addition and multiplication. 

The following propositions are concerned with various forms of the dis- 
tributive law. 

*113*4. h . (# \j y) x a = (/3 x a) vj (7 x a) 

Dem. 

V . *113*1 . D h . (y9 w 7 ) x a = s‘a J, “(£ vy) 

[*40*31] =s ‘ a i “/9 u s‘a i “y 

[*113*1] = (/9 x a) w(y x a) . D I- . Prop 


*113*401. l-:/ 8 n 7 = A.D.(/ 9 xa)r>( 7 xa) = A [*113*19 . Transp] 

*113*41. 1- . Nc‘(/9 + 7) x c Nc‘a = Nc‘{0 + 7) x a} = Nc‘{(/8 x a) + (7 x a)} 

= Nc‘(/9 x a) + c Nc ‘(7 x a) 

Dem. 

1* . *1 13*25 . *1 10*3 . D I- . Nc‘(/9 + 7) x c Nc‘a = Nc‘{(/9 + 7) x a} . 

Nc‘((y8 x a)+(7 x a)} =Nc‘(/9 x a)+ c Nc‘(7 x a) (1) 
I-. *113*4. (*110*01). D(-.(| 8 + 7 )xa=( 4, A T “t“/3xa)w(A ? 4‘ , t«7Xa) (2) 

I- .*113*13 .*110*12 . D I- . ^ A Y “i“/9xa8m/9xa. A^ ^ <<t<< 7 xa8m 7 xct (3) 
h. *11 3*401. *110*11. Dh.<4 A T “i“/9xa)n(A,|“t“7 Xa)==A (4) 

I- . *1 1 0*152 . (2) . (3) . (4) . D h . (/3 + 7) x a sm {(/3 x a) + (7 x a)} (6) 

I- . (1) . (5) . D I- . Prop 
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*113-42. b . (Nc‘/9 +o Nc‘ 7 ) x c Nc‘« = Nc‘(/9 + 7 ) x c Nc‘a 

- (Nc‘£ x 0 Nc‘a) + c (Nc‘ 7 x c Nc‘a) 
[*110-3. *113-25. *113-41] 

*113-421. h . Nc‘a x c (Nc‘/9 + c Nc‘ 7 ) = Nc‘a x 0 Nc‘(/9 + 7 ) 

= (Nc‘a x c Nc‘y9) + c (Nc‘a x c Nc‘ 7 ) [*113-42-27] 

*113*43. b . (v + 0 «r) x 0 /* = fi x 0 (v + 0 «r) = (ji x 0 v) + c (ji x 0 «) 

Dem.. 

b . *1 13*27*421 . 3 h : ft,v,‘BT€ NC . 3 . (v +„ «r) x c /* = /* x 0 (i/ + c *r) 

= 0xX c i/)+o0*X o «r) (1) 

b.* 113204. *110-4. 3 

b : ~ (ji, v, «r e NC) . 3 . (v + 0 «r) x c = A . /i x 0 (v + c «r) = A . 

( >X o i/)+ c 0*X c «r) = A (2) 

I- . (1) . (2) . 3 h . Prop 

The following propositions are concerned with various forms of the dis- 
tributive law, when the summands are not enumerated, but given as the 
members of a class. 

The first of them (#113 - 44) gives the distributive law with regard to 
arithmetical class-multiplication and logical addition of classes. 


*113-44. I- . (s‘«) x « = s*(x a)‘ ( K 

Dem. 

b . *1131 . 3 b . «‘(x «)“* = «‘«“a j, ‘“k 
[*42*1] = s‘«‘a ^ ‘“tc 

[*40-38] 

[*113-1] = (s‘k) x o . 3 b . Prop 

*113*45. b : # e Cls* excl .3.x ol“k « Cls 5 excl 

Dem. 

b . *113-19 . 3 h : g ! x a‘/9 n x a‘ 7 . 3 . g I /3 r> y (1) 

b . (1) . *84-11 .3b:. Hp . 3 : /S, y e * . g ! x a‘£ r> x a‘ 7 . 3(j, y . /3 = y . 
[*30*37] 3 ? , y .xo‘j8=x a‘y : 

[*37*63] 3 : p, a e x a “k . g ! p n a . 3,,» . p « <r (2) 

b. (2). *8411. 3 b. Prop 

*113*46. b : * e CIs’excl . 3 . 2‘x a“* sm (£‘k) x a 
Dem. 

b. *11215. 3 b : Hp . 3 . 2‘/e sm s‘k . 

[#113*13] 3.(2‘*)xasm(«‘*)x« (1) 

b . *11215 . *113-45 . 3 b : Hp . 3 . £‘x ol“k sm s‘x «“* (2) 

b . (1) . (2) . *113-44 .3b. Prop 
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*113*47. b : k e Cls 2 excl . 3 . 2Nc‘ x ol“k = Nc‘{(£**) xaj = 2Nc‘* x c Nc*a 
[*113*46] 

This is the distributive law for arithmetical multiplication and arithmetical 
addition of the kind defined in *112. 

*113*48. b . 8‘a x“tc = a x (s‘/c) — Cnv“{($‘*) x a} 

Dem. 

b .*113*14 . 3 b . 8 c a x“tc = s‘ Cnv‘“x a“tc 
[*40*38] = Cnv‘Vxa“* . 

[*113*44] = Cnv“{(* f *) x a} (1) 

[*113*14] =ax^ (2) 

b . (1) . (2) . 3 b . Prop 

*113*49. b : k c Cls 3 excl . 3 . 2‘a x “ k sm a x (2**) 

Dem . 

b . *113*14 .Db.ax“« = Cnv“‘ x ol“k (1) 

b . (1) . *113*45 . *72*11 . *84*53 . 3 

b : Hp . 3 . a x “tc e Cls 2 excl . 

[*1 12:15] 3 . 2 ‘a x “k sm s‘a x ‘ 6 k . 

[*113*48] 3 . 2 ‘a x“«sm a x (s‘/c) . 

[*11215.*113*13] 3 . 2‘a x “* sm a x (2 f *) : 3 b . Prop 

*113*491. b : k e Cls 3 excl . 3 . 2Nc‘a x “k = Nc ‘ [a x (2**){ = Nc‘a x c 2Nc‘* 
[*113*49*25] 

The following propositions are concerned with the associative law for 
arithmetical multiplication. 

A. 

*113 5. b . (7 x /3) x a = R {(ga?, y t z).X€a.y€f3.zey.R = xl(ylz)} 

Dem . 

b. *113*101. 3 

b . (7 x 0) x a — jR {(ga?, P) . x e a . P e (7 x £) . R = x ^ P\ 

[*113*101] *= ft {(g [x>y,z ) •xea.ye^.zey.R = xl(y *)} . 3 b . Prop 

*113*51. b . (a x /8) x 7 sm a x (# x 7) 

Dem . 

b . *113*141 . 3 b . a x (J3 x 7) sm ($ x 7) x a (1) 

A 

b .*113*5 . D b .(a x $) x <y = i£ [('^x,y,z).xea.y e /3.zey.R*= z^ly^x)} . 

09 X7) x <* = P[('ilx,y,z).xea.ye/3.zey.P = xl(zly)} (2) 
b . (2).D : T = Jil J \('ji{x,y,z).x e a.y e /3 . z e y . R=z \(y ^x).P = x ^z)} . 

D‘T = (a x /3) x 7 . d‘T = 09 x 7) x a (3) 
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h . *21-33 . D h : Hp(3) . RTP. RTQ . D 

(gar, x’,y,y',z,z').x,x ea.y, y e 0 . z,z' e y . R = z l (y l x) = z'\ {jf \x ') . 

P=*i{z\ y). Q ly')- 

[*55*202] D . P = Q (4) 

Similarly h : Hp(3) . RTP. QTP. 2.R = Q (5) 

1- . (3) . (4) . (5) . D h . (a x $) x 7 sm (/9 x 7) x a (6) 

h . (1) . (6) . D I- . Prop 

*113-511. ax/9xy = (a xy 8 )xy Df 

*113-52. I- . (Nc‘a x c Nc‘/9) x c Nc‘y = Nc‘(a x 0 x 7) [*113-25] 

*113'53. h . (Nc f a x c Nc‘/S) x c Nc‘y = Nc‘a x c (Nc‘/9 x c Nc'y) 

Dem. 

h.*l 13-52-51. D 

h . (Nc‘a x c Nc‘y3) x c Nc‘7 = Nc‘{a x (/9 x 7)} 

[*113-25] = Nc‘a x c (Nc‘/9 x c Nc‘7) . D h . Prop 

*113'531. h . (N 0 c‘a x c N 0 c‘/9) x 0 N 0 c‘7 = N 0 c‘a x c (N 0 c‘/8 x 0 N„c‘7) 

[*113-53 . (*11304-05)] 

*113*54 h .(jl X c v) X c vs = y X c (1/ X 0 cr) 

Dem. 

h. *113-531. *103-2. D 

l-:^,i' ( «reN 0 C.D.(/iX c i/) x e o = /jx c (i/x c o) (1) 

h . *113-204 . D 

(■ i>, w eN 0 C) . D . (jt x 0 v) x e w = A ./* x c (i> x «•) = A (2) 

1- . (1) . (2) . D h . Prop 

*113*541. y X 0 i» x„«r = (ji x c v) x c «r Df 


*113-6. h . Nc‘a x c 0= 0 

Dem. 

h . *113-25 . *1011 . D h . Nc‘a x c 0 = Nc‘(cr x A) 
[*113-114.*1011] = 0 . D h . Prop 

*113-601. K:/*eNC-t‘A.D./iX o 0 = 0 

Dem. 

h . *103-26 . D V : Hp . D . (ga) . y = N„c‘a (1) 

V . *1011 113 . *103-27 . D I- . 0 = Noc'A (2) 

h -"(1) . (2) .DI-: Hp . D . (ga) . y x c 0 = N 0 c‘a x c Njc'A 
[*113-222] = Nc*(a x A) 

[*113114.*101-1] =001-. Prop 
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*113'602. b /j. x e v = 0 ' = : fi, v e NC — t‘A : /* = 0 . v . v = 0 
Dem. 

K *113-203. *10112.3 

h : fi x c v = 0 . D . fi, v e NC — t‘A (1) 

K(l). *113-201. D 

h ::/xx c i/ = 0.3:.£e0.=f :(ga, £). ae/i.£ei/.£sm (ax/9):. 

[*54*102] 3 f = A . =* : (ga, /9) . a e p . £ e j/ . f sm (a x fi) 

[*10*1 .*13*1 5] 3 (ga, /8) . a € /x . # e v . A sm (a x £) 

[*73*47] 3 :. (ga, fi).a€fi.fiev. a x /9 = A :. 

[*113*114] D:.(ga,/9):a€/x.)8€z/:a = A .v./9 = A:. 

[*13*195] D:.Ae/i.v,Aei/:. 

[(1).*100 45] 3 :./x = Nc‘A . v . j; = Nc‘A 

[*101*1] 3 /x = 0 . v . i/ = 0 (2) 

h. *113*601*27 .Dh:./4,^NC-^A:/i = 0.v.i;=0:D./iX c i/ = 0 (3) 

h . (2) . (3) - 3 h . Prop 

The following propositions are concerned with multiplication by a unit 
class or by 1 or 2. 

*113*61. K6xfl = | z li a 

Dem . 

h . *1 13*1 • 3 h . i‘z x a = s‘a ^ 

[*53-31*02] = a^4 

[*38*2] =4*“a.Dh.Prop 

*113*611. h . i*z x a sm a [*113*61 . *73*611] 

*113*612. h .ax i*z sm a [*113*611*141] 

*113*62. h . Nc‘a x c 1 = Nc‘a 
Dem. 

h .*101*2 . 3 h . Nc‘a x c 1 = Nc‘a x c NcVe 
[*113*25] = Nc‘(a x i*z) 

[*113*612] = Nc‘a .31-. Prop 

*113*621. h : fi € NC . 3 • /x x c 1 = sm “/a 
Dem. 


h. *113 204 

• 3 h : /x = A . 3 . /x 

x c l = A 


[*37-29] 


= sm u /i 

a) 

h. *103-26. 

3 h : Hp . a e/x . 3 

. f, \it NjC^a • 

(2) 

[(*11304)] 

3 

. /x x c 1 = Nc‘a x c 1 


[*113-62] 


= Nc‘a 


[*103-4.(2)] 


= sm“/x 

(3) 

K(2).*10\ 

1123*35 . 3 h : Hp . 

g ! /x . 3 . /x x c 1 = sm“/A 

(4) 

K(l).(4). 

3 h* . Prop 
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Observe that if /x is a typically definite cardinal, 8m“/j, is the “same” 
cardinal rendered typically ambiguous; while if /x is typically ambiguous, 
ft — sm “/x in every type. 

*113*63. b : z~e a . D 4 z“a. sm D“e A ‘(i‘a u i‘i‘z) 

Dem. 

I- . *113*152 . D h : Hp . D . D“e A ‘(l‘a w i‘i‘z) sm a x i‘z (1) 
b . (1) . *1 13*61*141 . D b . Prop 

*113*64. I- . z“a x 4 z“fi sm a x fi . ^ z“ a x 4 z“fi sm 4 a“(« x fi) 

Dem. 

1- . *73*611 . *11313 . D b 4 z“a x J, z“/3 sm ax/S (1) 

I- . (1) . *73*611 . D b 4 z“a x \ z“f 3 sm i z“(a x fi) (2) 

(-.(!)• (2) .3b. Prop 

*113*66. b . | z“a x ^ z“fi = ( 4 a || Cnv‘ ^ z)“( a x fi) 

Dem. 

(-.*72*184. *55*21. Dh 4 ^el^l.aCa4z./9Ca4z. 

[*113*126] D I- 4 z“a x i z“fi = ( | * ]| Cnv‘ i z)“(a x fi ) . 

D 1- . Prop 

*113*66. .(ix c 2 = fi+ c fi 

Dem. 

b . *110*643 . D (- . fi x c 2 = /x x c (1 + 0 1) 

[*113*43] = (/xx c l)+ 0 (/xx c l) (1) 

b . (1) . D (- :. n = N 0 c‘a . D . /x x c 2 = (N 0 c‘a x c 1) + 0 (N 0 c‘a x 0 1) 
[*1 13*62.(*1 1 3*04)] = Nc‘a+ c Nc‘a 

[*110*3] = *+„/* (2) 

b . (2) . *103*2 . D b : /xeN 0 C . D . /x x c 2 = fi+ e /i (3) 

b . *113*205 . *110*4 . D b : ;x~e N 0 C .D./xx c 2 = A./x+ 0 /x = A (4) 
b . (3) . (4) . D b . Prop 

*113*67. b . Nc‘« x c Nc‘(/3 + i‘y) = (Nc‘a x c Nc ‘fi) + 0 Nc‘a 

Dem. 

b. *113*421. *101*2. D 

b . Nc‘a x c Nc‘(/9 + i‘y) = (Nc*a x c Nc‘/9) + c (Nc‘a x 0 1) 
[#113*62] = (Nc‘a x 0 Nc‘/3) + 0 Nc‘a . D b . Prop 

*113*671. b . n. x c (y + 0 1) = Ox x c v) + 0 /x [*1 1 3*67*205 . *110*4] 
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* 114 . THE ARITHMETICAL PRODUCT OF A CLASS OF, CLASSES. 

Summary of *114. 

The kind of multiplication defined in *113 cannot be extended beyond a 
finite number of factors. We therefore, as in the case of addition, introduce 
another definition, defining the product of the numbers of a class of classes, 
and capable of being applied to an infinite number of factors. We define the 
product of the numbers of members of k as Nc'e^St; thus we put 

IINcSt = Ne'e*'* Df. 

It is to be observed that IlNc** is not a function of Nc“/e, because, if two 
members of k have the same number, this will count only once in Nc “tc, but 
will count twice in IINcLe. 

It is very easy to see that, in case tc is finite, Nc will be what 
we should ordinarily regard as the product of the numbers of members of k. 
For suppose (e.g.) 

x = i‘a v i‘fi \j l‘ 7, 
where a=f ^ 8 . a 4 = 7 *) 84 = 7 - Then 

A 

= R {(a*, y, z) . R = x l<xw y l fiw z ly .x ea.ye ft . z ey}. 

Thus if R is a member of e***, R is determinate when x , y, z are given, 
x , y, z being the referents to a, / 8 , 7 . Whether a, $, 7 overlap or uot, the choice 
of any one of a?, y } z is entirely independent of the choice of the other two, 
and therefore the total number of choices possible is obviously the product of 
the numbers of a, 7 . Thus our definition will not conflict with what 
is commonly understood by a product. 

The propositions of this number are less numerous and less important 
than those of *113. We shall deal first with products of a single factor, and 
products in which one factor is null (*114*2 — *27). We shall then deal 
(*114*3 — *36) with the relations between the sort of multiplication here 
defined and the sort defined in *113. Then we have a few propositions 
(*114*4 — *43) showing that unit factors make no difference to the value of a 
product. Then we prove (*114*5— *52) that the value of the product is the 
same for two classes having double similarity, and then (*114*53 — *571) we 
give extensions of this result which depend upon the multiplicative axiom. 
Finally, we give some new forms of the associative law of multiplication. 
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Among the more important propositions in this number are the following : 
*114*21. b . IINcVa = Nc‘a 

I.e. a product of one factor is equal to that factor. 

*114*23. IINc‘* = 0 

I.e . a product vanishes if one of its factors is zero. The converse requires 
the multiplicative axiom, as appears from the proposition 
*114*26. I" Mult ax . = : IINc'* = 0 . =* . A e k 

I.e . the multiplicative axiom is equivalent to the assumption that a 
product vanishes when, and only when, one of its factors is zero. 

*114*301. b : k r\ X = A . D . e A ‘(/c v X) sm x e^X 
whence 

*114*31. b s * n X = A . Z> . lINc‘* x c IINc' X = nNc ‘(* u X) 
which is a form of the associative law, and 
*114*35. b : a 4= ft . D . IINc‘(t‘a u l‘/3) = Nc'a x c Nc‘£ 
which connects the two sorts of multiplication. 

*114*41. b:\Cl.D. IINc‘0 v X) = IINc‘* 

I.e. unit factors make no difference to the value of a product. 

*114*51. b : TfVXe* smsmX. D . (T 7 1| T c }f"€A^X6(f A ^)sm(€ A f A) 

This proposition gives a correlator of e&‘/c and e A ‘X as a function of 
a double correlator of k and X, and thus leads to 
*11452. b : k sm sm X • D - IlNc** = IINc'X . sm e± s X 
Hence, by the propositions of *111, we infer 
*114*571. b s. Mult ax . D s /a, v e NC . *, X e fin CVv . D . IlNc‘# = IlNc f X 

I.e. assuming the multiplicative axiom, if k and X each consist of /x, 
classes of v terms each, their products are equal. 

We have next various forms of the associative law, beginning with 
*114*6. b : k e Cls 2 excl . D . IINc'e**** = IINc V* 

which is an immediate consequence of *85*44. The other form is 

*114*632. b:Sty€l-+l.vCa ( S.ynS“v = A.O. 

€&£l {(ga) . a € 7 . p = ax S'a} sm €&‘(y v S“y ) 

As to the sense in which this is a form of the associative law, see the 
observations following *114 6. 

*114*01. nNc‘* = Nc‘ €A ‘* Df 

*114*1. b . IINc‘* = Nc‘e A ‘* [(*114 01)] 

*114*11. b : ft € IINcVc - = . ft sm €&‘k . = . 13 e Nc C €±‘tc [*1 14*1 . *100*31] 

*114*12. b . e A ‘tc e IINc‘* [*100*3 . *114*1] 

*114*2. b.IINc‘A = l [*83*15 . *101*2] 
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Thus a product of no factors is 1. This is the source of /a° = 1, as we shall 
see later. 

*114*21. b.IINcVa = Nc‘a [*83*41] 

*114*22. b . IINcVA = 0 [*114-21 . *1011] 

*114-23. b s A € * . 3 . IINc'tf = 0 [*8311 . *101-1] 

Thus an arithmetical product is zero if any of its factors is zero. To prove 
the converse, we have to assume the multiplicative axiom, which, in fact, is 
equivalent to the proposition that an arithmetical product is only zero when 
at least one of its factors is zero. 

*114-24. b : IlNc'X + 0 . * C \ . 3 . IINc‘* * 0 
Dem. 

b . *114-1 . *1011 .3b: IINc' X + 0 . 3 . g S e A ‘\ (1) 

b . (1) . *80"6 - 3b: IINc* \ ^=0./eCA.D.g! e&‘/c . 

[*1 14*1 .*101*13 3 . IINc‘*=t=0: 3 b . Prop 

*114*25. b Mult ax . = : IINc‘/e = 0 . 3* . A € k 
D em . 

b . *88 37 . Transp . 3 
b :. Mult ax . = : €&‘jc = A . 3* . A € tc: 

[*114*l.*10ri] = : IINcSt = 0. 3*. Ae*s. 3b. Prop 
Note that A € tc . = . 0 € Nc “/c. 

*114*26. b :. Mult ax . = : IINc‘* = 0 . =< . A e * [*88*372 . *101*1] 

*114*261. b Mult ax . = : IINc'* = 0 . =« . 0 € Nc“* [*114*26 . *101*1] 

*114*27. b :: Mult ax . = a e tc . 3 tt . g ! a s =* . IINcSt 4= 0 

[*114*26 . Transp . *24 63] 

*114*3. b : tc 4= X . 3 . sj i*€a*X) sm x 

Dem. 

b . *113-146 .3b: 4= . 3 . v t*€ A *X) sm x e A ‘X (1) 

b . *80*81 . 3 b g l € A ‘k . v . g ! e * f \ : k 4= X : 3 . e^tc 4= €*\ (2) 

b. *83-903. *113*114. 3 

b : = A . € A ‘ X = A . 3 . u = A . x <*‘X = A (3) 

b . (1) . (2) . (3) . 3 b . Prop 

*114*301. b : tc n X = A . 3 . €^{k u \) sm e&‘tc x €±‘\ 

Dem. 

b. *85*45. *114*3. 3 

b:/cn\ = A.^4 s ^'^* € *( K u X) sm € *‘ K x € a‘X (1) 

b . *22*5 .3b:*n\ = A.« = \.3./« = A.X = A. 

[*83'15] 3 . et‘(/c w\) = t‘A . e^K = f‘A . i*A . 

[*113-611] 3 . € A *(* u X) sm e±ic x e&‘\ (2) 

b . (1) . (2) . 3 b . Prop 
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*114’31. I- : « a X = A . 3 . IINc 4 * x 0 IINc'X = nNc‘(* w \) 

[*114-3011 .*113-25] 

The above is one form of the associative law of multiplication. 

*114-311. b . IINc‘(* u X) = HNcV x c riNc‘(X - k) [*114 31 . *22-91] 

*114*32. I- : IINc‘(# u X) + 0 . = . IlNc‘# + 0 . IINc'A * 0 
Dem. 

h. *114-311. *113-602.3 

h :nNc < (*wX)=j=0.3.nNc , * + 0 (1) 

K(l)^. 3l-:IINc‘(*uX) + 0.3.nNc‘X + 0 (2) 

/Cj A> 

b . *1 14-24 . 3 1- : IINc'X + 0.3. nNc‘(X - k) + 0 : 

[Fact] 3 1- : IINc‘* + 0 . lINc‘X + 0.3. IINc‘* + 0 . IINc‘(X - *) + 0 . 

[*113-602.*114-311] 3 . nNc‘(* u X) + 0 (3) 

h . (1) . (2) . (3) . 3 1- . Prop 

*114 33. 1- :a~e*. 3 . IlNc‘(* w t‘a)= IINc'/c x c Nc‘a [*114-31-21] 

*114-34. b : nNc‘* + 0 . g ! a . = . IINc‘(* u i‘a) + 0 
[*114-32-21. *101 14] 

*114-36. h : a + /9 . 3 . IINc‘(t‘a u i‘/3) = Nc‘a x 0 Nc‘£ [*114-3321] 

*114'36. h : a+/9. o+7.y8+7.3.nNc‘(t < awt‘/Swt‘7)=Nc‘ax 0 Nc < )9x c Nc‘7 
[*114-33-35] 

*114-4. h : X C 1 . 3 . IlNc‘X = 1 [*83 44] 

*114-41. h:XC1.3.IlNc‘(*uX) = nNc‘* [*83-57] 

*114-42. b . nNc‘* = IINc‘(* - 1) 

Dem. 

h . *24*41 . 3 (■.* = (* — 1) w (* ft 1) (1) 

h . (1) . *114"41 . 3 h . Prop 

*114-43. KnNc‘(*vi“a)=nNc‘« [*11441 .*523] 

*114*6. h : Te * sm sm X . 3 . (T || Te) [ e*‘X e (e***) sm (e A ‘X) 

Dem. 


h. *111111. 3 h : Hp .3.T, Tef-Xel— >1 (1) 

b . *80 14 . *83 21 . 3 b s‘D“€ 4 ‘X C «‘X . «‘<I“e A ‘X C X (2) 

b . (1) . (2) . *74-773 . 3 

b : Hp . 3 . (TH ?«)[ * 4 ‘Xe {(T|| r«)“« 4 ‘X} sm (e A ‘X) (3) 

b. *82-43 ^.*62-3. 3 

h:2 , i r«[Xel->l.« t XCa‘r.XCa‘2 , ,.* = T e “X.3. 

(T | e r X | T')*‘k = (T || T,)“e A ‘\ (4) 


b . (4) . (1) . *1111 .*37-111 . 3 b : Hp . 3 . (T \ e [ X | T e V*= (T || T,)“e 4 ‘X (5) 
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K *84-1. *37101. D 


. 

1- : ^(ri ef\ | T e )a. = 

• (ay./9) ■ xTy . y e/3 . /Se\ . a = T“0 

(6) 


h. (6). *72-52. *111-1. 3 

h s.Hp.D:a?(T|€f k \| T e )a. = . (gy>/8) . xTy , y € /3 • /3 e \ • /3 = T“a . a-C D ‘T. 


[*111T*131.*13*195] = . (gy) . xTy . y e T“a .ae/v. 


[*37-1] = .xeT“T“a.a€K. 


[*72-502.*llll] h .x( f [«)a 

( 7 ) 

1- .'(5) . (7) . D 1- : Hp . D . (« [ *y* = (r|| T t )“eS\ . 


[*83-12] D . e A ‘* - (T || ? ( )“e A ‘X 

f- . (3) . (8) . D h . Prop 

*114 501 . 1- : S = Tf s‘\ . D .(8 1| S e ) f e&‘\ = (T|| T f ) [ e A ‘\ 

( 8 ) 


Bern. 

h. *80*14. *83*21.3 
h R € • 3 ■ yR/3 • D • y 6 s \ • 6 X • 

[*4013] 3 . y € s‘X . £ C s‘X : (1) 

[*4*7l.Fact] 3 : xTy . yR/3 . /3T € a.= . xTy . y € s‘X . yR/3 . /3T e a ./3C s‘\. 
[*37101. *22*621] = . x (T[ s‘\) y . yR & . a = T“fi . £ = £ n *‘X . 

[(1).*37*412] = . x (T r s‘\) y . yR/3 .a = (T[ 8<\)“/3 (2) 

\-.(2).0\-:.Hp.D:R€€s c fc.0.T\R\Te = 8\R\S t : 

[*35*71] 3 : (T\\ T<) [ eS* = (S || S € ) [ e A '* :. 3 h . Prop 

*114*51. h : s‘X € * sm sm X . 3 . (J 7 1| Te) [ €&\ e (e^/c) sm (€a*X) 

[*114*5*501] 

*114*52. h : * sm smX . 3 . IlNc** = IINc'X . e*'* sm e&‘\ [*114*51 .*111*4] 

*114*53. h :: Mult ax . 3 k, X e Cls a excl : 

(gS) . Sc 1 — ► 1 . SQ sm . DSS = k . Q‘$= X s 3 . IINcSt = IINc'A, 
[*114*52. *111*5] 

*114*54. h Mult ax . 3 : i> e NC . #, X € n n Cl excPy . 3 . IINcSt = IINc'X 
[*114*52. *111*53] 

The condition X € Cls 3 excl, which is involved in the hypothesis of 
*114*54 (through k, X e Cl excl'y), is not necessary. The following pro- 
positions enable us to remove it. We first prove 

€&‘/C Sm € A ‘€j “k 

and then we use *114*54 to take us from to ea'eJ^X. Thence we 

arrive at e^K sm e^'X. 

*114*56. h . sm e A ‘e J “k . riNc'* = riNc'e J“* [*85*54] 

*114*561. H : Sete smX n Rl'sm . 3 . € J | S | Cnv'(eJ) e(€j“*) sm(€j“X)nRl*srn 
[*73*63. *85 601. *38*1 2. *33*432] 
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♦114*562. h:. Mult ax. 3: 

(a$) . $€ 1 — > 1 . 5 G sm . D‘S = k . Q.‘S = X . D . sm sm cJ“X 

Bern. 

K ♦114*561. ♦85*61. D 

l-s.(aS)-S€l->l./SGsm.D^ = /c.a^ = \.Ds 

€j“*, eJ“XeCls*excl : (a? 7 ) - Te 1 -> 1 . TG. sm . D <T= eJ“*.<PT=eJ“X: 
[♦111*5] D : Mult ax . D . ej“*sm sm eJ“X :. D h . Prop 

♦11457. h :. Mult ax . D s 

(a/S)./S€l->l.SGsm.D^ = ^.a^ = X.D.nNc^=nNc i X 

Bern. 

h. *1 14-562*52. D 

H Mult ax . D s (3$) ./Sel->l.$Gsm. DSS = k . = X . D . 

nNc^'S^nNc'eJ/'X. 

[♦114 56] D . IINc'* = IINc'X s.Dh. Prop 

♦114*571. h Mult ax . D : /a, v e NC . X e /jl n OPv . D . IINc'* = IINc'X 
[♦111-52. ♦114-57] 

♦114*6. h : k € Cls 2 excl . D . IINc'e*"* = IINc V* [♦85-44] 

This is the most general form of the associative law for arithmetical 
multiplication. 

Owing to the fact that we have two kinds of multiplication, namely 
a x /3 and e^'/c, we have four forms of the associative law of multiplication, 
namely: 

(1) ♦114*6, above, 

(2) ♦113*54, i.e. h . (p x 0 v) x 0 bt = ft x c (v x 0 w), 

(3) ♦114*31, ie. H:«nX = A.D. IINc'* x 0 IINc'X = IINc'(tf u X), 

(4) a form of the associative law which has not yet been proved, which 
may be explained as follows. 

Suppose we have a number of pairs of classes, e.g. (a u A)> (a„ A)> 
(at,, A)> .... Suppose we form the products a x x A> ^ x A> x A» ••• “id 
multiply all these products together. We wish to prove that (with a 
suitable hypothesis) the result is similar to the product of all the a’s and 
all the /3*b taken together as one class ; i.e . if we call X the class of products 
Oi Xj9 b Oj x A, otj x At •••> and P the class whose members are «i, Oj, otj, 

Au A, A> •••> we wish to prove 

IINc'X = IINcV 

In order to express this proposition in symbols, let S be the correlator 
of the 8*8 and A 8 > 80 that A = £'a,. (The suffix v will not be used further, 
since it implies that the number of a’s and of A 8 is finite or denumerable.) 
Then our class of products of the form a x ft is 

Mf(a«)-«^7-M = ax^a}, 

B.AW. IL 9 
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where y is the class of all the cfs ; and the product of this class of products is 
e A */t {(ga) . a e 7 . /* = a x S‘a}. 

On the other hand, the class of all the a’s and /9’s is 7 w S“y, and the 
product of this class is 

6 a ‘(7 w S“y). 

Thus what we have to prove (with a suitable hypothesis) is 
eSp {(g«) . a e 7 . ft = a x S‘a} sm e A ‘(y \j S“y). 

The hypothesis required is 

£ f* 7 e 1 — * 1 . 7 C G ‘$ . 7 r\ S“y = A. 

A smaller hypothesis suffices, however, for a proposition which, in virtue 
of *114 301, is closely allied to the above, namely 

«a f 7 x e±‘S“y sm e±‘p {(ga) . a e 7 ,/t = «x £‘a). 

For this, a sufficient hypothesis is 

$[* 7 e 1 — * 1 . 7 C Q.‘S. 

Thus e.g. we may write I for S, and we find 

I- . e^y x €4*7 sm e A ‘p {(ga) . a e 7 . /* = a x a}. 

We shall now prove the above propositions. What follows, down to 
*114*621, consists of lemmas. 

For convenience, we write S x ‘a for a x S‘a in the course of these lemmas ; 
this notation is introduced in the hypotheses of the lemmas. 

*114*601. h:.<S|* 7 el-»l .y CQ.‘S . A~ey . S x =pa(aey . fi = ax S‘a) . D : 

S x e 1 — » 1 . G'$ x = 7 . T>‘S X = p {(ga) . a e 7 ./i=«x S*a} : 
a e 7 . D a . $ x ‘a= a x S‘a 

Lem. 

h. *33*11. Dh: Hp . D . D‘$ x = p {(ga) . 067. /t = a x jS‘a} (1) 


h • *21*33 . D h :. Hp . a e 7 . D : ft (S x ) a .=,./t = ox S‘a : 

[*30*3] D : S x ‘a = ax 8‘a (2) 

h . ( 2 ) . *14*204 . D I- Hp . D : a« 7 . D a . E!5 x ‘a. (3) 

[*33*43] D a . a e G‘/S x (4) 

H . *21*33 . *33*131 . D I- :. Hp . D : ae(I‘-Sf x .^ a .aey (5) 

h . (4) . (5) . D h : Hp . D . <3‘/S x = 7 . * ( 6 ) 

[(3).*7 1 *16] D . /S x e 1 -* Cls (7) 

h. *113*181 . Dh:.Hp.D:a,a , € 7 .ax(S*a=o' x /S‘a' . D . S‘a — 5‘a' . 

[*71*59] D.a-a' ( 8 ) 

I- . ( 8 ) . *71*55 . ( 2 ) . ( 6 ) . (7) . D I- : Hp . 3 . <S X e 1 -* 1 (9) 

1- . ( 1 ) . (2) . ( 6 ) . (9) . 3 1- . Prop 


Digitized by Google 



SECTION B] THE ARITHMETICAL PRODUCT OF A CLASS OF CLASSES 


131 


*114*602. b : Hp *114*601 . A =.6a {a e 7. £ = ( S‘a ) l a} . D . A e 1 -> 1 . CPA =7 
Dem. 

As in *114*601, we prove 

I- : Hp . D. A e 1 — *Cls. CPA = 7 (1) 

I- . *21*33 . *13*171 . D h Hp . D : RAa .RA0.O. ( S‘a ) i a = (S‘0) J, 0 . 
[*56*202] D.a = y 9 (2) 

h . (1) . (2) . D h . Prop 

*114*603. H:Hp*114*602.Ze64‘7- YeeSS“y . P«( F|| Z)| A | S x . D . Pee A 'D‘,S x 

Dem. 

H . *43122 . *71*166 . *114*601 *602 . D I- : Hp . D . P e 1 -*■ Cls (1) 

f- . *43*122 . *37*32*322 . *33*431 . D I- : Hp . 3 . (PP = S X "CPA 
[*114*601*602] = D‘S X (2) 

h . *34*1 . D Hp . 3 : 

MPp . = . (g£, a) . M = Y | R \ X . R = (S‘a) J, a . a e 7 . ^ = S x ‘ ‘a . 
[*1 13 123.*80*14] = . (ga) . M = ( Y‘S‘ a) j (Z‘a) . M . = S x ‘a.«ey. 

[*13*196.*114*601] s . (ga, 0 ) . 0 = S‘a . a e 7 . M=(Y‘0) = ax0. 

[*83*2] D . (go, 0,u,v).0 = 8‘a .ae7.U6 a.vej 8. 

M = (v l u) . fi = a x 0 . 

[*113*101] D.-J/e^t (3) 

h.(l). (2) . (3) . *80*14 .Dh. Prop 

*114*604. I- : Hp *114*602 . T = PQ {(gZ, F) . Z e 64*7 . Yee A ‘S“y. 

Q=YlX.P = (Y\\X)\A\S x }. 

2. Te 1 -> Cls . a‘T= 64*7 x **‘S“y • D‘TC e 4 ‘D‘/S x 

The relation T here defined is the correlator required for proving 
e A ‘p {(ga) . a e 7 . y » = «x S‘a] am 64*7 x e^S^y. 

Besides what is proved in the present proposition, we shall have to prove 
P e Cls -* 1 . e A ‘D‘iS x C D‘T. 

The proof of the present proposition is as follows. 

Dem. 

b . *21*33 . *13*171 . D h :. Hp . D : 

PTQ . P’TQ . D . (gZ, F, X\ Y ') . Y i X = Y' 4, X ‘ . P = ( F || Z) | A \ 8 X . 

P' = (F||Z')i^|S x . 

[*55*202] D.P = P' (1) 

b . *21*33 . *114*603 . D I- :. Hp . D : PTQ . D . P e e 4 ‘D f /S x (2) 

I- . (1) . (2) . *118*101 . D b . Prop 

9—2 
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*114*605. h : Hp *1 14*604 . 3 . T e Cls -> 1 
Bern. 

l-.*114*601.31-:Hp.3.S x «l-*l (1) 

h . (1) . *74*71 . *114*601*602 . 3 

h : . Hp . X, X' c 6 A ‘7 . Y, T e e A ‘S“y . ( Y j | Z) | A \ S x = ( F || Z') | A \ 8 X . 3 : 

(F \\X)\A=(Y’\\h\A‘- 

3 : (F || Z) |* T>‘A — (Y'\\ ZOTD'Z: 

3 : a e 7 . 3. . (F|| X)‘(S‘a ) X a = ( F || X')‘(S‘a ) J, a . 

3. . ( F‘S‘a) j (Z‘a) = ( Y'‘S‘a) J, (Z"a) . 

3. . Z‘a = Z"a . Y‘S‘a = F'‘S‘a : 

3:Z = Z'. F = F': 

D:F;Z=F';Z (2) 

h . (2) . *13*22 . *21*33 . 3 I- :. Hp. 3 : PTQ . PTQ ' . 3 . Q = Q' :. 3 h . Prop 

The following propositions are required for proving that, with the same 
hypothesis, e A ‘D‘$ x C D ‘T. 

*114*61. I- : Hp *1 14*602 . P e e A ‘D ‘S x . Z = 1 1 d | P \ S x . F=i| D \ P\8 X \S. 3 . 

Z e ca f 7 • F € e&‘S“y 

Bern. 


[*74*7] 

[*114*602] 

[*113*123] 

[*55*202] 

[*80*14.*33*45] 

[*55*202] 


I- . *72*181*13*131 . *80*14 . *114*601 . 3 I- : Hp . 3 . Z, Ye 1 -» Cls (1) 


h . *72*2*181 *13*131 . *80*14 . *114*601 . 3 

1- :. Hp . 3 : aZa . = . x — 1 ‘d‘P‘Sx‘a . ( 2 ) 

[*51*53] 3.a:ed‘P‘,Sr x ‘a. 

[*83*2.*114*601] 3 . (gP) .ReaxS‘a.xe d‘R . 

[*113*142] D.xea (3) 

1- .*114*601 . 3 1- :. Hp . 3 : a . = . S x ‘ae D‘S X . 

[*83*2] = .E!P‘S x ‘a ( 4 ) 

I- . *83*2 . 3h:.Hp.3:E!PSS x ^. = .P‘,S x ‘aeS x < a. 

[*113142] 3 .d‘PSS x ‘ael. 

[*52*15] 3 . E ! t‘(TP‘S x ‘a (5) 

I- . (2) . (4) . (5) . 3 h : Hp . 3 . 7 C d‘Z ( 6 ) 

1- . *34*36 . *114*601 . 3 1- : Hp . 3 . d‘Z C 7 (7) 

h . ( 1 ) . (3) . ( 6 ) . (7) . 3l-:Hp.3.Zee A ‘7 ( 8 ) 

Similarly h : Hp . 3 . Ye et‘S“y (9) 

I- . ( 8 ) . (9) . 3 1- . Prop 


*114*611. 1- :. Hp *114*61 . 3 : a e 7 . 3 . ( Y‘S‘a) j (Z‘a) = PSS x ‘a 

Bern. 

h . *72*2 . 3 1- : Hp . a e 7 . 3 . Z‘a = I'd ‘P‘S X ‘a . F‘S‘a = t ‘D‘P‘S X ‘a . 
[*55*16.*51*5l] 3 . ( Y‘S‘a ) | (Z‘a) = P‘S x ‘a : 3 1- . Prop 
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*114-612. I- s Hp *114*61 . 3 . (F||Z) | A | S x = P 

Dem. 

H . *83*15 . 3 h:Hp.glP. D . g ! D‘/S x . 

[*114*601] 3 . a ! y (1) 

Y. *34*1. 3l-:.Hp.3: M {(F ||X) |4|S x j ,* . = . 

( a Q, a) . M = (FJ X)‘Q . QAa . /* = S x ‘ a . 

[*1 14*601 -602] s . (a «) . M = ( Y | | X)‘(S‘a) l<x. p = S x ‘a.aey . 

[*113123] = . ( a o) . M = ( F‘S‘<x) J, (X‘a) . (i = S x ‘a . a e y . 

[*114*611] = . (a«) . M = P‘S X ‘a. / i = S x t a.aey. 

[*13*193.*114*601.*7l*16] = . M = P'p . a ! y . 

[*7 1 *36. *80*1 4.(1)] s . MPp 3 1- . Prop 

*114*613. Y : Hp *114*61 . Hp *114*604 . 3 . 

P = T‘(Y X X ) . (F4, X) e e A ‘y X e A ‘S“y 

Dem. 

Y . *21*33 . *114*604 .31-:. Hp*114*604 . 3 : 

Xe eSy . Ye e*‘S“y . 3 .T‘( Y X) = ( F || X) j A \ S x (1) 

Y . (1) . *114*61*612 . *113*106 .31-. Prop 

*114*614 Y : Hp *1 14*604 . 3 . e d ‘D‘S x CD‘P 
Dem. 

Y . *114*613 . 3 Y Hp . 3 : P e e A ‘D‘S x . 3 . (aQ) .P=T‘Q. 

[*33*43] 3 . P e D‘T :. 3 h . Prop 

*114*62. Y : Hp*114*604.3 . Te 1 -> 1 . D l T= € 4 ‘D‘S X . d‘T= e A ‘y x e A ‘S“y 
[* 114*604*605*614] 

*114*621. h:/S|*76l-»l. 7 Ca‘/g.A~€7:3. 

e 4 ‘/t {(a«) . a e y . ji = a x $‘a} sm e A ‘y x e*S“ y 

[*114*62*601] 

The hypothesis A~e 7 is not necessary, since, when Aey, 
eSji ((a«) . a e y . ft = a x £‘a} and e±‘y x e^‘S“y 
are both A. This is proved in *114*63. 

*114*63. l-:S|*7el-»1.7Ca‘S.3. 

«*'/* Ka«) . a e 7 . fi = a x /S‘a} sm e A f 7 x e6.‘S“y 

Dem. 

K *10*24. *83 11. 3 

h : Hp . A e 7 . 3. Ax5‘Ae£{(aa)-«e7*/* = «X'S < a} ,e^ ( y = A. 
[*113*114] 3 . A e p. {(a«) . a e 7 . /t = a x /S‘a) . e 4 ‘ 7 x e A ‘S“ y = A . 

[*83*11] 3.€4‘/*{(aa)*«€7./t=aX(S < a} = A.e^y x et‘S“y = A (1) 

h . (1) . *73*47 . *114 621 .3 Y. Prop 

The above is one of the two variants of the associative law for e& and x. 
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*114*631. I- . exp. {(ga) .aey.fi = axa}Bm e 4 ‘a x e*‘a 


[part ill 

*114*63 U 


*114*632. h:/S[*yel-* 1 . 7 C Q‘/ 8 . y r\ S“y = A . D . 

€a‘(1 {(ga) . a € 7 . ft = a x S‘a} sm v S“y) [*1 14-63*301] 

This is the second variant of the associative law for e A and x. 

*114-64. h : (i2“ 7 )1 R, S [yel -> 1 . 7 C(KR . 7 C d'B. 3 . 

e A ‘R“y x €±‘S “ 7 sm e±‘p, {( 32 ) . z e 7 . ft = x S‘z\ 

Derru 

h ■ *114*63 . 3 

o. 7 

I- : -S | B [ J2“ 7 e 1 1 . 12“7 C a‘(S | ^) . D . 

ex‘R“y x ex‘S“R“R“y sm e A ‘£ {(a«) • a e U‘ f 7 . /* = a x (<S | B)‘a} (1) 

h . *74*14 . *35*354 . 3 I- : Hp . 3 . S | R {R“y = 5 [ y | 7 I . R [R“y = 7 1 J2 . 


[*71*252] 3.Sj.R|\R“7el 

I- . *37*2 . DhiHp.D.^C^a'S. 

[*37*32] D.R“yCa‘(S\R) 

I- . *74*171 . 3 I- : Hp . 3 . R“R“y = 7 


( 2 ) 

( 3 ) 

(4) 


h . (4) . *74*14 . 3 h : Hp . 3 . (R“y) ] JJ = 5 1“ 7 . 

[*35*7 .*7 1*4] 3 . P {(act) . a e £“ 7 . /* = a x (S | £)'«} 

= p 1(3*) . ^ e 7 . n — R‘z x 8‘R‘R‘z} 

[*74*53] = p {( 3 *) .zey. f i = R t zxS , z] (5) 

h . ( 1 ) . ( 2 ) . (3) . (4) . (5) . 3 I- . Prop 

In the above proposition, the hypothesis has to be such as to yield 

R“R“y = 7. Various other forms of hypothesis will secure this result, and 
will give other forms of the above proposition. This subject is treated in 
*74, above. 

*114*66. h s. (fi“7)1 B, S[*7€ 1-»1 . 7 C d‘.R . 7 C 0.‘S.R“y n S“y = A . 3 . 
ex(R“y w S“y) sm e&‘p {(32) . z e 7 . fi = R‘z x 
[*114*64*301] 
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*115. MULTIPLICATIVE CLASSES AND ARITHMETICAL CLASSES. 


Summary of *115. 


Whenever * is a class of mutually exclusive classes, e*** is similar to 
D**€ A ** ; hence 

IINc** = Nc*D**e A **. 

Now D“€a‘* is of the same type as * ; and when * is a class of mutually 
exclusive classes, D**e^** consists of all classes formed by selecting one 
representative from each member of * . It often happens that D**e* ** is 
easier to deal with than e A ** ; hence when possible ( i.e . when * e Cls* excl), it 
is convenient to use D **e A **, rather than e A **, as the standard member of 
IINc**. We therefore put 

Prod** = D“e A ** Df. 

We shall call Prod'* the “multiplicative class” of *. 

The associative law, 

Prod' V* sm Prod*Prod***, 

requires not merely * e Cls* excl, but also «** e Cls* excl. The combination of 
these two hypotheses gives a completely disjointed class of classes of classes, 
i.e. a class of classes of classes * which can be obtained by dividing a given 
class («V*) into mutually exclusive portions, and then dividing each of those 
portions into mutually exclusive portions. For example, take a square (a class 
of points) and divide it by horizontal lines, and then divide each of the result- 
ing rectangles by vertical lines ; then the resulting rows of little rectangles 
form such a class, each row of rectangles being one member of the class. Such 
a class we call an “ arithmetical ” class, and denote by “ Cls* arithm.” 

The present number is concerned with the properties of multiplicative 
classes and arithmetical classes. Some of these properties will be useful 
in dealing with exponentiation. 

The present number begins with various propositions concerning Prod** 
which are merely repetitions of previous propositions of *83, *84, *85 or 
*113. Thus we have 


*115141. h s a ! Prod** . D . «*Prod** = «** 

*115142. KProd*i*a = i**a 

*115143. KProd*i**a = e*a 

*115*16. b .tee Cls? excl . D . Prod** C Nc** 

and various other properties. 


by *83*66, 
by *83*7, 
by *83*71, 
by *100*64, 
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We then proceed to consider Cls* arithm. We prove 

*115*22. b * e Cls* arithm . D :«*** e Cls* excl : o,#€*.g!**an«*£.D ei 0 .a=£ 
and *115*23 gives a similar proposition substituting “ Prod ” for *. 

After a few more propositions on Cls* arithm, we proceed to the associative 
law for Prod (*115*34), i.e. 

b s * e Cls* arithm . D . Prod*Prod*** sm Prod V*. 

(This proposition, *115*34, also states that, with the same hypothesis, 
ProdV* sme A V#.) Hence we have 

*115*35. b : * e Cls* arithm . D . Nc*Prod*Prod*** = Nc*ProdV* = nNc*Prod*** 

= nNc*eA***=nNc v* 

We have also 

*115*42. b s * e Cls* arithm . D . ProdTrod'^^D^Trod^^ir^D^^D^eA^A^ir 

*115*44. b : * e Cls* arithm . D . Prod V# = «**Prod*Prod*** 

We have next to prove that if two classes of classes have double similarity, 
so have their multiplicative classes. The proof is simple, since the double 
correlator is the same as for the original classes, i.e . 

*115*502. b : Tf* s*X e * sm sm X . D . Tf «*Prod* X € (Prod**) sm sm (Prod*X) 
whence 

*115*51. b : * sm sm X . D . Prod** sm sm Prod*X 

The number ends with some propositions which result from *114*64*65 
and are analogous to them. One of these is used in the following number, 
in proving x c v" = (fi x c p) w , namely, 

*115*6. b s 0 R** 7 ) 1 R, S T 7 e 1 -> 1 . 7 C d‘R . 7 C <3SS . 22** 7 , S ** 7 e Cls*excl . D . 

Prod*12 ** 7 x Prod*&** 7 sm e A *£ {(g-z) .^e 7 ./t = R l z x £*s} 

The subject of this number will be useful in dealing with exponentiation, 
since we shall define p by means of Prod*a^ **#, where /* = N 0 c*a and 

v ** N 0 c*/ 3 . 

*115*01. Prod** = D**€a** Df 

*115*02. Cls* arithm = * (*, «** e Cls* excl) Df 

*115*1. b . Prod** - D** 6 a ** [(*115*01)] 

*115*101. b :.«€*• D a .«rnael :mC 8 c tc : 3 • m e Prod** [*84*411] 

*115*11. b :: * 6 Cls 9 excl . D m e Prod** . = :ae*.3 a .isrnael:isrC«** 
[*84*412] 

Owing to this proposition, Prod** can be treated without any reference to 
6 A ** whenever * e Cls* excl. 
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*11512. h : * e Cls* excl . D . Prod'* e IINc'* . Prod'* sm e A ‘* [#84-41] 

It is this proposition that makes the notation Prod'* appropriate for 
the multiplicative class. 

*11513. I- : a a y 9 = A . D . Prod‘(t‘a w t'yS) sm (a x y9) [*113152] 

*115131. h:a + y3.D.Prod'(t‘aui‘y9) = C'“(axy9) [*113151] 

*11514. hr. *aX*=A.v. s'* a s'X = A : D : 

«r e Prod'(* v X) . = . (gp, a) . pe Prod'* . <r e Prod'X . w = p v a 
[*83-64641] 

*115141. h : g ! Prod'* . D . s'Prod'* = s'* [*83’66] 

*115142. h . Prod ‘i‘a= t“a [*83 7] 

*115143. KProd‘t“a = t‘a [*83 71] 

*115144. h : * C 1 . D . Prod'* = i‘s‘* [*83 72] 

*115145. h *eCls*excl.ac *.p a a el. 3 : p — a e Prod‘(* — t‘a).=.peProd‘* 
[*84-422] 

*11515. I- *, X e Cls* excl . s'* = s'X . D : * C Prod'X . = . X C Prod'* 
[*84-43] 

*115-151. h : * e CIS* excl . D . e A ‘s‘* = s“Prod‘e A “* [*85 28] 


*115152. I- . Pa ‘ a sm Prod'P J "a [#85‘55] 

*115153. h . ca‘* sm Prod'e J “* [*115-152] 

*115164 h . Prod's J “* e IINc'* [*115153] 

*11516. I- : * e Cls* excl . D . Prod'* C Nc‘* [*100 64] 


The following proposition is used in the theory of well-ordered series 


(*250-5). 

*11517. h : g ! e^'Cl ex'a . D . Prod'Cl ex'a = t'a 

Dent-. 

h . *8014 . *1151 . *37-45 . D h : Hp . D . g 1 Prod'Cl ex'a (1) 

H . *60-61 . Fact . D 

H R e 1 -* Cls . R G e . d‘R = Cl ex'a . D : R e 1 — » Cls . R G e . i"a C Q'JJ : 
[*51*15] D : x e a . D* . xR (i‘x) : 

[*3314] D : a C D‘R (2) 

h. *83-21. Dh:Hp(2).D.D‘iJCs‘Clex'a. 

[*60-501] D.D'ECa (3) 

1- . (2) . (3) . D I- : J? e 1 — > Cls .Rde. d‘R = Cl ex'a . D . D'ii = a (4) 

h . (4) . *115-1 . *8014 .DK Prod'Cl ex'a C i‘a (5) 

h . (1) . (5) . *51*4 . D h . Prop 
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*11518. I- . <‘Prod‘* = t‘< [*83-81] 

*115'2. h : # e CIs’ aritbm . = .k, 8‘k e CIs* excl [(*115 02)] 

*115*21. h k e CIs* aritbm . = :a,/9e*.g!an/3. ,a = ftt 

r „. B a.fteK.pea.aeft.^lpna.X.e.^-p^^ 

[*llo*2. #84*11] 

*115 211. h : k e CIs* aritbm . a, /9c * . pe a. o* e ft .g! p r\o ,D . a = ft 

Bern. 

h . *11521 . D f- : Hp .0 . p = cr . pea. cr e ft . 

[*1313] D . pea n ft . 

[*115-21] D.a = /3:Dh.Prop 

*115*22. h k e CIs* arithm . D : s“* e CIs* excl : a,/9e*.g Is'an s‘ft . . a = ft 

Bern. 


h .#40*11 . D h :g I 

s'a n s' ft . = . 

(a*. 

P.< 

r). pea. <reft.xep.xetr. 


[*10*35] 

= • 

(a/>> 

<r) 

. pea. a e ft . g! pr><r 

(1) 

K(l). *115*21 1.3 

) 





hi. Hp . D : a, ft e k 

.3 ! s'a n 8‘ft 

. D . 

a = 

ft • 

(2) 

[*30*37] 


D. 

s'a 

= 8‘ft 

(3) 

1- . (2) . (3) . *84*11 

. D h . Prop 






Observe that, although “ a“* e CIs’ excl ” follows from 
“a, ft sk . a ! s‘a n s' ft . . a = ft,” 

the converse implication does not hold. If there were two different classes 
a and ft having the same sum, we might have a ! «'# n s‘ft, i.e. a ! s'a, without 
having a = ft, in spite of “ s“k e CIs* excl.” In proofs, less use can he made 
of “ 8“k e CIs* excl ” than of “ a, fte it . a 1 s'a « s‘ft . D a>fi . a = ft.” If A * or 
t‘A~e/e, the latter implies s[“*el— »1. 

*115*23. I- k e CIs* arithm . D : 

Prod''# e CIs* excl : a, ft e # . a 1 Prod'a n Prod'yS .O a ,p.a—ft 


Bern. 

h. #83*62. D I- : we Prod'a n Prod')9 . D . «r Cs'a r\ 8* ft (1) 

h • (1) • *24*58 . D h : «■ e Prod'a n Prod‘/9 . a 1 ** • 3 • a * 8<a 8 ‘@ (2) 

h . (2) . *115*22 . D I- : Hp. a, £ e #.«■ e Prod'a n Prod‘£.g !«0.a = £ (3) 
h . #83*16 . Transp . D I- : A e Prod'a n Prod'/9 . D . a = A . ft = A (4) 

h .(3) .(4). D h :. Hp. D : a, ft etc . ^ ! Prod' an Prod‘#.D.a = # . (5) 

[*30*37] D.Prod'a=Prod‘£ (6) 

h. (5). (6). *8411.31-. Prop 


*115*24. h : * e CIs* arithm . = . e [* #, e f* s‘k e CIs — > 1 [*115*2. *84*14] 

*115*25. h :# e CIs* arithm . D . e*‘# C 1 — * 1 . e 4 's‘# C 1 — > 1 [*84*3. *115*2] 
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♦115*26. b : sc € Cls* arithm . D . 

uV‘* C 1 -> 1 . ePe*"* C 1 1 . e A ‘Prod“* C 1 1 

[♦84-3 . *115*22 . *84*55 . *115*23] 

In the above proposition, e&€±“tc C 1 — > 1 does not require the hypothesis 
sc e Cls* arithm, being true always. It is merely included here for con- 
venience of reference. 

*115*27. b: see Cls* arithm . D . k C Cls* excl [*115*2 . *84*25 . *40*13] 

We have now to prove the associative law for “ Prod/’ i.e. 

k € Cls* arithm . D . Prod V# sm Prod‘Prod“*. 

In virtue of *115*12, we have only to prove (under the hypothesis) 

€&*8 s /c sm ePProd “k 
which, by *85*44, will follow from 

sm e A ‘Prod“/c 

which, by *114*52, will follow from . 

€&“/c sm sm Prod“/c. 

Now Prod u k = D /‘e*"#. 

Thus the correlator which will give our proposition will be Df 
We have only to prove that this is a 1 -> 1, and the rest follows. 

*115*3. b : k e Cls* arithm . R, S e 8 c €l“k . D'iJ = D‘S . D • R = S 

Bern. 

K*115*230h:tf€Cl8*arithin.a,)8etf.iJe€pa.SeeA'$.D‘i2=D‘/S.D.a=/8 (1) 
K *115*27 . *84*4- Dh:*€Cls*arithm.ae* .i2,$e€A‘a. D‘i2=DSS. D.R—S (2) 
h.(l).(2).Dh:#ceCl8*arithm.a,^8e/r.i2e6A i a-Se€ A < ^8.D i i?=D tf /S.D.i2=S (3) 
K(3). *10*1 1*23*35 . *40*1 1 . D h . Prop 

*115*31. b z tee Cls* arithm . D • Prod“* sm sm e&“/c 
Bern. 

h . *115*3 . *71*55 . *72*13 • D b : Hp . D . D [ s‘e A “* e 1 -► 1 (1) 

b . *33*431 . DK C (PD (2) 

b . *37-11 . *115*1 . D b . Prod“# - D C “€ A “* (3) 

K (1) . (2) . (3) . *111*402 . D b . Prop 

*115*32. b : k e Cls* arithm . D . e A 'Prod“# sm e^e^ u sc [*115*31 . *114*52] 
*115*33. b : sc e Cls* arithm . D . ePProd*** sm e A *s f /c [*1 15*32 . *85*44] 

*115*34. b s sc e Cls* arithm . D . Prod'Prod"# sm Prod V* . Prod V* sm e* V/c 
[*115*33-12*23] 

This proposition gives the associative law for “ Prod.” 

The following proposition embodies the last three propositions. 
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*115*35. h s k e Cls s arithm . D . 

Nc*Prod‘Prod“# = Nc'ProdV# = IINc'Prod 44 * = IINc'eA 44 * = IINcV* 
[*115*34*33*32] 

In connection with ProdV# and Prod'Prod 44 #, there remain two pro- 
positions of sufficient interest to deserve proof, namely 
tc e Cls* arithm . D . Prod V* = s“Prod‘Prod“* 
and k e Cls 8 arithm . D . Prod‘Prod“* = D“‘D“e*€*“/c. 

Of these, the first is deduced from the second, while the second is proved 
by means of *114*51, putting D for the T which appears in that proposition, 
and €&“/c for the X of that proposition. 


*115*4. h s T|V\ e 1 -> 1 . s'A C <3‘T . D . Prod‘2*“X = T“‘Prod‘X 
Dem. 


V. *11114. *37103. 

D 1- : Hp . * = T“‘\ . D . 2 , f‘s'\e*8m smX . 


[*114-51.*73142] 

D.e A ‘* = (T||T.)“e A ‘X 

(1) 

l-.(l). *1151. 

D h : Hp . D . Prod‘T“‘X = D“(r|| 2V)“e A ‘\ 

(2) 

K *37-321-231 . 

Dt-.D‘(7 , iiJ|r e ) = D‘(T|i2) 


[*37-32] 

= r“ D'iJ 

(3) 

K (3). *431 12. 

D h . D“(Tj| re)“e A ‘\=2 , “‘D“€ A ‘\ 


[*1151] 

= T“‘Prod‘\ 

(4) 

h . (2) . (4) . D h . Prop 



*115*41. h:.iJ,^6S 4 X.D 4 iJ = D 4 S.D JJ>s .i2=S:D.Prod 4 D m X = D^Prod 4 X 
[*115-4 ^ . *7155 . *7213] 

*115*42. I - : * e Cls* arithm . D . Prod'Prod"* = D'''Prod‘e A “* 

= D“‘D“e A ‘e A “* 

Dem. 

I- .*1151 . Dh. Prod'Prod''* = Prod‘D“‘e A “* (1) 

V . *115-3-41 . D h : Hp . D . Prod‘D“‘€ A “* = D“‘Prod‘e A “* (2) 
[*1151] = D“‘D“e A ‘e A “* (3) 

h . (1) . (2) . (3) . D I- . Prop 

*115-43. l-:*e Cls* excl . D . Prod's'* = s“D“‘D“e A ‘e A “* 

Dem. 

I- . *115*1 . *85-28 . D 

I- : Hp . D . Prod's'* = D“s“D“e A ‘e A ''* 

[*41-43] = s«D“‘D“€ A ‘e A “* : D h . Prop 


*115*44. I- : * e Cls* arithm . D . Prod's'* = s“Prod‘Prod"* [*115-43*42] 
The following proposition is a lemma for *115*46. 
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*115*45. I- o, * . g ! s‘a n 8*0 . D.,* . a= # : D . 

(» | D) f* ca'ac e 1 -* 1 . 8 1* Prod'* e 1 -» 1 

Bern. 

I- . *83*2 . *40*13 . D b : R e e&‘/c . a e ac . D . R‘a C s‘a (1) 

b . *83*2 .*33*43 . D b : Reejic . ae # . D . iJ'aCs'D'.R (2) 

b. *83*23. D 

P : R e e&'tc .ae/K.xe(s‘D‘R n s‘ a) . D . (gy9) . /9 e ac . xeR‘/3 .xes‘a. 

[(1)] D.(a/9).y8 e *. xe R‘/3 .xe8‘/3.xe8 ( a (3) 

I". (3). D P:.Hp.i2 e e4 < /c.ae/e.D:a:€(s < D < i2 n a‘a).D.(g/S).a;e.R‘/9./9=sa. 


[*13195] 2.xeR‘a (4) 

P . (1) . (2) . (4) . D I- :. Hp . D : iJ e «a*ac . a e ac . 3 . iJ‘a = s‘D‘iJ n «‘a (5) 

P . (5) . 3 P :: Hp . 3 :. iJ, £ e e A ‘* . s‘D‘i2 = «‘D f £ . 3 : a e *. 3«. ,R‘a = <S‘a : 
[*33*45.*80*14] 3:J2 = S:. (6) 

[*7l*55.*72*13*161] 3 (« | D) [ e 4 ‘* e 1 -* 1 (7) 

P. (6) .*37*63. *115*1 .#30*37 .3 Pr.Hp.D:^., v e PnxpAe.a'/t = s‘v.0 ,ji = v : 
[*71*55.*72*161] 3:«f* Prod'cc e 1 -* 1 (8) 


P . (7) . (8) . 3 P . Prop 

*115*46. I- : * e Cls* arithm . 3 . a f* Prod‘Prod“« e 1 — > 1 

Bern. 

b . *115*141 . 3 

b:a,/3eic. g ! a‘Prod‘a n «‘Prod‘/9 . 3 . g ! a*a n s‘/3 (1) 

P.(l). *115*22.3 

b :. Ace Cls* arithm . 3 : a,/Se/c . g ! a'Prod'a r> a'Prod'^ . 3 . «*/9. 

[*30*37] 3 . Prod'a = Prod‘/9 : 

[*37*63] 0 : ft,ve Produce . g ! s‘/a n 8 f v . 3 . /i = v : 

[*115*45] 3 : 8 f* Prod'Prod “ac e 1 — * 1 D h . Prop 

The above proposition is used in dealing with products in relation- 
arithmetic (*174*42). 

*115*5. I- : TfV\ e k §m §m\ . 3 . Prod*Ac = 2V‘Prod‘\ [*115*4. *11 1*14] 

•115*501. P : rfa'Ae Acsm smX. . g ! Prod‘\. 3 . T f* «‘X e (Prod'*) sm sm (Prod ( X) 
[*115*5*141. *111*1 4] 

*115*502. b : Tf'a'Xe AcsmsmX. . 3 . Tf* a'Prod'X e (Prod'*) sm sm (Prod'A) 

Bern. 

b . *35*75 . 3 b : ~g ! Prod'A. . 3 . Tf a'Prod'A = A (1) 

b . *115*5 . *37*29 . 3P:Hp.~g! Prod'A . 3 . Prod'* = A . 

[*37*29.*40*21] 3 . a'Prod'* = (T[ a‘Prod‘\)“a‘Prod‘\ (2) 

b . (1) . *72*1 . (2) . *115*5 . *111*1 . 3 

l-:Hp g ! Prod'A. 3 .2 1 |*s‘Prod‘\e(Prod‘*)8msm(Prod‘A) (3) 

P . (3) . *115*501*141 .3P. Prop 
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*115-51. h : k sm sm X . D . Prod** sm am Prod'X [*115 '502] 

The above propositions show how, in certain respects. Prod'* is more 
convenient than e*'*. We cannot have e*‘/c sm sm e*‘X, because e±‘/c is 
a class of relations, not a class of classes ; and the correlator of e^/c and e^'X 
is by no means so simple a function of the correlator of « and X as 
Prod'X, which correlates Prod'* and Prod'X, in virtue of *115'502. 
The following propositions are a continuation of those given in 
*114601 ff. 

*116-6. \-:(R“y)'\R,Styel-*l .yCd‘R .yCa‘S.R“y,S“yeC\s'exc\.3. 

Yrod‘R“<y x Prod'S"? sm e^p {(a*) ,zey.fi= R‘z x S’*} 

Dem. 

K *11512. *11313.3 

1- : Hp . D . Prod'fi"? x Prod'S"? sm e*‘R“y x e^'S"? (1) 

h . ( 1 ) . *114*64 . D h . Prop 

*116-601. h : (R“y) 1iJ,S[?el->l.yC Q‘R . y C d'S . R“y e Cls* excl . D . 
p {( 32 ) .zey./i= R‘z x S'*} e Cls’ excl 

Dem. 

I- . *113-19 .31-:. Hp . D : 

z, w e y . a ! (R‘z x S‘z) n (R‘w x S‘w ) . D . a ! R‘ z a R‘w . 

[*8411] D . R‘z = R‘w . 

[*74-53.*30-37] D.z = w. 

[*30-37] D . R‘z x S‘z = R‘w x S‘w (l) 

h . ( 1 ) . *84-11 . D h . Prop 

*116-602. h:(i 2 “ 7 ) 1 i 2 ,S| k 76 l-*l .? C (I‘.R .? C d'S . S"? e Cls’ excl . D . 
p {( 3 *) . z e 7 . /* = R‘z x S‘z\ e Cls* excl 
[Proof as in *115-601] 

*116-61. h (R“y) 1 .R, S [ ? e 1 -> 1 . ? C d‘.R . ? C d'S . R“y a S“y = A : 
R“y e Cls* excl . v . S"? e Cls’ excl : D . 
et‘(R “ 7 u S"?) sm Prod'/* {(a*) . z e y . /* = R‘z x S's} 

[*115-601 -602-12. *114-65] 

*116-62. h : ( R (, y ) I^S^cl-frl^C d‘R . y C d'S . R ,( y a S"? = A . 

(i ?“ 7 w S“?) e Cls’ excl . D . 

Prod‘(i?“? w S“y ) sm Prod'/t {(a*) • z ey . fi = R‘z x S'z] 
[*115-6112. *84-25] 

*116-63. h : (i?"?)] .R, S [?€ 1 -* 1 . ? C d‘.R . 7 C < 3 ‘S.ii“ 7 ,S" 7 eCls*excl . D . 
Prod'-R"? x Prod'S"? sm Prod'/t {(a*) . z e 7 . /* = R‘z x S‘z] 
[*115-6-601-12] 
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♦116. EXPONENTIATION. 


Summary of ♦116. 

In this number, we define “ a exp fi,” meaning “ a to the exponent /} ,” 
where a and /3 are classes, as 

Prod 'a ^ “/3. 

Now Prod‘a^“)8 consists of all ways of selecting one each from the 
members of a \ “ft, i.e. from the classes l y“ a, where y e 0. Thus to get 
a member of Prod‘a ^ “ft, take a set of couples x 4 y, where x is always an a, 

and there is only one x for a given y , and y is each member of /3 in 
succession. Thus for each member of /8, we have Nc'a possible referents; 
hence it is plain that the number of possible sets of couples consists of Nc‘/J 
factors each equal to Nc'a, and is therefore fit to be taken as defining 
(Nc‘a) Nc ^ 

The definitions of y v and (Nc'a) No< 0 are derived from the definition of 
a exp /3 exactly as the definitions of y+ 0 v and Nc'a + 0 Nc'$, or of y x c v and 
Nc*« x c Nc‘£, were derived respectively from a + ft and axj8. 

The chief difficulty in this number lies in the proof of the three formal 
laws of exponentiation, namely 

y" X 0 i/~ = (^X c i/)~ 

and (y v )" = y vX " r . 

The proofs of the second and third of these, in particular, require various 
lemmas; but there is no difficulty involved except the complexity of the 
classes and relations concerned. 

The definition of y v is so framed as to minimize the necessity for the 
multiplicative axiom (see the note on ♦113‘31 in the introduction to ♦113). 
We have 

♦116"36. h :• Mult ax . D s y f v e NC — l‘A ./eevn Cl‘y . D • IINcV = y v 

that is, assuming the multiplicative axiom, the product of v factors each 
equal to y is y v (assuming y and v to be cardinals which are not null). 
If we had defined y* as the product of v factors each equal to y y we should 
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have required the multiplicative axiom for almost all propositions on fi v ) but 
by taking the particular class aj,“# we avoid the multiplicative axiom 

except in a few propositions. Among these few is the above proposition 
connecting exponentiation with multiplication. 

Cantor has defined by means of the class of “ Belegungen,” i.e . the 
class 

R (R € 1 Cls . I>‘R C a . d‘22 = fi) 

which (*116*12) = (af #V# By *85 53 and *113103, this class is equal to 
8“(aexp/3) (as is proved in *116*13), whence, since sfaexp# e 1 — > 1, it 
follows (*116*15) that the class of “ Belegungen ” is similar to a exp# 
Hence our definition gives the same value of p* as Cantor’s. 

The propositions of the present number begin with various simple 
properties of a exp# Its existence follows from 

*116*152. b s x e a . D . x J, “fi e (a exp fi) 
whence (*116*16) b . Cn v‘“fi ^ “a C a exp # and 
*11618. b:.a!a.v.# = A: = .a!a exp fi 

We have 

*116*19. b s a sm y . fi sm 8 . D . (a exp fi) sm sm (7 exp 8 ) 

in virtue of *113*13 and *115*51. *116192 shows that, if R [ 7 correlates 

a with 7 , and /S [8 correlates fi with 8 , then (R\\ S)[ (8 x y) is a double 
correlator of (a exp fi) with (7 exp 8 ). 

We then proceed to a set of propositions on fi v , which are analogous to 
*113*2 ff. on fix c v. We have 

*116*203. b:g!/i v .D./i,i/€ NC — i l A . /*, v € N 0 C 
*116*25. b . (Nc‘ 7 ) n <* = Nc‘( 7 exp 8) 
and various other less useful propositions. 

We then have various propositions on 0 and 1 and 2 . We prove 

*116*301. b: M eNC-i‘A.D./*°=l 
*116*311. b : 1 / e NC — l‘A — t *0 . D . 0 V = 0 

*116*321. b : fi e NC - 1 ‘ A . D . fi 1 - sm “fi 

(Observe that sm“/* is the same cardinal as /*, but rendered typically 
ambiguous.) 

*116*331. b: M €NC- 6 ‘A.D.l* = l 
*116*34. b . = fi x 0 fi 

(This proposition does not require that p should be a cardinal.) 
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After the proposition (*116*36) already quoted, on the connection of 
exponentiation and multiplication, we proceed to a set of propositions on 
the case where a number of classes are all given as similar (by assignable 
correlations) to a given class. In *116*411, we prove that if k is a class 
of mutually exclusive classes, each of which is similar to a given class 7, 
and if, when a etc, M‘a is a correlator of a and 7, and T is the sum of M u K t 
then 

Nc*€a*T “7 = Nc‘?V 7 = Nc‘(/c exp 7) = (Nc^) Nc \ 

This is a further connection of multiplication and exponentiation. (On the 
purport of this and following propositions, see the explanation preceding 
*116*4.) In *116*43, the hypothesis is somewhat modified. We still have a 
set k of classes which are all similar to 7, but the correlator for a given 
class a is not given as if'a, but is given as M‘w, where w is a member of 
a class 8 which is similar to k . Theu /c= We assume that M[& 

is a one-one, and that if M‘w and M‘v have domains which overlap, then 
w = v. Thus jc is a class of mutually exclusive classes, each of which has 
Nc *7 terms, while k has Nc‘8 terms. Then it is proved in *116*43 that 
Prod‘D“ M“& sm sm (7 exp 8) . IINc‘D“if“8 = (Nc‘7) Nc< *. 

This proposition and another (*116 45) which follows from it are useful in 
proving the formal laws of exponentiation. The proof of these occupies the 
following propositions from *116*5 to *116*68. We have 

*116*52. b . i* x c ^ 

*116*55. h.^x c ^ = (/ix c v) w 

*116*63. b . fi vx * w = 

An extension of the first of these is 
*116*661. b . IINc‘(a exp )“* = (Nc‘a) 2Nc ‘* 

Here the number of members of k need not be finite. The purport of the 
proposition is as follows: Let #, 7, 8, ... be the members of * ; form aexp$, 
a exp 7, a exp 8, ..., and take the product of the numbers of all these; then 
the resulting number is the same as if we first took the sum of the numbers 
of all the members of tc, thus obtaining (say) a number /a, and raised Nc‘a to 
the fith power. 

An extension of *116*55 is given by *116*68, where we prove 
b s k e Cl8 s excl - D . TINc'exp 7 “tc = (llNc^) N ^. 

There is no analogous extension of *116*63. 

We prove next Cantor’s proposition (which is very useful) 

*116*72. b . Nc'Cl'a = 2 N <^ 

I.e. the number of combinations of p things any number at a time is 2*\ 
(Observe that fi need not be finite.) The remainder of the number is 
concerned with consequences of this proposition. 

r. A w. 11 . 10 
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*116-01. a exp 0 = Prod'a j, “0 Df 

*116-02. ft v = 7 {(go, 0 ).(i = N 0 c‘a . v = N 0 c‘/9 . y sm (a exp /8)} Df 

*116-03. (Nc‘a)- = (N 0 c‘a)- Df 

*116-04. n No*<i = /t N^ Df 

*116-1. I- : f e (a exp 0) . = . (g.R) . R e e A ‘a J, “£ . f = D { R 
[*1151. (*11601)] 

*116*11. h :. f e (a exp 0). = :ye0.O y .an&(xlye()el:^C0xa 

Dem. 

I-. *113111. *11511.3 

h :. fe(aexp£). = : p ea^ "0 . D p . p n £ e 1 : £ C«‘a|, “0 : 

[*38-2.*1131] =:y60.D v .ly“angel:{C0xa (1) 

K *37 6. 3 

Y : l y“a r\ £ e 1 . 3 . R {(g;r) .a:ea.i2 = a;^y.iJef}el. 

[*13193] = . R }(g») .a;ea.®4ye£.I2 = ;r,iy}el. 

[#37'6] 3 . ^ y“tb(xea . x^y e£)el . 

[*73-611-44] =.£(a;ea. a4yef)el (2) 

Y . (1) . (2) . 3 Y . Prop 

*116-12. K (a 1 0V0 - R e 1 -> Cls . D‘E C a . d‘R = £} 

Dem. 

I- .*8014 . 3 Y : R e (a \ 0) A ‘0 . = . R e 1 -♦ Cls . R C« \0 . d‘.R = 0 . 

[*35-83] =. J Rel->Cl8.D‘ECa.a‘ECy9.a‘iJ = /8. 

[*22 - 42] = . R e 1 — » Cls . D‘JS C a . G‘7£ = # : 3 h . Prop 

*11613. h . s“( a exp 0) = (a f £V/3 

Dem. 

1- . *85-53 . D I- . (a 1 0V0 = «“D“e d ‘(a f 0) J “£ 

[*113103] = s“D“e A ‘a^“/9 

[*115-1.(*116-01)] = s“(aexp 0 ) . 3 h . Prop 

(af/SV/S is the class of one-many relations whose converse domain is 
0 and whose domain is contained in a. This is what Cantor calls the 
“ Belegungsmenge,” and is used by him as the definition of exponentiation. 
In virtue of *116"15, his definition gives the same results as ours. 

*116*131. !-.«[-(« exp 0) e {(a \ 0) A ‘0} sm (a exp 0) 

Dem. 

Y . *84-241 . *113103 . 3 Y . i“0 e Cls’ excl . a “0 = (a f 0) A “i“0 (1) 

Y . (1) . *85-42 . 3 I- : M, N e e 4 ‘a £ “0 . *‘D‘ M = s‘D‘iV . 3 . M = . 

[*30-37] * 3.D‘if = D‘W (2) 

H . (2) . *37"63 . *115T . (*116"01) . 3 Y : fi, v e (a exp 0 ) . s‘fi = s‘v . 3 . /i = i> : 
[*71-55.*72163] 3Ks[(aexp/3)el-»l (3) 

K (3). *11613. 3 K Prop 
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*116*14. l-.(«exp/9)sme 4 ‘a^“£ [*115*12 . *113*111] 

*116*16. I- . (a exp /9) sm (a f y9) A ‘/9 [*116*131] 

*116*151 is a lemma for *116*152. 

*116*161. h:are«.D.a:|| Cnv‘(a ^ |* /3) e e A ‘a 

Dem. 

h . *113*105 . *72*184 . 3 I- : Hp . 3 . * i | Cnv‘(a i [ 0) e 1 -+ Cls (1) 

K *34*1. *38*1. 3 I-:. Hp . 3 : .R {* J, | Cnv‘(a^ p /9)} X. = . 

( sy).R = xly.ye/3.\ = aj i y.a;ea. 
[*38*21] 3. iZeX (2) 

I- . *37*322*401 . 3K d‘{* | 1 Cnv‘(a J, [ /3)( = a | “£ (3) 

h . (1) . (2) . (3) . *80*14 . 3 h . Prop 

*116*162. H : x e a . 3 . a; 4 6 (« ex P /9) 

Dem. 

I- . *37*32 . *35*65 .31-. D‘{* J, | Cnv‘(a J, [ /9)} = a; | “0 (1) 

h . (1) . *116*151*1 .31-. Prop 
*116*16. I- . Cnv‘“/8 l“aCa exp £ 

Dem. 

h . *116*152 . *55*14 . 3 f- : x e a . 3 . Cnv“ ^ x“/3 e (a exp /9) . 

[*38*2] 3 . Cnv“£ x e (a exp f3) : 3 h . Prop 

The above propositions are useful in establishing existence-theorems, as 
appears in the following propositions. 

*116*17. f" : a 1 ^ “a . 3 . a ! a exp ft [*116*16 . *37*47] 

*116*171. h a ! a . v . £ — A : 3 . a ! * exp /3 

Dem. 

I- . *113*113 . *83*15 . *51*161 . 3 1- : £ = A . 3 . a ! « exp £ (1) 

I- .*116*152 . 3h:a!«.3.aUexp/3 (2) 

I- . (1) . (2) . 3 1- . Prop 

*116*172. h :. a ! « exp /8.3:al a -v.j8 = A 

Dem. 

1- .*83*11 . 3H :. Hp . 3 : A~e«4, “£ : 

[*113*112] 3:~(a = A.a!/9): 

[*24*51] 3:a!«*v./8 = A:.3l-.Prop 

*116*18. H:.a!a.v./3 = A: = .a!«exp/9 [*116*171*172] 

*116*181. I- . a exp A = t‘A 

Dem. 

I- . *113*113 . 3 h . a exp A = Prod'A 
[*83*1 5. *33*241] = t‘A . 3 K Prop 

10—2 
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*116182. I- : a !£.:>. A exp /9 = A [*113112 .*8311] 

*116183. I- . *‘( o exp yS) = yS x a 
Dem. 

Y . *115141 . *11618 .DI-:.g!a.v.# = A:D. s‘(a exp /8) = s‘a l “fi 

[*1131] = y9 x a (1) 

Y .*116182. DI-:.a = A.g!j 8. D .«‘( aex p/S) = A 

[*113114] = y9 x a (2) 

I- . (1) . (2) . D Y . Prop 

*11619. I- : a sm 7 . y8 sm 8 . D . (a exp fi) sm sm (7 exp 8) 

Dem. 

Y .*11313 . D 1- : Hp . D . a 1 “y9 sm sm 7 1 “8 . 

)) n 

[*115-51] D . (a exp y9) sm sm (7 exp 3) : D I- . Prop 


*116191. h:iJ6asm7./SeySsmS.D.(i2 ||S , )[(8 x 7)e(aexp/8)smsm(7exp8) . 

( R 1 1 S) e “(y exp 8) = a exp /S 
[*113127 . *115-502 . *116183] 

*116*192. l-:12[7easm7.(S[‘3ey35m3.D. 

(fi|| <S)[(8 x 7)e(aexpy3)smsm(7exp3) . 
(fi || 8) t [ (7 exp 3) e (a exp y8) sm (7 exp 3) 
[*113127 . *115 502 . *116183 . *11116] 

*116194. I- : fi[‘7ea§m7 . Sf‘8ey8sm 3 . D . 

(filler {(7 r *v s} * k« t sm k 7 r «v«} 

Dem. 

I- . *11612 . D Y : Hp . D . s‘D“( 7 1 8) A ‘8 C 7 . s‘CI“( 7 f S) A ‘S C 3 . 
[*74-773.*73-142] D . (fi j| S) [ {(7 1 8y8} e 

l(fi II 8)“(v T 8 )a‘ 8{ sm {(7 1 3)a‘3} ( 1) 
h .*116192. #11114. D Y : Hp . D . a exp y9 = (fi || <S)«“(7exp8) . 

[*11613] D . (a t /SVyS = i“(fij )«“( 7 exp «) 

[*43-43] = (fi || S)“s“(<y exp 3) 

[*11613] =(fi||S)“(7t$yS (2) 

H . (1) . (2) . D H . Prop 

The following propositions (down to *116"27 exclusive) are the analogues 
of propositions with the same decimal part in *113. 

*116*2. h : f e/i”. = . (ga,y8) .yx=N 0 c‘a.i/=N 0 c‘yS.£sm(aexpy9) [(*116-02)] 

*116*201. I- :. f e/t". = : p, veNC : (ga,/9). aefi. fie v. f sro (aexpyS) 

[*116-2. *103-27] 
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*116*202. = (aa,$) ./* = Nc‘a. i^Nc^.fsmCa exp/9) 

[Proof as in *113*202] 

*116*203. h : a !/*•*. D ./*,»/ e NC - t‘A ./*, e N 0 C [*116*201*202*2] 

*116*204. h :./» = A . v . v — A . v .~(/a, v e NC) : 3 . n" = A [*116*203] 
*116*206. :~(ji,ve N 0 C) . D . /t” = A [*116*203] 

*116*21. h:./t,i/eNC.D:fe/4 , *. = .(aa,/9)*ae/*./9€i'.fsm(aexp/9) [*116*201] 

*116*22. I - : f e {Nc {rj)‘y) . = . a I Nc (i/)‘ 7 . a ! Nc (0‘S . fsm (7 exp 8) 

[Proof as in *113*22, using *116*19 in place of #113*13] 

*116*221. h : 3 ! Nc ( v )‘y . a ! Nc (0‘8 . 3 . {Nc (i,)‘ 7 ] Nc(0<4 = Nc‘( 7 exp 8) 
[*116*22] 

*116*222. I- . (N 0 c‘ 7 )N^» = Nc ‘( 7 exp 8) [Proof as in *1 13*222] 

*116-23. K/i-eNC [Proof as in *1 13*23] 

*116*24. I- . (Nc ‘ 7 ) Nc ‘ 4 = (N 0 c ‘ 7 ) n *°‘ 4 [(*1 16*03*04)] 

*116*26. h . (Nc‘ 7 ) No ‘« = Nc ‘( 7 exp 8) [*1 1 6*24*222] 

*116*261. K( 7 exp8)e(Nc‘ 7 ) No ‘ > [*116*25 . *100*3] 

*116*26. \- : fi,ve NC . a '■ sm ,“/* . a ! . 3 . /*•* = (sm ,“/i) 8m f * 

[Proof as in *113*26] 

This proposition shows that we may raise or lower the types of ft and v 
as we please, without affecting the value of ft ", provided ft and v, or rather 
8m“/t and sm“:>, exist in the new types. 

*116*261. I - m .fi,ve NC . 3 . /*'= {/t' 1 '}" 0 ’ = {/*<,») }’'<** = etc. [Proof as in *113*261] 
Here “ etc. ” covers any derivative of /x or whose existence follows from 
that of ft or v. 

*116*27. 1- . ft” = £ Kao, /9)./x = N 0 c‘a . 1/ = N 0 c‘/3 . f sm (a \ ft) A ‘ft] 

[*116*15 . *73*37 . (*116*02)] 

*116*271. h : ft, v e NC . a e/t . ft e v • 3 . (a exp ft) e /t y [*116*21] 

*116*3. h . (Nc‘a)°= 1 

Bern. 

h . *101*1 . *116*25 . 3 h . (Nc‘a)° = Nc‘(« exp A) 

[*116*181] = Nc‘t‘A 

[*101*2] = 1.31- . Prop 

*116*301. h:/teNC— t‘A. 3. /i°=l [Proof as in *113*601] 

*116*31. h:/9+A.D.0 N ^ = 0 

Bern. 

h . *101*1 . *116*25 . 3K 0 N ^ = Nc‘(A exp ft) 

[*116*182] 3 h : Hp . 3 . 0 Nc ‘^ = Nc‘A 

[*101*1] =0:31-. Prop 
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*116 311. I- : j> e NC — t‘A — 1‘0 O . O' = 0 

Bern. 

V . *103-34 . *1011 . D I- : Hp . D . (a/9) . /S =}= A . v = N 0 c‘/9 . 
[*13-1215] D.(a/9)./9 + A.0-=0 N ^ 

[*1 1 6*31 .(*1 1 6*04)] =0 OK Prop 


*116-32. 

Dem. 


K(Nc‘a)> = Nc‘a 


h .*116-25 .*101-2 Oh. (Nc‘a)‘ = Nc‘{aexp(t‘a;)} 
[(*116 01)] = Nc‘Prod‘« J “i‘x 


[*llo-142.*53-31] 
[*11311. *100 6] 


= Nc < i“al<r 

99 

= Nc‘o Oh. Prop 


*116-321. h./xeNC-i'AO./x^sm'V [*11632] 

It would not be an error to write “ /i' — /z ” instead of “ /x 1 = sm“/x ’’ in the 
above proposition. For if the “ sm ” is typically determined so that 8m“/x e t‘fx, 
then sm “/* = /*. Thus in virtue of *116 321, /i* = /x is true whenever it is 
significant But the above form gives more information, since it preserves 
the typical ambiguity of /x 1 and sm“/x. 

*116-33. h.l Nc * = l 

Dem. 

(-.*11311. Z>h:«el0.a^“/8C1. 

[*116144.*101-2] D . Nc‘Prod‘a J “/9 = 1 (1) 

h.(l).*101-2. Dh.Nc‘{(t‘a:)exp/S} = l * (2) 

I- . *101-2 . *116-25 OK l Nc *0=: Nc‘{(i*«) exp /3} (3) 

h.(2). (3) Oh. Prop 

*116-331. K /* e NC — t‘A . D . I* = 1 

Dem. 

1- . *103-34 O I- : Hp O . (a/8) . /x = N 0 c‘/8 . 

[*131215] D.(a/9).1'* = 1 N *°‘K 

[(*116-04)] D . (a/3) . 1 m » iNo«s . 

[*116-33] 3.^ = 1 Oh. Prop 

*116*34. h ./i*<=fix e fi 

Dem. 

h . *241 . *101-3 O h . t‘A w t‘V e 2 . 

[*116’222] D h : fi — N 0 c‘a O . /x* = Nc‘Prod‘a ^ “(t‘A u t‘V) 

[*53*32] = Nc‘Prod‘(i‘o |A«t‘aj,V) 

[*11513.*55-233.*38-2] = Nc‘(a^ A x V) 

[*118-11-25-13] = Nc‘a x c Nc‘a * 

[*113-24] = /xx c /x (1) 
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b . (1) . *103-2 . D h : fie N„C . D . ft* = fi x c/ * (2) 

h . *116*205 • N 0 C . D . ft* = A 

[*113-205] =/ix c /t (3) 

H . (2) . (3) . D h . Prop 

*116-35. b : = 0 . = . n = 0 .ve NC - 1‘0 - l‘A 

Dem. 

h. *116-311. D I- :/t = 0.veNC-t‘0-t < A.D.^ = 0 (1) 

f- . *101-12 . D H : fi y = 0 . D . a ! y. v . 

[*116-203] D./i,reNC-i‘A (2) 

h. (2). *116-21. *54102. D 


H:./4 1 ' = 0.D:£ = A.= . (got, /8).ae/i.$ei>.f sm (a exp /8) : 
[*73-47] D : (ga,#) . ae/i./3e v . aexp# = A : 

[*116-18] D : (go, y8).ae/t./9ei'.a = A.£4 : A: 

[*13"195] D : A e fi . r 4 s t‘A ■ g ! v : 

[*1011.*100-45.(2)] D:/i=0.ve NC — i‘A - 1‘0 (3) 

h . (1) . (3) . D I- . Prop 

*116*351. h : fi e NC — 1 ‘ A ./c = A.i> = 0.D./t , ' = IINc‘/c = 1 
[*116-301 . *114-2] 

*116*352. h : /* = 0 . v e NC — t‘A .*ei>.Ae*.D./t r = IINc‘* = 0 
[*116-311 .*114-23] 


*116353. 

Dem. 

H : ft = 0 . v e NC — t‘A . k ev r\ Cl ‘ft . D . fi v = IINc 4 * 



1- . *60-362 . *54-1 . D h :. Hp . D : * = A . v . « = i‘A 
b .*100-45 .*1011 . D 1- : Hp. * = A . D . v = 0 . 

(1) 


[*116-351] D./i- = nNc‘/e 

1- . *51*16 . D b : Hp . k = i*A . D . A e k . 

(2) 


[*116-352] D./i- = nNc‘* 

h . (1) . (2) . (3) . D 1- . Prop 

(3) 


*116*36. h :. Mult ax . D : ft, v e NC — 1‘ A . k e v r\ Cl 4 /* . D . IINc'ac = 

Dem. 

H . *113-12. *100*45. Dt- :/*, veNC . a eft .fie v . g !o. D .o^ 44 /8 e v n Cl 4 /* (1) 
h .(1). *114*571 . D h Mult ax . D : 

ft, v e NC .a«/t./9ei>.g!a./cevn Cl 4 /* . D . IINc 4 * = IlNc'a ^ “fi 

[*11614.*1141] =Nc‘(a exp/9) 

[*116-271] = /*- (2) 

h.(2).Dl-:.Multax.D:/*,v€NC— t 4 A.g!/*— t 4 A.*err^Cl 4 /*.^.^Nc 4 *=/* , ' (3) 
I* . *51*4 . *54*1 . Dh :/*cNC — t‘A .~g ! /* — t 4 A . D . /* = 0 (4) 

h. (4). *116-353. D 

h : ft, veNC — t 4 A .~g \ ft — t‘A .xevr\ Cl ‘ft . D . IINc 4 *: = /*” (5) 

H . (3) . (5) . D I- . Prop 
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In the above proposition, “i/eNC” is sufficient hypothesis as to v } since 
“v^r A" is implied by * e v n Cl'/i. But is essential, since if /x=A, 

fi* = A and tc = A (provided v = 0), whence IINc**=l. 

The above proposition connects exponentiation with multiplication. 

*116*361. I" Mult ax . D : /*, v e NC — A . k e v n Cl excVfi . D . Prod** e 
Dem. 

h . *115*12 . D h : * e r\ Cl excl*/* . D . Prod**e IINc** (1) 
h. (1). *116*36. DK Prop 

The following propositions, which illustrate certain generalizations of the 
relations of rows and columns, may be made clearer by the accompanying 



7 = G*i2 


R~ M‘w 


* = D“X 


figure, in which, for the sake of simplicity, all the classes concerned are taken 
to be finite. 

Let * be a set of classes, constituted by four rows of five dots in the 
figure, which are each given as similar to a given class 7, represented by the 
top row of five dots in the figure, namely the row enclosed in an oval. We 
assume that an actual correlating relation is given correlating each member 
of k with 7. Let X be the class of these relations, and assume that X consists 
of one correlator for each member of *, and that * e Cls* excl. Thus D“X = *, 

and R eX. D . G*jR = y. Put T=s‘\. Then, if ze 7, T relates to z every 

— > 

member of the column below z> i.e. T ( z consists of the four dots which are 

vertically below z ; assuming, what in the circumstances is possible, that each 

— ► 

dot is placed below its correlate in 7. Thus T“ 7 represents the columns, 
while D“X represents the rows. 

— ► 

We prove, in *116*41, that T“ 7, the class of rows, has double similarity 
with Xj, “y, or, what comes to the same thing, with * ^ **7. Hence it follows 

that T“y, which is the whole class of dots, is similar to 7 x X or 7 x *, and 
that Nc*€ A *T** 7, which is the product of the numbers of the columns, is equal to 
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(Nc‘\) Nc ‘» or (Nc‘*) Nc Y The correlator which is used for proving these 
propositions is W, where, if P is a member of X and z is a member of y, W 
correlates R‘z with R ^ z. 

Similarly, by correlating R‘z with z ^ R, calling the correlator U, we 
have U“ 4, R“y = R“y, i.e. U e ‘yj, R = D‘P, whence U e ‘ “y 4 “X= D“X. Hence 

D“\, i.e. the class of rows, has double similarity with y 4 “X or y ^ “k, whence 
the product of the numbers of the rows is (Nc‘y) Nc ‘* or (Nc‘y) No '*. 

Finally, we take a class 8 similar to k or \ (illustrated in the figure by 
the column of dots enclosed in an oval), and calling M a correlator of X and 8, 
we replace X by M“8 and k by T>“M“8. We thus find that, if iff 8 corre- 
lates with 8 a class of relations whose domains are mutually exclusive, and 
which each correlate their domains with a given class y, then T)“M“8 has 
double similarity with y 4 “ 8 , whence the same results as before with 8 in 
place of * or X. 

The following propositions are useful in connecting multiplication with 
exponentiation, and in proving the formal laws of exponentiation. 

*116-4-401 are lemmas for *116 41. 

*1164. \-:.XCl-*l:R,Se\.RlI>‘R*T>‘S.Dj 1 ' S .R = S: 

d“\Ci‘y. W=&P{(sR,z).Re\.x = R‘z.P=Rlz\: 
D. TFel->l.a‘TF=7 xX.D‘W r = D‘s‘X 

Dein. 

I- . *21-33 . Dh:.Hp.D: xWP .xWQ. = . 

(qR,S,z,w). R,S eX.x=R‘z=S‘w. P — R 4 z . Q = 54 w . 
[*33-43] = . ( a P, S, z,w ) . R,S e X . « - R‘z = S‘w .xe D ‘R n D ‘8 . 

P — R 4 z ■ Q = S 4 w • 

[Hp.*13'195] D . ( a P,2, w) .ReX.x — R‘z = R‘w . P = R 4 z . Q = R 4 W • 
[*71-532.*13195]D.( a i2,^).i2€\. a: = E^.P = E4z.Q = E4x. 

[*13172] D.P = Q (1) 

K *2133.3 hr. Hp.3:a:lFP.ylFP. = . 

(3P, S,z,w) . R,S e X . x = R‘z . y = S‘w . P = R 4 z = Q . 

[*55202] D . ( a P, 8, z,w ) . R, S eX . x — R‘z . y = S‘w . R = S .z = io . 
[*13-22-172] D. a: =y (2) 

h . *33*131 . 3 h :. Hp . 3 : P e G‘ IF . = . (ga;, R, z ) . R e X ,x = R‘z .P — R^z. 
[*71-41 1] = . (gP, z ) . R e X . z e Q.‘R . P = R 4 * • 

[Hp] =.(^R,z).Re\.zey.P^Riz. 

[*113101] =.Peyx\ (3) 

K *3313. 31-:. Hp . 3 : a; e D‘ TP . = . (gP, R,z) . ReX.x = R*z . P = R^z. 
[*5512.*71-36J = . (gP, z).ReX.xRz. 

[*41-11. *3313] =.xeD ‘s‘X (4) 

1- . (1) . (2) . (3) . (4) . 3 1- . Prop 
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*116-401. 1- : Hp *116 4 . T=s‘\. D. T ,t y = W e “\ £ “y 
Dem. 

h . *37-11-1 . *38-2 .31-:. Hp . z e y . 3 : 

xe = 

[*21-33] = . faR, S,w) . R, S e \ . x = S‘w . R l z = S l w . 

[*55-202.*13-22] = . (%R) .Re\.x = R‘z . 

[*71-36] =.(zR).Re\.xRz. 

[#41-11] 3 . X (s‘\) z . 

[Hp.*32'18] = . x eT‘z (1) 

h. (1). *37-68. Dh. Prop 


*116-41. I- X C 1 -»• 1 . d“XC i‘y : R, Se \ . g ! D‘i2 a D‘S. 3*. a . R=Si T= s ‘\ : 
3 . T^ysmsm “ y . T*‘yamy x X. TeCls — >1 . T“y e CIs* excl . 

l$c‘e&‘T“y = Nc‘2Vy = Nc‘Prod‘7 , “y = Nc‘(X exp y) — (Nc‘X) No< > 

Dem. 

V . *116-4-401 . *111-4 . *113 1 . 3 h : Hp . 3 .~T“y am sm X i “y . (1) 

[*lll-44.*40-5] 3 . T“y am y x.X (2) 

I- . *72-321 . *85-14 . 3 I- : Hp . 3 . 2 1 e CIs -♦ 1 . Nc ‘ejT“y = Nc‘2V 7 (3) 

V . (3) . *84-51 . 3 h : Hp . 3 ."T“y e CIs* excl . (4) 

[*11512] 3 . Nc‘e A ‘"r “7 = Nc‘Prod‘lT“y (5) 

I- . (1 ) . *1 14-52 . 3 h : Hp . 3 . Nc'e/T^y = Nc‘e 4 ‘X j “y 

[*116-14] = Nc*(X exp y) (6) 

[*116-25] = (Nc'X) 1 ^ (7) 

I- . (1) . (2) . (3) . (4) . (5) . (6) . (7) . 3 I- . Prop 

The following proposition is merely another form of *116*41. 


*116*411. I - k e CIs* excl : a e k . 3, . M‘a easmy : T= i ( M“ic : 3 . 

— ► — > 

T“ y sm sm k ^ “y . T“y smyxt.Te CIs — > 1 . T u y e CIs* excl . 

Nc t e^ € T it y = Nc'JV? = Nc'Prod'T^y = Nc‘(* exp y) = (Nc‘*) Nc ** 


Dem. 

h . *73 03 . 3 h : Hp . 3 . M“k C 1 -» 1 . d“M“ic C i‘y (1) 

h . *111*16 . 3 h Hp. 3 : a, $ e /c . M € a = M‘fi . 3 . a = /8 (2) 

h.*14*21. 3 h:.Hp. 3 : ae/c . 3 . E ! M‘a (3) 

h . (2) . (3) . *73-24 . 3 h : Hp . 3 . Jtf“*sm * (4) 
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h . *73*03 .31*:. Hp . 3 : a e k . 3 . D‘M‘a = a : 

[*1312] 3 : a, /3 e k . g ! D‘if‘a n .3 . g ! a n £ . 

[*8411] 3.a = '/9. 

[*30*37.(3)] 3 . if ‘a = Jf‘/9 : 

[*37*63] 3 : i£, & e Jf“* . g ! D‘B n D‘S . 3 . £ = S 

]Lf“m c 

h . (1) . (4) . (5) . *116*41 =-=. *113 13 . *116*19 .31-. Prop 


( 5 ) 


*116*412*413 are lemmas for *116*414. 


*116*412. I* :. AC 1 -* 1 : B,Se\. g ! D‘.R n D‘S. 3 BiS .R = S:(l“\Ci‘y : 

U = &P {(gjR, z ) . Re\.x = R‘z ,P = z^R ] : 

3 . tT e (s‘D“A) sm (A x 7 ) [Proof as in *116*4] 

* 116 * 413 . V : Hp *116*412 . 3 . D“\ = “A [Proof as in *116*401] 

* 116 * 414 . h : Hp*116*412 . 3 . U e (D“A) sm sm (7 i “A) . (D“A) sm sm (7 J, “A) 
[*116412*413] 

* 116 * 42 . h:. AC1— ♦IziJ.jSeA.g! D‘iJ n D‘/ST . 3^ s . i? = $ : <3“A C t‘ 7 : 
3 . D“A sm sm (7 4 “A) . (D‘s‘A) sm (A x 7 ) . (e 4 ‘D“A) sm (7 exp A) . 

Nc‘Prod‘D“A = nNc‘D“A = (Nc‘ 7 ) N<J,A 
[*116*414*25 . *115*51 . *111*44 . *41*43] 


*116*422. Vi.M [3 el— >1: w,v e5 . g! D‘ilf‘M/nD‘jlf‘v . 3 Wi „ .w = vi 

w e 8 . 3 tt . M‘w e 1 — > 1 . Q.‘M‘w = 7:3. D “Af“$ sm sm 7 j, “5 

Dem. 

H . *116*42 . 3 

A* 

h :. M“S Cl -*■ 1 : R, S e M“S . 3 ! D‘ii « T>‘8 . 3,. s . R = -S : d“M“S C t‘7 : 

3. D“Jf“S smsm 7^ “if“S (1) 
h. *14*21. 3 h :. Hp . 3 : weS . 3 . E ! M‘w : (2) 

[*33*43] 3 : 5 C Q‘M : 

[*73*15] 3 : (JT“S) sm 3 (3) 

h . *51*15 . 31-:. Hp . 3 : w e S . 3 . G‘Jf‘w e t* 7 : 

[*37*61] 3 : d“if“S C 1*7 (4) 

h . (2) . *30*37 . 3 H : . Hp . 3 : w, » e 5 . 3 ! D ( M‘w r\ D‘ M‘ ’v . 3 W , , . M‘w = M*v : 
[*37*63] 3:B,Seif“3.a!D‘i2nD‘<S.3 iJia .i2 = -S (5) 

I- . (1) . (4) . (5) . 3 1- : Hp . 3 . D“if“S sm sm 7 . 

[(3).*113*13] 3 . D“Jf“$ sm sm 7^ “5:31-. Prop 
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*116*43. b :. ilf f 8e 1 — * 1 : w, ve8 . g ! r» D *M‘v . D w> , . w = v : 

w e 8 . . M‘w e 1 — * 1 . QMf‘w = 7 : 

D . Prod‘D“if“8 sm sm (7 exp 5 ) . nNc‘D“if“S = (Nc‘ 7 ) No ‘* 

Bern. 

b .*115*51 .*116 422 . D b : Hp . D . Piod‘D“JT“8 erasing exp 8) (1) 

b . *116-422 . *114-52 . D b : Hp . D . nNc‘D“if“8 = IINc‘7 £ “8 (2> 

b . *1 16*1 4-25 . D b . IINc ‘7 j, “8 = (Nc < 7) Nc ‘ 4 (3) 

b . (1) . (2) . (3) . D b . Prop 
The above proposition is used in *116 534*61. 

*116*44 I* :• 3 ! 7 : (s) • M‘z e 1 —* 1 . d‘M‘z = V : 

w, v e 8 . a 1 (At‘w)“ 7 r> (M‘v )“ 7 . D Wi , ,w = v: 

D . D“ f* 7 “M“8 sm sm 7 ^ “8 . Prod‘D“ f* 7 “M“S sm sm (7 exp 8) 


Bern. 

b. *71-29. *35-65. D 

I* :. Hp : (z ) . iV‘« = (M‘z) f" 7 : D . (z ) . A ‘2 e 1 — » 1 . (i ‘N‘z = 7 (1) 

b . *37-401 . D b :. Hp . Hp ( 1 ) . D : w,v e 8 . g ! D ‘N‘w r\ T) f N‘v . D Vt „.w=v ( 2 ) 
I* .*357 . Dh:.Hp.Hp(l).D:a;e 7 .«>,t;e 8 .iV’ < w=i^‘t>.D.(iir‘M;) < a:=(iV l v)‘a:. 

[(2)] 3.w = v (3> 

b . (3) . *10*11-23*35 . D b :. Hp . Hp(l). D : w, vei . N‘w = N ‘ ». D . w = v : 
[*71-55-166] D : W |- 8 e 1 -* 1 (4) 

b . (1) . (2) . (4) . *116-422 . *115-51 . D 

b : Hp . Hp ( 1 ) . D . D“W “8 sm sm 7 ^ “ 8 . Prod‘D“W“S sm sm (7 exp 8 ) (5) 

I- . *3811 . D I- : Hp . Hp ( 1 ) . D . D‘N‘z = D‘ [y'M'z . 

[*37-353] D . D“i\T “8 = D“ f" y“M“b ( 6 ) 

Y . (5) . ( 6 ) . D b . Prop 

*116*45. b :. (z) . M‘z e 1 — » 1 . d‘M‘z — V : 


w, v e 8 . g ! (M‘w)“y n (M‘v)“y . D^^.w—v: D . Prod‘I)“ f" y“M“8gm(<ye>Lp8) 

Bern. 

h . * 116182 . * 115-142 . * 37 - 29 . 3 

I- : Hp . 7 = A . g ! 8 . D . Prod‘D“ f 7“2f“8 = A . 7 exp 8 = A (1) 
I* . *1151 . *8315 . * 116181 . D 

b : Hp . 8 = A . D . Prod‘D“ [ 7 “Jf“8 = t‘A . 7 exp 8 = t‘A (2) 

l-.(l). (2). * 116 - 44 . D I*. Prop 
The above proposition's used in * 116 * 676 . 

We have now to prove the three formal laws of exponentiation, namely 

fl v x c fl w = fl v+,w , 

H" x c v v = <> x 0 v) v , 

and (#)' = 
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Of these the first is an immediate consequence of the distributive law, while 
the second and third result from forms of the associative law of multipli- 
cation. 

*116*5. t-:/9ny = A.D.(a exp / 3 ) x (a exp y) sm a exp (/8 u y) j 

Dem. 

b . *113191 . D 

I- : Hp . g ! a . D . a 4 “y9 na|“y = A. 

[*1 14 301] D . e 4 ‘a J, “0 x e 4 ‘a 4 “y sm e 4 ‘(a | “£ w a 4 “y) . 

[*116'14.*113'13] D. (aexp$) x (a expy) sme 4 ‘(a 4 “/3 v a 4 “y) . 

[*37-22] D . (a exp /S) x (a exp y) sm e 4 ‘a ^ “(# w 7) • 

[*11614] 3 . (a exp 0) x (a exp y) sm a exp (£ u y) (1) 

I- .*116*182. D h:a = A.g!/8.D.a exp/8 = A . 

[*113114] D . (* exp/8) x (aexpy) = A (2) 

b . *116*182 . *24*56 .Dh:a = A.g!/9.D.a exp (0 w y) = A (3) 

b.(2).(3). D 1- : a — A . g 1 0. D . (aexp/8) x (aexpy)sm a exp (0 w y) (4) 
Similarly b:a = A.g!y.D.(a exp 0) x (a exp y) sm a exp (0 v y) (5) 
h .*116*181 .Dh:a=A.£=A.y=A.D .(aexp/8)x(aexpy)=t‘Axt‘A (6) 
l-.*116-181.31-:a = A.y9 = A.y = A.D.aexp(/9uy) = i‘A (7) 

b . (6) . (7) . *113-611 . *73-43 . D 

b:a=A.£=A.y = A.D.(a exp 0) x (a exp y) sm a exp (/9 w y) (8) 

I- . (1) . (4) . (5) . (8) . D h . Prop 

In the last line of the above proof, *73-43 is required because the two 
A’s involved have not been proved to be of the same type. They are in 
fact of the same type, but it is unnecessary to prove this. 

*116*51. I- . (a exp 0) x (a exp y) sm a exp (0 + y) 

Dem. 

b .*116*19 .*110*12 . D h . (aexp/9)sm (a exp 4 A/‘i“/8) . 

(a exp y) sm (a exp A 3 4 “t“y) • 

[*113*13] D b . (a exp 0) x (a exp y) sm 

(a exp 4 A y “i“0) x (a exp A* 4 “ l “ 7) • 
[*110*11.*116*5] D I- .(aexp/9) x (aexpy)sm 

a exp ( 4 Ay“l“/3 v A„ 4 “t“y) (1) 

l-.(l). (*110*01). Dh. Prop 
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*116-52. \-.fi'x e fi w = fi r+ ' w 
Dem. 

I-. *116*51 .*11022.3 

V . (N„c‘a) N « 0 ^ x c (N 0 c‘a)N^v = (N 0 c‘a) N ^+-N^‘y (1) 

h . (1) . *103 2 .31 -ifi,v,vre N,C . 3 . /*’’ x c ft w = /i y+ ’ w (2) 

K *116-205. *113-204. 3 

h:/4~6N,C.3./i'x,./t*=A = /*' + '» (3) 

K *116-205. *113-204. 3 

I - :~(v, w eN„C) . 3 . /i” x e /t w — A (4) 

I- . *110-4 . *116-204 . 3 I- :~(v, «■ e N 0 C) . 3 . /*-+*' = A (5) 

h . (4) . (5) . 3 h : ~(v, w e N„C) . 3 . /i v x c fi v = /x v+,or (6) 

I- . (2) . (3) . (6) . 3 h . Prop 
The following propositions are lemmas for 

H" x e v" = (ji x c 1 /)*. 


The principal previous propositions used in the proof are *115*6 and *116*43. 
The proof proceeds as follows. 

(a exp 7) x (/8 exp 7) is Prod ‘a J, “7 x Prod‘/9 J, “7. This, using *115'6, 
and putting a , /8 ^ in place of R and S of that proposition, is similar to 
^‘£{(3 *)'Zey.fi=*a^ex /3 j^z], i.e. to e A ‘fi {(a*) . z e 7 . ^ z“a x ^z“R}. 

Now by *113-65, putting R f = R || R Dft, | z“ a x i = ( 4 z) f “(a x y8). 
We now apply *116 43, taking ( z) f as the M‘z of that proposition, or 
rather, taking ( 4 z) f [ (a x $). Thus we find 

e\p. {(3*) .zey . fi= l z“a x l z“fi] am (a x ft ) exp 7. 

Hence our proposition follows. 

*116-529. Rf = R\\R Dft [*1 16] 

In *150, this notation will be introduced as a permanent definition. 
For the present, we only introduce it to avoid ( l z || Cnv‘ ^ z), which is 
awkward. 

*116*53. l-:a!a.g!/8.3. 

(a exp 7) x (yS exp 7) sm €a‘£ {(a*) . z e 7 . ft = | z“a x l z“/3} 

Dem. 

I- . *1131041 1 1 . 3 I- . 7 C d‘a j , . 7 C d‘/9 . a £ “7, 0 1 “7 e Cls* excl (1) 
H.*113T05. 3 1- : Hp . 3 . (aj, “ 7 )] a4,/9 [ 7 el— > 1 (2) 

h . (1 ) . (2) . *115-6 ~ s . 3 

h : Hp . 3 . (a exp 7) x (fi exp 7) sm € 4 ‘£ [(32) .z ey . ji = a l z x l z] (3) 

K (3) . *38’2 . D h . Prop 
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The hypothesis g ! a . g ! f3 is not necessary in the above proposition ; 
but the proof is simpler with the hypothesis, and we do not need the proposi- 
tion without the hypothesis. 

*116-631. f- :. if = £$ {*€7 . iJ = ( 4 *)f T(a x £)| . D : 

z ey.Dg. M*z = ( l*) t f (« x R) • M‘z e 1 -* 1 . G'if's = ax/3 

Dem. 

b . *74-772 . *5512 . *72184 . D b . ( 4 z) f e 1 -*1 (1) 

(■ . *21*33 . 3 h Hp .zey.D: RMz . = . R = ( 4 z) -f- f (o x R ) : 

[*30-3] D : M‘z = ( 4 z ) t T ( a x £) : (2) 

[(1).*43 122] 3 : M‘z e 1 ->1 . d‘if‘* - « x /3 (3) 

I- . (2) . (3) . 3 h . Prop 

*116-632. b : Hp *116-531 . a ! a . 3 ! /9 . 3 . if e 1-*1 . d‘if = 7 

Dem. 

h . *116-531 . *14-21 . *71-16 . 3 1- : Hp . 3 . M e l-*Cls (1) 

h . *116*531 . 3 h :. Hp ,z,we 7 . M‘z = M‘w . 3 : 

(4*)+r(«x/8)-(4 W )tr(«x/8): 

[*71-35] 3 : Re(a x R ) . 3 .(4 z ) f ‘R = ( | w) f‘i2 : 

[*113-101] 3 ixetx.yeR. 3.(4 *) t‘(y 4 «)-( 4 «0 t‘(y 4 «) • 
[*113-123] 3 • (y 4 *) 4 4 *) = (y 4 «0 4 (« <1 «0 . 


[*55-202] 2.z = w (2) 

K( 2 ). 3 h Hp . 3 : we 7 . M‘z = M‘w . 3 . s = w (3) 

h . *116-531 . *1421 . *33*43 . 3 h : Hp .zey .D.ze Q.‘R (4) 

I- .*21*33 . 3 b Hp . 3 : RMz . D Bi ,.zey: 

[*33-351] D:d‘R Cy (5) 

b.(l). (3) . (4) .(5). *71*55. 3 h. Prop 


*116*633. b :. Hp*116-531 . 3 : D“if“ 7 = P {( 3 *).. zey./t = 4 z“a x 4 z“t 3} : 

w e 7 . a l D ‘M‘z a D‘if‘u> ,D giW .z = w 

Dem. 

h . *116*531 . 3 H : Hp . z e 7 . 3 . D ‘M‘z — D‘ {( 4 £)t f (a x /3)} 

[*37-401] =(4*)f“(ax/3) 

[*113-65] - 4 z “ a x 4 z “fi (!) 

I- . ( 1 ) . *37-6 . 3 b : Hp . 3 . D“if “7 = P {( 3 *) . * e 7 . /* = 4 z“a x 4 z“R} (2) 

K *11319. 3H:aU4*“« x 4*“/9W4«'“ax4u/“/9).3. 

a ! 4 A >1 w “ a • 

[*55*232] l.z-w (3) 

h . (1) . (2) . (3) .31-. Prop 
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*116-634. h : Hp *116-532 . D . e A ‘D“ilf“ 7 sm (« x /9) exp 7 

Dem. 

h . *116-531-532-533 . D 

h Hp . D : M e 1— »1 : z, w e y . g ! D ‘M‘z n D ‘M‘w . D*.*, . z = w : 

zey.D t . M‘z e 1 — ► 1 . G‘if ‘a = » xj9: 

[*1 16"43] D : Prod‘D“if “ 7 sm (a x /9) exp <y : 

[*115 12.*30-37 .*8411] D : e 4 ‘D“if“ 7 S m (a x /9)exp 7 D h . Prop 

*116'635. H:g!«.g!/S.3. (aexp 7 ) x (0 exp <y) sm (a x /3) exp<y 
[*116-53-533-534] 

The hypothesis g ! a . g ! 0 is not necessary, as we shall now prove. 

*116*64. h . (a exp 7 ) x (£ exp 7 ) sm (a x yS) exp 7 

Dem. 

h . *116*182 .Dh:a = A.g! 7 .D.a exp 7 = A . 

[*113114] D . (aexp 7 ) x (ySexp 7 ) = A (1) 

1- . *113-114 . *116-182 .Dh:a = A.g! 7 .D.(ax/9) exp <y = A (2) 

K(l).(2). DH:a = A.g! 7 .D.(aexp 7 ) x (/3 exp 7 ) sm (a x /9) exp 7 (3) 

Similarly h:/3 = A.g! 7 .D.(a exp <y) x (/3 exp 7 ) sm (a x /9) exp 7 (4) 

h . *116-181 . D h : 7 = A . D . (a exp 7 ) x (/9 exp 7 ) = t‘A x t‘A . 

[*113*611- *73-43] D . (a exp 7 ) x (/3 exp 7 ) sm A (5) 

h . *116-181 . D h : 7 = A . D . (« x £)exp 7 = t‘A . 

[(5)] D . (a exp 7 ) x (J3 exp 7 ) sm (a x fi) exp <y (6) 

1- . (3) . (4) . (6) . *116-535 . D h . Prop 

In obtaining (5), we use *73*43 as well as *113*611, because A’s of dif- 
ferent types are involved. 

*116*65. I- . p a x 0 v m = (ji x c v) m 

Dem. 

V . *116-54-222 .*113-222 . D h . (N 0 e‘a)*.c‘y x 0 (N„c‘/9)^ 

= (N 0 c‘a x c N 0 c‘/3) N *°‘v (1) 

I- . (1) . *103-2 . D h : n, V, m e N 0 C .D./t*x c i-» = (/ix c v) m (2) 

h . *116*205 . *113"204 . D h : «r~e N 0 C . D . x c v m = A = (ft x c v) w (3) 

h . *116-205 . *113-204 . D h N 0 C) . D . p" x c r" = A (4) 

h . *113*204 .*116*204 . D H :~(/t,y«N 0 C) . D . (/* x c i/) w = A (5) 

1- . (4) . (5) D I* vcNjC). D .fi" x c v w = (/i x 0 v)» (6) 

I- . (2) . (3) . (6) . D I- . Prop 

This completes the proof of the second of the formal laws of exponentia- 
tion. The following propositions are lemmas for the third of these laws, 
namely 
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*116 6. h : g I a . 3 . a exp (0 x 7) sm Prod‘Prod“« “‘/3 j, “7 . 

a i ‘“0 i “7 e Cls* arithm 

Dem. 


h . *113105 . *84 53 . *113111 . 3 h : Hp . 3 . a 1 ‘“0 1 “7 e Cls’ excl (1) 

il » 


h . *40 38 . 

3 h . s‘a^ ‘“0£ “y = aj, “ 8 ‘0 ^ “7 

(2) 

[*113111] 

3 1- . z‘a 1 “‘0 1 “7 e Cls’ excl 

ft ft 

(3) 

K(l).(3).*115-2. 

D h : Hp . D . a ^ “*$ ^ “y e Cls 8 arithm 

(4) 

K *113141. *11619. 

D h . Nc*{a exp (# x 7)} = Nc*{a exp (7 x £)} 


[(*116-01 .*113-02)] 

= Nc‘Prod‘a 1 **8*8 1 “y 

yt yt 


[(2)] 

= Nc'ProdVa 1 “‘0 ^ “y 

ft it 


[*115-35.(4)] 

= Nc‘Prod‘Prod“a 1 “‘0 1 “y 
» » 

(5) 


h . (4) . (5) . 3 h . Prop 


*116-601. K|(Cnv‘l*)el-»l [*74 774 .*72184] 

*116*602. h M = 122 [ze 7 . R = { | (Cnv* ^ z)} e f(aexp/9)] . 3 : 

ze 7. D . M‘z= { | (Cnv* | z)} e f (a exp 0 ) : C‘if= 7 

Dem. 

K *21-33. 3 

h :: Hp . 3 :.ze7 . 3 : RMz. = .R = { |(Cnv‘ 4, z)) c [(aexp 0) (1) 

I- .(1). *30’3 .31-:. Hp.3:ze7.3. M‘z= { ](Cnv‘ ^ z)} e [(a exp#) (2) 
K *21-33. *33131. 3h:Hp.3.d‘Af = 7 (3) 

I- . (2) . (3) . 3 h . Prop 

*116*603. h :. Hp*116602 ,D:zey.D. d‘M‘z — a exp /3 
[*1 16 602 . *37-231 . *35 65] 

*116-604. h :. Hp*116-602 . 3 : z e 7 . 3 . D‘M‘z = Prod ‘a j, "0 j,z 

Dem. 

K *37-401 .*116-602. 3 

H : Hp .ze 7 . D . D‘M‘z = ) | (Cnv‘ 4, z)} e “(a exp 0) 

[*115-4.*1 16-601 .*43-301] = Prod‘{ j (Cnv‘ \ z )}«“ a j, “ 0 

[*113-125 ^ .*50-7516] = Prod'a j, “ i z“0 

[*38-2] = Prod'a J « 0 ^ z : 3 h . Prop 

*116-606. h :. Hp*116 602 . 3 : z e 7 . 3 . M‘z e 1 -» 1 

Dem. 

K *116-601 .*72-451 . 3 

(- . { I (Cnv‘ 4, z)} 6 f Cl‘d‘ I (Cnv‘ 4, z) e 1 -> 1 . 

[*43-301] 3 h . { | (Cnv‘ 4, z)} { [(a exp 0) e 1 -► 1 (1) 

K(l). *116-602. 3h, Prop 

R. & W. II. 11 
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*116*606. b Hp *116*602 .g!a.g!#.3: 

Mel— >1 : z, we y . T) , M*z 

Dem. 


D‘M‘w . 3 Z , K .z-w 


b . *116*602 . *14*21 . 3 h :. Hp . 3 : zed'M . 3 Z . E ! : 

[*71*16] DiJfel-^Cls (1) 

h. *30*37. 3 h :. Hp . 3 : we 7 . M‘z = M‘w . 3 . D‘Af‘z = (2) 

H . *116*604 . 3 h :. Hp . 3 : z, w e y . D‘M‘z = D ‘M‘w . 3 . 

Prod'o ^ “# z = Prod'a “# J, «/ . 

[*30*37] 3 . s‘Prod‘a i “0 J, * = *‘Prod‘« | “# 4, w . 

[*116*171.*115*141. (#116*01)] 3 . s‘a I “# i z = s‘a I “# 1 w . 

» 11 11 11 

[*113*1] 3.#^2xa = /9^«/xa. 

[*113*182] 3.# lz = #^w. 

[*113*105. Hp] D . z = w (3) 

h . (1) . (2) . (3) . *71*55 . *116*602 . 3 b . Prop 


*116*607. h :. Hp *116*602 . g ! a . g ! j3 . 3 : 

e 1->1 . T)“M“y = Prod“a I 1 “ 7 : 

99 99 

z, w e y . D'Jf'z = DMf'w . 3 ZiW . s = w : 

* € 7 . 3* . Jf‘< e 1 -♦ 1 . a ( M‘z = a exp # [*116*606*604*605*603] 

*116*61. h:g!a.g!y9.3. Prod‘Prod“a ^ “‘D i “ 7 sm (a exp#) exp <y 

[*116*607*43] 


*116*611. h:g!a.g!/9.3.a exp (# x 7 ) sm (a exp #) exp <y [*116*6*61] 


*116*62. F . a exp (# x 7 ) sm (a exp #) exp 7 
Dem. 

I- . *116*181 . *113*114 . 3 h : # = A . 3 . a exp (# x <y) = t‘A (1) 

K *116*181. 3 h : # = A . 3 . (a exp #) exp 7 = (t‘ A) exp 7 (2) 

b. *116*33*25 . 3 b . Nc‘ {(i‘A) exp 7 ] = 1 (3) 

I- .(l).(2).(3).*52*22.*100*31.3l-:#=A.3.aexp(#x 7 )sra(aexp#)exp 7 (4) 
b . *113*107 . *116*182 .3h:a = A.g!#.g! 7 .3.aexp(#x 7 ) = A (5) 
h. *116*182. 3 I- : a = A .g !# . g ! 7 . 3 . (aexp#)exp<y = A (6) 

H . (5). (6). 3 h : a = A . g !# .g ! 7 . 3 . aexp(# x <y) sm (a exp #) exp <y (7) 


H .#113*114 .*116*181 . 3 b : 7 = A . 3 . aexp(#x 7 )=i‘A.(aexp#)exp 7 =t‘A. 
[*73*43] 3 . a exp (# x 7 ) sm (a exp #) exp <y (8) 

K(4).(7).(8). 3h:.a = A.v.# = A.v. 7 =A:3. 

a exp (# x y) sm (a exp #) exp 7 (9) 

b. (9). *116*611. 3 b. Prop 
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*116*63. h . = (fi*)- 

Bern. 

I- . *113*222 . D h . (N o c‘a) N « c ‘0** N » o ‘i' = (N„c‘a) Nc ‘ Wxy) 
[*1 1 6*222.(*1 1 6*04)] = Nc‘{a exp (/S x 7 )} 

[*116*62] = Nc‘{(a exp/8) exp 7 } 

[*116*222] = {N„c‘(a exp /9)} N ^ 


[*116*222.(*116 03)] = {(Noc'a^J^v (1) 

V . (1) . *103*2 . 3h/i,x,tre N„C . D . (i vX,w = (ji y ) m (2) 

h . *116*204*205 . Dh~(/i,i/e N 0 C) . D . (/*■*)" = A (3) 

h . *113*205 . *11 6 •204*205 . D h :~0, «/ e N 0 C) . D . = A (4) 

I-. *116*205. DH : isr ~eN 0 C.D. (/*■*)" = A (5) 

h . *113*205 .*116*204 . D h : ®- ~ e N 0 C . D . / i' x "» = A (6) 


h . (3) . (4) . (5) . (6) . Dl*:~(/t,ii,«f N 0 C) . D . fi rx ’ m = (ji") w (7) 

(■ . (2) . (7) . D I- . Prop 

This completes the proof of the third of the formal laws of exponentiation. 
*116*64 K (/*-)" = (/*")' [*116*63. *113*27] 

*116*661. I- : Q e Cls -> 1 . k e Cls* excl . D . e±‘P±“Q‘“ K sm P a ‘Q‘Vk 
Z)«n. 

h . *84*53 . D h : Hp . D . Q‘“# e Cls* excl . 

[*85*43] D . ePP^“Q“ ( K sm P^s‘Q (( ‘k . 

[*40*38] D . €^P a “Q‘ (( k am P a ‘Q (, s‘k :Dh. Prop 

*116*662. h : Q e Cls— » 1 . * e Cls* excl . D . e 4 < < 4 “Q < “/e sm e A ‘Q‘V« 

^*116*651 -pj 

The following propositions are lemmas for *11 6 661, which is an ex- 


tension of *116*52. 

*116 663. h s k e Cls* excl - D - a 1 itl K e Cls 2 arithm 

tt 

Dem. 

h . *113*105 - *84*53 - D h : Hp . g ! a . D . a J, e Cls 2 excl (1) 

K *113*111 . D h.aj. ‘ i 8 i K e Cls 2 excl . 

[*40*38] D b . 8 f a iti tc e Cls 2 excl (2) 

h . *113*112*113 . D h a = A . D : £ e * . g ! £ . D . a J, “£= i‘A : 

/9e*./3 = A.D.aJ,“£ = A (3) 
h . (3) . D h a = A . D : C iVA sj i ‘ A : 

[*24*43*561] D : p, o' € a | . g ! p n <r . D . p, o* 6 A . 

[*51*15] D.p = o* ; 

[*84*11] D : a j, ‘“*eCls 2 excl (4) 

h . (1) . (4) . D h : Hp . D . a | “V e Cls 2 excl (5) 

h . (2) . (5) . D h . Prop 


11—2 
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*116‘654. h : ac € Cls 2 excl . D . {Prod ‘(a exp)“/c) sm {a exp («‘ac)} 

Bern. 

. *3813 . (*116-01) . 3 b . Prod‘(a exp)“Ac = Prod‘Prod“a 4 ‘“ac (1) 

h. (1). *116-653. *116-34. D 

I - . (Prod‘(a exp)“Ac} sm {Prod's'a 4 ‘“ac} (2) 

h . (2) . *40-38 . (*116 01) . 3 h . Prop 

*116-655. h : ac e Cls 2 excl . 3 . riNc‘(a exp)“# = (Nc , a) SNA [*116-654] 

This proposition is an extension of *110 '5. 

The hypothesis ac e Cls* excl is unnecessary in the above proposition, as we 
shall now prove. 

*116-656. I- : g ! a exp /Sab exp 7 . 3 . yS = 7 

Bern. 

h. *11611. *521 6. D 

I- :. /i e (a exp ft n (a exp 7) . 3 t y e y9 . 3 . (ga;) .xea.x^ye/iifi C 7 x a : 
[*113-101] 3 :y e /3 .2.fax).xea.x ^yey.:x lye/i.D.yey: 

[Syll] 3 :y eft . D .fax) .xe a . x ly e/i. yey . 

[*10-35] 3. ye 7 (1) 

Similarly h fi e a exp fi n a exp y.'D-.yey.'S.yeft (2) 

h . (1) . (2) . 3 h . Prop 

*116*657. h . (a exp)“Ac e Cls 2 excl [*116 656] 

*116-658. I- . a exp (e J ft = {| (Cnv‘ 4 ft} e “(a exp ft 

Bern. 

I- . *116-602-604 . *37-401 . 3 h . { | (Cn v‘ yS)) e“(a exp ft = a exp (y9 4 ft 
[*85’601] = a exp (e J ft . 3 1- . Prop 

*116*659. T=vp{fa/3) . ft e k . p.ea exp f3 . v = |(Cnv‘ 4 y8 )“/»} • 3 • 

T e (a exp)“e J “ac sm sm (a exp)“AC 

Bern. 

l-.*40-4. 3 h : Hp . 3 . Q‘T= s‘(a exp)“Ac (1) 

h . *21*33 .31-:. Hp . 3 : vTji . vTft . 3 . 

(gy8,7).yS,7€AC./*eaexpyS./*eaexpy. 

v — | (Cnv‘ 4 ft “/* = I (Cnv‘ 4 7)“y* • 
[*116-656] 3 . (gy8, 7) . y3 = 7 . r = |(Cnv‘ 4 ft> .ar=|(Cnv‘ 4 7)“/*. 

[*13-195] D.v = w (2) 

1- . *21*33 .31-:. Hp . 3 : vrTy, . vr Tv . 3 . 

(aft 7) . ft 7 e k. fie a exp y8 . v e a exp 7 . 

w = | (Cnv‘ 4 ft' 1 'y. = | (Cnv‘ 4 y)“v . 
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[*116*658] 

D . (^8, 7) . /9, 7 e k . p, e a exp /3 m vea exp 7 . 



u s |(Cnv* l = |(Cnv f 1 7 )“v . 

-cr € a exp (e J y8 ) a a exp (e J 7) . 


[*116*656] 

3 • (aft 7) • ft 7 « * • |(Cnv‘ 4 £)“/* = |(Cnv‘ J, y)“v . 




Jy- 

[*85*601] 

3 . (a/9) . /9 « * . |(Cnv‘ J, /9)> = | (Cnv‘ 4 /9)“» . 


[*1 16*601 .*7 2*441 ] 3 . /i = v 

(8) 

M2). (3). 

3 h : Hp . 3 . 3 1 e 1 — » 1 

(4) 

1- .*116*658 

.31*:. Hp . 3 : 0 e k . 3 . T“( a exp 0) = a exp (e J /8) : 


[*37*69] 

3 : Te“(a exp)“/e = (« exp)“e J 

(5) 


b . (1) . (4) . (5) . *111*1 . D h . Prop 

*116*66. h . Prod‘(a exp)“# sm {a exp (£'*)} 

Dem. 

h . *116*659 . *115*51 . D h . Product exp )“* sm Prod‘(a exp) u € J “k (1) 
h .*85*61 .*116*654 . D h . Prod < (aexp) #f eJ^/csm {aexp(s‘e J“*)} (2) 
h . (1) . (2) . *112*1 . D h . Prop 

*116*661. h . IINc*(a exp)“* = (Nc‘a) 2N<ji#c [*116*66*657 .*115*12 .*112*101] 
This proposition is an extension of *116*52. 

The following propositions are concerned in proving *116*68, which is an 
extension of *116*54, where the a and f3 of that proposition are replaced by 
the members of a class *. 

*116*67. h :. p = \ {(jja) . a e k . X = a ^ “7} . D : k e Cls 2 excl . D.pe Cls 8 arithm 
Dem. 

f* m *20 3 ■ D f* ■ Up . A., fjL € p • 2 ! X n . D . 

(aa,^).o,/36/c.X = a^“ 7 ./t = /3^“7.a!\A^. 

[*37*6] 3 .faa,0,z,w) .a,0 e ic . z,w ey .alz = 0 .\ = aj^“y . 

m=^V‘ 7 - 

[*55'262.*38'2] 3 . (30, z, w ) . a e k . z, w e y , X = a 4 “y . p = « ^ “y • 

[*13*172] 3 . X = /x (1) 

K *37*6. *40*1 1.3 

I- : Hp . f , ti e s‘p . a I ? a • 3 • 

(a®. A w) . a, /9 e * . w e 7 . £ = a . y = /9 ^ w . 3 ! f a V • 
[*55*232.*38'2] 3 . (3a, 0, z).a,0eic.zey.t; = u^z.7) = 0 ^ z . 3 ! a n /9 (2) 
I-. (2). *84*11. 3 

h : Hp . ac e CIS* excl . ^,r}«8 t p . 3 ! £ a 17 . 3 . (3a, $,2) . ^ z.t]=0 ^ z.cts= 0. 

[*13*195*172] 3.f = »/ (3) 

h . (1) . (3) . 3 h . Prop 
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*116‘671. (■ a = p {(gx) • * « 7 • /* = 4 z“‘tc} . 3 : Hp *1 16 67 . 3 . s‘p = «‘o- 
Bern,. 

V . *4011 .31-:. Hp*116‘67 . 3 : £ es’p . = . (go). ae# . £ e«4 “ 7 . 

[*38’3] = . (go, x).ae/c..6e7.£=4 x“a . 

[*37103] =.(zz).Z6y.Zelz‘“K. 

[*40-11] = .£ 6 S < pJ(g^).«e 7 .^ = 1 x‘“*} 

3 h . Prop 

*116*672. h : Hp*llC‘67l . * eCls*excl . A~e* . 3 . 0-6 018*6X01 
Deni. 

|- . *37-103 .31*: Hp . fi, peo-.g!/trtp.3. 

( g z, w, a, ft ) . z, w e 7 . a, /S e k . 4 x“a = 4 w“/ 8 . 

fi — l x‘“a . i> = 4 w“*/ 8 . 

[*55*262] 3 . (gx, u>, a) . z, w e 7 . a e * . 4 z“a = 4 w “ a • 

/*=4^“‘a. »' = 4 w ‘“ a • 

[*113105.*38-2.Hp] 3 . (g z, «)./* = 4 z“‘a . «/ - 4 z‘“a . 

[*13*172] 3 . ^ = p : 3 h . Prop 

*116-673. h : Hp *116 672 . 3 . e A ‘(exp 7 )“* sm e 4 ‘e A “<r 

Bern. 

1* . *38-131 . (*11601) .31-. 6 4 ‘(exp 7 )“* = e A ‘f {(go) . 0 6 * . £ = Prod'o £ “ 7 ) 

[*37-6] = e 4 ‘Prod“ X {(go) .««*.X=#j, “ 7 ) (1) 

h.(l). *115-33. *116-67. 3 

1- : Hp . 3 . 6 A ‘(exp 7 )“* sm e A ‘s‘\. {(go) . a e k . \ = a 4 “ 7 } • 

[*116 "671] 3 . 6 A ‘(exp 7 )“* sm e A ‘s‘o- . 

[*85 - 44.*l 16 672] 3 . 6 * ‘(exp 7 )“* sm e^‘e^“a ; 3 h . Prop 


*116-674. h :. M = fo [R = ( 4 z) ,| Cnv‘( 4 *),] . 3 : 

(z ) . M‘z e 1 -» 1 . T>‘(M‘z) \ 6 a‘a = € A ‘ 4 z‘“k 

Bern. 

K*303. 3 I- : Hp . 3 . M‘z = ( 4 *) II Cnv‘( 4 z)t (1) 

I- . *72-184 . *111-14 . 3 h . 4 z[ k e ( 4 z‘“k) sm sm « . 

[*114-51] 3 1- . { 4 1 1| Cnv‘( 4 z)') f 6 4 ‘* e (6 4 ‘ 4 *‘“#) sm (6 4 ‘#) (2) 

I- . (1) . (2) . *73 03 . 3 h . Prop 


*116675. I- :. Hp*116"674 . g ! s‘k . 3 : g ! (M‘w)“e&K a (M‘v)“e&ic . 3 . w=v 

Bern. 

h . *116-674 . 3 1- :. Hp . 3 : g ! {M ( w)“e^K a (M‘v)“e A ‘>c . 3 . 

g ! 6 4 ‘ 4 w‘“* A 6 a‘ 4 ®“‘* • 

3.4w‘“* = 4»‘“a. 

3 . 4 w“s‘k = 4 v“s‘# . 

3 . w = v :. 3 h . Prop 


[* 80 - 32 ] 

[* 40 - 38 ] 

[* 113105 .* 38 - 2 ] 
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♦116-676. I- : Hp *116-672-675 . 3 . Prod‘D“ [ (€ A ‘*)“if“ 7 sm («**«) exp 7 . 

D“f(e 4 ‘*)“Jf“7 = e A “«r 

Dem. 

P . *116-674-675 .*116-45 . 3 

7» 8 

P : Hp . 3 . Prod‘D“ f“ 7 sm (e A ‘/e) exp 7 (1) 

P . *116 674 . 3 P : Hp . 3 . D“ f (e A ‘*)“ Jf“7 = £ {(3*) . x e 7 . /* = e 4 ‘ J, *“'*) 
[*37-6.Hp] = € A “<t ( 2) 

P • (1) . (2) . 3 P . Prop 

*116*68. P : * e els' excl . D . e A ‘(exp 7)“# sm (e A f «) exp 7 . 

nNc‘(exp 7)“* = (nNc‘/e) N «V 


Dem. 

P . *11512 . *84-55 . 3 P . Prod W sm e A ‘e A “<r (1) 

P.(l). *116-673-676.3 

P : Hp . k . a ! 8‘k . 3 . e A ‘(exp 7 )“* sm (e 4 ‘«) exp 7 (2) 

P . *53*24 . 3 P : A~e* .~g! . 3 . k = A . 

[*83 15.*116-33] 3 . e 4 ‘(exp 7)“* = t‘A . (e 4 ‘#) exp 7 e 1 . 

[*73‘45] 3 . e A ‘(exp 7)“* sm (e A f *) exp 7 (3) 

P . *83*11 . *116*182 .3P:Ae/e.g!7.3. e A ‘* » A. Ae (exp 7)“* . 
[*116182.*8311] 3.(e 4 ‘/e)exp7=A. eA ‘(exp7)“ic=A (4) 

P .*116*181 .3P:Ae*. 7 = A.3. (e A ‘#)exp 7 = t‘A (5) 

P . *116181 .3P:Ae*. 7 = A. 3. (exp 7)“* = t‘t‘A . 

[*83-41] 3 . e A ‘(exp 7)“# sm i‘A (6) 

P . (4) . (5) . (6) . 3 P : A e * . 3 . e A ‘(exp 7)“* sm (e A ‘*) exp 7 (7) 


P . (2) . (3) . (7) . *1141 . *116-25 . 3 P . Prop 

The above proposition is an extension of *116-54-55. 

The following propositions are lemmas for 

Nc‘Cl‘a = 2 Nc<a . 

The proposition and its proof are due to Cantor. 

*116-7. P . Nc‘{(i‘A v t‘V) t «U‘a - 2 No ‘* 

Dem. 

P . *241 . *101-3 . 3 P . Nc‘(t‘A u i‘ V) = 2 (1) 

P . *116*15 . 3 P . Nc‘((i‘A w t‘V) f a} A ‘a = Nc‘{(t‘A w i‘V) exp a} 
[*116-25] = (Nc‘(t‘A u 

[(1)] = 2 No< « . 3 P . Prop 

In this and following propositions, the class i ‘ A w t‘V is introduced solely 
as a known class consisting of two terms. Any other class of two terms will 
serve equally well 
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*116-71. h : R € {(t‘A u i‘V) t «) A ‘a . D . R‘V = a - R‘A 

Dem. 

I- . *11612 . D h : Hp . D . R e 1 -* CIs . D ‘R C t‘A u t‘V . d‘.R = a (1) 
[*37-271] D . a = J?“(t‘A w t‘V) 

[*53-302] =R‘A^j%V (2) 

h . (1) . *7118 . D h : Hp . D . *R‘A a R‘V = A (3) 

h. (2). (3). *24*47. Df-. Prop 


*116-711. h :R,Se {(t‘A v i‘ V) | «) A ‘a . R‘A = S‘A . D . R = S 

Dem. 

h. *116-71. DI-:Hp.D.£‘V=!s‘V (1) 

h . (1) . *11612 . D h :. Hp . D : 7 e D'R w D‘S . D T . £‘7 = ^7 : 
[*33-48] D : R = S :.D b . Prop 


*116-712. h :. T = £ R [£ e {(t'A w t‘ V) f a} 4 ‘a . fi = R‘A] . D : 

R e {(t‘A u t‘V) | a) 4 ‘a .D.T‘R = R‘A : G ( T= {(t‘A w t‘V) \ a} A ‘« 

Dem. 

h . *21-33 . D h :: Hp . D :. R e {(i‘A w t‘V) \ a] 4 ‘a . D : pTR . =* . fi = i£‘A : 
[*30-3] 0:T‘R = R‘A (1) 

h .(1). *14-21 . D h :. Hp . D : Re {(i‘A w t‘V) t«U‘« . D . E! T‘R. 

[*33-43] l.ReWT (2) 

h . *21-33 . *33131 . D h : Hp . 3 . (PTC {<VA w i‘V) f a} 4 ‘a (3) 

H . (1) . (2) . (3) . D h . Prop 


*116-713. l-iHp^lG^^.D.rel-^l 

Dem. 

h . *116-712 . *14-21 . D h :. Hp . D : R ed‘T . D . E ! T‘R : 

[*7116] ' 3:22*1 -»Cls (1) 

K *116-712-711. D I- :. Hp . D : R,Sed‘T. T‘R = TVf.D.ii = S (2) 
h . (1) . (2) .*71*55 . D f- . Prop 


*116*714. h : Hp*116"712 . /teCl'a . R = {7 = A.xefi.w.y— V.#ea— f*}.3. 

R e }(t‘A w t‘V) t a} A ‘a . /* - PR 

Dem. 

V. *21-33. *3313. D f- :. Hp . D : 7 e D‘22 .D.ye t'A u t‘V (1) 

I- . *2133 . *33*131 .31-:: Hp . 3 :. x e G‘R . = : 

(37) : 7= A.xe /i.v .y = V .xea-/ii 
[*10*42.*13*19] = :%€/jl.v.oc€Cl — fi: (2) 

[*24*41 1-Hp] =:ir €0 (3) 


Digitized by 


Google 



SECTION b] exponentiation 169 

I" . *21*33 . #30*3 .31-:. Hp . 3 : x e p , . 3* . R‘x = A :xea — ji.2 x . R ( x = V : 
[(2).*14*21] D:xe Q‘R . 3* . E ! R‘x : 

[*7116] 3 : i2 e 1 — » Cls (4) 

h .*21*33 . 3 h :: Hp . 3 7 = A . 3 s yRx .= x .xe/i: 

[*32*181] 3 : R‘y = p. (6) 

I- . (1) . (3) . (4) . *116*12 . 3 b : Hp . 3 . R e {(i‘A u t‘V) f a} 4 ‘a (6) 

I-. (5). (6). *116*712. 3h:Hp.3./*=7 , ‘P (7) 

h . (6) . (7) . 3 h . Prop 

*116*716. I- : Hp*116*712 . 3 . D ‘T= Cl‘a 

Dem. 

b . *116*714 . *33*43 . 3 b : Hp . 3 . Cl‘a C D ‘T (1) 

V. *21*33. *33*13. 3 

H :. Hp. 3 :fieD‘T. 3 . (gP) . R e {(t‘A v t*V) | a} d ‘a .p, = P‘A . 
[*33*151] 3 . (g R ) . £ e {(t‘A w t‘V) | a} d ‘« . p C d'P . 

[*80*14] D./tCa (2) 

K (1) . (2) . 3 I- . Prop 

*116*72. I- . Nc‘Cl‘a = 2 Nc ‘ a 

Dem. 

V . *116*712*713*715 . 3 b . Cl'asm {(t‘A w t‘V) f «} 4 ‘« (1) 


h. (1). *116*7. 3K Prop 

*116*8. I- . Rl‘(p f <r) = s“Cl‘(<r x p) 

Dem. 

h . *60*2 . 3 b :. R e «“Cl‘(<r x p ) . = : (gX) . X C a x p . R = s‘X : 

[*113*101] = : (gX) : PeX . 3p. (gx,y) .a:ep.y€o*.P = a;^y: P = «‘X : 
[*41*11] = : (gX) : PeX. 3 P .(gx, y).a;ep .yeo* . P = «J,y : 

mP« . = u,» • (gP) -P e\. uPv : 
[*10*56] 3 : wPv . D u> , . (g<r, y) . x e p . y e cr . u(x ^ y)v \ 

[*55*13] 3 : uRv . 3 UtS . u e p . v e <r : 

[*35*103] D:PGpt«- (!) 

I-. *35*103. *113*101. 3 

(-:PG/>f«r.X=P }(ga?, y) . <rPy .P = a;,[y}.3.XC<rxp (2) 

b. *41*11. *13*195. 3 

I- :. Hp (2) . 3 : u («*X) v . = . (g<r, y) . xRy . u (x 4 y) v . 

[*55*13] s . uPv (3) 

I- . (2) . (3) . 3 h : R G p f <r . 3 . (gX) . X C <r x p.R = s‘\ (4) 

b . (1).(4). 3 b .Prop 
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*11681. h . a [ CIV x p) e 1 -» 1 

Bern. 

h . #4113 . 3 I- a, /9 e Cl^o- x p ) . Pa = P/9 .x^yex.^ix^yd P/9 : 
[*4111] D:(aP).Pe)8.a:4'yGi > : 

[*113101. Hp] 3 : (gP, «,v).P6/S.P = «4.».a:4y^ w l ,,: 
[*55134*34] 3 : (gP, u, v).Pe/3.P*=ulv.xly = u^vi 

[*1317213] 3:xlyep (1) 

h . (1)^|. 3 h : o,/9 €Cl*(<r x p).Pa = P/8 .x^yefi .0 -xlyea (2) 

h . (1) . (2) . *113101 . 3 I- : a, /9 e Cl‘(<r x p) . Pa = P/9 . 3 . a = /9 (3) 

h . (3) . *71-55 . *72163 . 3 h . Prop 

*116-82. h . Rl‘(p t a) sm Cl‘(<r x p) [*1 16-8-81] 

*116-83. h . Nc‘Rl‘(p t<r) = 2 Nc ''- x ‘ N <^ [*116-82-72 . *113-25] 

*116-9. h:NcT* = p.3.Nc‘« s ‘ ; r = 2*‘ [*11672 .*6366] 

*116 901. h : Nc%‘a = p.3. Nc'Pa = 2<* [*11672 . *63-65] 

*116-91. V : Nc‘<o‘a = p . 3 . Nc‘C<* = 2** [*116 83 . *64-511] 

*116*92. h : Nc%‘a = /t. 3 . Nc < t 0 1 *a=2' lXc2 '‘. Nc‘t u ‘a= 2*'‘ Xc *' 1 . etc. 
[*116-83. *6416 .*116-901] 
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*117. GREATER AND LESS. 


Summary of *117. 

A cardinal fi is said to be greater than another cardinal v when there is 
a class a which has terms and has a part which has v terms, while there is 
no class fi which has v terms and has a part which has fi terms. The relation 
“greater than” is transitive and asymmetrical; and by the Schroder -Bernstein 
theorem, if /i is greater than or equal to v t and v is greater than or equal to 
fa then fi * v. But we cannot prove that of any two cardinals one must be 
the greater, unless we assume the multiplicative axiom. The proof then 
follows from Zermelos theorem that on that assumption every class can be 
well-ordered. This subject will be dealt with at a later stage. 

The form of the definitions is so arranged as to allow of the inequality of 
two cardinals in different types. The relevant considerations are the same 
as for the definitions of addition, multiplication and exponentiation. 

Our definition of “ ji > v ” is 
*117*01. /*>!/.= . (go, fi) . fl = N 0 c*ct . v = N 0 c ‘fi . 

g ! Cl'a n Nc'/S - ~ g ! Cl‘/S n Nc'a Df 
We also define “ fi > Nc*a ” as meaning “ fi > N 0 c*a,” and “ Nc'a > v ” as 
meaning “N 0 c*a>i/,” for the reasons explained in *110. It then easily 
follows that if p > v, fi and v must be homogeneous cardinals (this is part 
of *117*15); that if and v are homogeneous cardinals, and /a > i/, the same 
holds if we substitute sm“/A and sm“i/ for one or both of y, and v (*11716); 
that 

*117*13. h s Nc'a > Nc ‘fi . = . g ! Cl'a n Nc‘£ .«^>g * Cl ‘fi n Nc'a 
and that 

*117*14 h : /* > v . = . (go, fi) . fi = N 0 c‘a . v =. N 0 c ‘fi . Nc'a > Nc ‘fi 

We cannot define “ fi ^ v ” as u fi > v . v . /a = v? because “ fi = v ” restricts 
p and v too much by requiring that they should be of the same type, and 
restricts them too little by not requiring that they should both be existent 
cardinals. Tq avoid both these inconveniences, we put 
*117*05. v . = : fi > v . v . fa v eN 0 C . /*= sra“i/ Df 

The use of this definition is chiefly through the propositions 
*117*108. h Nc‘a ^ Nc‘/9 . = s Nc'a > Nc ‘fi . v . Nc‘a = Nc‘$ 

*117*24 h s fi ^ v - = . (ga, fi) • /a *= N 0 c'a . v = N 0 c *fi - Nc'a ^ Nc ‘fi 
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In *117*2, we repeat the Schroder- Bernstein theorem (*73*88), which is 
required in most of the remaining propositions of this number. It leads at 
once to the propositions 

*117*22. h : g ! Cl‘a a Nc‘/ 9 . = . Nc'a > Nc ‘y8 
(which practically supersedes the definition oi u ^ v ) 

*117*221. h : Nc'a ^ Nc‘y8 - = - (a p ) . p C a . p sm y9 

*117*222. h:/9Ca.D.Nc‘a^Nc‘y8 

*117*23. h : Nc'a ^ Nc'y8 . Nc‘y8 ^ Nc‘a . = . Nc'a = Nc‘y8 

This last proposition may be called the Schroder-Bernstein theorem with 
as much propriety as *73*88 ; the two are scarcely different 

If we now revert to the definition of fi>v, or to *117*13, and apply 
*117*22, we see (*117*26) that “Nc'a > Nc‘y9” may be conveniently regarded 
as asserting Nc‘a^ Nc*y8 .~(Nc'/S^ Nc*a) ; in fact, the best ideas to work 
with are ^ and its converse which for practical purposes we regard as 
defined by *117*22, and from which we derive > and <. The relation > 
will be the product of ^ into the negation of its converse ; this holds for fx 
and v (*117*281) as well as for Nc*a and Nc*y9. 

*117*3*31 constitute an important use of *110*72, namely to prove that 
one existent cardinal is greater than another or equal to it when the first 
can be obtained by adding to the second (where what is added must be a 
cardinal). That is to say, we have 

*117*3. h : Nc‘a ^ Nc‘y8 . = . (gw) . w e NC . Nc‘a = Nc‘y8 + c w 

*117*31. hs.ya^i/. = :yL6, ve N 0 C : (gw) . w € NC . yu = -f c w 

*117*4 — *471 are concerned in proving that > and ^ are transitive, that 
> is asymmetrical (*117*42), and allied propositions. 

Our next set of propositions is concerned with 0 and 1 and 2. We prove 
that a homogeneous cardinal is whatever is greater than or equal to 0 
(*117*501); that a homogeneous cardinal other than 0 is whatever is 
greater than 0 (*117*511); that a homogeneous cardinal other than 0 is 
whatever is greater than or equal to 1 (*117*531); and that a homogeneous 
cardinal other than 0 and 1 is whatever is greater than 1 (*117*55), and is 
whatever is greater than or equal to 2 (*117*551). 

We next prove a set of propositions concerning ^ which have no analogues 
for >, except when the cardinals concerned are finite. Thus e.g. we prove 

*117*561. h : fi ^ v • w e N 0 C . D . g, + c «* ^ v + c w 

If we substitute > for this no longer holds. Thus e.g. put /*= 2, 
i/ = 1, w = Ko (cf. *123); then fi > v, but yu, -f c w = i/ + c w = w. Similar 
remarks apply to the analogous propositions (*117*571*581*591) on multi- 
plication and exponentiation. 
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We prove next that a sum is greater than or equal to either of its 
summands (*117*6); that a product neither of whose factors vanishes is 
greater than or equal to either of its factors (*117*62) ; that, assuming 
and v are existent cardinals, then if they are neither 0 nor 1, their 
product is greater than or equal to their sum (*117*631), and if fi is 
neither 0 nor 1, then ^ p x c v (*117*652). 

The last important proposition in this number is Cantor’s theorem 
4 ^ 117 * 661 . N 0 C - D - 2* > p 
which follows immediately from *102*72 and *116*72. 

The propositions of this number are much used in the following section, 
on finite and infinite. 


*11701. 

fi>v. = . (aa, /S) . fi — N 0 c‘a . v = N 0 c‘£ . 

3 ! Cl*« n Nc‘j8 . ~ a ■ Cl‘/9 r\ Nc f a Df 

*117-02. 

fi > Nc*a . = . fi > N 0 c‘a 

Df 

*11703. 

Nc‘a >i/. = . N 0 c‘a > v 

Df 

*11704. 

A* < * > . = = . K > - fX 

Df 

*11705. 

v . = : v .v . fj,> ve N 0 C . //, = sm“i/ 

Df 

*11706. 

fl 

Df 

The analogues of *117-02O3 are to be applied also to *117-04 05 06. 
*1171. h : ft > v . = . (a«, /9) . /x = N 0 c*a . v = N„c‘/3 . 

a ! Cl‘« n Nc‘/3 . ~ a * ci ‘0 n Nc‘a [(*11701)] 

*117101. 

1- : > Nc‘/9 . = ./*> N 0 c‘/9 

[(*11702)] 

*117102. 

h : Nc‘a >i/. = . N 0 c‘a > v 

[(*11703)] 

*117103. 


[(*11704)] 

*117*104. h v . = : v .v • fjL y v € N 0 C . fi = sm“i/ 

[(*11705)] 

*117105. 

\~ : jjl^v . = . v ^ ji 

[(*11706)] 

*117106. 

*117107. 

1- :Nc‘o>Nc‘/9. = . N 0 c‘a > N 0 c‘/9 

1- :Nc‘o ^ Nc‘/3. = • N 0 c‘a ^ N 0 c‘/9 

[*117101102] 


Dertu 

I-. *117*104*106.3 

h Nc'ct^ Nc‘/9 - = : N 0 c‘a > N 0 c‘£ .v. Nc‘a,Nc‘#e N 0 C . Nc‘a = sm“Nc‘£: 
[*100*5 11. *103*22] = : N 0 c‘a > N 0 c‘/9 . v . Nc‘a, Nc‘£ e N 0 C . Nc'a = Nc‘/9 : 

[*103*16] = s N 0 c‘a > N 0 c‘/3 . v . Nc'a, Nc‘/3 € N 0 C . Nc'a = N 0 c‘£ : 

[*103*21] = : N 0 c‘a > N 0 c‘y8 . v . Nc‘£ € N 0 C . Nc‘a = N 0 c‘$ : 

[*103*16] = : N 0 c‘a > N 0 c‘£ . v . Nc‘/9 e N 0 C . N 0 c‘a = Nc‘£ : 

[*103*2] = : N 0 c‘a > N 0 c‘/3 . v . N 0 c‘a = Nc‘£ : 

[*103*4] = s N 0 c*a > N 0 c‘/3 . v . N 0 c‘a = sm“N 0 c‘/3 : 

[*103*21.*117*104] = : N 0 c‘a > N 0 c‘/3 D b . Prop 
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*117108. I- Nc‘a > Nc‘/9 . = : Nc‘a > Nc‘/8 . v . Nc‘a = Nc‘/3 
[*117107106104 . *108-16*4] 

*117-11. I- asm a' . £sm . D : g ! Cl‘a * Nc‘/9 . = . g ! CIV a Nc'/T 

Dem. 

h . * 100321 . D h Hp . D : a S CIV a Nc‘/9 . = . a ! CIV a Nc'/T ( 1 ) 
h . * 73 - 21 . D 

h : i2 « 1 -* 1 . D‘i2 = a . G‘R = af . y C a . 7 e Nc‘y8 • D . 

R“ yCct .R“yeHc‘p. 

[*60-2] D . 3 I CIV a Nc‘/9 (2) 

Y. (2). *101 1-23-35 .*731 .D 

h : asm o' . a ! Cl‘a a Nc‘yS . D . a • CIV a Nc‘yS (3) 

h • ^ I" : « sm a . 3 ! CIV a Nc‘yS . 3 . a ! Cl‘« a Nc‘yS (4) 

h.(3).(4). D h « am a' . D : a I CIV a Nc‘yS . = . a ! CIV a Nc‘/9 (5) 
h . (1) . (o) . D h . Prop 

*117*12. Y 1 . fi> v . = fi,v e N 0 C : 

ye/ 1 . 8 ev . D y> j . a l Cl‘7 r\ Nc‘8 . ~ a l Cl *8 a N c‘7 

Dem. 

Y. *117-111.D 

h:./*>i/. = : (a«.j8) : = N 0 c‘a . v - N 0 c‘yS . a 1 Cl‘aANc‘yS.~a ! Cl‘y8ANc‘a: 

7 e/x. 8ei'.3 y,{.a! Cl‘7 a Nc‘8 . ~a 1 C1‘8 a Nc‘7: 
[*103-12] = : (a«, P ) : /* = N 0 c‘a . v = N 0 c‘yS . a e /i . fi e v . 3 ! Cl‘a aNc‘£ . 

~ a I Cl‘y9 a Nc‘a : 
ye/i , 8 ev . D r> j. 3 ! Cl‘7 a Nc‘8 . ~a 1 Cl ‘8 a Nc‘7 : 
[*10"65] = : (aa. P) ‘ p — N 0 c‘a . v = N 0 c‘,S . a e /i . P e v : 

ye/i.Sev.Dyi.Ql Cl‘7 a Nc‘8 . ~ 3 ! C1‘8 a Nc‘7 • 
[* 103 " 12 " 2 ]= : /i, veN 0 C : y e /i . 8 e v . D yt t • Q. I Cl‘7 a Nc‘ 8 . ~a* C1‘8 aNc‘7:. 

D I- . Prop 

*117*121. Y 1 . /i> v . = \ /i, ve N„C : 

a € n . D. . (3$) . yS e 1/ . a l Cl‘o a Nc‘y8 . ~ 3 ! Cl‘/8 a Nc‘o 

Dem. 

K *117111 .3 

I- /* > v . = : (3a, P ) : /* = N 0 c‘o . »/ = N 0 c‘/9 . 3 ! Cl‘a a Nc‘y8 . 

~ 3 1 Cl‘y8 a Nc‘o : 

ye/i.Dy. (38) . 8 e v . a ! Cl‘7 a Nc‘8 . ~ a 1 Cl*8 a Nc‘7 
[*103’1 2.*10 - 56] = : (3a, P ) : /i = N„c‘a . v — N 0 c‘/9 .ae/i: 

7 e/n.'Dy. (38) . 8 e v . 3 ! Cl‘7 a Nc‘8 . ~ a ! C 1‘8 a Nc*7 
[*103 - 12'2] = : /i,ve N 0 C : 7 e /i . D T . (38) . 8 « v . a ! Cl‘7 a Nc‘8 . 

~ a 1 C1‘8 a Nc‘7 !■ 3 I" • Prop 
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The above proof is given shortly because it proceeds on the same lines as 
*11712. In applying *10'55, the <f>x of that proposition is replaced by ae/i, 
and the yfrx is replaced by 

(a£) . 0 e v . a I Cl‘a a Nc‘/9 . ~ a S Cl‘/9 a Nc‘a. 

*11713. h : Nc‘a > Nc‘/9 . s . g ! Cl‘a a Nc‘/ 9 . ~ g ! Cl‘/9 a Nc‘a 
Den u 

K *11 7106. D 

I- Nc‘a > Nc‘/9 . = : N 0 c‘a > N 0 c‘/9 : 

[*103-2.*1 1712] = : 7 r N,c‘a . 8 € N 0 c‘/9 . D r , , . 

g S Cl*y a Nc‘S . ~ g ! 01*8 A Nc‘7 : 
[*100-31.*11711] = : 7 « Noc‘a . 8 e N^/3 . D y ,j . 

a I Cl‘a a Nc‘/3 . ~ a 1 Cl*/S a Nc‘a : 
[*10-23] = : g ! N 0 c‘a . g ! N„c‘/9 . D . 

3 ! Cl*# a Nc‘/3 . ~ g I Cl‘yS a Nc‘a : 
[*103-13] = : a ! Cl ‘a a Nc‘/ 9 . ~ g ! Cl*y8 a Nc‘a D h . Prop 

*117'14. h : /* > v . = . (a«, /8) . /* = N 0 c‘a . v = N 0 c‘/9 . Nc‘a > Nc‘/9 
[*117-113] 

*117*15. h : /* > v . = . /*, v e N 0 C . a • *‘01“/* a sm“i> . ~ g ! *‘Cl“v a sm“/t 

Dem. 

h . *103-4 . *1171 . D 

h :./*>*. s : (a«, /9) • /* = N„c‘a . v = N 0 c‘/8 . a 1 Cl‘a a sm“v . 

~ a 1 Cl‘/9 a sm“/* : 

[*103-2-26] = : /*, v e N„C : (a®, /8) . a e /* . e v . g ! Cl*# a sm“v . 

~ a ! Cl‘/9 a sm “/* : 

[*117-1 1] =ifi,ve N 0 C : (a«> fi) .ae p. /3 ev .ftl Cl‘aAsm“v : 

8 e v . Dj. ~ a • Cl*8 a 8m“/t : 

[*103-13.*10-51] = : /*, t> e N„C : (a«) . a e /* . a 1 Cl*# a sm“i/ : 

~ (a$) . 3 e v . a 1 Cl*8 a sm“/* : 
[*40"4.*60'2] = : /*, v e N 0 C . a 1 *‘ Cl**/* a sm'V . 

~ a 1 «‘Cl“v a sm“/* D I- . Prop 

The advantage of this proposition is that it expresses “ /* > v ” in terms 
of /* and i/ alone, without the auxiliary a and /9 of the definition. 

*11716. I- /x,i/€N 0 C.D: fjL >!/. = . sm“/*>i' • = •/*> 8m“i/. = .am“/* >sm“i/ 
[*117-14. *103*4] 

*117*2. h:asma , .#sm£ / .) 8 'Ca.«r , Cy 8 .D.asm )8 [*73*88] 

This proposition (which is the Schroder-Bemstein theorem) is fundamental 
in the theory of greater and less. 
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*11721. h:g! Cl‘a a Nc‘y3 . g ! Cl‘/9 a Nc‘a . 3 . Nc‘a = Nc‘y9 
[*1172. *100-321] 

*117-211. I- : g ! Cl‘a a Nc‘y9 . g ! Cl‘,8 a Nc‘a . = . Nc‘a = Nc‘y9 

Dem. 

V . *100-3 . *60-34 .3h: Nc‘a = Nc‘/3 . 3 . a e Cl‘a a Nc'yS . y9 e Cl‘y8 a Nc‘a (1) 
h. (1). *117-21 .3 h. Prop 

*117-22. h : g ! Cl ‘a a Nc‘y8 . = . Nc‘a > Nc‘y9 

Dem. 

V. *11713. 3 I- : Hp . ~ g ! Cl‘y9 a Nc‘a . = . Nc‘a > Nc‘y8 (1) 

h . *117*211 .31-: Hp .g !Cl‘yS a Nc‘a. = . Nc‘a = Nc‘y9 (2) 

h . (1) . (2) . *117108 . 3 V . Prop 

*117*221. h : Nc‘a^ Nc'yS . = . (gp) . pC a.psmyS [*117 22 . *602 . *1001] 
*117-222. h:y9Ca.3.Nc‘a>Nc‘y9 [*117221] 

*117-23. I- : Nc‘a > Nc‘£ . Nc‘/9 ^ Nc‘a . = . Nc‘a - Nc‘y9 [*117-211-22] 

*117-24. I- : p ^ v . = . (ga, yS) . p = N 0 c‘a . v = N<,c f y9 . Nc‘a ^ Nc‘y9 

Dem. 

h .*1 17-104-14 . 3 1 = : (ga, yS) . p = N 0 c‘a . v = N 0 c‘/8 . Nc‘a > Nc'yS . v . 

(ga, yS) . p = N 0 c‘a . v = N 0 c‘/9 . p = em“i/ : 
[*103-4.*13-193] s :(ga,/9).p = N 0 c‘a . * = N,c‘/3 . Nc‘a > Nc*/8 . v . 

(ga, /9) . p = N 0 c‘a . v = N 0 c‘/8 : N„c‘a = Nc‘/S : 
[*10316] = : (ga, j8 ) . m = N„c‘a . v= N 0 c‘/8. Nc‘a>Nc‘£ . v . 

(ga, /?) . p = N 0 c‘a . i/ = N„c‘yS . Nc‘a = Nc‘y9 : 
[*11-41. *117-108] = : (ga, /?) . p = N 0 c‘a . v = N 0 c‘/3 . Nc‘a ^ Nc‘y9 :. 

3 h . Prop 

*117*241. h : p ^ v . = . (ga, /9) . p = N 0 c‘a . i/ = N 0 c‘/9 . g ! Cl‘a a Nc‘y9 
[*117-24-22] 

*117*242. h :. p, p e NC . 3 : p ^ v . = . (ga, y9).aEp.ySEr.g! Cl‘a a N c‘y9 
[*117-241 . *103-26] 

*117*243. h :. p ^ i/ . = : (ga, yS) : p = N 0 c‘a . v = N„c‘yS : (gp) . p C a . p sra y9 
[*117-24-221] 

*117*244. h :. p, veN 0 C .3 : p^ v . = . sm“p^ v ■ = .p^sm“p . - . 

sm“p^8m“i' [*117"24 . *103*4] 
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*117*25. V i v . v fi . =. . fi, v e N 0 C . sm“/t = sm“ii 
Dem. 

I-. *117-24. D 

i = . (ga, ft 7, 8) . /* = N 0 c‘a = N„c‘7 . v = N 0 c‘)8 = N 0 c‘8 . 

Nc‘a > Nc‘/9 . Nc‘S > Nc‘ 7 . 

[*117-107] = . (go, ft 7 $)./* = N 0 c‘a = N 0 c‘ 7 . „ = N 0 c‘/3 = N 0 c‘8 . 

N 0 c‘a ^ N 0 c‘^ . N 0 c‘S ^ N 0 c* 7. 

[*13193] = . (gar, ft 7, 8) . /i = N 0 c‘a = N 0 c ‘ 7 . i> = N 0 c‘y9 = N,c‘8 . 

N 0 c‘a ^ N 0 c‘yS . N 0 c‘/3 ^ N 0 c*o . 

[*117-107-23] s . (ga, ft 7, 8) . M = N 0 c‘a = N 0 c‘y . * = N 0 c‘/9 = N„c‘8 . 

Nc‘a = Nc‘/S . 

[*1 r4o.*103’2] = . (ga, ft . n = N 0 c‘a . 1/ = N 0 c‘/9 .fi,ve N„C . Nc‘a = Nc‘^8 . 
[*103 4] = . (ga, ft . /t = N 0 c‘a . 1/ = N 0 c‘/9 . /*, v e N 0 C . sm“/t = sm“i> . 

[*11'45.*103’2] = . n,v € N 0 C . sm“/i=8m“i/ : D h . Prop 

*117-26. h : Nc‘a > Nc‘/9 . = . Nc‘a > Nc‘/9 . Nc‘a + Nc‘/3 

Dem. 

h .*117*13 . *1312 . Transp . D h : Nc‘a > Nc‘yS . D . Nc'a^ Nc‘)8 : 

[*117108] D h : Nc‘a > Nc‘/3 . D . Nc‘a > Nc‘/3 . Nc‘a * Nc‘£ (1) 

I- . *117-108 . *5-6 . D V : Nc‘a^ Nc‘/9 . Nc‘a=j= Nc‘/3 . D . Nc‘a > Nc‘£ (2) 

I- . (1) . (2) . D h . Prop 

*117-27. h : Nc‘a < Nc‘/3 . = . Nc‘a < Nc‘/3 . Nc‘a + Nc‘/3 
[*117-26103-105] 

*117*28. I- : Nc‘a > Nc‘$ . = . Nc‘a ^ Nc‘y9 . ~ (Nc‘yS ^ Nc‘a) 

[*117-2213] 

*117-281. = [*117-14-28-24] 

*117-29. h:Nc‘a<Nc‘/9. = .Nc‘a<Nc‘/3.~(Nc‘/9<Nc‘a) [*117*28] 
*117-291. \-ifi<v. = ~(i/< ft [*117-281] 

*117*3. h : Nc‘a^ Nc‘/3 . = . (g«r) . weNC . Nc‘a = Nc‘/3 + 0 nr 

Dem. 

h . *1 17-221 . D h : Nc‘a > Nc‘/9 . = . (g8) . 8 sm y3 . 8 C a . 

[*110-72] = . (g«) . w e NC . Nc‘a = Nc‘/9 + c w : 

D h . Prop 

b. * w. 11. 12 
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*117*31. h v . = s /i, i^eNoC : (gw) . «r e NC ./*= i/+ c *r 
Bern . 

K *117-24*3. 3 

h > i/ . = : (got, £, tsr) . ^ = N 0 c‘a . i> = N 0 c‘£ . Nc‘a = Nc*/? + c nr : 
[(*110*03)] = : (ga, tsr) . = N 0 c‘a . i/ = N 0 c‘£ . Nc‘a = v + 0 nr : 

[*103*1 6.*1 10*42] = : (gor, «r) . n = N 0 c‘a . i/ = N 0 c‘/8 . p = i> + c «* 2 
[*103*2] = : fju,v e N 0 C : (g«r) . p = v + c nr :. 3 h . Prop 

*117*32. h : fj, ^ i/ . g ! sm“/i a £‘a . 3 . g ! sm“i/ a t‘a 
Bern. 

h. *117*241. *103*4. 3 

h : Hp . 3 . (g£, 7) . fi = N 0 c‘£ . = N 0 c‘7 . g ! Cl‘/9 a Nc‘7 . sm‘V = Nc‘£ . 

sm“i/ = Nc*7 (1) 

h. *63*105*371. *73*12. 3 

h : Re psm/3 . p €t‘a, or C/3 . o* sm7 .3 . iJ“o- e £‘a . 22“a* sm 7 (2) 

h . (2) . *73*04 . 3 h : pe Nc‘£ a *‘a . a- e Cl‘£ a Nc ‘ 7 . 3 . g ! Nc‘7 a *‘a (3) 

h . (1) . (3) . 3 h . Prop 

The above proposition shows that if a cardinal p exists in a given type, so 
do all smaller cardinals. 

*117*4. h:/x^i/.i/^«r.3./*^tsr 

Bern. 

h . *117*243 . 3 h :. Hp . 3 : (ga, & 7) : = N 0 c‘a . v = N 0 c‘£ . tsr = N 0 c*7 : 

(g p) . p C a . p sm fi : (go*) . o* C ft . o* sm 7 : 
[*117*11.*602.*100 1] 3 : (ga, fi, 7) : = N 0 c‘a . 1/ = N 0 c‘£ . nr = N 0 c*7 : 

(g p, t) . p C a . p sm ft . t C p . t sm 7 : 

[*22*44] 3 : (ga, 7) : /* = N 0 c‘a . tsr = N 0 c‘7 : (gT) . rCa . t sm7: 

[*117*243] 3 : /* > tsr :. 3 h . Prop 

*117*41. h:/x^i/.i/<«r.3./x<tsr [*117*4] 

*117*42. h :^(/i> / a) fi) 

Bern . 

h . *117*15 . *13*12 . Transp .3h/i>i/.3./i^ , /:3h. Prop 
*117*43. h:/x^i/.^(/i^«r).3.^>(i/^cr) [*117*4 . Transp] 

*117*44. : v ^ nr . ~ (ji^ vr) . 2 ~ p) [*117*4 . Transp] 

*117*45. h:/A^p.i/>«r.3./LC>«r 

Bern . 

h . *117*281 . 3 h : Hp . 3 . fi ^ v . 1/ ^ «r . <^» (©■ ^ v) . 

[*117*4*44] 3 . ^ cr • (©■ ^ /ir) . 

[*117*281] 3 . fi > tsr : 3 h . Prop 

*117*46. h:/i>p.i'^«r.3./x>«r [Proof as in *117*45] 

*117*47. h:/A>i/.s/>«r,3./Lc>w [*117*45*104] 
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*117-471. Y:p<v.v<m.^.p<v [*117-47-103] 

*117*5. h : p e N,C . D . p ^ 0 

Bern. 

I- . *60 3 . *100-3 . D h . a ! Cl‘a a Nc‘A . 

[*117-22] D h . Nc‘a ^ Nc‘A . 

[*117-107 .*101-1] D h . N„c‘a >0 (1) 

l-.(l). *103-2. D h . Prop 

*117-501. h:/teN 0 C. = ./*>0 [*117-5104] 

*117-51. h : /* e N 0 C — 1‘0 . D . /i > 0 

Bern. 

h .*101"15 . D h : Hp . D ./i^=sm“0 (1) 

K(l). *117-5*104.31-. Prop 

*117-511. !-:/*« N 0 C — 1‘0 . = ./*> 0 [*117-5115-42] 

*117-52. l-:a!f.D.Nc‘f>l 

Bern. 

h . *51-2 . D h : Hp . D . (g*) . i‘x C £ . 

[*117-222] D.(ga;).Nc‘£>Nc‘t‘a;. 

[*101-2] D . Nc‘f >1:31-. Prop 

*117-53. h:/*eN 0 C-i‘O.D./*>l 

Bern. 

I- . *10116 . *103-2 . 3 Y : Hp . 3 . (ga) . N„c‘a = /* . g ! a . 

[*1 1 7‘52] 3 . (ga) . N„c‘a = /a . N c‘a > 1 . 

[*117-107] 3 . /* > 1 : 3 \- . Prop 

*117-531. h:^6N 0 C-i‘0.= ./i>l 

Bern. 

h. *117104. 3h:jt>1.3./AeN 0 C (1) 

h . *117-51 . *101-22 . 3 h . 1 > 0 . 

[*117-45] 3h:/*>1.3./i>0. 

[*117-42] D./t + O (2) 

h.(l). (2). *117-53. 3 I- . Prop 

*117*54. I-:. l>^. = :/* = 0.v./*=l 

Bern. 

V .*117-241 .*101-2 .*52-22 . 3 

I- :. 1 > /* . = : (ga, x).fi = N„c‘a . g ! Nc‘a a Cl‘t‘a; : 

[*60'362] = : (go, x):p = N 0 c‘a : g ! Nc‘a a t‘A . v . g ! Nc‘a a i* i‘x : 

[*5131] = : (ga, x):p = N 0 c‘a : A e Nc‘a 

[*101-17-29] = : (ga, x):p = N„c‘a : Nc‘a = Nc‘A . v . Nc‘a = Nc‘i‘a;: 
[*103 - 16] = : (ga, x).ji = N„c‘a : p = Nc'A . v . p — Nc‘t‘a: ; 

[*101-1"2] = :(ga)./* = N 0 c‘a:/i = O.v./i= 1 : 

[*103-2 - P‘51] s:>*-Q,y./* = l;, 3(*. Prop 

12—2 
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*117-55. h:^>l. = ./teN 0 C-t‘0-t‘l 
Dem. 

I- .*117-281 . 3 h : fi > 1 . = 1 • ~(1 > H) • 

[*117-531-54] = . y. e N 0 C - t‘0 . + 0 . /* + 1 . 

[*5115] = . n e N„C -i‘O-t‘1 :3h. Prop 

*117-551. h fi e N 0 C - t‘0 - t‘l . s : 

(ga) : fi = N 0 c‘a : (gx,y) . x,y e a . x^ y i = . 2 

Dem. 

h . *103-2 . 3 I- y. e N„C - t‘0 - i‘l . = : 

(ga) . fi = N 0 c‘a . N 0 c‘a ^ 0 . N 0 c‘a + 1 : 

[*101-14] = : (get) . fi = N»c‘a . g ! a . N 0 c‘a * 1 : 

[*103-26] = :(ga)./* = N 0 c‘a.g!a.a~el : 

[*52-41] = :(a“):M=N«c‘a:(ga:,y).a:,yea.x=t=y: W 

[*54-26.*51-2] = : (ga) : y. = N„c‘a : (gz, y ) . i‘x vt'yCa. i‘x vi'ye 2 : 

[*13-1 95] = : (ga) : /i = N 0 c‘a : (g«, y, /9) . fi = i‘x v i‘y . /3 C a . 0 e 2 : 

[*54-101] = : (ga) : ji = N 0 c‘a : (g£) . ft C a . fi e 2 : 

[*117-241] = :/*>2 (2) 

h . (1) . (2) . 3 h . Prop 

*117-56. I- : Nc‘a > Nc‘/9 . 3 . Nc‘a + c Nc‘y > Nc‘y3 + c Nc‘y 

Dem. 

K *11012. *117221. 3 

h : Hp . 3 . (gS) . 8 C 4 A y “t“a . $ sm J, A/‘t“/3 • 
[*110-11.*73-71.(*110-01)] 3 . (g$) . 8 w A. i “ 1 “ 7 C a + 7 . 

5 U Aa ^ “*“7 8m (/8 + 7) • 

[*117-221] D.Nc‘(a + 7)>Nc‘(/3 + 7). 

[*110-3] 3 . Nc‘a + c Nc‘7 > Nc‘/S +c Nc‘7 ' 3 •" • Pro P 

*117-561. N 0 C .D./*+ c «r^i'+ c a [*117-56] 

The proof of *117-561 follows from *117"56 in the same way as the proof 
of *117-31 follows from *117 3. In the remainder of this number we shall 
omit proofs of this kind. 

*117-57. I- : Nc‘a > Nc‘/9 . 3 . Nc‘a x 0 Nc‘7 > Nc‘/3 x c Nc‘7 

Dem. 

K*372. 3h:pCa.3.y > i > “pC7j,“a. 

[*401 61. *1131] 3.pxyCaxy (1) 

1- .*113*13 . 3 p smy9 . 3 .p x ysm# xy (2) 

K(l).(2).3l-:pCa.p8m/8.3 .pxyCax 7 ./>xy 8 m$xy. 
[*117-221] 3.Nc‘(aX7)>Nc‘(y8xy) (3) 

h . (3) . *117-221 .31-. Prop 
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*117*58. h : Nc ‘a > Nc‘y9 . D . (Nc‘«) Nc ‘x > (Nc‘y9) Nc ‘x 

Bern. 

K . *35*432*82 . D K : p C a . D . p f 7 G a f 7 . 

[*80*15] 3.(pt7V7C(«T7V7 (1) 

H .*116*15*19 . D K : psm yS . D . (p f 7)4*7301 (J3 1 7)4*7 (2) 

I- . (1) . (2) . *117*221 . D 

h : p C 0 . p sin /S . D . Nc‘(a f 7)4*7 ^ Nc‘08 f 7)4*7 • 

[*1 16*15*25] D . (Nc‘o) Nc *x > (Nc‘/8) No *r (3) 

h. (3). *1 17*221.Dh. Prop 

*117*581. K : /i ^ i> . w e N a C . D . /i w ^ v" [*117*58] 

The two following propositions are lemmas for *117*59. 

*117*582. K : g 17. /SC a. 0*67 exp (a- fi). D . (v <r) f* (7 exp y9) e 1 -» 1 . 

(v o*)“(7 exp y9) C 7 exp a 

Bern. 

I- .*116*183. D K :pe(7expy8) . 0*67 exp (a -$) . D . p C/3 x 7 . o*C(a-/8)x7. 
[*1 13*19.*24*21] D . p a o- = A (1) 

1- . (1) .*24*481 . D K :: Hp . D :. p,p'e( 7 exp £) .D:pv<r = p'u«j*.= . p = p':. 
[*71*58] D :. (w o*)[*(7exp/S)e 1 — » 1 (2) 

h . *113*191 . D K :. Hp . D : 7 J, “/3 a 7 J, “(a — yS) = A : 

[*115*14^*116*01)] D : p e (7 exp/8).D.p w<r e Prod‘{7 ^ “ftvy “(a—#)} . 

[*37*22.*24*41 1] D . p v <r e (7 exp a) : 

[*37*61] D : (v o*)“(y exp y9) C 7 exp a (3) 

1- . (2) . (3) . D I- . Prop 

*117*583. K:y3 Ca.g! 7 .D. (g*r) . t C 7 exp a . t sm (7 exp yS) 

Bern. 

I- . *116*171 . D K : Hp . D . g 1 7 exp (a - /8) (1) 

K(l). *117*582 . *73*15 . D I- . Prop 

*117*59. I- : Nc‘a > Nc‘yS . g ! 7 . D . (Nc‘7) Nc '« > (Nc‘ 7 ) N ^ 

Bern. 

h .*117*221 . D K :. Hp. D: (gp). p Ca. psmyS : g ly: 

[*117*583] D : (gp, r).pCa.psmy 9 .rC 7 exp a . t sm (7 exp p) : 

[*116*19] D : (gr) . r C 7 exp a . Tsm (7expy3) : 

[*117*221] D : Nc‘(7expa)^ Nc‘(7exp^) (1) 

K . (1) . *116*25 . D K . Prop 
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The hypothesis is essential in the above proposition, for 0° = 1 while 
0 1 = 0, so that 0° > 0 1 . 

*117*591. h : /* > i; . i* € N 0 C - t‘0 . 3 . > t*' [*117*59] 

*117*592. h:a» = l.a + 0.a + l. 3.8 = 0 
Dem . 

I- .*116*203 . 3 h Hp . 3 : a, 8eN 0 C : 

[*117*551*53] 3 : 2 : 8 + 0 . 3 . 8> 1 : 

[*117*581*591] 3:8 + 0. 3. a* > 2 1 . 

[*1 1 6 *32 1 .*1 1 7 *244] 3 . a* > 2 . 

[*117*551] 3 . a* + 1 (1) 

h . (1) • Transp . 3 h . Prop 
The above proposition is used in *120*53. 

*117*6. h : /i, v e N 0 C 

Dem . 

h .*117*561*5 . 3 h : Hp .3./x4- c i/^/*+ c 0./*-f c i/^0+ c i/ (1) 

I- . (1) . *110*6 . *117*244 . 3 h . Prop 

*117*61. h:i/>/i.3./x-+ c ^>A t [*117*6*45] 

*117*62. h : fiy v € N 0 C — 1 ‘ 0 . 3 . /a x c i/ ^ x c v ^ j/ 

Dem. 

h . *117*571*53 . 3 b : Hp . 3 . /a x c v ^ /a x c 1 . /a x c v ^ 1 x c v (1) 
h . (1) . *113*621 . *117-244 . 3 Y . Prop 

*117*63. h : a, £~e 0 u 1 . 3 . Nc‘a x c Nc‘£ > Nc'a + c Nc‘/9 
Dem. 

h . *52*4 . Transp . 3 h : Hp . 3 . (g.r, x\y,y') . x t x ea.y , y'efl.x^x'.y^y' (1) 
h . *1 13"101 . D h : Hp . x, a/ e a . y, y' e /3 . x x ' . y =f y ' . p = J, y“a . 

<r = x J, “(yS — i‘y ) w i‘x ly" . pv aC/3 x a (2) 
h .*5515 . D h Hp(2) . D : Eep . D K . a‘E = t‘y : 

S e x J, “(/3 - i‘y ) . D s . CISSe/3- t‘y : d‘x' | y'=l‘y ' : 


[*51-23] 3:Rep.Se<r.'D R ' S .a , R$(l , S: 

[*24-37 .*30-37] D : p o «• = A (3) 

K *73-61-611. D I- : Hp (2) . 3 . p sm a . a; ^ “(y9 - t‘y) sm (/8 — i*y) (4) 

h. *55-202. D I- : Hp (2) . D . ^ y' # i “(ft — t‘y) (5) 

h . (4) . (5) .*73 71 . D h : Hp(2) . D . psm a. <rsm/9 (6) 

h . (3) . (6) . *11013 . D h : Hp (2) . D . p w a e Nc‘(a + #) (7) 

I- . (2) . (7) . *117-221 . D h : Hp (2) . D . Nc‘(y9 x a) > Nc‘(« + yS) (8) 

I- . (1) . (8) . *113141-25 . *110-3 . D I- . Prop 
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*117-631. P : p, V 6 N.C - t‘0 - t'l . 3 . p x c v > p + c v [*117 63] 

The two following propositions are lemmas for *117’64. 

*117*632. Hite Cls 8 excl .*~€0ul.p, <re Prod'* . p n «r = A. 

T = p & {(go, /8) . a, 0 e * . a + /S . x e . p — (p - a - 0) v» (<r n a) u t ‘a:) . 
3.Tel-*l. D'^C Prod'* . (FT - s'* 

Dem. 

P • *1 151 1146 . 3 P Hp . a, /9 e *. a + ,8 . 3 : p - a - /9 e Prod‘(* - t'a - 1‘/9) : 


[*11511145] D : (p - a-#) o (<r n a) e Prod‘(* - t‘£) : 

[*115145] 3 : ;r e # . 3 . (p — a — /8) v» (<r r» a) u t'a; e Prod'* (1) 

h.(l). *21-33. 3 I- : Hp . /*Tr . 3 . /* e Prod'* (2) 

I- .*524 . Transp . 3 P :. Hp .3:/Se*.a;e;8.3. (ga) . a«* . a^=/S . 

[*21'33.*33131] 3 . x e (FT (3) 

I-. *21-33. *33131. 3 P Hp . 3 : *e<FT. 3 . (g£) . £ e* .<re/9 (4) 

P.(3).(4). 3P:Hp.3.(FT=s‘* (5) 

1- : *21*33 . *13'172 . 3 P :. Hp . 3 : pTx . vTx . 3 . p = v (6) 

I- . *21-33 . *13-171 . 3 P :. Hp . 3 : pTx . pTx . 3 . 

(p — a — $) u (a- n a) v i‘x = (p— a' — ft) n (ar\ot)\j i*af . 
[*24-48.Hp] D .i‘x= i*x (7) 

P . (2) . (5) . (6) . (7) . 3 P . Prop 

*117*633. P :. * e Cls* excl . *~e 0 v 1 : (gp, a). p,ae Prod'* . p a <t = A : 3 . 


nNc‘*^2Nc‘* 

Dem. 

P . *117-632 . 3 P : Hp . 3 . (g7) . 7 C Prod'* . 7 sm s'* . 
[*117‘221] 3 . Nc'Prod'* ^ Nc‘s‘* (1) 

P . (1) . *11512 . *11215 . 3 P . Prop 
*117"64. P :. * e Cls 8 excl : (gp, a) . p, a e Prod'* . p n <r = A : 3 . 

nNc‘*>2Nc‘* 

Dem. 

P . *112*321 . #114*21 . 3 P : * e 1 . 3 . nNc‘* = XNc‘* (1) 

1- . *114*2 . #112*3 . 3 P : *e 0 . 3 . nNc‘* = 1 . 2Nc‘* = 0 . 

[*117-51] 3 . nNc‘* > 2Nc‘* (2) 

I- . (1) . (2) . *117-633 .31-. Prop 

*117-661. I- : a~e 0 o 1 . 3 . (Nc'a) 1 ^ > Nc'a x c Nc‘/9 

Dem. 

I- . *52-4 . Transp . 3 I- : Hp . 3 . (g<c, y ) . x, y e a . x =|= y (1) 

P .*116-152. *55-23-202 :x,y ea.x^y . 3 . a: “y8, y 4, “yS e (a exp /8) . 

xl“0r>yl“/3 = A (2) 
I-. *113111. 3 P. a ], “/9e Cls 8 excl (3) 

P . (1) . (2) . (3) . *117-64 . *1131141-25 . *11625 . (*11601) . 3 P . Prop 
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*117-652. h : e N„C - 1‘0 - t‘l . ^ e N 0 C . D . x c p [*117-651] 

*117-66. l-.Nc‘Cl‘a>Nc‘a 

Dem. 

h. *102-72. Dh.~(a/9)./3Ca./S8tnCl‘a (1) 

V . *100-6 . *60-61 . 3 V . i“a C Cl‘a . t“a sm a (2) 

I-. (1). (2). *117-13. Dh. Prop 

*117-661. (■:/*€ N 0 C . 3 . 2** > /* [*117-66 .*116-72] 

The above proposition is important. 


*117"67. h : * e Cls* excl . g ! Prod'/e . 3 . NcV* ^ Nc‘* 

Dem. 

h . *115T611 . 3 h : k e Cls* excl . p. e Prod'* . 3 . p. sm * . p C s‘k . 

[*1 17-22] 3 . NcVk > Nc'ac : 3 1- . Prop 


*117"68. I- : R, 8 e e 4 ‘* . R f\ 8 = A. . T = Pp [p e k . P = R[ — i‘p o Sf* i‘p ] . 

3 . Te 1 -» 1 . D‘TC e 4 ‘* . d‘T = * 


Dem. 

h . *21 33 . *13172 . 3 Y :. Hp . 3 : PTp .QTp.3.P**Q (1) 

h. *23-631. 3h: Up . p e k .3 .(T<p) f\ S = i‘p : 

[*1317] 3 I- : Hp . p, <r e * . T‘p = TV . 3 . 8[ i‘p = Sf i‘a . 

[*35 65] 3.t‘p = tV. 

[*51-23] 3.p= <r (2) 

I- . (1) . (2) . 3 h : Hp . 3 . Te 1 -*■ 1 (3) 

h . *21-33 . *33131 . 3 h : Hp . 3 . d‘T= k (4) 

h. *80-36 . 3h:Hp.3.D‘rC« 4 ‘* (5) 

I- . (3) . (4) . (5) . 3 I" . Prop 


*117-681. h:(aiJ,S).i2,/See 4 ‘*.iZ< ! »S = A.3.Nc‘e A ‘/t>Nc < * [*117-68-22] 


*117-682. I- : * C A . a ! e A ‘(\ - *) . 3 . Nc‘e 4 ‘A > Nc‘e 4 ‘* 

Dem. 

h . *80"6o .31-:. Hp . 3 : R e e 4 ‘* . S e e 4 ‘(A — *) . 3 . Rki Se e 4 ‘A (1) 

h . *80-14 . 3 1- : i2 e e 4 ‘\ . S e e A ‘(\ - *) . 3 . (Pi? r\ Q.‘S = A . 

[*33-33] 3.JJoS = A. 

[*25-4] 3 .(RoS)-i-8 = R (2) 

\- .(2) .*n-l71 .It- : Q,Ree A ‘\ . S 6eS(\- k) .Qv S = Rv S .3 . Q = R (3) 
h . (1) . (3) . 3 h : Hp . S e e*‘(\ - k) . 3 . (v S) f e 4 ‘* e 1 -*• 1 . (o S)“eSic C e 4 ‘A . 
[*117-22] 3 . Nc‘€ A ‘\ > N c‘e A ‘« OK Prop 

*117*683. I- * C X . a 1 «a‘(A — *) : (a-R. S). R,8e e 4 ‘* . R A S = A : 3 . 

Nc‘e 4 ‘A > Nc‘* [*117-681-682] 

*117*684. h : * C A . a J *a‘A : (g-R, S) . R,Se € 4 ‘« . R <S S = A : 3 . 

Nc‘e 4 ‘A > Nc‘* [*1 17-683 . *88-22] 
The above proposition is used in *120 765. 
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GENERAL NOTE ON CARDINAL CORRELATORS. 

The correlators established at various stages throughout Section B present 
certain analogies to each other, and they or others closely resembling them 
will be found to be the correlators required in relation-arithmetic (Part IV). 
We shall therefore here collect together the most important propositions 
hitherto proved on correlators. 

When we have to deal with correlators of two different functions of a 
single class, as e.g. e±K and Prod**, the correlator is usually D or s or 8 1 D, 

with a suitable limitation on the converse domain. Sometimes it is 1 1 D or 
e\D. Thus for example the class e J***, by means of which 2** is defined 
(* 112 ), has double similarity with * if * e Cls* excl (*11214); in this case, the 

V 

double correlator is 1 1 D with its converse domain limited, i.e. 

b : * e Cls* excl • D . 1 1 D [ 2** e * sm sm (e J***). 

In the case of Prod** and e A **, the correlator is D, i.e. 

b : * e Cls* excl . D . D [ €±‘/c e (Prod**) sm (e A **). 

In the case of e A *«** and €**€****, the correlator is s | D, ie. 

b : * € Cls* excl . D • 8 1 D [ €a*€ A *** e (e & *«**) sm (€a*€a***). 

s\ D also correlates e A ** with e A *e J*** (*85*61) and P A *a with e A *P J**a 
(*85 # 53), and P A V* with e A *P A *** (*85*27*42) if *e Cls* excl. 

The correlator of (a f £)**# with (a exp y 8 ) is s (*116*131). 

Another kind of correlators arises where we are given a correlator of 
* and X, and we wish to construct a correlator for some associated classes 
W 1 k and IPX, or where we are given correlators of a with 7 and of ft with 8 , 
and we wish to construct a correlator of a £ ft with 7 ^ 8 , where ? is some 
double descriptive function in the sense of *38. In this case, the correlator 

will usually be of the form R || S (with a limited converse domain). Sometimes 
It and S will be identical ; sometimes S will be R € . Such correlators always 
depend upon 

*55-61. b : E ! R<x . E ! S‘y . D . (R j| S)‘(a: J, y) = (R<x) (S*y) 

together with the propositions *74*77 seq. giving cases in which (R J| S)[\ is 
a one-one relation. It follows from *55*61 that if R and S are correlators 
whose converse domains include the domain and converse domain respectively 
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of a relation P, then ( R || S)‘P will be a relation holding between R { x and 
S‘y whenever P holds between x and y. Examples of such correlators as 

12 1| /S are 

*112*163. h: Te* smsm X • D . || J“Xc(€ J'Si^smsm^ J“X) 

*113*127. b : R[yeasmy . S[Se ftsmS . 

(R || S) [ (S x 7) e (a ^ “£) sm sm (7 £ “8) 

*11365. h . i z“a x i z“$ = ( i z || Cnv‘ i z)“(a x /3) 

*114*51. h : T [VX € * sm sm X . D . (T || T e ) [ e*‘\ € (e***) §m (e A ‘X) 

*116192. b : R[y easmy . S[&€ /3sm8 • 

(R || S) [ (8 x 7) € (a exp ft) sm sm (7 exp 8) . 
(12 1| £)e [ (7 exp 8) e (a exp f 3 ) sm (7 exp 8) 

An exceptionally simple correlator is given by 
*116*602. h : TfVX e * sm sm X . D . T[ s'Prod'X e (Prod**) sm sm (Prod'X) 
Another exceptionally simple case is 
*73*63. bzSeasinft.T^a, Tf ft el -+1 . a\jftCQ.‘T, D . 

T | /S j T e (T“a) sm (T“ft) 

By means of the above correlators, most correlators that are required can 
be calculated. Thus it will be seen that *116*192 in the above list is an 
immediate consequence of *113*127 and *115*502, since 

a exp ft = Prod ‘a l “ft and s'Prod*7 “8 = 8 x 7. 

In order to develop the subject, it is almost always necessary, not merely 
to prove that two classes are similar, but actually to construct a correlator 
of the two classes. This applies equally to relation-arithmetic, in which 
analogous correlators are used to prove ordinal similarity. 




SECTION C. 

FINITE AND INFINITE. 

Summary of Section C. 

The distinction of finite and infinite is not required, as appears from 
Section B, for the definition of the arithmetical operations or for the proof 
of their formal laws. There are, however, many important respects in which 
finite cardinals and classes differ respectively from infinite cardinals and 
classes, and these differences must now be investigated. 

There are two different ways in which we may define the finite and the 
infinite, and these two ways cannot (so far as is known at present) be shown 
to be equivalent except by assuming the multiplicative axiom. As there 
seems no good reason for regarding one of these ways as giving more exactly 
than the other what is usually meant by the words “ finite ” and “ infinite,” 
we shall, to avoid confusion, give other names than these to each of the two 
ways of dividing classes and cardinals. The division effected by the first 
method of definition we shall call the division into inductive and non- 
inductive \ that effected by the second method we shall call the division 
into non-reflexive and reflexive . 

The division into inductive and non-inductive, which is treated in *120, is 
defined as follows. An inductive cardinal is one which can be reached from 0 
by successive additions of 1 ; that is, an inductive cardinal is one which has to 
0 the relation (+ c 1)*, where (by *38-02) + C 1 is the relation of a+ 0 l to a, and 
the subscript asterisk has the meaning defined in *90. Hence we put 

NC induct = a {a (+ c 1)# 0} D£ 

By applying the definition of *90, this gives # 

h :: cceNC induct . = fe/i.Df.f+cle/^OeyuO^.ae/x. 

This proposition may be regarded as stating that an inductive cardinal is 
one which obeys mathematical induction starting from 0, i.e. it is one which 
possesses every property possessed by 0 and by the numbers obtained by 
adding 1 to numbers possessing the property. In elementary mathematics, 
it is customary to regard mathematical induction, as applied to the series of 
natural numbers, as a principle rather than a definition, but according to 
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the above procedure it becomes a definition rather than a principle. This 
procedure is unavoidable as soon as it is perceived that there are cardinals 
which do not obey mathematical induction starting from 0. (This only 
holds on the assumption that the total number of objects in any one type 
is not one of the inductive cardinals. This assumption, in a slightly dif- 
ferent form, is introduced below as the “axiom of infinity.”) Thus for 
example 0 1, and f ^ f + c 1 . D . f + 0 1 + ? +c 2. Hence if a is any inductive 

cardinal, a ={= a + c l. But we know that tt 0 , the first of Cantors transfinite 
cardinals*, satisfies tt 0 = tt 0 + c 1. Thus mathematical induction starting from 
0 cannot be validly applied to prove properties of K©. It follows that the 
inductive cardinals as above defined are only some among cardinals; nor 
does it appear that there is any way of defining them except as those that 
obey mathematical induction starting from 0. It follows that mathematical 
induction is not a principle, to be either proved or assumed as an axiom, 
but is merely a characteristic defining a certain class of cardinals, namely 
the class of inductive cardinals. 

By a syllogism in Barbara, it is evident that 0 is an inductive cardinal ; 
hence by the definition 1 is an inductive cardinal, and hence 2,3,... are 
inductive cardinals. Thus any given cardinal in the series of natural 
numbers can be shown to be an inductive cardinal. The usual elementary 
properties of inductive cardinals, such as the uniqueness of subtraction and 
division, are easily proved by mathematical induction. 

We define an inductive class as a class the number of whose terms is 
an inductive cardinal. More simply, we put 

Cls induct = s'NC induct Df. 

It is then easily shown that an inductive class is one which can be reached 
from A by successive additions of single members. That is, if we put 

then Cls induct = M#‘A. 

Thus we have 

h :: peCls induct . = s.iy €/*. .*7 v i ( y e p,: A e p,:Op. pe p» 

We might equally well have begun by defining inductive classes, and pro- 
ceeded to define inductive cardinals as the cardinals of inductive classes; in 
that case, we should have used the above relation M to define inductive 
classes. 

Some of the properties which we expect inductive cardinals to possess, 
such for example as a^+cl* can on ty be proved by assuming that no 
inductive cardinal is null, i.e. that 

a e NC induct . D« . a ! a. 

This amounts to the assumption that, in any fixed type, a class can be found 
* For the definition of K 0 , cf. ♦123-01 and p. 192 of this summary. 
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having any assigned inductive number of terms. If this were false, there 
would have to be some definite member of the . series of natural numbers 
which gave the total number of objects of the type in question. Thus 
suppose there were exactly n individuals in the universe, and no more, 
where n is an inductive cardinal. We should then have 2 n classes, 2 classes 
of classes, and so on. In that case, in the type of individuals we should 
have n + 0 1 = A, n + 0 2 = A, etc. Hence we should have 

n +c 1 = (w +o 1) +o 1» etc. 

In the type of classes, we should get similar results for 2 n , and so on. It is 
plain (though not demonstrable except in each particular case) that if the 
assumption a e NC induct . . g ! a fails in any one type, it fails in any other 

type in the same hierarchy, and if it holds in any one, it holds in any other ; 
for if n be the total number of individuals, then if n is an inductive cardinal, 
the total number of any other type is an inductive cardinal, while if n is not 
an inductive cardinal, no more is the total number of any other type. Hence 
the assumption a eNC induct . - a ! a is either true in any type or false in 

any type in one hierarchy. We shall call it the “ axiom of infinity," putting 
Infin ax . = : a e NC induct . D a . a 1 * Df. 

This assumption, like the multiplicative axiom, will be adduced as a hypo- 
thesis whenever it is relevant. It seems plain that there is nothing in logic 
to necessitate its truth or falsehood, and that it can only be legitimately 
believed or disbelieved on empirical grounds. When we wish to use a 
typically definite form of the axiom, we shall employ the definition 
Infin ax (x) . « : a e NC induct . . a • a ( x ) Df 

which asserts that, if a is any inductive cardinal, there are at least a terms 
of the same type as x. 

It is important to observe that, although the axiom of infinity cannot 
(so far as appears) be proved a priori, we can prove that any given inductive 
cardinal exists in a sufficiently high type. For if the total number of 
individuals be n, the numbers of objects in succeeding types are 2 n , 2**, etc., 
and these numbers grow beyond any assigned inductive cardinal Owing, 
however, to the fact that we cannot add together an infinite number of 
classes whose types increase without limit, we cannot hence show that there 
is a type in which every inductive cardinal exists, though we can show of 
every inductive cardinal that there is a type in which it exists. I.e. if a is 
any inductive cardinal, there must be a type for x such that a 1 a (#) is true ; 
but there need not be a type for x such that if a is any inductive cardinal, 
a!«(tf) is true. 

The axiom of infinity suffices to prove the existence, in appropriate types, 
of No, 2*», 2 s ** 0 , ... N lf N f , ...*. It does not suffice, so far as we know, to 
* For the definitions of K,, etc., see *265. 
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prove the existence of ti* or any Aleph with a greater suffix than a>, because 
the existences of M s , ... are proved in successively rising types, and no 
meaning can be found for a type whose order is infinite. 

The other definition of finite and infinite is of less importance in practice 
than the definition by induction. It is dealt with in *124. According to 
this definition, we call a class reflexive when it contains a proper part similar 
to itself, i.e. we put 

CU refl = a {(gP) - R € 1— >1 . D‘P = a . Q.‘R C a . d f R a] Df, 
or, what comes to the same thing, 

Cls refl « 3 {(a-22) . R e 1 -*1 . d'P C D ‘R . g lB‘R . a = D‘P} Df. 

We call a cardinal reflexive when it is the homogeneous cardinal of a 
reflexive class, i.e. we put 

NC refl = N 0 c“Cls refl Df. 

It is easy to show that 

NC refl = a {g ! a . a = a +o 1}. 

We find that inductive classes and cardinals are non-reflexive, and reflexive 
classes and cardinals are non-inductive. We find also that reflexive cardinals 
are those that are equal to or greater than K 0 , while inductive cardinals are 
those that are less than N 0 . By assuming the multiplicative axiom, we can 
show that every cardinal is equal to, greater than, or less than M 0 , whence 
it follows that every cardinal is either reflexive or inductive, thus identifying 
the two definitions of finite and infinite. But so long as we refrain from 
assuming either the multiplicative axiom or some special axiom ad hoc , it 
remains possible (so far as is known at present) that there may be cardinals 
neither greater than, nor equal to, nor less than M 0 . Such cardinals, if they 
exist, are neither inductive nor reflexive: they are infinite if we define 
infinity by the negation of induction, but finite if we define infinity by 
reflexiveness. It is possible that further investigation may either prove or 
disprove the existence of such cardinals; for the present, their existence 
must remain an open question, except for those who regard the multiplicative 
axiom as a self-evident truth. 

In *121 we shall consider intervals in a discrete series; i.e . in a series 
generated by a one-one relation between consecutive terms. If P be the 
generating relation of such a series, and x and y be two members of the 
series, of which y is the later, the terms which lie between x and y are the 
terms z for which we have 

xP^z . zPfoy, 

where Pj* has the meaning defined in *91. Hence we put 
P(x-y) = P po ‘xnP po ‘y Df, 

where “ P(x — y )’’ means “the P-interval between x and y.” We want 
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also symbols for the interval together with one or both of its end-points. 
For these we put 

P(x -h y) = Rpo‘x rxPJy Df, 

P(x\-y) = P*‘x n jp „ 0 ‘y Df, 

P(x*y) =*P*‘x c,~P*‘y Df * 

Thus, for example, if x and y be inductive cardinals, and P be the relation of 
nton+ c l, and x<y, P(x — y) will be the numbers greater than x and less 
than y, while P(a? — ly) will be these numbers together with y, P (x\— y) will 
be these numbers together with x , and P(#wy) will be these numbers to- 
gether with both x and y. By means of intervals, we define a class of 
relations P r (where v is any inductive cardinal), where “xP v z” means that 
we can pass from x to z in v steps. In order to fit the case in which x and 
2 are identical, and to insure that no relation such as P r shall hold between 
terms which do not both belong to the field of P, we put 

Py = {Nc'P (x hH y) = v +o 1 } Df. 

Then, provided P^GJ, P 0 = J [ C‘P , and if further Pel— >1, then P 1 = P, 
P 2 = P a , etc. If P is a transitive serial relation, P x is the relation “imme- 
diately preceding,” which has great importance in well-ordered series. In 
this case, P X = P — P*. If P is a transitive serial relation generating a 
finite series or a progression or a series of the type of the negative and 
positive integers in order of magnitude, we have 

In *121 we shall only consider P r in the case where 
Pe(l->Cls)w(Cls— *1), 

and generally we shall have the further hypothesis P^GJ. We can then 
prove that the interval between x and y is always an inductive class (it 
will be null unless xP#y); this proposition is useful in its application to 
the number-series and to progressions generally. 

When P € (1 — ► els) v (Cls — > 1) . P ^ G J , the class of such relations as P v 
(where v is an inductive cardinal) is identical with Potid'P, the class of 
powers of P (cf. *91 seq.). This identification (which does not hold in 
general without the above hypothesis) leads to many useful propositions. 
In *91 8eq. t we treated powers of a relation without the use of numbers, i.e. 
without defining the vth power of P. When the powers of P are the class of 
such relations as P„ we can of course take P r as the i/th power of P. The 
general definition of the pth power of P (where v is an inductive cardinal) 
will be given later, in *301 ; we shall denote it by P*, thereby including the 
notation P* already defined. 

* These symbols are suggested by those given in Peano’s FormtUaire , Vol, iv, p. 116. 
t Algtbre , § 46.) 


Digitized by Google 



192 


CARDINAL ARITHMETIC 


[PART III 

In *122 we shall deal with progressions, i.e . with series of the type of 
the series of natural numbers. In this number, we shall deal with such 
series as generated by one-one relations; they will be dealt with at a later 
stage (*263) as generated by transitive relations. We define a progression 
as a one-one relation whose domain is the posterity of its first term, i.e. 

Prog = (1 -► 1) « £ (D‘i2 =*RJB l R) D£ 

According to this definition, there must be a first term B‘R; (l‘R will be 

^ 4 — 4 — < — 

R“Rj i , B , R, i.e. R vo t B*R, which is contained in RJB'R, ie. in D'iJ; since 
G‘i2 C D‘i?, every term of the field of R has a successor, so that there is no 

4 — 

end to the series ; since 0‘R = D‘R = R#,‘B‘R, every term of the series can 
be reached from the beginning by successive steps. These characteristics 
suffice to define progressions. 

In *123 we proceed to the definition and discussion of N 0 , the smallest 
of reflexive cardinals. This is the cardinal number of any class whose terms 
can be arranged in a progression ; hence it is the class of domains of pro- 
gressions, i.e. we may put 

N 0 = D“Prog Df. 

With this definition, remembering that A is a cardinal, we can prove that 
No is a cardinal ; but to prove that K 0 is an existent cardinal, we need the 
axiom of infinity. The existence-theorem for H 0 is then derived from the 
inductive cardinals, which, if no one of them is null, form a progression 
when arranged in order of magnitude. It should be observed that this 
existence-theorem is for a higher type than that for which the axiom of 
infinity is assumed. In order to get an existence-theorem for the same type, 
we need the multiplicative axiom as well. 

After a number on reflexive classes and cardinals (*124) and a number on 
the axiom of infinity (*125), the Section ends with a number (*126) on 
“ typically indefinite inductive cardinals. ,, The constant inductive cardinals 
are the typically ambiguous symbols 0, 1, 2, ... ; thus we want to define the 
class of inductive cardinals in such a way that a variable member of the class 
shall be typically ambiguous. This is not possible without a sacrifice of 
rigour, but in *126 it is shown how to minimize the sacrifice of rigour, and 
how to obviate the resulting logical dangers. A variable whose values are 
typically ambiguous is said to be “ typically indefinite.” 

A proof that all inductive cardinals exist has often been derived from 
*120*57 (below). But according to the doctrine of types, this proof is invalid, 
since “/*+ 0 1 ” in *120*57 is necessarily of higher type than "/a.” 
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* 118 . ARITHMETICAL SUBSTITUTION AND UNIFORM 
FORMAL NUMBERS. 

Summary of *118. 

A difficulty arises respecting substitution in arithmetic. For if p is a 
formal number and its occurrence in fp is arithmetical, then by IIT p is 
always to be taken in an existential type. Hence we can only substitute a 
real variable £ for p under the hypothesis g ! £, and we can only substitute 
another formal number a for p provided that the equation p = <r, which 
justifies the substitution, is arithmetical, i.e . provided that in this equation 
the type of p is such that g ! p. 

The result is that the application of *20* 18 is apt to lead to fallacies 
owing to the different meanings which a formal number may possess in 
different occurrences. Hitherto we have considered each case in detail, 
e.g. note on *110*61, and proof of *110*56. 

The condition for the safe application of *20*18 is given in *118*01, 
namely 

* 118 * 01 . h:-g l p . p = <r .D zfp . = .fa [*20*18] 

This question is more fully discussed in the prefatory statement of this 
volume. The first reference to *118*01 is in *120*222. Another way of 
evading the difficulty is to work with formal numbers which, together with 
all their components, are of the same type. This leads to the consideration 
of Uniform Formal Numbers, which with the exception of *118*01 occupies 
the rest of the number. 

The dominant type of a formal number as used in any context is the type 
of the formal number itself in that context, and the subordinate types of the 
formal number are the dominant types of its component formal numbers. 

When the dominant types of some of the formal numbers are not expressly 
indicated by an explicit notation (cf. *65), the rules according to which the 
dominant types thus left ambiguous are to be related, so far as they are 
related, including the rules governing the relation of subordinate types, if left 
ambiguous, to dominant types, are given by conventions IT, IIT, and AT of 
the prefatory statement in this volume. 

We have now to consider an important special case which arises when 
types are explicitly indicated by the use of *65*01*03. A formal number, 
R.&W. u. 13 
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whose subordinate types are the same as its dominant type, is called uniform ; 
and if some of its subordinate types are the same as its dominant type, it is 
called partially uniform . A formal number can only be partially uniform, or 
at least so designated as to be necessarily partially uniform, when the dominant 
type and those subordinate types identical with it are expressly indicated by 
*65*01*03. For otherwise the conventions IT, II T, and perhaps also AT, 
apply ; and these do not secure uniformity, and may perhaps in some contexts 
be inconsistent with it. 

Common sense in its consideration of arithmetic habitually disregards the 
possibility of a formal number representing A. In other words, it always 
applies conventions IIT and AT. But also, owing to its disregard of types, 
it assumes that the formal numbers are all uniform. The assumption which 
is really essential to this common sense reasoning, so far as the form of its 
arithmetical conclusions are concerned, is the assumption that uone of the 
numerical symbols represent A. This assumption is secured here, when 
no types are expressly indicated, by IIT and AT. We have now to consider 
the effect on arithmetical operations of the other assumption, that the formal 
numbers are uniform, or partially uniform. There is no difficulty arising from 
any change of convention for symbolism, since, as stated above, partial or 
complete uniformity is secured by express indication of type. Accordingly 
conventions IT, IIT continue, as always, to apply when the types of formal 
numbers are left ambiguous. 

Convention AT will not be applied either in *118 or *119 or *120: in 
*118 the fact is entirely unimportant since the dominant types of equational 
occurrences are always indicated, so that no case arises when it could apply. 

Apart from its intrinsic interest and its bearing on substitution, the 
arithmetic of uniform formal numbers is necessary for *120, where the 
fundamental arithmetical properties of inductive numbers are investigated. 

The propositions of this number are proved by the use of the results of 
*117. The basis of the reasoning is 

*118*13. h p < v . D : g l sm *“i> . D . g ! sm^/i 

In *118*2*3*4 the meaning of the symbolism for dominant types is stated, 
namely 

*118*2. I" . (p +o v)t = v {(ga, 0 ) . n = N 0 c‘a . v = N 0 c‘£ . rj sm f (a + £)) 

*118*3. I*.(/ax 0 v)t = rj {(ga, 0) . p = N 0 c‘a . v = N 0 c‘£ . rj sm* (a x £)} 

*118*4. b - (ji v )t = rj ((ga, 0 ) . p = N 0 c‘a . v = N 0 c‘£ . rj sm* (a exp £)| 

The important propositions which are finally reached for addition are 
*118*23. b : fiy v e NC . D . (jjl + c v)* = (sm *“/* + 0 sm *“v)* 

*118*24. b :v€ NC . D . (ji + 0 v)t = (/* + c sm*“i/)* 
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*118 241. I- : fi e NC . D . (/* + 0 *0f “ (sm/'/t + 0 v)t 

*118'25. K (/* + e v+ c vr) ( = {0 + 0 v )( +o »}< = (/* +o (v + 0 ®)f)f 

The important propositions for multiplication are 
*118*33. I- : /*, v e NC - 1‘0 . D . (/x x 0 v)t = (smf“/* x 0 sm*“i>)< 

*118*34. hive NC . n =$= 0 . D . (/x, x 0 v)( = (m x 0 sm^'j/)* 

*118*341. I- : fi e NC . 0 . D . (/m x 0 v)t = x 0 v)( 

*118*35. I- : «r=f 0. D .(u x 0 v x 0 w)f = {(jit x e v)( x„w)f 
*118*351. l-:/i + 0.D.(/tx o »'X o w)( = [fi x c («/ x 0 w)( )* 

The important propositions for exponentiation are 

*118*43. I- : /*, v e NC - t‘0 . ^ * 1 . D . = {(sm/VO™!"'}* 

*118*44. h: i'eNC./x=f0./x=|= 1 . D . (p“)( = (fi sn 't“‘')t 

*118*441. !-:/»« NC.p + O.D. (^) f = {(8m,“/i) r !* 

*118*45. (fi rX * v )t — ]f 

*118*451. h: ar + 0. 3.O*' x -*»)f = [(0*-)fl» r ]f 

*118*46. hs^+O./t + l .D.^'+.w )#= 

*118*461. I- . (p’ + ' v ) t = x 0 (/**)«}« 

with two analogous propositions *118*462*463, 

*118*47. h : isr 4= 0 . D - {(/Lt x 0 *)"}* = [{( > x c i*)*)"]* 

*118*471. l _ :./Lt=f0.i/^=0.v.tj = 0.v.~(/i > i;, ®*€ N 0 C) : D - 

{(/i x 0 v)"}* = fc/i v )t x 0 (v")*}* 
with two analogous propositions *118*472*473. 

It is thus seen that, apart from some exceptional cases connected with 0 
and 1, in all arithmetical operations uniform, or partially uniform, formal 
numbers can replace those constructed in obedience to convention I IT. 


* 118 * 01 . h a ! /a . /a = <r . D :ffi . = .fa [* 20 * 18 ] 

As far as the symbolism is concerned, this proposition with the omission 
of 3 ! /a from the hypothesis is a transcript of *20*18. But if /a or a (not 
excluding both) is a formal number, g ! fi is required in case the occurrence 
of /i in ffi is arithmetical. In fact this proposition embodies the three 
fundamental propositions of the Principle of Arithmetical Substitution 
arrived at in the Prefatory Explanations on Types. Its necessity arises from 
the convention IIT which is explained there. 

13—2 
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*11811. I- : g ! Nc (£)‘/9 . a C 0 . 3 . g ! Nc (£)‘a 
Bern. 

(-.*100*31 .3(-:.Hp.3: 
y e Nc . 3.7 sm* f3 . 

[*731] 3 . (gi?) . i?e 1 (£)-► 1 . 7 = D‘.R . /9 = d‘.R . 

[*22-56] 3 . (g.R) . i? e 1 (£ ) -» 1 . a C d‘R . R“ a = fl“a . 

[*73-12] 3 . (g R ) . R“a sm f a . 

[*100-31] 3 . g ! Nc (f)‘a : 3 1- . Prop 

*11812. h :. Nc‘a < Nc‘/9 . 3 : g ! Nc (f)‘£ . 3 . g ! Nc (£)‘a 
[*117-32107. *100-511] 

*118*13. !• :./t < r . 3 : g ! . 3 . g ! [*117 32] 

*118’2. H . (/* + 0 v)( = ^ {(ga, fi). fi = N„c‘a . v = N„c‘/9 . >7 sm ( (a + / 8 )J 
[(*650103). *1102] 

*118*201. (- : g ! (p + 0 v) . 3 . smf“(/t + c v) = (jjl + 0 v)t 
[*110*44. Note Erratum in enunciation] 

*118*21. h : g ! (ji + 0 v )( . 3 . g ! smf“/* . g ! 

Bern. 

h . *110"4 . *118*2 .31-: Hp .0 . fi,ve N 0 C . 

[*117‘6] 2 . fi+ c v^> /i . fi+„v^ i> . 

[*118-13 - 201 .(II T)] 3 . g ! am ( “n . g ! am t “v : 3 h . Prop 

Here the reference (II T) is to the convention II T explained in the 
prefatory statement. 

*118'22. h :./*,«/ e NC . 3 : g ! (/i + 0 */)f . = . g ! (sm/'/t + 0 sin ( “i/)f . = . 

g ! 0 * +0 »m f 1 “v ) t . = . g ! (sm f ‘ V +0 v )t 

Bern. 

h . *118-21 . 3 1- :. Hp . 3 : g ! (ji + 0 v)t . = . g ! (/t + # v )( . g ! sm/V ■ 3 1 sm*“i» . 


[*110-25‘4] = . g ! (sm/*/* + 0 sm/V)* (1) 

1- . *118-21 . *103-43 .*110-4.3 

h :. Hp . 3: g ! (/* +„ v)t . = . g ! (m + 0 v)( . g ! sm “/* n tf/i . 3 ! smf“v . 
[*103-43.*1 10-25-4] = . g ! (/i + c sm f “i v ) t (2) 

Similarly 1- :. Hp . 3 : g ! (/* + 0 v ) t . = . g ! (smf‘V + 0 v)( (3) 

I- . (1) . (2) . (3) . 3 (- . Prop 

*118*23. h:/t,t'fNC.3.(/*+ 0 i')( = (sin^'/a + 0 smf“v)f 

Bern. 

I- .* 118 - 21 . *110-4-25.31-: gl^+o^f. 3. (7t+ 0 v)f=(sm/‘/*+« 8m f“*')f (1) 


1- . *118 22 . 3 1- : Hp . ~ g ! (n + 0 v) ( . 3 . (m + 0 •>)( = (smf“/* + 0 snif“j/)f (2) 
I- . (1) . (2) .31-. Prop 
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*118*24. h : v e NO . 3 . (fi + 0 v)( = (fi + 0 8m(‘V)( 

Dem. 

b . *118-21 . *110-4-25 . *103-43 . 3 

I- : 3 ! (|t + 0 i/)f . D . (/i +o v) t = (n + 0 (1) 

h. *110‘4. 3 h : fi ~ e NC . 3 . (n + 0 v)( = (fi + 0 sm ( ‘V)< (2) 

I- . *118-22. D h : Hp NC . ~a!(/t+ 0 v)f.D.(/x+ c i/) { =(At+ 0 sm i “i/)f (3) 

I- . (1) . (2) . (3) . 3 H . Prop 

*118-241. I - : /* e NC . D . (^ + 0 v) ( = (sm/y + 0 v)( [*118 24 . *110 51] 

*11825. K(/t+„i»+ 0 «■){ = {(/i + 0 v)( + 0 vr}t = {/J. + c (v + 0 sr) f }f 

Dem. 

h. *110-42. *118-241-201 .(IIT).D 

b: fi,ve N 0 C . D . (a* + 0 v + c w) f = |(/t + 0 v)( + 0 wj( (1) 

I- . *110-4 . 3 1- : ~ v e N 0 C) . 3 . fi + 0 v = A . (fi + 0 v) t = A . 

[*110'4] 3 ■ (M+o*'+o®)f = ((A*+ 0 «')f+c« r }( (2) 

^ • (1) • (2) •Dl".(/i+,i'+ c w)^ = {(a* + 0 v)( + c w| f (3) 

Similarly I- . (ji+ 0 v + 0 w)f = {/* + 0 (i/ + 0 *),) t (4) 

b . (3) . (4) . 3 f- . Prop 

*118*3. I- . (/t x 0 v)( = rj {(3a, fi). p= N 0 c‘a . v = N 0 c l fi . 17 sm ( (a x /9)} 
[(*65-0103). *113-2] 


*118*301. 1" : 3 ■ (/* x o v ) ■ ^ • smf“(At x c v) = (fi x 0 p)( [Proof as in *118 - 201] 


*11831. 

•" ! 3 ! 0 * x 0 v)t ■ v 4 = 0 . 3 . a ! smf“Ai 



Dem. 





I" • *101"15"12 . D 1- : /* = 0 . D . a 

! sm f “/4 

( 1 ) 


1- . *113-203 . *118-3 . 3 1- : Hp . n * 0 . 

D . v e N 0 C — . 



[*117-62] 

D . /x x 0 v ^ fj , . 



[*11813-301.(IIT)] 

D . 3 ! 

( 2 ) 


h . (1) . (2) . 3 1* . Prop 



*118-311 

1" ’ 3 • (/* x o v )t • + 0 . 3 . 3 ! sm*"!; 

[*118*31 .*113-27] 


*118-32. 

1- :. i/eNC -At + 0 . 3 : a ! (m x o v )t • - • 

a ! (a* x c sM{“*')f 


Dem. 




h 

. *113-203 . D h : a ! (#* x 0 *) t . D . a* e NC 

( 1 ) 

b 

. *113-203 . 3 H : a ! 0* x c . 3 . a 

teNC 

( 2 ) 

I-, 

.*113-203. *118-311.3 




I- :. Hp . 3 : a 1 0* x 0 v)( . 3 . a 1 • a 1 sm{“i> . 

[*1 03"43] 3 . a 1 8m“A& a foV • 3 • • 

[(1).*113"26.*1 03"43] D . a 1 (m x o 8tn f“ , ')f (3) 

K *113-203. *10343. 3 

I- :. Hp . D : a ! (m x o sm ( “v)t ■ 3 . a ! srn ‘V « • 3 ! . 

[(2).*113-26.*103-43] 3 . 3 ! (a* x 0 *)t (4) 

h . (3) . (4) . 3 h . Prop 
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*118 33. I- : ix, v e NC — 1‘0 . D . (*t x„ v)t =■ x c sm<“v)f 

[Proof as in *118 23, using *118*31*311 . *113*203*26] 

*11834. F: NC . /t 4= 0 . D . (ja x 0 i/) f = (/t x 0 sinf“»»)f 

Devi. 

b . *118-311 . *113-203-26 . *103 43 . D 

*■ : 3 1 0* x 0 v)t • M + 0 • 3 • (m x 0 v)( = (fi x 0 nm t “v) t (1) 

b . *118*32. 3 b: Hp . ~g ! (/t x 0 v)t . D . ~g ! (/* x 0 sm f “»')f . 

[*24-51 ] D . (/t x 0 v)( = (/* x 0 suif“v) ( (2) 

b . (1) . (2) . D h . Prop 

*118*341. b : n e NC . v 4 0 . 3 . (/t x 0 v)( = (sin^'V *c v )t [*1 18*34 . #113*27] 
*118*35. b : m ^ 0 . 3 . (fi x 0 v x c sr) f = {(/t x 0 x 0 «r}{ 

[Proof similar to *118*25, using *118*341*301 .*113*203*23] 
*118*351. b : / 4 =^= 0 . D . (/a x c r x 0 w)f = {/* x 0 (i> x 0 «r) 4 }f [*118*35 .*113*27] 
*118*352. b : jit 4= 0 . «r =[= 0 . 3 . {jit x 0 (v x 0 «r)f)f = [(^t x 0 v) t x 0 cr}* 
[*118*35*351] 

*118*4. b . (n")t = rj {(ga, /3). fi = N 0 c‘a . v = N 0 c‘j9 . i\ sm* (a exp j8)} 
[(*65*01*03). *11G 2] 

*118*401. b : g ! fi . 3 . = (/t”)f [Proof as in *118*201] 

*118*402. b :. ft, v e N„C .ju^0./t4=1.3:g! {fi r )( . 3 . g ! (ji x 0 v)t 
Dem. 

b . *103*2 . 3 b:. Hp . 3 ; (go, jS) . n = N 0 c‘a . v = N 0 c‘j8 .«~f0ul: 

[*1 17*651] 3 : (ga, j 8) . /t = N 0 c‘a . v — N 0 c‘j9 . 

(N 0 c‘a) N « c ‘P ^ N 0 c‘a x 0 N 0 c‘/9 : 

[*118*13*301 *401.(IIT)] 3 : g ! (/f*) f . 3 . g ! (ji x 0 v ) t 3 b . Prop 

*118*41. b : g ! (/t**) t . v 4= 0 . 3 . g ! sm f “jit 

Dem. 

b. *118*402*31 . DbsHp./t+l ./t + 0.D.g Ism/V (1) 
b . *101*12*15*241 *28 .3b:.ja = 0.v./t=l:3.g! stn f “jit (2) 
b . (1) . (2) . 3 b . Prop 

*118*411. b:g!(ja-)#./* + 0.ja={=l.D.g!8m/ , i/ [*118*402*311] 

*118*42. b :. v e NC ./x={=0.jx=j=l.D:g! (ji r )t . = . g ! 

[Proof as in *118*32, using *116*203*26 .*118*411] 

*118*421. b :. /t e NC . v 4= 0 . 3 : g S (/t')f . = . g ! {(sm^y)”)* 

[Proof as in *118*32, using *116*203*26 . *118*41] 

*118*43. b : jit, y e NC — 1‘0 . /x =j= 1 . D . (ji r )( = {(sm$“ja)" n f“ , '}f 

[Proof as in *118*23, using *118*41*411 . *116*203*26] 
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*118-44 h: veNC./t + O./x + l .D. (ji y )t = 

[Proof as in *118-34, using *116'203'26 . *118-411-42] 

*118*441. h : fi e NC . v 0 . D . (p y )( = 

[Proof as in *118-34, using *116-203-26 . *118-41-421] 

*118*46. I - : /t^O . yu.=^ 1 .3. (fi vx,v )t= 

Deni. 


K *113-23. 

*118-44-301 . 

(TIT) . 

. D 


1- : Hp . v, «• 

c N 0 C . Z> . = 


(1) 

I-. *113-203 

. D h : ~ (v, «r 

e N 0 C) 

. D . v x 0 w = A . 


[*116-203] 




(2) 

Mi). (2). 

D h . Prop 





*118-461. h : «r + 0 . D . = [{(/M'lf 

Dem. 

h . *116-63 . D I- : Hp . p e NC . D . (/*' x -) f = {(^) or }f 
[*116-23.*118-441-401.(IIT)] = [{(/**')f]" r > (1) 

h . *116-204 .DI-:^~eNC.D. = [((/*”){!']# (2) 

h . (1) . (2) . D h . Prop 
*118-46. hr/t + O./t + l.D. ({i y+ ' v )( = 

[Proof as in *118-45, using *118-44-201 . *116*203 . *110-4-42] 


*118-461. h . (/a-+-*)f = [0*-)f x c 

Den. 

V . *116*52 . D h : 0 . D . (jj’ y+ ' w )t = (/ •/," x c /t or )f 

[*116-35-23.*118-33-401.(IIT)] = x 0 (/*»)*)* (1) 

h . *110-4 . *113-203 . *116-203 . D 

h : ~ (v, «r e N 0 C) . D . (ji' + ’ v )t = {(/*-)# x 0 (2) 

h .*116-311. *113-601 .*110-62. D 

h : «/, «r e N,C - 1‘0 . n = 0 . D . x 0 («")*}{ (3) 

h .*116-311-301 .*110-6. *11 3-601 . D 

h : v e N 0 C — t‘0 . «r = 0 . /* = 0 . D . ( fi y+ ''")t = {(/*'){ x 0 (4) 

Similarly h : «r e N„C — 1‘0 . f = 0 . /* = 0 . D . (y-*'») { = [(/t”)* x # (/*»){}{ (5) 
I-. *116301. *113-621. D 

l-:i/ = 0.«r=0.^ = 0.D. (/4" + «*) { = {(/*')* x 0 (/*®)f} f (6) 

h. (1). (2). (3). (4). (5). (6). 3 h. Prop 


*118*462. I-. ={/*’’ [Proof as in *118-461, using *118*34] 

*118*463. I- . (ji r+,v )t = {(/**■)# X c/ A<ff )f [Proof as in *118-461, using *118*341] 
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*118-47. F:w + 0.D.!(/tx c v) v }t = [}(/t x 0 p)f}"]f 
[Proof as in *118-45, using *118-441] 

*118*471. h:./* 4 : 0 "*' + 0.v.'SJ- = 0.v. < — >(/*, v,vr e N 0 C) : D . 

x c !>)"}* = {(/*"){ x 0 (p")f}# 

Dem. 

h .*116-55 .Dl-:/i + 0.«/ + 0.D.'(^ x, *)»)*« {/»* x^f 
[*116-35-23.*118-33-401.(IIT)] ={(/*"> x * ("')*}* 0) 

h . *110-4 . *113-203 . *116-203 . D 

V : ~0*» *, * e N 0 C) . D . {(M Xc ») m U = }(/*")« Xo ("*)<!< W 

h. *116-301 .*113-621 .D 

I -i/i,ve N 0 C . sr = 0 . D . }(/t x 0 »)®!f = ((/*"){ x c (»»*)(){ (®) 

I- . (1) . (2) . (3) . D h . Prop 

*118-472. h :.fi * O.v . v = 0. v . ~(/*, i/,w e N 0 C) : D. {(/» x c »)»}* = {/*» x c (»•)*}* 
[Proof as in *118*471, using *118*34] 

*118-473. h.i»=f0.v.n=0.v.~(/i,i',we N.C) : D . (0* x 0 »)*}« = {(/*')* *c "*} t 
[Proof as in *118*471, using *118*341] 
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*119. SUBTRACTION. 


Summary of *119. 

The treatment of subtraction follows the same general lines as that of 
addition, and is simplified by the results in *110. A difficulty arises from 
the fact that subtraction (in any ordinary sense of the tenn) is not always 
possible ; and also from the fact that the result, when possible, is not always 
a cardinal number. 

We put 

*11901. 7 “ C v = ? {Nc‘f + c v = 7 . a ! Nc‘£ + c i/} Df 

Thus when subtraction (in the ordinary sense of the term) is not possible, 

y — Q v = A. 

The question of existential adjustment of types is dealt with by IIT of 
the prefatory statement combined with the following definitions : 

*11902. Nc'a — 0 i/ = N 0 c i a— 0 v Df 
*119*03. 7 - 0 Nc‘£ = 7 - c N 0 c ‘/3 Df 

We then proceed to deduce the elementary properties derivable from 
these definitions. 

*119*11. h:g!y— 0 i>.D.7 ,if€ N 0 C 
*11912. h : f e Nc‘a — 0 Nc‘£ . = . a sm f 4 - 0 
*11914. h : £ €7 — 0 v . 3 . N 0 c‘f C y — 0 v 

*119*26. I" : 7 ^ V . 3 . a ! (y — 0 v) n t Q ‘y 

*119*26. h:g!7- c i/. 3.7^1/ 

The next group of propositions is concerned with some simple results of 
subtraction. 

*119*32. h : (7 + 0 v) - c v e N 0 C . 3 . sm“7 = (7 + c v) - c v 
*119*34. h : 7 — 0 v c N 0 C . 3 . (7 — c v) + 0 v = sra**7 

*119*36. 1" : 7 — 0 v e N 0 C . 3 • a + c 7 = (cc + c v) + c (7 — 0 v) 

Associative laws are then considered. 

*119*44. h s fi + c (p — 0 w) C (fi +0 v) — c m 

*119*46. .g ! f/*+ c (v- c nr)\ .2 ./jL+ 0 (v- c vr)=(fi+ 0 v)- 0 i* 

The question of types is then dealt with : 

*119*82. h : sma iy “(/i — 0 v) y = {fi — c v)& n D'sm^ y 
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A difficulty arises from the fact that if t x and t, are two complete types 
whose members are classes, we cannot prove that, either t, = sm“T 2 or 
T 2 = 8m u T 1 . We put 

4(119*64 SM (8, y ) . - : t‘8 = D r sm ai y . v . t‘y = IKsm y ^ Df 
Then we obtain 

*119*641. h : SM(S, y v) y e N 0 C . (/x - 0 v\ e NC . D . 

sm «, y “(/x - c v) y = (fi - 0 v)t 

Finally we show that any existential adjustment of types will suffice for 
the components : 

*119*61. h : /x € N 0 C . g ! sm $“/x . D . /x — 0 v = sm$“/a — 0 r 
*119*62. I- : v € N 0 C . g ! sm^v . D . /x - 0 p = /x — c sm*“i/ 

Also *119*25*26 are now extended to 
*119*64 I- g ! sm *“/x . D : /x ^ . = . g ! (/x - 0 i/)* 

The only applications of the propositions of this number are in connection 
with Inductive Cardinals (cf. *120). 

*119*01. y- c v = £ {Nc‘f + c y = y . g ! Nc'f+ci'j Df 

Here the suffix to the sign of subtraction is introduced to show that we 
are concerned with cardinal subtraction. It will be found that y — 0 v is not 
an NC except under hypotheses for 7 and v. 

*119*02. Nc‘« - 0 i/ = N 0 c‘a - 0 1/ Df 
*119*03. 7 -cNc‘£ = 7- 0 N 0 c‘£ Df 
*119*04. 1- . Nc'a - 0 Nc‘/9 = N 0 c‘a - 0 N 0 c^ [*119*02*03] 

Note that the occurrence of a formal number in the place of 7 or v in 
7— 0 p is an arithmetic occurrence, and accordingly II T applies to it. 

*119*1. h : £ € 7 - c i; . = . Nc‘£ + c 1/ = 7 . g ! Nc'£ + c v [(*1 19*01 )] 

*119*101. h : £ « Nc‘a - 0 i/. = . Nc‘£ + 0 * = N 0 c ‘a [(*119*02) . *103*13] 

*119*102. h : £ e 7 - 0 Nc‘/3 . = . Nc‘£ + 0 Nc‘£ = 7 . g ! Nc‘£ + 0 Nc‘£ 

[(*119*03). *110*3] 

*119*103. h : £ € Nc'a - 0 Nc‘/3 . = . Nc‘£ + c Nc‘/9 » N 0 c‘a 
[*119*04. *110*3. *103*13] 

*119*11. h : g ! 7 - 0 1/ . D . 7, 1/ e N 0 C [*110*4*42 . *103*34] 

*119*12. I- : £ e Nc'a — 0 Nc‘/3 . = . a sm £ + /3 

Bern. 

h . *119*103 . D h : £ e Nc‘a - c Nc‘/9 . = . Nc'£+ C Nc'£ - N 0 c‘a . 
[*110*3] = . Nc‘(£ + /3) = N 0 c'a . 

[*100*35.*1 03*13] ^.asmf + ^OI". Prop 

Thus Nc*a — c Nc‘$ is an NC when £(asm £ + #) is an NC. 
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*119*13. h : N 0 c *7 C Nc'a - 0 Nc‘/9 . = . a sui (7 + /9) 

Devi. 

I- . *22*1 . D h Noc‘7 C Nc'a Nc‘£ . = : f e N 0 c‘7 . D* . £ e Nc'a - 0 Nc‘£ : 
[*103*1 2.*l 1912] 3:asm(7 + /9) (1) 

H . *11015 . *100*31 . D I- a sra (7 + 0 ) . D : £ e N 0 c‘ 7 . D . (£ + £) sm (7 + /3) . 
[*73*32] D.asm(£ + /9). 

[*119*12] D.£eNc‘a- 0 Nc‘/9 (2) 

I- . (1). (2). Dh . Prop 

*119*14. l-:f67- o «/.D.N 0 c‘f C7- 0 v [*119*1 .*10031 321] 

*119*21. I- : C a . D . 3 ! (Nc'a — „ Nc‘/3)« 

The notation ia defined in *65*01. 

Dem. 

K *24*411*21 Oh: Hp . D . a = /9 v(a - £) . £ « (a - /3) = A . 
[*110*32] D . Nc'a = Nc‘/9 + 0 Nc‘(a - /9) . 

[*10*24] D . (af ) . £ e t'a . N 0 c‘a = Nc‘/9 + 0 Nc‘£ . 

[*1 1 9*103] D . 3 ! (Nc'a - c Nc‘#)„ : D I- . Prop 

*119*22. h : Nc'a > Nc‘/9 . D . 3 ! (Nc'a - 0 Nc‘/8). 

Dem. 

h . *117*221 . D h : Hp . D . (3 p ) . p C a . p sm /8 . 

[*119*21] D . (ap) . a 1 (Nc'a Nc'p), . psm £ . 

[*100*35.*1 1 9*04] D . 3 ! (Nc'a - c Nc‘/9) a OK Prop 

*119*23. h : 3 ! (Nc'a — 0 Nc‘/9) . D . (38) .Snm/ 3 .SCa 

Dem. 

I- . *119*103 . D 1- : Hp . D . ( 3 f) . N„c‘a = Nc‘/9 + c Nc‘£ . 

[*110*71] D . (38) • 8sm # . S Ca : D h . Prop 

*11924. h:a!(Nc‘a- 0 Nc‘ / 8).D.Nc‘a>Nc‘/8 [*119 23 .*117*221] 

*119*25. h : 7 ^ 1/ . 3 • 3 ! (7 — c *) A *0*7 

Dem. 

I- . *117*24 OK Hp . D . (30, /3 ) . 7 = N 0 c'a . 1/ = N 0 c‘£ . N 0 c'a ^ N 0 c‘/S . 

[*117*107] D . (30, £) . 7 = N 0 c‘a . v = N 0 c‘/9 . Nc'a ^ Nc‘£ . 

[*119*22*04] D . (a«, /3)-7 = N„c‘a . »/ = N 0 c‘/9.a!(N 0 c‘a - 0 N 0 c‘/9) a . 

[(*63*02).*13*193] D . g ! (7 — 0 n ^‘7 OK Prop 

*119*26. l*:g! 7-,i'.D.7^i' 

Dem. 

I- . *119*11 . D h : Hp . D . (3a, /9) . 7 = N 0 c'a . v = N 0 c'/9 . 3 l (N„c‘a - 0 N 0 c‘/9) . 

[*1 19*04*24] D . (a«, /8) . 7 - N 0 c‘a . v = N 0 c‘/9 . Nc'a > Nc‘/9 . 

[*117*107.*13*193] D . 7 ^ v : D H . Prop 

*119*27. h : 7 > * . = . 3 1 (7 -c *0 A t„‘y [*1 1 9*25*26] 

For the extension of this theorem cf. *119*64. 
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*119'31. b : 7, v e N 0 C . D . sm“7 C (7 4„ v) — 0 v 

Bern. 

h . #119*1 . (IIT). D b : £ *(7 4 0 v)— a v . = . Nc‘£4- 0 i' = 7 4- c v . a ! 7 + c p (1) 
I- . *100-51-521 . D b :. Hp . D : £e sm“ 7 . D . Nc‘£ = 7 . 

[*103-22.*118 01] D . Nc‘£ + c v = 7 + c v . 

[*1 10*22-03**1 03*13] D ■ Nc‘£ 4 0 v — 7 4® v . 3 ^ 7 4"e p • 

[(!)] D . ^e<7 + c »»)— 0 j»: D I- . Prop 

The penultimate step in the proof employs the principle, explained in 
the prefatory statement, that, since in the previous line the equation 

Nc‘£ +o v = 7 4- 0 v 

has its sides undetermined in type by the conventions IT and IIT, any con- 
venient type can be chosen for them. The type chosen in this line is such 
that g ! 7 4- 0 v, and the references indicate the existence of at least one such 
type. 

*119*32. b : (y + 0 v) — 0 v e N 0 C . D . sm“7 = (7 + 0 v) — 0 v 
[*119-11-31 . *103-22 . *100-52-42] 

*119-33. I- : Nc‘a - 0 Nc‘/3 e N 0 C . D . (Nc‘a - 0 Nc‘/3) + 8 Nc‘/9 = Nc‘a 

Deni. 

I- . *11913 . D b : N„c‘7 = Nc‘a — 0 Nc‘£ . D . asm (74 $) (1) 

b. *20-18. *118 01. Db:.Hp(l).D: 

(Nc‘a - 0 Nc‘/9) + 0 Nc‘y9 = N„c‘£ . = f . Nc‘7 4- 0 Nc‘/9 = N„c‘£ . 

[*1 10-3.*100*35] =( . £ sm (7 4- 13 ) . 

[(l).*103-42] =( . N„c‘£ = Nc‘a (2) 

b . *103-2-34 . D b :. Hp . D : 3 ! Nc‘a . D . ( a £) • N„c‘£ = Nc‘a . 

[(2).*101] D . (Nc‘a - 0 Nc‘/3) 4- 0 Nc‘/3 = Nc‘a (3) 

b . *110-42 . *103-34-2 . D b Hp . D : 

3 ! [(Nc‘a - 0 Nc‘/3) +0 Nc‘/9} . D . (a£) -N 0 c‘£ = (Nc‘a - 0 Nc ‘0) 4- c Nc‘/9 . 
[(2).*101] D . (Nc‘a — „ Nc‘/9) 4 0 Nc‘/9 = Nc‘a (4) 

b . (3) . (4) . D b . Prop 

*119*34. b : 7 — „ v e N„C . D . (7 — 0 v) 4 0 v = sm“7 
[*11911-33 . *103-2 . *100 51 . *118 01] 

*119*35. b : 7 — # v e N„C . D . a 4- 0 7 = (a 4, v) 4- 0 (7 — 0 v) 

Dem. 

b . *110-51-56 . D b : Hp . D . (a 4- c v) 4 0 (7 - 0 v) — a 4- c {(7 — 0 v) 4- c v} 
[*119-34] = a 4 0 sin “7 

[*118-24.*11911] = a 4- 0 7 : 3 b . Prop 

*119*41. b :. 8 eNc‘/9— 0 Nc‘7 . D : 

£ e(Nc‘a 4- 0 Nc‘/9)-„ Nc‘7. = • {(a 4- 8)4-7} sm(£ 47) 

Dem. 

b .*119-12 .*110-3 .3 b : £e(Nc‘a4- 0 Nc‘£)- 0 Nc‘7. = .(a4-£)sm(£4-7) (1) 
b. *119*12. D b : Hp . = . /9sm (8 4 7) (2) 

b . (1) . (2) . *11015-53 . D b . Prop 
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*119*42. b Nc‘/9— jNc'ye N 0 C . 77 e Nc‘a+ 0 (Nc‘/9— c Nc‘ 7 ) . D : 

£ e (Nc‘a + 0 Nc‘/9) - 0 Nc ‘7 . = . (77 + 7 ) sm (£ + 7 ) 

Bern. 

b . *118*01 . *110 3 . *103-2 . *100-31 . D b :. N 0 c‘S = Nc‘/9 - 0 Nc ‘7 • 3 : 

77 e Nc‘a + 0 (Nc‘/9 — 0 Nc‘ 7 ) • = • 17 sm (a + 8 ) (1) 
b • *119-41 . ( 1 ) . *10312 . *11015 .Db. Prop 

Note that if 7 be an infinite class, it does not follow from (17 + 7 ) sm (£ + 7 ) 
that 17 sm £. This will be proved, however, when 7 is an inductive class 
(cf. *120 41). 

*119-43. b : Nc‘/3 - 0 Nc ‘7 e N 0 C . D . 

Nc‘a + 0 (Nc‘/9 - e Nc‘ 7 ) C (Nc‘a + 0 Nc‘/ 9 ) - 0 Nc ‘7 

Bern. 

b . *119*42 .31-:. Hp . 17 e Nc‘a + 0 (Nc‘y 8 — 0 Nc‘ 7 ) • ^ : 

77 e (Nc‘a +„ Nc‘/9) — 0 Nc ‘7 • = ■ (77 + 7 ) sm (.V + 7 ) : 
[*73-3] D: 77 e(Nc‘a+ 0 Nc‘/ 9 )- 0 Nc ‘7 ( 1 ) 

h . (1) . * 22 T . D b . Prop 

*119*44. b : /* + 0 (v — o v) C (ji + 0 v) — 0 ra 
Bern. 

h. *1191 1-43. *103-2. D 

b : v vs e N„C . fi e N„C . D . /* + 0 (v — „ w) C (ji + 0 v) - 0 nr ( 1 ) 

h. *110-4-42. *11911. D 

b : ~ [v — 0 nr e N 0 C . fi e N„C} . D . fi + 0 (v — 0 nr) = A . 

[*2412] D . fi+ c (v- 0 vr)C(fi+ c v)- 0 w ( 2 ) 

b .( 1 ) . (2) . D b . Prop 

*119*46. b :(/*+„ i/)- 0 we NC .g ! {/*+ 0 (v- 0 «-)).D. 7 *+ 0 (k— 0 cr)=(/i+ 0 v)- 0 w 
[*119-44 . *100-33-321 . *11042] 

*119*51. b : smj iV “(Nc‘a— o Nc‘/9) y = (Nc‘a — „ Nc‘/9) { n D‘sm a , y 

Bern. 

b . *1 19*12 . D b : i 7 e(Nc‘« — 0 Nc‘/9) y . f smj iY 77 . = . asm 77 + y 8 . ?sm a , y 77 . 
[*110T5] =.asm£ + /3. fsm 4 y 77 . 

[*11912] = . f «(Nc‘a - 0 Nc‘/3) a . ?sm {>y 77 : 

[*37*1. *33-13] Db .sm a> y “(Nc‘a- 0 Nc‘y9) y =(Nc‘a- 0 Nc‘/9)jrtD‘sin t>y :Db . Prop 

*119*62. b : sm a>y “(/t — „ v) y = (ji — 0 v) s n D‘sm a>y [*1 19-51*11] 

The difficulty in respect to types, which arises from the fact that 
sm 4>y “(/i — 0 v) y and (/*— 0 v) a have not been proved to be identical, does not 
exist when v is an “inductive number”; cf. #120"413. 

*119*63. b :. t‘B = D‘sm a>y . D : sm a>y “(/t — 0 v) y = (fi- 0 v)t [*119 52 .(*65 01 )] 
*119*531. b : t‘B = D‘sm 4 y . (ji — c v) t e N 0 C . D . sm — „ v)s e N„C 
Bern. 

b . *6513 . D b : Hp . 0 . (fi - 0 v) t C D‘sm a _ y . 
[*37-43.*103-22.(*651)] D . g ! sm y>a “(/* - 0 v ) t . 

[*100-52.*103 34] D . sm y>a “ 0 * - 0 v ) t e N„C : D b . Prop 
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*119*632. h : t‘8 = D*sra*, y . (/l* — 0 v)i e N 0 C . (/* — 0 v) y e NC . 3 . 

8m Y.a“(M “o = 0*-o p)y 

Dem. 

I" • *119*52 531 . D h : Hp • 3 • a ! (/* — 0 *>)* • 

[*119*52*531.*100 34] D . sm y y*(/* - c v) 6 = (/a - 0 v) y : 3 h . Prop 

*119*64. SM (5, 7 ) . = : t‘8 = D*sm a , y . v . £*7 = D*sm y>a Df 
*119*641. h : SM ( 8 , 7 ) . (/* - c i/) y e N 0 C . (/a - c *)« e NC . D . 

sm 6 t y“(fi — c i>) y = (/* — c v)t [*119*53*532] 

*119*61. h : /* e N 0 C . g ! sm^/i . 3 . /* - 0 1 / = sm^/i — c 1 / 

Dem. 

h . *119*1 . 3 h :. Hp . D : 77 e /x. - 0 v. = . Nc*iy + 0 v = /* . g ! /* . 

[*103*16.*1 18*201. *3729] = . (Nc*i? + c j/)* = sm/*/* • 

[*119*1] = .77c sm/*/*— 0 i/:. Dh . Prop 

*119*62. h : y e N 0 C . g ! . 3 . /* — 0 v = /* — c 

Zteru. 

h . *119*1 . D h Hp . 3 : 17 e/* — c v . = . NcS; + 0 1 / = /* . g ! /* . 

[*1 10 25] = . Nc*i? 4 0 sm/*i/ = p - g !> • 

[*119*1] = . 17 3 h . Prop 

*119*63. V : fi t v e N 0 C . g ! sm/*/* . 3 . /* — 0 1 / = - 0 sm^i; 

Dem . 

I- . *119*26 . D I- s Hp . g ! /* - 0 v . 3 . /*^ v . 

[*118*13] 3 . g ! sm^i; . 

[*119*61*62] 3 . /* - 0 1 / = sm/*/* - c sm/*i/ (1) 

K *119*11. *103*13. D 

f- : Hp . g ! sm/*/* “ 0 sri1 ^^ • 3 . g ! sm/*v . 

[*119*61*62] 3 . /* - 0 j; = sin^/i - c sm^i; (2) 

h .(1) .(2). D h . Prop 

*119*64. V :. g ! sm/'/* . D : /* ^ v . = . g ! (/* — 0 v)$ 

Dem. 

h . *117*24 . D h :• Hp . 3 : /* ^ 1 / . D . /*, ve N 0 C . g ! sm/*/* . 

[*119*61] 3 . (/* - 0 *)* = (sm/*/* - 0 *)* (1) 

h . *117*24*244 . D h :. Hp . D : /*^ 1/ . D . sm/*/*^ . 

[*1 1 9*27] 3 . g ! (sm/*/* - c j/)$ . 

[(1)3 3-g Uji- 0 v) t (2) 

I-. (2). *119*26. 3 K Prop 
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*120. INDUCTIVE CARDINALS. 


Summary of *120. 

Inductive Cardinals are those that obey mathematical induction starting 
from 0, i.e . in the language of Part II, Section E, they are the posterity of 0 
with respect to the relation of v to v + 0 1, or, in more popular lauguage, they 
are those that can be reached from 0 by successive additions of 1. In 
former days, these were supposed to be all the cardinals, and mathematical 
induction was treated as a kind of self-evident axiom. We now know that 
only certain cardinals obey mathematical induction starting from 0. It is 
these cardinals which are to be considered in this number. They embrace 
0 , 1, 2, ... and generally all those cardinals which would be commonly called 
finite, all those which can be expressed in the usual Arabic system of 
numeration, and no others. The propositions to be proved concerning them 
in this number are elementary and familiar ; the interest lies entirely in the 
definition and method of proof, not in the propositions themselves. 

Put NCinduct = a{a(-f- c l)#0} Df. 

Since (+„ 1)# has necessarily its domain and converse domain of the same 
type, it is important to be careful in noting the relations of type. Accord- 
ingly we also put 

N*C induct = a (a (+ 0 1)* 0*} Df. 

We begin by applying the propositions of *90. Thus we have 
*12011! h a e N,C induct : </>f . D* .</>(£ + c 1) : <f> 0, s D . <f>a 
*12012. h • 0 e NC induct 

*120121. I- : a e N*C induct . D . (a + c 1)* e N*C induct 

*120*13. h a e N,C induct : f e N,C induct . <££ . D* . <f> (f + c 1) • <#>0, : D . <f>a 

*120*15. h : a e NC induct . g ! a . D . sm“a e NC induct 

*120151. h : a e NC induct . g ! a . D . a + 0 1 e NC induct 

*120152. h : a c NC . sm“a e NC induct — 1 ‘ A . D . a e NC induct — i*A 

We then proceed to deduce the elementary properties of inductive 
classes , putting 

Cls induct = s‘NC induct. 

We have 

*120*21. b s p € Cls induct . = . N 0 c‘p e NC induct 
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♦120*211. 1“ s Nc‘p € NC induct — 1 ‘ A . D . p € Cls induct 

(We do not have an equivalence here, because, for aught we know, it 
might be possible to determine the ambiguity of Nc‘p so that Nc‘p = A, 
even when p e Cls induct. This will not be possible, however, if the axiom 
of infinity is assumed.) 

♦120*212*213. I- . A, i‘x e Cls induct 

♦120*214. h p sm <r . D : p e Cls induct . = . a e Cls induct 

We have a set of propositions applying induction to classes directly , and 
not through the intermediary of cardinals. Thus we have 

♦120'251. h s rj e Cls induct . D . rj \j i‘y e Cls induct 
♦120*26. h p e Cls induct : . D ntX i‘x) : <f > A : D . <f>p 

We then state the axiom of infinity, and prove (♦120*33) that it is 
equivalent to the assumption that if a is an inductive cardinal, a + a +cl* 
To prove this, we first prove various propositions about a+ c l, among others 
the following : 

♦120*311. h:a!a+ c l.a+ c l=/9+ c l.D.a = sm“/9 . a ! a 
♦120*322. h :.oeNC induct . !a. = . a=J=a+ c l 

We then proceed to consider subtraction (♦120*41 — *418), which only 
gives a cardinal number when the subtrahend is an inductive cardinal. 
We have 

♦120*41. h :• i/cNC induct . a l cl + c v . D : a + c v = ft + c v . D . a = sm“# 

We might validly put a = fi instead of a = sm“/9, since a = £ will be true 
whenever it is significant. 

We have 

♦120*411. h v € NC induct . D : 

a , .7 - c *'' 3 ’7-ci'eN 0 C : 7>v. = .(7- c v) rs t 0 ‘ yeN 0 C 
♦120*4111. h v € NC induct . a • sm* u 7 . D : 7 ^ v . = . (7 — 0 v)t e N 0 C 

Hence we arrive at the conditions requisite for the usual point of view of 
subtraction; namely, 

♦120*412. V : i/eNC induct . y^v - a * 8m$“7.D.(7— ©v)* = {0«)( a + c I/=s 7)h 
Also from ♦120*4111 we deduce 
♦120*414. V : fi e N 0 C - t‘0 . 3 ! sm - D . (p, - c 1)* e N 0 C 
And from ♦120*411 .♦119*34, we find 
♦120*416. 1" s v e NC induct • a • 7 “0 v • 3 • (7 — 0 v ) +0 v = sm“7 

We prove next that no proper part of an inductive class is similar to the 
whole (♦120*426), i.e. that inductive classes are non-reflexive, and various 
connected propositions, e.g. 

♦120*423. h s a e N,C induct - 1 ‘ 0 . = . (g£) . /3 e N,C induct . a = (# + c 1), 
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*120*4232. h : a € N,C induct - 1‘0. = .(a£) . fi e N,C induct - i‘A .a = (fi + c 1), 
*120*428. h : v e NC induct -g!a+ c z/.a=|=O.D.a+ c j/>i/ 

*120*429. h i> e NC induct .3:/*>r. = ./A^i>+ c l 

The last two of the above propositions do not hold in general when v is 
a cardinal which is not inductive. 

We prove next that if a is an existent inductive cardinal, then any 
existent cardinal is greater than, equal to, or less than a (*120*441); that 
if a, fi are inductive cardinals, so is a+ c $ (*120*45*450), and if a -f c /8 is an 
inductive cardinal other than A, so are a and fi (*120*452). We then have 
some propositions dealing with mathematical induction starting from 1 or 2, 

eg- 

*120*4622. h a e NC . fi e NC ( V ) - 3 ! smf“/9 . 3 s 

£ (+ 0 l^sm/'a . = . sm f “£ (+ 0 l)*sm*“a 

*120*47. h :: fie N,C induct — 1*0 . = f e/x . 3*.(f + c 1),,€/a : 1,€/a s 3 M - fie fi 
From *120*452 we deduce 

*120*48. h : fi e NC induct .fi^a.O.ae NC induct - i‘ A 

so that any number less than an inductive number is inductive. Hence 

*120*481. h : rj e Cls induct . f C rj . 3 . f e Cls induct 

which is a proposition constantly used, and 

*120*491. h f ~ € Cls induct . = : fi e NC induct - 3$ - a ! fi n Cl‘f 

We then prove that if a, $ are inductive cardinals, a x c fi and aP are 
either inductive cardinals or A (*120*5*52), while conversely if a x c fi or a? 
is an existent inductive cardinal, a and fi are so also, with exceptions for 
0 and 1 (*120*512*56*561). Hence we infer the uniqueness of division and 
the taking of roots (*120*51 *53*55) so long as inductive numbers are 
concerned. 

We have next a set of propositions on the axiom of infinity and the 
multiplicative axiom. We prove (*120*61) that if there is any existent 
cardinal which is not inductive, the axiom of infinity is true. From 
*83*9*904, we infer by induction that if k is an inductive class of which A is 
not a number, e*‘/c exists (*120*62), whence it follows that either the 
multiplicative axiom or the axiom of infinity must be true (*120*64). 

Finally, we have a set of propositions on inductive classes. We prove 
*120*71. h s p, a e Cls induct . = . p u a e Cls induct . = . p + <t e Cls induct 
*120*74. h s p e Cls induct . = . Cl‘p € Cls induct 
*120*75. h : s‘/c e Cls induct • = . * € Cls induct . k C Cls induct 

with analogous propositions (involving however a hypothesis as to k) on the 
subject of es ( fc. 

R&W II. 14 
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The propositions of the present number are essential to the ordinary 
arithmetic of finite numbers. In the present work, however, they are not 
much used after the present section until we reach Part V, Section E, where 
we deal with the ordinal theory of finite and infinite. 

♦120*01. NC induct = £ {a(+ c l)#0} Df 

Note that in virtue of our general conventions for descriptive functions of 
two arguments (*38), 

+ c l=S£(a=y9+ c l). 

That is, + C 1 is the relation of a cardinal to its immediate predecessor. 
It is the number written in the usual mathematical notation as + 1 in the 
series of positive and negative integers, just as its converse is the number — 1. 
(It should be observed that if v is any cardinal, + v is not identical with v> 
since + v is a relation, while v is a class of classes.) 

♦120*011. N|C induct = fi {a (+ c 1)# 0*} Df 

All members of N*C induct belong to the same type as 0$, so that, if 
a is any member of N*C induct, “ £ e a ” is significant. 

♦120*02. Cls induct = s‘N C induct Df 
♦120*021. Cls* induct = s‘N*C induct Df 

In virtue of these definitions an inductive class is one whose cardinal is an 
inductive cardinal. 

♦120*03. Infin ax . = : a e NC induct . D. . g ! a Df 

“Infin ax,” like “ Mult ax,” is an arithmetical hypothesis which some will 
consider self-evident, but which we prefer to keep as a hypothesis, and to 
adduce in that form whenever it is relevant. Like “ Mult ax,” it states an 
existence-theorem. In the above form, it states that, if a is any inductive 
cardinal, there is at least one class (of the type in question) which has a 
terms. An equivalent assumption would be that, if p is any inductive class, 
there are objects which are not members of p . For in that case, if x be such 
an object, Nc*(p u i‘x) = Nc*p + c 1. Hence by induction, every inductive 
cardinal must exist. Another equivalent assumption would be that V (the 
class of all objects of the type in question) is not an inductive class. The 
assumption that K 0 exists in the type in question is, as we shall see, a 
stronger assumption than the above, unless we assume the multiplicative 
axiom. 

If the axiom of infinity is true, the inductive cardinals are all different 
one from another, i.e. a+ c $, where a and /3 are inductive cardinals, is not 
equal to a unless $ = 0. But if the axiom of infinity is false, then, in any 
assigned type, all the cardinals after a certain one are A. (Except in the 
lowest type, the last existent cardinal must be a power of 2.) That is, if 
(say) 8 were the largest existent cardinal in the type in question, we should 
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have, in that type, 9 = A, and the same would hold of 10, 11, .... This 
possibility has to be taken account of in what follows. 

In order to give typical definiteness to the axiom of infinity, we write 
*120*04. Infin ax (a?) . = : a e NC induct . 3 a . g ! a (x) Df 

Then “ Infin ax (x) ” states that, if a is any inductive cardinal, there are 
at least a objects of the same type as x . 

*120-1. b : a e NC induct . = .a(+ c 1)* 0 [(*12001)] 

*120101. b ::*cNC induct . = :. £€/*.3£.£+ c l€/*:0€/A2 3 M .a€/A 
[*1201. *90131. *38*12] 

The right-hand side of the above equivalence gives the usual formula for 
mathematical induction. Observe that the conditions of significance require 
that f+ 0 l should be taken in the same type as f. This fact is specially 
relevant in the proof of *12015. 

The symbol “NC induct ” is of ambiguous type not necessarily the same 
in different occurrences ; also, according to the convention explained in the 
prefatory statement as holding for NC and NC induct, “a, /9 e NC induct” will 
not imply that a and ft are of the same type. Accordingly to avoid error in 
connection with *120*1-101 typical definiteness is required as in the three 
following propositions. 

*120*102. b : a e N,C induct . = . a (+ 0 1)* 0, [(*120*01 1)] 

*120*103. b :: a eN,C induct . = f e/i . 3* . (f + 0 1), e ft : 0, eg. : . a eg 

[*120101] 

*120*11. b a e N,C induct : </>f . 3$ . <f> (f + c 1) : </>0 n :D ,<pa 
[*120102. *90112] 

*120*12. b . 0 € NC induct *120*101 

*120121. b : a e N*C induct . 3 . (a + c 1)* e N*C induct *90172 . *120*102] 
By means of this proposition and *120*12, any assigned cardinal in the 
series of natural numbers can be shown to be an inductive cardinal ; thus e.g. 
to show that 27 is an inductive cardinal, we shall only have to use *120*121 
twenty-seven times in succession. 

*120*122. b . 1 e NC induct [*12012121 . *110*641] 

*120123. b. 2 eNC induct, etc. [*120122121 .*110*643] 

*120124. b.a+ c l*0 

Dem . 

b . *110*4 . Transp ,Db:a~e NC . 3 . a + 0 1 = A r 
[*10112] 3.a+ c l + 0 (1) 

b. *110*632.3 b:.«€NC.D:fea+ 0 l.D. a !f: 

[*24*63] 3 : A ^ e a + c 1 : 

[*54102] 3:a+ c l + 0 (2) 

b . (1) . (2) . 3 b . Prop 

14—2 
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*12013. h a e N n C induct : f € N,C induct . <££ . D* . <f> (f + c 1) : £0, : D . <f>a 
Dem. 

h - *120121 . D V s.f€N„C induct . . D* . <£(£ + c 1) s D : 

£ e N,C induct . . D* . (f + c 1), 6 N,C induct . £(£ + c 1) (1) 

h - *12012 . D h : <£0, . D . 0, e N,,C induct . <f>Q n (2) 

h.(l).(2). Dh:.Hp.D: 

f €N,C induct . D| . (£+ c 1), eN,C induct • <£(? + c 1) : 0,6 N ,C indue t.<£>0,: 

|*120*11 - € ~ 3 : a e N n C induct . <f>a D h . Prop 

The above proposition is often convenient for inductive proofs. 

*120*14. KNC induct CNC 
Dem . 

h . *110 42 . Simp . D h : a e NC . D . a+ c 1 € NC (1) 

h . (1) . *10111 . *12011 - . D h . Prop 

This proposition does not show that every inductive cardinal is an 
existent cardinal; to obtain this, we require the axiom of infinity. 

*120*15. h : a e NC induct . g ! a . D . sm“a € NC induct 

I.e. a cardinal which is not null and is inductive in any one type is also 
inductive in any other type. 

Dem . 

h . *101*15 . *120*12 . D h . sin^O* e N,C induct (1 ) 

t- . *1 10*4 . D h . a = A* . D . (a + c 1 )* = A f (2) 

h . *118*201 . D h : g ! (a + c 1)* . 3 . sm n “(a + 0 1)* = (a + 0 1), 

[*1 1 8*24 1 .*1 1 0*4] = (sm,“a + c 1), (3) 

h . *120*121 . D h : g ! (a+ c 1 )* . sm,“a € N^Cinduct . D . (sm,^a+ 0 l),eN,C induct . 
[(3)] D . 8ra, rt (a + c 1)* e N,C induct (4) 

h . (4) . *2*2 . D h sm/'a e N,C induct - D : 

(a + 0 1)* = A* . v . sm,“(a + c 1)* e N,C induct (5) 
h . (2) . (5) . *3*48 . D h a = A* . v . sm/‘a e N,C induct : D : 

(a + 0 l)f = A* . v . sm,“(a + 0 1)$ e N,C induct (6) 
h - (1) . (6) . *120*1 1 . *4*6 - D h . Prop 
*120*151. h s a e NC induct . g ! a . D . a + 0 1 e NC induct 
Dem. 

h . *120*15 . D f- : a e N*C induct . g ! a . D . sm,“a e N,C induct . 

[*120*121] D . (sm, a a + c 1), e N,C induct - 

[*118*241 .*120*14] D . (a + 0 1), e N,C induct : D h . Prop 

*120*152. h : a e NC . sm“a e NC induct — i‘A . D . a e NC induct — i*A 
Dem . 

h . *100*521 .DP: Hp . D . sm“sm“a = a . 

[*120*15] D. a e NC induct (1) 

h. *37*29. D h : Hp . D . g ! a (2) 

h . (1) . (2). D h . Prop 
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The following propositions, giving alternative forms for the definition of 
inductive classes, are inserted in order to show that the theory of inductive 
classes might be treated in a less arithmetical manner than we have adopted. 

*120*2. I- : p e Cls induct . = . (get) . a e NC induct .pea [(*120*02)] 

*120*201. h p 8m <t . 3 : N 0 c‘p e NC induct . = - N 0 c'<r e NC induct 
Bern. 

b .*100*35 . *103*13 . *100*511 . 3 
b : Hp . 3 . N 0 c‘p = sm“N 0 c'<r . N 0 c*<r = sm“N 0 c € p : 
[*120*152.*103*13] 3 b . Prop 

*120*21. b : p € Cls induct . = . N 0 c‘p e NC induct 
Dem. 

b . *120*14 # 2 . 3 b : p e Cls induct . = . (ga) . a e NC induct . a e NC .pea. 
[*103*27] = . (ga) . a e NC induct . N 0 c*p = a . 

[*13*195] = . N 0 c *p e NC induct :3b. Prop 

Note that “ p e Cls induct . = . Nc'peNC induct” is not proved above. 
The proof encounters the difficulty that we may have Nc*p = A; in order to 
establish our proposition in this case, we have to show that if A € NC induct, 
then every class is an inductive class. We can however prove the following 
implication. 

*120*211. b : Nc'p e NC induct — i l A . 3 . p e Cls induct 
Dem. 

b . *100*511 .3b: Hp . 3 . sm“Nc'p = N 0 c'p . 

[*120*15] 3 . N 0 c‘p e NC induct . 

[*120*21] 3 . p e Cls induct : 3 b . Prop 

*120*212. b . A e Cls induct [*120*211*12] 

*120 213. b . i ( x e Cls induct [*120*211*122] 

*120214. b :. p sm a . 3 : p e Cls induct . = . <r e Cls induct [*120*201*21] 

The following propositions are lemmas for *120*24. 

*120*22. b ::i}€ /j, . 3 . y v i‘y e/x : A e/x : 3 M . p e/x 3 . p e Cls induct 

Dem. 

b . *120*212 . 3 b . A e Cls induct (1) 

h.*512. 31 -:.yey.0:y^i‘y = y: 

[*13'12] 3 : »j€ Cls induct . 3 . rj w i‘y e Cls induct (2) 

h . *110"63 . 3h:.y~ei;.3: Nc‘(t; w i‘y) = Nc‘17 + c 1 
[(*110-03)] = N 0 c‘j? +„ 1 : 

[*120-121] 3 : N 0 c‘i? e NC induct . 3 . N 0 c‘(*7 u i‘y)eNCinduct : 

[*120-21'211] 3 : y e Cls induct . 3 . y w i‘y e Cls induct (3) 

h . (2) . (3) . 3 V : y e Cls induct . 3 . y v i‘y e Cls induct (4) 

h . *101 . (1) . (4) . 3 1- . Prop 
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*120*221. h :. 77 e/x . D ntV . 77 u t*y e /x : Nc ‘p C /x : 3 . Nc‘p + c lC/i 
Dein. 

K *110*63. *100-31 .3 

h : f * Nc ‘p + c 1 . = . ( 377 , y) . 77 e Nc‘p . y ~ e 77 . £= 17 v i‘y ( 1 ) 

h . *221 . 3 h :. Hp . 3 : 77 e Nc‘p . 3 . 77 e /x . 

[* 10 * 1 ] 3.77 ui‘ye/x: 

[*3*41] 3 : 77 e Nc‘p .y~€T).'D.r)sji i y€fA: 

[*13*12] 3 : 77 e Nc‘p . y ~ 677 . f =77 u i‘y . 3 . f e^x ( 2 ) 

h . (1) . (2) . 3 h :. Hp . 3 : f e Nc‘p + c 1.3.f€p:.3K Prop 

*120*222. h :. 77 e/x • 3,,^ . 77 u t*y € p, : £e NC . f C /x : 3 . £+ c 1 C/x 
Deni. 

h - *100*4 . 3 h : Hp . 3 ! £ . 3 . ( 3 a) . f = Nc ( a . Nc (f)‘a C /x . 

[* 1 20*22 1 ] " 3 . ( 3 a) . £ = Nc (£)‘a . Nc‘a + c lC/t. 

[*118 01 ] 3 . f + 0 1 C p (1) 

h.*110*4.3h:~a!£.3.£+ o lC/x (2) 

(■ - (1) . (2) . 3 h . Prop 

The proof of this proposition might also proceed by the use of uniform 
formal numbers, employing *118*241. 

*120*23. h s. 77 6 /i - O n} y • tj v i‘y e y, 1 A € y, : D . Cls induct C /x 
Deni. 

h .*51*2 . *54*1 . 3 h : Hp . 3 . 0 C/x (1) 

h . *120*222*14 . 3 h : . Hp . 3 : £ e NC induct . £ C /x . 3* . £ + c 1 C /x ( 2 ) 

h - ( 1 ) . ( 2 ) . *120*13 .3b:. Hp . 3 : £ € NC induct • 3 . £ C /x : 
[*40151.(*120*02)] 3 : Cls induct C /x :. 3 h . Prop 

*120*24. h :: p e Cls induct . = 77 €/x . 3 4tV . 77 u t*y e /x : A e /x : 3 M . p e /x 

Dem. 

h . *120*23 .31 - p e Cls induct • 3 :• 17 € /x . 3, iy . 77 v e /x : A e/x : 3 . pep. (1) 

h. ( 1 ). *120*22. 3 K Prop 

This proposition might be used to define inductive classes. It gives a 
form of mathematical induction applicable to classes instead of to numbers. 
Virtually it states that an inductive class is one which can be formed by 
adding members one at a time, starting from A. This is made more explicit 
in *120*25. Instead of vjefA.D^yTjvi'ye/j,, in the above propositions, as 
well as in those that follow, we may plainly substitute 

*120*25. f- : M = tj% {( 3 y) •K—V yj V } • 3 • Cls induct = A 
[*120*24. *90*131] 

*120*251. h : 77 e Cls induct . 3 . 77 u i‘y e Cls induct [*90*172 . *120*25] 

*120*26. h s. p e Cls induct : <fyrj . 3^ >x . <f> (77 v t‘x ) : <f>A : 3 ,<f>p 
[*120*25. *90*112] 
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♦120*261. b p e Cls induct : rj e Cls induct .<f>rj ,'D nf x'<l>(v u t 1 #) * <!>& : 3 - <f>p 
[♦120*26*251*212] 

♦120*27. b : p e Cls induct . 3 . Nc*p a ^7 e NC induct 
Bern. 

b . ♦120*12 . 3 b . Nc‘ A a ^7 e NC induct (1) 

b . ♦13*12 . 3b: Nc*i/ a t ‘ 7 e NC induct . y e rj . 3 . 

Nc‘(i? u t‘y) a ^7 e NC induct (2) 

b . ♦110*63 . ♦120*121 . 3 

b : NcS; a t € 7 e NCinduct .y^erj.D. Nc‘(?7 u i‘y) a ^7 e NC induct (3) 
b . (1) . (2) . (3) . *120*26 . 3 b . Prop 

This proposition also follows immediately from *120*21*15. 

♦120*3. b Infin ax . = : a e NC induct - 3. . g ! a [(*120*03)] 

♦120*301. b s. Infin ax (x) . = : a e NC induct . 3. . g ! a (a?) [(*120*04)] 

*120*31. b : a ! Nc‘a + c 1 . Nc'a + c 1 = Nc'# + c 1 . 3 • Nc*a = Ne^ .asm ft 
Dev i. 

b . *110*63 .3b:. Nc‘a+ C 1 = Nc‘y9 + c 1 . = : 

(37, y) -7sm a. y~€y . f = 7 w i l y . = f . (g$,*) .Ssmy9.^^eS.f«5ve^: 
[* 10 * 1 ] D: 78 ma.y^€ 7 .D. (g8, *) . 8 sm ft . £ ^ e S . 7 v = 8 u i‘z . 
[*73*7 2*3] 3 . (g8) . 8 sm ft . 7 sm $ . 

[*73*32] 3.78m ft. 

[♦73*32] D .asm ft (1) 

b . *110*63 .3b: Hp . 3 . (37, y) . 7 sm a . y ~ e 7 (2) 

b . (1) . (2) . *100*321 .3b. Prop 

♦120*311. b : g ! a + c 1 . a + c 1 = ft + c 1 . 3 . a = sm u ft . g ! a 
[*120*31 . *110*4 . *103*16*4*2] 

♦120*32. b s a 6 NC induct .3!a.3 .a^a+ c l 
Dem . 

b . *101*22 . *110*641 . 3 b . 0* * 0* + c 1 (1) 

b. *120*311. *11044. 3 b:aeNC. g !a+ c l .«+ c l = a+ c l+ c 1.3.a = a+ c ls 
[Transp] 3h:««NC.a!«+cl.« + a+ 0 1.3.«+,l + «+,l+cls 
[*118-2-25]Dh:«€NC(f). a !(a+ 0 l) f .a+(a+ 0 l) t .D.(a+ e l) f +K«+.l)t+.lU (2) 

K(2).Dh:.aeNC(£).a+(a+ c l)f.D:(a+ c l)i=A.v.(a+ c l) { +[(a+ c l) t + c l} f (3) 
V . *1104 . Transp. D I- :.a~eNC(£). v . a = : D . (a+ c l){ = Af (4) 

h . (3) . (4) . D I- a= Af . v . a + (a + c l)f : D : 

(« +o l)t = A { . v . (a + 0 1)< + {(a + 0 l) t + c l}f (5) 
I- . (1) . (5) .*120‘11 . D h a eN$C induct. D:a= A$ . v . a^(a+ c l)$:. 3 h . Prop 
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*120*321. h:a=J=a+ c l.D. 5 [!a 

Dem . 

h . *110 4 . Transp . D h : a= A . D . a+ c 1 = A (1) 

h . (1) . Transp . D h . Prop 

*120*322. h a e NC induct . 3 : 3 ! a . = . a a + c 1 [*120*32*321] 

*120*33. h Infin ax . = : ae NC induct . . a=|=a+ c 1 [*120*3*322] 

*120*41. h v e NC induct .3 !a+ c i/.D:a+ c i/ = /8+ c i/.3.a = sm“/8 
Dem . 

h . *110*4 . Transp . *118*25 . D h : (a + 0 v)( = A . 3 . {a+ 0 (i/+ c 1)*]* = A (1) 
h . *118-25 . 3 h :: g ! [a + 0 (v + c 1 )*| ( . 3 :. g ! {(a + c v) t + c 1 Jf 
[*1 20-31 1 .*1 1 0-4.*l 18-201] 

D {(a + c v)( + c 1]* = {(# + c v)f + c 1 . 3.(a+ c — + 0 v)( 

[Syll.*118-25] 3 :.(a + 0 v) ( = (£ 4 C v) ( . 3 . a = sm“/3 : 3: 

{a + c ( v + c 1) { |( = {/9 + 0 (v + c l) f } t . D . a = sm“/3 (2) 
I- . (2). Comm . 3 h :: (a + 0 v)( = (/3 + 0 v )( . 3 . a = sm“/3 : 3 

{a + 0 (v + e l)f} f = A : v : [a + 0 (i» + 0 1) { ] { = (£ + c ( v + 0 l) { | t . 3 . a = sm“£ (3) 
1- . (1).(3). 3 I- :: (a + c v)( = A : v : (a + e v)t = (y9+ c v)t . 3 . a = sm“/8:. 3 

(« +C (v +C l)f(i = A : v : {« + 0 ( V +„ l) f ] f = {/9 + 0 ( v + 0 l) f } t . 3 . a = sm“£ (4) 
I- . *110-4 . *118-21 . 3 h :. g ! (£ + 0 0) f . 3 : £ e NC . g ! sm ( “j(J : 
[*102-87.*100'51] 3 : sm^'a = sm{“/9 .3.0 = sm“;8 (5) 

I- . *110-6-4 . 3 I- : g ! (« + c 0){ . (a + c 0){ = (/8 + 0 0){ . 3 . sm ( “a = sm*"# . 

[(5)] 3.a = sm“£ (6) 

I- .(6). Exp. *4-6 . 3 h:.(a+ 0 0){ = A:v:(a+ c 0)( = (/9+ o 0)f i 3.a = sm“/9 (7) 
h. (4). (7). *1201 1.3 

H :: veN{C induct . 3 :. (a +„»>){= A : v : (o + 0 v)( = (yS + c v )( . 3.a = sm“# (8) 
h. *110-4. 3 h : v = A, . 3 . (o + 0 i»)f = A (9) 

I- . *120*15 . 3 1- :: v e N,C induct — i‘A . 3 :. sm{“v = NfC induct :. 

[(8)] 3 :.(a+ 0 sm { “j/) t = A : v : (a+ o sm { “i/) t =08+ c 8m { “j») { .3.a=sm“£:. 

[*118-24] 3 :. (a +„ v) t = A : v : (a + c v) t = (# + 0 v ) t . 3 .a = sm“/3 (10) 

h . (9) . (10) .31-. Prop 

The above proposition establishes (with the natural limitations) the 
uniqueness (within each type) of subtraction (conceived as in *120-412) when 
the subtrahend is an inductive cardinal. (When the subtrahend is a non- 
inductive cardinal, subtraction ceases to give a unique result.) Hence we 
are led to the following extensions of *118 for the case of inductive cardinals: 
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*120*411. h v e NC induct . 3 : 

g! 7 - c i/.3. 7 - 0 j/€ N„C : y^v . = . (7 - 0 v) a C 7 e N 0 C 

Bern. 

P .*119*1 .Dh.ee NC induct . 3 : 

£> V e 7 — o v . 3 . Nc‘f + 0 j/ = 7 . Nc‘17 + c v = 7 . g ! Nc‘f + c 1/ . 
[*20*22] 3 . Nc‘f +,e = Nc‘77 + 0 v . g ! Nc‘f +„ v . 


[*1 20*41 .*100*5 ll.(*ll 0*03)] 3 . Nc‘f = Nc'ij (1) 

K(l). *119*14. 3P:.Hp.3:g! 7 - c i/.3. 7 - e veN 0 C ( 2 ) 

!• • *119*27 . ( 2 ) . 3 P :. Hp . 3 : y~^v . 3 . ( 7 — 0 v) n t^y e N 0 C (3) 

I- . *103*22 . *119*27 . 3 P Hp . 3 : ( 7 — 0 v) n U‘y e N„C . 3 . y^v (4) 

P . ( 2 ) . (3) . (4) . 3 P . Prop 


*120*4111. P :. v e NC induct . g ! smf“ 7 . 3 : y^v . = . ( 7 — 0 v)( e N 0 C 

Bern. 

P . *119*64 . 3 P :. Hp . 3 : y^v . 3 • g 1 (7 — 0 v)t • 

[*120*411] 3 . (7 - r) t e N 0 C ( 1 ) 

I- . (1) . *119*26 . *103*13 . 3 P . Prop 

*120*412. P : ve NC induct .y^>v . g ! sm ( “ 7 . 3 .(y-<.v)t = {(ia)(a + c »» = 7 )}f 

Bern. 

I- . *120*4111 . 3 I- :. Hp . 3 . ( 7 - 0 v) ( e N 0 C . 

[*119*34] 3 • (7 — o v)t +0 v = 7 (1) 

I- . *120*41. *103*43. *37*29. 3 P:.Hp.3:a+ c i/ = 7 ./9+ o j/ = 7 .D <lf 0 .a = /9 ( 2 ) 
P . ( 1 ) . ( 2 ) . 3 P . Prop 

*120*413. V \ fie N„C . 3 . fi — c 0 = sin “fi 

Bern. 

I" • *119*1 .31*:. Hp . 3 : fje /i— c 0 . = . N 0 c‘^ + 0 0 = fi . g ! fi . 
[*110*61. *103*13] =.Nc^ = /4. 

[*103*44*4] = . N 0 c‘f = sm“/t . 

[*103*26] = . f e sm“/t :. 3 P . Prop 

*120*414. I- : fi e N 0 C - t ‘0 . g ! sm . 3 . - 0 1 ) { e N„C 

[*120*4111 . *117*53] 

*120*415. P : fi e N 0 C - t ‘0 - t‘l . g ! sm t “fi .D.(/i- 0 2) t e N.C 
[*120*4111 .*117*551] 

*120*416. P : v e NC induct • g ! 7 — c v . 3 . (7 v) + 0 v = sm “ 7 

[*120*411 . *119*34] 

*120*417. P : fi e N»C - t ‘0 . g ! smf “ 7 . 3 . a + 0 7 = (0 + 0 1 ) + 0 ( 7 - 0 1 ) { 
[*120*414 . *119*35] 

*120*418. P : i/eNC induct . g ! sm f “ 7 . y^v . 3 . a + o7 = (a+ c v) + 0 (7 - 0 v)f 
[*120*4111. *119*35] 
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*120*42. H : v e NC induct •aSp.a^O.D.j/^a+e 1 ' 

Dem. 

K . *110-61 . *120 - 14 . D K : v e NC induct . D . v — 0 + c v (1) 

K • *120-41 . D V : v e NC induct .g!0+ c t>.0+ c i' = a+ c i/.D.O = a (2) 

h . (1) . (2) . Dh:i>« NC induct .g!i<.i/ = #+ c i/.3.« = 0:Dh. Prop 

*120 422. I- : a + c 1 e NC induct — 1 ‘ A . D . a e NC induct — t‘A 

Dem. 

I- . *120-1 124 . *91-542 . D I- : <x+ c 1 e NC induct . D . (a+ c l)(+ c t^O . 
[*91-52] D . (g/8) . (a + 0 1) (+ c 1) ft . ft (+ c 1), 0 . 

[*120-1] D. (g/9). a + c l=/9+ 0 l./9eNC induct (1) 

K . *120-311 . D h Hp .D:a+ c l=/9+ c l.D . a = sm“/9. g ! « (2) 

H. (1) . (2) .*12015 . D h : Hp. D .acNC induct (3) 

h. (3). *1 10-4.DK. Prop 

*120 423. K : a e N,C induct — 1‘0 . = . (3/8) ■ /8 e N,C induct . a = (/9 + c 1), 

Dem. 

K . *120-121-124 . D K : /9 e N,C induct . a = (/9 + 0 1), . D . ae N,C induct - 1‘0 (1) 
K . *120102 . *91-542 . D K : a e N,C induct — 1‘0 . D . a (+„ 1),*, 0, . 

[*91-52] D . (a/8) . a (+ c 1) /8 . /9 (+ c 1)* 0, . 

[*120102] D . (a/9) . /8 e N,C induct . a = (/9 + c 1 ), (2) 

h . (1) . (2) . D H . Prop 

*1204231. K : a e N,C induct . D . (g/3) . /9 e N,C induct - 1‘ A . (a +„ 1 ), = (/9 +„1), 

Dem. 

K .*10-24 . *10112 . *12012 . D 

K. (a/8). /8 6 N,C induct -t‘A.(0+ o l), = (/9+ c l), (1) 

K . *120*121 . D h :. g ! £ . D : 

ft e N,C induct- t‘A . £ = (ft + 0 1), . D . f e N,C induct - t‘A.(f + 0 1), = (£ + e 1), : 
[*10-23 24] D : (g/8) . ft e N,C induct - 1‘ A . f = (ft + 0 1), . D . 

(37) . 7 e N,C iuduct - 1 ‘ A . (£ + 0 1), = (7 + 0 1), (2) 

K .*110-4. *1317. D 

I- :. ~a ! f - 3 : ft e N,C induct - t‘A . £ = (ft + c 1), . D . (£ + 0 1), = (ft +„ 1), : 
[*10-28] D : (g/9) . /9 e N,C induct - t‘A . £ = (ft + c 1), . D . 

(g/3) . ft e N,C induct - i‘ A . (£ + 0 1 ), = (ft + c 1), (3) 

K .(2) . (3) . D K : (g/9) . /9eN,C induct- t‘A . ^ = (/3 +„ 1), . D . 

(a/8) . /3 e N,C induct - t‘A . (£ + c 1), = (ft + 0 1), (4) 

f- . (1) . (4) — • *12011 . D 

K : a e N,C induct . D . (g/3) . /9 « N,C induct — t‘A . (a + c 1), = (/9 + c 1), : 

D I- . Prop 

*120*4232. I- : aeN,C induct -i‘0 . = . (g/8) . /3eN,C induct - t‘A.a=(/8+ 0 l), 
[*120-423-4231] 
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*120-424. h : /9 + 0 . g ! (o + e /9) f . D . (a+ c /9) f - 0 1 = a+ c (/9 1) { 

Dem. 

V . *110-42-62 . D I- : Hp . D . (a + c /9) f e NC - t‘A - 1‘0 . 
[*120-414.*10313] D . g ! (a + c /3) t - c 1 (1) 

h . *110-4 . *118-21 . *120-414 . *10313 . D I- : Hp . D . a ! (/9- c l)f (2) 
K(l). (2). *120-416. D 

h:Hp. D.{(a+ c/ 8) f — c 1} + 0 l = «+ c /9.(^- 0 l) f + C 1 =/9. (3) 

[*110-56] D . |(a + c - 0 1 ) + c 1 = {a + c (J3 - 0 1» + 0 1 (4) 

H.(3).DI-:Hp.D.a![Ka+c/3)f-.l!+cl]t (5) 

h . (4) . (5) . *120 311 . *110-44 . D 
I- : Hp . D . (a+ 0 £)f- c 1 = a+ 0 (j8- 0 l)j : 3 I- • Prop 
*120-425. h (a + 0 /3) t e N 0 C - 1‘0 . D : 


(« + c S)( - 0 1 = a + c </8 - 0 1 )( . v . (a + e £)< - 0 1 = (a 1 ) ( + c £ 

Dem. 

h. *110-62. *103-22. Dl- :.Hp.D:a + 0.v./9 + 0:a!(a+c/3)f 0) 
l-.(l). *120-424.31-. Prop 

*120*426. I - : pe Cls induct . p C a . a ! <r - p • 3 • ~ (p sm <r) . Nc‘p < Ne'er 

Dem. 

V . *110*32 . D V : Hp . D . Ne'er = Nc'p + c Nc‘(er — p) (1) 

K *10114. Dh:Hp.D.Nc‘(<r-p) + 0 (2) 

h . (1) . (2) . *120-42 . *117-222-26 . D h . Prop 

*120-427. I- : R e 1 -> 1 . CP.R C T>‘R . a ! D‘.R - <1‘R . D . T>‘R ~ € Cls induct 
[*120*426 . Transp] 

The above proposition shows that no reflexive class is inductive. 

*120*428. 1- : i>e NC induct ,^\a+ t v .a^0 ,a-v Q v>v 

Dem. 

h . *117-51 1 . *1 10-4 . D h : Hp . D . a > 0 . i» e N.C . 
[*117-561.*110-6] D. a+ e v^v (1) 

K *120-42. *110-4. Dh:Hp.D.a+ c ir+v (2) 

h.(l). (2). *117-26. D h . Prop 

*120429. 1- :. i»eNC induct . D : fi>v . = . fi^v + c 1 

Dem. 


1- . *120-428 . 

3 h Hp . 3 : /x e N 0 C . ji = v+ c l .0 • fi> v: 

a) 

[*117*47 12] 

3:/x>i/+ c 1.3./x>i/ 

(2) 

K *117*31. 

Dh/i>p.D. (gw) • € N 0 C . /x = v + c w 

(3) 

I-. *117-2612. 

Dh/x>i/.D./x^+ ft 0 

(4) 

1- . (3) . (4) . 

3 h : /x > v . 3 . (gw) . m e N 0 C — 1‘0 . /x = 1 / + c w . 


[*117-531] 

3 . (g«r) . w ^ 1 ./x=i/+ c «r. 


[*117-31] 

D - (gw, p) . p € N 0 C . w = p + c 1 ./X = 

I/+ C W. 

[*13195] 

3 • (gp) • p e N 0 C ./x = i/+ c p+ c l . 


[*117-31] 

3 . p, > v + c 1 

(5) 

Ml). (2). (5) 

. 3 h . Prop 
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The following definition, in which “spec” stands for “species,” defines 
the “species” of a cardinal ft as all cardinals which are less than, equal to, 
or greater than ft. We cannot prove, unless by assuming the multiplicative 
axiom, that all cardinals belong to the species of ft, except in the case where 
ft is an inductive cardinal. In all other cases there may, so far as is known 
at present, be other cardinals which are neither greater nor less than ft. 

*120 43. spec'/S = a (a < ft . v . a ^ /3} Df 

*120 431. h a e spec 1 ft . = : a < /3 . v . ft [(*120 - 43)] 

*120-432. h :. a e spec 1 ft . = :a</9.v.a>/9 [*117281 . *120431] 

*120*433. I- Nc‘p e spec'Nc'o- . = : a ! Cl ‘p r\ Ne'er . v . g ! Cl'cr a Nc‘p 
[*117-22. *120432] 

*120-434. I-. spec‘s CN 0 C [*117105T0412 . *120432] 

*120*435. h : ft e N„C . = . ft e spec‘ft . = . g ! spec‘ft [*117-104 . *120-434] 

*120'436. h :. a e spec 1 ft . = : a, ft e N 0 C : (gy) : a + c y -ft. v. ft + c y = a 
[*120-432 . *117-31] 

*120 437. h : ft e N 0 C . D . 0 e spec‘ft [*117 5 .*120 432] 

*120*438. h : a e spec‘s .g!a+ 0 l.D.a+ c l e spec‘/3 
Dem. 

I- . *120 436 . *110 4 . D h :. Hp . = : a, yScNjC . g ! a + c 1 : 




(37): 

7€N 0 C : a+ c y 

= #.v.#+ c y = a 

a) 

(-.*110-61 . 

Dh:«,£eN 

0 C . a + c 0 = 

= #.3.a = #. 



[*131215] 



3 • a -f* c 1 = 

^+o 1 • 


[*120-436] 



3 . or + c 1 € 

spec'# 

(2) 

(-.*120-417 

.Dh.et,£,ye 

N 0 C.y*0 

• a +c 7 = ft • ^ « 

■ a +c 1 +c (? ”c 1) = # • 


[*120-436] 



3, 

. a + c 1 € spec'# 

(3) 

(-.*131215 

. D h : o, ft, y e 

N„C . ft + c ' 

y = a.g!a+ c l 

.3.#+ c y+ c l =a+ c 

1 . 

[*120-436] 




3 . a + c 1 e spec'# 

(4) 

K(l).(2). 

(3) • (4) . D h 

. Prop 




*12044 h 

: ft e N„C . D . 

NC induct 

— e'A C spec'# 



Dem. 





1- . *120-437 

Dh: 

Hp . 3 . 0 e 

spec'# 


(1) 

I-. *120-438, 

. *110-4. Dh: 

: Hp . 3 :.a 

:= A . v . aespec'#: 3 : 





* + C 1 ® 

A . v . a + c 1 e spec'# 

(2) 

h.(l).(2).*120H.Dh: 

: Hp . 3 a 

eNC induct . 3 : 



a = A . v . a e spec 1 ft :: D 1- . Prop 

*120441. I- :. a eNC induct -t‘A ./SeNC-i‘A.D:a</8.v.a=sm “ft.w.a>ft 
[*120-44 . *103-34] 
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*120-442. I- a c NC induct - i‘A . 0 e NC - t‘A . 3 : 

a < /9 . = . ~ (a ^ /3) : a > /3 . = . ~ (a ^ /9) 

Den u 

I- . *117104 . *120 441 . 3 I- Hp . 3 : a < 0 . v . a ^ 0 (1) 

'(-.*117-291. 3l-:a<£.3.~(a>/S) (2) 

t-.(l).(2).*5*17.3l-:.Hp.3:a</9. = . ~(a>/9) (3) 

Similarly I- :. Hp . 3 : a > 0 . = . ~ (a^0) (4) 

I- . (3) . (4) . 3 I- . Prop 

*120*45. h : a, /S e NfC induct . 3 . (a + c 0)( * NfC induct 

Dem. 

I- . *110*6 . 3 I- : a e NfC induct . 3 . (a + c Of)* e N*C induct (1) 

I- . *120121 . *118-25 .3 

I- : (a + c 0)( * NfC induct . 3 . {a + c (/9 + c 1)*}* e NfC induct (2) 
h . (1) . (2) . *120-11 . 3 h . Prop 

*120*4501. 1- : a, 0 e NC induct — 1‘ A . 3 . a + 0 0 e NC induct 

Dem. 

V . *120*15 .31-: Hp . 3 . sm { “a, smf“/3 e NfC induct . 

[*120*45] 3 . (smf“a + 0 srof“/8)f e NfC induct . 

[*118-23] 3 . (a + 0 /3)f e NfC induct :3b. Prop 

The following proposition is a lemma in the proof of *120*452. 

*120*451. b :. 7 = (a + c /3)f . 3«,p . a, 0 e NC induct — t‘A : 

a ! (7 +C 1){ • <7 +C 1){ = («' +0 P')t : 3 . a', /S' e NC induct - t‘A 

Dem. 

b . *120-414-1 24 . *1 10 42 . 3 I- : a ! (7 -b 0 l)f • 3 • 1(7 +c l)f 1}« e N.C . 
[*119-32] 3. 7 = {(7+cl){-1){ (1) 

b . (1) . *120-124 . 3 h :. Hp. 3 : 7 = |(a' + ff) t - c 1}* .(«' + 0') ( + 0. 3 ! (a' + 0% : 
[*120*425] 3 : y = [o' + 0 (/S' l)<) f . v . y = {(« - 0 1)* + 0 0 '\ t : 

[Hp] 3 : a’,(f¥ — 0 l)f eNC induct — i‘A . v . (a' - c l)f,/3' eNCinduct — 1‘ A: 

[*119*11] 3 : a, 0 " eNC induct — t‘A :. 3 b . Prop 

This proposition could be extended to greater generality as regards types; 
but its sole use is as a lemma. 

*120*452. I- : a+ e 0 eNC induct — t‘A . 3 . a, /S eNC induct — t‘A 

Dem. 

b . *110-4 . Transp . 3 b : 7 = A . 3 . (7 + 0 1), = A (1) 

b .*120*451 .3(-::7 = (a+ 0 /S),. 3.,$ . a,/SeNC induct - t‘A : 3 :. 

(7 +0 1)» = A : v : (7 + e 1), = (a' +„ /S'), . 3 a , r . o', /S' e NC induct - t‘A (2) 
b . (1) .(2). 3 h :: 7 = A : v : 7 = (a+ 0 /S), . 3. t? .a,/SeNC induct — t‘A :. 3 :. 

(7+« 1), = A : v : (7 + c 1), = (a' + 0 /S'), . 3«-, r . a', 0' e NC induct - t‘A (3) 
b . *110*62 . *120*12 . 3 b : 0 = (a + 0 /3), . D a ,e .a,0eNC induct — t‘A (4) 
b . (3) . (4) . *120*11 . 3 h :: 7 e N,C induct . 3 :. 

7 = A : v : 7 = (a + 0 /S), . 3.,* . a,/SeNC induct — t‘A :: 
[*13*15] 3 I- :. (a + 0 /8), e N,C induct . 3 : 

(a + e /3), = A . v . a, 0 e NC induct — 1 ‘ A :. 3 1- . Prop 
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In the last line but one of the above proof, we substitute for the <f>l £ of 
* 120*11 the function 

j = A : v s f = (a+ 0 £),, . D*,* . a,£eNC induct — i‘A. 

The following propositions are chiefly required as leading to *120*4621 
*4622*47, which are useful in proving propositions concerning all inductive 
cardinals other than zero. 


*120*46. h : a € NC . y e N n C induct . D . (a + c 7), (+ 0 1)# sm,“a 
Dem. 

h . *110*6 . *118*241 . D h : a € NC . D . (a + 0 0), (+ c 1)* sm,“a (1 ) 

h .*90*172 .*118*25 . Db :(«+ a 7)f(+ e l)»8in,“a.3. 

{«+.(7+ol),),(+ol)*sn.,“a (2) 

b . (1) . (2) . *12011 . 3 b . Prop 


*120461. HaeNC.#(+ 0 l)* sm,“« . 3 . ( 37 ) . 7 e N,C induct . /9 = (a + 0 7 ), 

Dem. 

b. *1106. *118-23. 3h:«eNC.£ = sm 1 | “a.3.£ = (a+ o 0 ), ( 1 ) 

\- . *120'121 . *118-25 . 3 I- : & = (a +<. 7 ), . 7 eN,C induct . 3 . 

(£ +«!), = {« + 0 (7 + 0 1),}, ■ (7 + 0 1), e N,C induct (2) 

I- . ( 1 ) . (2) . *90112 .31-. Prop 


*120-462. b a e NC . 3 : ( 37 ) • 7 e N,C induct . fi=(a+ 0 y\. = ./9(+ 0 l)#8m,“o 
[*120-46-461] 

*120-4621. h:.aeNC.3!y8. 3 : fi (+ 0 1)* sm,“a . 3 . sm f “£(+ c l) # sm f “a 

Dem. 


b . *120-461 . 3 b :. Hp . 3 : 


[*110-4] 

[*120-15.*118-201] 
[*118-24.*120 14] 
[*120-462] 


£ (+0 1 )* sm,“a . 3 . (37) . 7 e N,C induct . = (a + 0 7), . 

3 • (37) • 7 « N,C induct - t'A . £ = (a + c 7), . 

3 • (37) • 8m f “7 c N(C induct . sm f “£ = (a + c 7)* 
3 . (37') . 7' e N ( C induct . sm{“£ = (a + 0 y)t . 

3 . sm(“/ 9 (+ c D# 8mf“o 3 I- . Prop 


*120-4622. b :.aeNC.y8t-NC(i;).3 ! sm f “£ . 3 : 

£ (+ 0 1 )* sm,“a . = . smf“£ (+ 0 l)*sm f “a 

Dem. 

b . *110-4 . *37-29 . *120 461 . 3 

h Hp . 3 :8mf“/8(+ 0 1 ) # sm(“a.3 . 3 ! stnf“a. 3 ! a . ( 1 ) 

[*100-52] 3.8tn t “aeNC ( 2 ) 

K *1204621 .(2). 3 I-:. Hp . 3 : 

sm{“£ (+ 0 1 ),, sm^'a . 3 . sm,“snit“£ (+ 0 1 ) # 8 m,“ 8 m t “« . 
[*102-87.Hp.(l)] 3.. 8 m,“£ (+ c 1 )# sra,“a . 

[*103-34] 3.£(+„ 1 )* sm,“a (3) 
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I- . *37-29 . *1 20-4621 . 3 b : . Hp . 3 : /9 (+ 0 1 )*sm,“a . 3 . sm{“/9(+ 0 1 )*sm ( “a (4) 
b . (3) . (4) .3b. Prop 

It is on this proposition that the irrelevance of types in the consideration 
of inductive cardinals depends. 

*120463. b oeNC . 3 :: ( 3 y ) ■ ys N,C induct . {$ = (a + 0 y\ . = 

£ e /* . 3* . (£ + 0 1), e /* : sm,“a e /* : 3 fie fi 

[*120462 . *9011] 

*120*47. b :: /9 « N,C induct — t‘0 . = f e fi . 3* . (f + e 1), efi : 1, e /i : 0^.0 efi 
[*120-423-463] 

Thus mathematical induction starting from 1 will apply to all inductive 
cardinals except 0. Similar propositions can be similarly proved for 2, 3, .... 

*120*471. b : (get) . a e NC induct — t‘0 .fa . = . (g/9) . /9 e NC induct ./(/9+ 0 l) 
Dent. 

b. *120-423. 3 

b : (go) . a e NC induct - t‘0 .fa . = . (g/8) . /9 e NC induct . a = & + e 1 .fa . 
[*13195] = . (g/9) . /9 e NC induct ./(/9 + 0 1) : 3 b . Prop 

*120*472. b : (go) . a e NC induct — t‘0 — t‘l .fa . = . 

(3/®) • fi « NC induct - t‘0 . /(£ + 0 1) . = . (gy) . 7 e NC induct ./( 7 + c 2) 
Devi. 

b. *120-471 .3 

b : (go) . o e NC induct - t‘0 — t‘l .fa. = . 

(g fi) ■ fi e NC induct . /9 + c 1 + 1 . f\fi + e 1) . 
[*120-42.*110-641] = . (g/9) . /9 e NC induct - t‘0 .f(fi + c 1) . . (1 ) 

[♦120 471] = • (gv)« 7 eNC induct ,f(y + 0 1 +„1). 

[*110-643] = ■ (g 7 ) • 7 e NC ind net ./ (7 + 0 2) (2) 

b . (1) . (2) . 3 b . Prop 

*120-473. b :.<l> 1 : f e N,C induct - 1‘0 . <f>^ . 3* . + 0 1) : 3 : 

£ e N,C induct — 1‘0 . 3 . </>£ 

Dem. 

b . *120 122 . *101-22 . 3 b : <£l . 3 . 1 e N,C induct - 1‘0 . £1 (l) 

b . *120-121-124 . 3 b : £ e N,C induct - 1‘0 . 3 . ? + c 1 e N,C induct - 1‘0 (2) 
b • (1) • (2) . 3 

b Hp . 3 : 1 e N,C induct — 1‘0 . <f>l : £ e N,C induct — 1‘0 .<£>£. 3t • 

f + 0 1 e N,C induct- 1‘0. <f > (f f 0 l) (3) 

h .(3) . .12047 l<{«N,C induct-, -Q.»t) ;)Kp 

fi 
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*120 48. h : yS € NC induct . ft ^ a . 3 . a e NC induct — i‘A 
[*120*452 . *117*31] 

Thus every cardinal which is not greater than every inductive cardinal is 
an inductive cardinal. 

*120*481. b :rje Cls induct . f C *7 . 3 . f e Cls induct [*117*222 . *120*21*48] 

Thus if any inductive class can be found which contains a given class, the 
given class is also inductive. 

*120*49. b : a e NC — NC induct — 1 ‘ A . $ e NC induct - i‘A . 3 . a > /3 
Deflu 

h . *120*48 . Transp . 3 h : Hp . 3 . ^ a ) (1) 

b . *120*441 . 3h:.Hp.3:a>/9.v./9>a (2) 

K ( 1 ) . ( 2 ) . 3 h . Prop 

Thus every non-inductive cardinal (except A) is greater than every 
inductive cardinal (except A). 


*120*491. h f Cls induct . ee : #eNC induct . 3^ . g 1/3 n CPf 
Dem. 


h . * 120'49 . 3 f- : £ ~ € Cls induct . /3 e NC induct — 1‘ A . 3 . N 0 c‘£ > £ . 


[*120*429 .*117*12] 3 . N 0 c‘f > /9 + c 1 . g ! /9 a Cl‘£ (1 ) 

V . (1) . *117 *104*12 . *103*13 . 3 

h : £ Cls induct . £eNC induct — i‘A . 3 . $+ c 1 4 A (2) 

h. (2). *101*12. *120*13. 3 

h £~e Cls induct . 3 : #eNC induct . D . >S =}= A (3) 

h . (1) . (3) . 3 I- : £ ~ e Cls induct . /9 € NC induct . 3 . g ! f3 r\ Cl‘£ (4) 


V . *120*121 . 3 

h s. /3 e NC induct . 3* . g ! f3 n Cl‘£ : 
[*1 1 7*242.*1 20*429] 

[*1 1 7 *42.(*1 1 7*03)] 

[*13*196] 

[* 120 * 21 ] 

V . (4) . (5) . 3 b . Prop 


3 : /3 e NC induct . 3* . g ! (0 + c 1) n Cl‘£. 

Dp . Nc'£ > £ . 
3*.N 0 c‘£4/9: 

3 : N 0 c‘£ ~ € NC induct : 

3 : £ ^ 6 Cls induct (5 ) 


*120*492. h : etc NC — NC induct . a . 3 . /3e NC — NC induct 
[*120*48 . Transp] 

In virtue of *120*491, a class £ which is not inductive contains sub- 
classes having 0, 1, 2, 3, ... terms. If we take the successive classes of 
sub-classes 

0 nCl‘£, lnCl‘£, 2 nCl‘£, 

these are mutually exclusive, and all exist provided A is not an inductive 


Digitized by Google 



SECTION C] 


INDUCTIVE CARDINALS 


225 


cardinal, i.e. provided the axiom of infinity holds. Thus if the axiom of 
infinity holds, we get N 0 classes of sub-classes contained in any non-inductive 
class. It follows, as we shall see later, that if £ is a non-inductive class, 
C1*CP£ is a reflexive class. This seems to be the nearest approach possible 
to identifying the two definitions of finite and infinite when the multipli- 
cative axiom is not assumed. When the multiplicative axiom is assumed as 
well as the axiom of infinity, we pick out one class from 1 a Cl*£, one from 
2 a Cl‘£, and so on ; then, forming the logical sum of all these classes, we get 
Ko terms which are members of £. Hence it follows that £ is a reflexive 
class ; for, as we shall see later, a reflexive class is one which contains sub- 
classes of terms. Thus with the help of the multiplicative axiom, the two 
definitions of finite and infinite can be identified. 

*120493. h <r € Cls induct . D : 

Nc‘£ < Nc‘<r . = . (a p) .psm£.pCcr.al<r--p- = -3;l Nc‘£ a CVa - i‘a 
Dem. 

b . *117*26*221 . 3 b Nc‘£ < Nc*<r . D :~(£sm a) : (a p) • p sm £. p C a : 
[*73*3*37] D:(ap).psra£.pC<r.p + <r (1) 

b .*120*481 . D b :. Hp .D : pC<r <r — p .D . p e Cls induct. pC<r. a p. 
[*120*426] D . Nc ‘p < Nc‘<r : 

[*100*321] D:/>8m£.pC<r.a!a' — p . D . Nc‘£ < Nc V (2) 

b . (1) . (2) . *24*6 . D b . Prop 

*120*5. b : a, ft e NC induct -a!ax c /S.D.ax c £eNC induct 
Dem . 

b . *113*203 . D b : a e NC induct . a ! « x c 0 . D . a e NC — i # A - 
[*113*601] D.ax c 0 = 0. 

[*120*12] D . a x c 0 eNC induct (1) 

b. *113*671. Db.ax o 08+ c l) = (ax c /3)+ c a. 

[*120*4501 .*113*203] D b : a e NC induct . a x c /3 e NC induct — i‘A . D . 

a x c(fi + c 1)«NC induct (2) 

h. (1). (2). *120*13. Db. Prop 

The restriction involved in a’ ax c y9 in the hypothesis of the above 
proposition is not necessary if we assume that the axiom of infinity must 
fail in any one type if it fails in any other, i.e. 

A a t € a e NC induct .3. An t‘/3 e NC induct, 

where a and /3 are any two objects of any two types. To prove this proposi- 
tion would require assumptions, as to the interrelation of various types, 
which have not been made in our previous proofs. 

R.&W. II. 15 
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*120'51. 1“ : a,£, 7 eNCinducfc . a + O-S • x c £ = a x c 7 . 3./8 = sm “7 

This proposition establishes the uniqueness of division among inductive 
cardinals. 

Dem. 

K *120-44*436. 3 h :. Hp. D:(gS):/9 = 7 + c 8 .v. 7 = £+ c 8 (1) 

h .*113*43 . 3 h : Hp . £ = 7 + c 8 . 3 . a x c 7 = (a x c 7 )+ c (a x c 8 ). 

[*120*42.Transp] 3 . a x c 8 = 0 . 

[*113602] 3.8=0. 

[*110*6] 3./9 = sm “7 (2) 

Similarly h : Hp ,7 = /S+ c 8 . 3.7 = 8 m“$ . 

[*100*53.*113*203] 3-/9 = sm “7 (3) 

f- . ( 1 ) . ( 2 ) . ( 3 ) . 3 h . Prop 

If #, 7 in the above are typically ambiguous symbols, such as 
0 , 1 , 2 , ... Nc‘p, Nc‘<r, ..., 

we have £ = 7 ; for in this case, /9 = sm“/ 8 . 7 = sm“ 7 . Also if £ and 7 are 
of the same type, we have # = 7 , in virtue of *103*43. Hence “ /3 = 7 ” may, 
with truth, be substituted for “ j3 = sm“y” in the above proposition, since 
the result is true whenever significant. But in this form the proposition 
gives less information, since it tells us nothing as to what happens when 
/3 and 7 are not of the same type. 

*120*511. h : a, /3eNC induct .a=}=0.a!a.ax c £ = a.3.y8 = l 
Dem . 

h . *113*621 . 3 h : Hp . 3 . a x c /9 = a x c 1 ( 1 ) 

h . (1) . *120*51 . *101*28 . 3 h . Prop 

*120*512. h : a x c /3 e NC induct - t *0 — i ‘ A . 3 . a, j3 e NC induct — 1*0 — i‘A 
Dem . 

h . *113*602*203 . 3 I- : Hp . 3 . a, £ 6 NC - e ‘0 - ( 1 ) 

h .(1) .*117*62 . 3 h : Hp. 3.ax c £^a.ax c £^£. 

[*120*48] 3 . a, f3 e NC induct ( 2 ) 

h . (1) . (2) . 3 h . Prop 

*120*513. I" : aeNC induct — t‘0 - t'A .ax 0 £ = a. 3 .£=l [*120*511*512] 
This proposition does not hold when a is a non-inductive cardinal. 

*120*52. h : a, fi e NC induct . 3 l a ? . 3 . ofie NC induct 
Dem . 

h . *116*203*301 . 3 f- : a e NC induct . g ! a 0 . 3 . a°= 1 . 

[* 120 * 122 ] 3 . NC induct ( 1 ) 

h . *116*321*52 . 3 h : g ! . 3 . x c o . 

[*120*5] 3 h : a 6 NC induct . oPe NC induct . a 1 a3+cl • 3 • 

ei^+o 1 e NC induct ( 2 ) 

h . *116*52 . *113*204 . 3 h : a? = A . 3 . cP+J = A (3) 

f- . (1) . ( 2 ) . (3) . *12011 . 3 h . Prop 
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*120*53. H : a, /3, 7 e NC induct .a + 0 .a+l.g!a?.o fl = a>’.3./8 = sm“y 

Dem. 

K *116203. 3h:g!o^.3.g!/S (1) 

I-. *120*44*436. 3 h Hp . 3 : (g$) : /9 = y + c 8 . v . 7 = /9+ c 8 (2) 

(-.*118*01. *116*52. 3h:/9 = y+ c 8.g!/9.3.a* = arx c a«: 

[*13*l7l.*118*01.(l)] 3 h : ofi = «r . 0 = y + c 8 . g ! a* . 3 . cfl = av x c a» (3) 

(* . *1 20*52 .*1 16*35 . (1) . 3 I- : Hp . y8= y + 0 8 . 3 . a* e NC induct — 1‘ A — 1‘0 . g ! /9 . 


[(3).*120*513] 

3 . 0 *= 1 . 


[*117*592] 

3.8 = 0. 


[* 110 * 6 ] 

3 . yS = sm“y 

(4) 

Similarly 

y : Hp .y = y9+ e 8.3.y = sm“y 9 . 


[*100*53.(1)] 

3 . y9 = sm“y 

(5) 


h . (2) . (4) . (5) . 3 I- . Prop 


If a, /9, y are typically ambiguous symbols, we have /9 = y in the con- 
clusion of the above proposition, instead of y9 = sm“ 7 . Also if yS and 7 are 
of the same type, yS = y ; thus /3 = 7 whenever “ /3 = 7 ” is significant. 


*120*54 h : Ipe Cls induct .g!f.pC<r.g!«r-p.D. (Nc‘p) Nc ' f < (Nc‘cr) Nc ‘< 
For the proof, which is here given shortly, compare *117*58. 

Dem. 

h . *35*432*82 . *80*15 . *116*12 . 3 1- : Hp . 3 . (p f £) A ‘£ C (<r \ £) A ‘£ . 

a!(*TfVI- 0 >TfV£ (1) 

h . *120*52 . *116*15*251 . *120*2 . 3 f- : Hp . 3 . (p f fVf e Cls induct (2) 
h . (1) . (2) . *120*426 . 3 I- : Hp . 3 . Nc ‘(p t < Nc‘(<r \ f) A ‘f : 3 1- . Prop 

*120*541. h : a, y8 « NC induct -t‘A.a + 0.y8<y.3./9*<y* [*120*54*493] 

*120*542. h:a,yeNCinduct-i‘A.a=|=0./9>y.3./9->7- [*120*541] 

*120*55. h :a,y8,7eNCinduct .a=]=0 .g !/9 a .^ a = 7 a . 3 .y8 = sm“y 

Dem. 

h .*120*541*542 . 3 h : Hp . 3 .~(/9 < 7) .~(/3 > 7). 

[*120*441] 3 . yS = sm“y : 3 h . Prop 

*120*56. h : 2 . a*eNC induct — t'A . 3 . /SeNC induct 

Dem. 

h .*117*581 . 3 y : Hp . 3 V . 

[*117*661] 3.a*>/9 (1) 

l-.(l). *120*48.31-. Prop 

*120*561. I- : y9 ^ 1 . efie NC induct — i‘A . 3 . a e NC induct 

Dem. 

h . *117*591 . *116*321 . 3 h : Hp . 3 . efi > a (1) 

I- . (1) . *120*48 . 3 h . Prop 

15—2 
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*120*57. I - : fie NC induct — i‘A . 3 . Nc‘J> (v ^ /i) = /i + c 1 

Here “/i + c 1 ” is necessarily in a higher type than "fi,” because it applies 


to a class of which /* is a member. 

Dem. 

I-. *117-511. 3l-.Nc‘?(i/<0) el (1) 

(-.*110-4. Dh:^ = A.D./i+ c l = A (2) 

I-. *120*429-442. 3 

I- : n e NC induct . g ! /x + 0 1 . D . v (p ^ /x) = (p < /* + c 1) . 

[*117-104-105] 3 . p(p^/i*+ c 1) = v(v w t‘(/*+ c 1) (3) 

I- . *120 428 . 3 H : Hp (3) . 3 . fi + c 1 ~ e v (v ^ /*) (4) 

I-. (3). (4). *110-631. 3 

1- : Hp(3).Nc‘£(j/^ya) = /t+ c l . 3 . Nc‘£(i/^ /*+ c l)=/x+ e 2 (5) 


I- . (2) . (5) . 3 1- :. /* « NC induct : /a = A . v . Nc‘£ (v ^ fi) = \i + c 1 : 3 : 

/*+ c l = A.v.Nc‘j>(i/'</i+ c l) = /i+ c 2 (6) 

I- . (1) . (6) . *12013 . 3 h . Prop 

*120 6. 1- : (37) • 7 > a . 7 C t'r \ . 3 . g ! (a + 0 1 ) a t‘t) 

Dem. 

(-.*1171.3 

I- :. Hp . 3 : (gy.p.o-) . N„c‘p = a. N 0 c‘<r = 7. g ! Nc‘pnCl‘<r.~g! Nc‘<taC1‘p : 
[*100‘1] 3 : (g7,p, a, £) . N 0 c‘p = a . N 0 c‘<r = 7.£smp.£C<r.f=}=a: 

[*24 - 6] 3 : (g7, /». o'. ?» #) ■ N 0 c‘p = a . N 0 c‘<r = 7 . f amp.xea — £ : 

[*110 631] 3 : (gf, *) . f v i‘x e a + e 1 a :. 3 I- . Prop 

*120 61. P : g ! N 0 C a P‘x — NC induct . 3 . Infin ax (a;) 

Dem. 

I- . *120 49 . 3 I- :. 7 e N 0 C a V‘x - NC induct . 3 : 

aeNCinduct.gJa. 3..7>#.7C< l< it. 

[*120-6] 3 a . g ! a +, 1 a t u x (1) 

l-.(l). *10112. *12013. 3 

I- :. 7 e N 0 C — NC induct . 3 : a e NC induct . 3« . g ! a («) :. 3 h . Prop 

*120-611. 1- : B e Cls induct . /9 C (FP . 3 . g ! P 4 ‘£ 

Dem. 

I- . *80 26 . 3 H . g ! P a ‘A . 

[Simp] 3 1- : AC CFP. 3 . g ! P*‘A (1) 

I- . *80-94 . 3 h : g ! P A ‘£ . z e Q‘P . 3 . g ! P A ‘(/9 u i‘z ) : 

[ Syll] 3 1- : . 0 C <3‘P. 3 . g ! P A ‘/3 : 3 : £ C (FP. 2 e (FP. 3 . g ! P A ‘(£ u i‘z ) : 

[*51-238] 3:/8ut‘*ca‘P.3.g!P A ‘(/9vt‘z) (2) 

I- . (1) . (2) . *120 26 .31-. Prop 
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*120*62. b : k e Cls induct . A ~ e k . D - g ! €±/c 
Dein. 

b . *83*9 • Db.g!e A ‘A (1) 

V - *83*904 . D b : g ! e±‘/c . g ! a . D . g ! e±\tc \j c‘a ) : 

[Syll] 3 b:. A~etc . 3 . g ! e^tc s 3 : A~etc . g ! a . 3 . g ! e A ‘(* u i‘a) : 
[*24*54] 3 : A ~e(* ui‘a) . 3 . g ! € A ‘(*ut‘a) (2) 

b.(l). (2). *120*26. 3 b. Prop 

The above proposition may also be deduced from *120*611, by *62*231. 

*120*63. b . Cls induct -t<A C Cls 8 mult [*120*62 . *88 2] 

In virtue of this proposition the multiplicative axiom is not required in 
dealing with a finite number of factors, even when some or all of the factors 
are themselves infinite. 


*120*64. b : Infin ax . v . Mult ax 
Dem. 

b . *120*61 . Transp . D b Infin ax . 3 : N 0 C C NC induct : 

[*1 20*21] 3 : (k) . k e Cls induct : 

[*120*62] D : (*) : A ~ e k . 3 . g ! €&‘/c s 

[*88*37] 3 : Mult ax 3 b . Prop 

Thus of our two arithmetical axioms, the multiplicative axiom and the 
axiom of infinity, at least one must be true. 


*120*7. b : a e Cls induct . a C /3 . a =}= 13 . 3 . Nc‘a < Nc ‘/3 [*120*426 . *24*6] 

*120*71. b : p, a e Cls induct . = . p v a e Cls induct . = . p + cr e Cls induct 
Dem . 


b . *120*481 .3b : pv are Cls induct . 3 . p, a e Cls induct 
b . *120*481 . 3 b : p, a e Cls induct . 3 . p, a — p e Cls induct . 

[*120*21] 3 . N 0 c'p, N 0 c‘(<r - p) e NC induct . 

[*120*45] 3 . N 0 c'p + c N 0 c*(o- — p) e NC induct . 

[*110*32] 3 . Nc‘(p \j a) e NC induct . 

[*120*211] 3 . p u a € Cls induct 

b . (1) . (2) . 3 b : p, <r e Cls induct . = . p v <r € Cls induct 

b . *110*12 . *120*214 . 3 b : p, cr € Cls induct . = . 

I (A n (A a p) | “l“<t c Cls induct . 

[(3).(*1 10*01)] = . p + a € Cls induct 

b . (3) . (4) . 3 b . Prop 

The above proposition is frequently used. 


( 1 ) 


( 2 ) 

(3) 

(4) 
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*12072. h : p, a e Cls induct . 3 . p x <r € Cls induct 
Dem. 

h . *120*21 . 3 h : Hp . 3 . N 0 c'p, N 0 c'cr eNC induct . 

[*120*5] 3 . Nc '(p x cr) e NC induct . 

[*120*211] 3 . p x cr e Cls induct : 3 h . Prop 

*120721. h g S p . g ! <r . 3 : p, cr e Cls induct . = . p x a c Cls induct 
Dem. 

h. *120*512. *113*107. 3 

h :. Hp . 3 : p x a e Cls induct . 3 . Nc'p, Ne'er e NC induct . 
[*120*211] 3 . p, a e Cls induct * (1) 

h. (1). *120*72. 3 h. Prop 

*12073. h : p, <r e Cls induct . 3 . (p exp cr) e Cls induct [*120*52 . *116*251] 

*120731. t~:.g!p.g!cr.p~6l.3: p f a e Cls induct . = . (p exp <r)e Cb induct 
[*120*56*561*73] 

*120*74. h : p e Cls induct . = . Cl 'p € Cls induct 
Dem. 

h . *116*72 . *120*21 . 3 h : Cl'p e Cls induct . = . 2 Nc ‘*> a J'Cl'p e NC induct . 

[*1 20123*52*56.*1 1 6*7 2.(*l 1 6*04)] = . N 0 e'p e NC induct . 

[*1 20*21] = . p e Cls induct : 3 h . Prop 

*120741. h : 8 ( k e Cls induct . 3 . k e Cls induct . k C Cls induct 
Dem. 

h . *120*74 . 3 h : Hp . 3 . Cl V* e Cls induct . 

[*60*57 .*120*481] 3 . k e Cls induct (1) 

h . *40 13 . *120*481 . 3 h Hp . 3 : p e k . 3 . p e Cls induct (2) 

h . (1) . (2) . 3 h . Prop 

*12076. h : s* k e Cls induct . = .«€ Cls induct . k C Cls induct 
Dem. 

I- . *22*58 . 3 h : g ! k — Cls induct . 3 . g ! (# v t'a) — Cls induct (1) 

h . *120*71 . *53*15 . 3 h : s‘/c e Cls induct . a e Cls induct . 3 . 

s\k v t'a) e Cls induct : 

[*5*6] 3 h 8 ( k e Cls induct . 3 : 

a~e Cls induct . v . s'(* v t'a) e Cls induct s 


[*51*16] 3 : g S {tc v t'a) — Cls induct . v . $'(# v i‘a) e Cls induct (2) 

h . (1) . (2) . 3 h g ! k — Cls induct . v . 8 ( tc e Cls induct : 3 : 

g S (k\j t'a) — Cls induct . v . s'(* u t'a) e Cb induct (3) 
h . *40*21 . *120*212 .31“. s' A e Cls induct (4) 

h . (3) . (4) . *120*26 . 3 h :. k e Cls induct . 3 : 

g Ik — Cls induct . v . s'/c e Cls induct :. 

[*5*6] 3 h s k e Cls induct . k C Cls induct .3 . s'* e Cls induct (5) 

I- . (5) . *120*741 . 3 h . Prop 
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*12076. b : k e Cls induct • k C Cls induct . 3 . e&‘rc e Cls induct 
Dem. 

h . *51*2 . 3 b a e k . 3 : ac = k \j l‘cl : 

[*13*12] 3 : e Cls induct . 3 . 6 A ‘(ac u i‘a) 6 Cls induct (1) 

P . *83*41 . *114*301 . 3 1- : a~e * . 3 . u sm €a*ac x a (2) 

b . (2) .*120*214 . 3 f- :. a~ € * . 3 : 

e A ‘(* u t'a) e Cls induct . = . x a e Cls induct (3) 
K (3). *120*72. 3P e ac • 3 : 

a e Cls induct . 3 . u i‘a) e Cls induct (4) 
I- . (1) . (4) . 3 h : 6 A ‘ac, a e Cls induct . 3 . 6 a‘(* u i‘a) 6 Cls induct (5) 

I- . (5) . *51*2 . Syll . 3 b k C Cls induct . 3 . e^tc e Cls induct : 3 : 

k yj i‘ol C Cls induct . 3 . € A ‘(ac u i‘a) e Cls induct (6) 
I- . *8315 . *120*213 . 3 I- . e±‘A e Cls induct . 

[Simp] 3 P : A C Cls induct . 3 . e±‘A e Cls induct (7) 

P . (6) . (7) . *120*26 . 3 P :. k e Cls induct . 3 : 


ac C Cls induct . 3 . e^rc e Cls induct 3 b . Prop 

The following propositions are concerned in establishing the converse of 
*120*76 subject to a suitable hypothesis. The final outcome is given in 


*120*77. 

*120*761. b : g ! €±tc . e±‘/c € Cls induct . 3 . ac C Cls induct 
Dem. 

P . *83*41 . *114*301 . 3 P :. a e ac . 3 : e^K sm a x e A '(* — i‘a) s (1) 

[*120*214] 3 : e&tc e Cls induct . = . a x €±‘(k — l‘ol) e Cls induct (2) 

b . (1) . *113*114 . 3 b : g ! €±‘/c .ae*.3.g!a.g! e±‘(tc - i l a) (3) 

P . (2) . (3) . *120*721 . 3 P :. g ! e^K . a e ac . 3 : 

€±‘k e Cls induct . 3 . a € Cls induct (4) 

b . (4) . Comm . 3 b . Prop 


*120*762. b s /c e Cls induct .A^c/c.^g! lAAc.3.(gi2,>S).iZ,/S€e A < Ac.i2A/S= A 


Dem. 

P • *51*2 .3 b : RySe .PaS = A.oc€ac. 3.P, Se €a‘(acu t‘a).P aS=A (1) 

P. *83*5. *55*201. 3 

P : R,Se€±‘/c .PA/S = A.#,yea.#4=y- a~€ ac . 3 . 

jRu#4 a >'S> c; y4 a€ €±‘( K w . (P o x 4 a) a (S u y ^ a) = A (2) 

h.(l).(2).*52*41.3h2£,S€€ A St.£AS = A.a*A.a~el.3. 

(gP, Q).P,Qe « A ‘(* u i<a) . P a Q = A (3) 

P . * 51 * 16 . 3 h:.a=A.v.a€l: 3 :Ae(*v t‘a) . v . g ! 1 a (ac u t‘a) (4) 

P . * 22 * 58 . 3 f-:.Ae*.v.g!lA*: 3 :A€(*v i ‘ a ) . v . g ! 1 a (ac v i‘a) ( 5 ) 
P . ( 3 ). (4). ( 5 ) . 3 P :. A e ac .v. g ! 1 a ac .v. (gP, 8 ) . R . See^K . R a A : 3 : 

Ae(* v e'er) .v. g ! 1 a (ac v t‘a) . v. (gP, S).R,Se e A ‘(* w t'a) . P a £= A (6) 
P . *83*15 . 3 b . (gP, S).R,Se €±‘A . P a 8 = A (7) 

P . (6) . (7) . *120*26 . 3 P . Prop 
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♦120*764. b s k e Cls induct ,A~e/c.~g!(lA«).D. Nc‘e A */t > Nc‘* 
[♦120*762. ♦117*681] 

♦120*765. b : k € Cls induct .A^€tf.^>a!(ln*)./cCX.a! e ±‘\ . D - 

Nc^'X^Nc'* [♦120*762. ♦117*684] 

♦120*766. b : X^e Cls induct . A^eX !(1 aX) . a ! 6 A ‘X . D . 

Nc*€a‘X<^€ NC induct 

Bern. 

b . ♦120*491 . D h :. Hp . D : j; € NC induct . D . 

(3*) • #CX . No'* = 1 / . A~ e/c .^»a l (* A *) • 
[♦120-765] D . Nc‘e A ‘X > 1 / : 

[♦120*121] D : v eNC induct . D . Nc'ca'X^ i/+ c 1 . 

[♦120-429] D . Nc‘e A ‘X > 1 / : 

[♦117*42] D : Nc*6a‘X<^€ NC induct D h . Prop 

♦120*767. b : € A ‘X e Cls induct . A^eX.^a 1(1 A *■) • 3 J *a‘X . D . Xe Cls induct 
[♦120*766. Transp] 

♦120*77. 1“ :• A~e/c.~a ! (1 a *) . a ! *** • 3 • 

e±tc € Cls induct . = . k e Cls induct . k C Cls induct 
[♦120*76-761-767] 
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*121. INTERVALS. 


Sumrnary of *121. 

The present number is concerned with the class of terras between x and y 
with respect to some relation P, i.e, those terms which lie on a road from x 
to y on which any two consecutive terms have the relation P. Such a road 
may be called a P-road, and if zPw , the step from z to w may be called a 
P-step. In order that a P-road from x to y should exist, it is necessary and 
sufficient that we should have xP^y. When this condition is fulfilled, there 
will in general be many P-roads from x to y. But if PeCls — >1 . ^ (y p poy). 
or if Pel— ► Cl8 . ^ (aP^), then at most one road leads from x to y. This 
follows from the propositions of *96. In virtue of those propositions, if 
P 6 CIS — ► 1 • ^ (y-P i*»y) •xP^dJ, P is 1 — ► 1 throughout the road from x to y, 
and this road forms an open series. The two other possibilities with a 
Cl8 — ► 1 are (assuming xP^g) 

( 1 ) xP^fO, 

( 2 ) yP^.^ixP^). 

In the first case, there is a cyclic road from x to x, and there are two 
roads from x to y, one consisting of that part of the cycle which is required 
to reach y, the other consisting of this part together with the whole cycle 
required to travel from y back to y. Thus the class of terms which can be 
reached in some journey from x to y is the whole class of descendants of x f 

4 — 

i.e. the class R#x, which is the cycle composing the rOad from x to x. 

In the second case, the descendants of x form a Q, and y is in the 
circular part of the Q. Here, as before, there are two roads from x to y, of 
which the first stops as soon as it reaches y , while the second proceeds to 
travel round the circle until it comes to y again. Thus here again, all the 
descendants of x lie on some road between x and y. 

The interval betweeu x and y is defined as the class of terras lying on 
some road from x to y . There will be four kinds of interval, according as 
we do or do not include the end-points as such. We denote the kind 
including both end-points by 

P(a wy), 

that excluding both by 

P(a?-y), 

and the other two respectively by 

P{x-iy\ P(xy-y). 
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The definitions are 


p*x * P*‘ y, iW* « -Ppo ‘y, Px*>‘ x n P*‘y> p*‘ x « P^y- 


If P is either one-many or many-one, it will be one-one throughout the 
interval P (# 1-1 y\ except at most at one exceptional point, namely the 
junction of the tail and circle of the Q. If xP po x or t> ^(yP po y) i the interval 
between x and y cannot be Q-shaped, but must be either open or cyclic ; in 
either case, P is 1— ►!. throughout P(x*-*y) t with no exceptions; for if 
PeCls — »1, P is 1->1 throughout the interval because the interval is 

4 — 

contained in P%x y and if P e 1 — ► Cls, because the interval is contained in 

— ► 

P^y. Thus throughout this number we shall constantly have the hypothesis 
Pe(Cls — ► l)i/(l— ►Cls); if PeCls — *1, the interval is to be supposed traversed 
from x to y , while if Pel— ►Cls, it is to be supposed traversed from y to x . 
In either case the interval between x and y must be an inductive class. 
This is proved in *121*47. If, however, P is serial (cf. *204), and thus 
neither many-one nor one-many, the interval between x and y is the stretch 
of the series between x and y, with or without end-points according to the 
definition chosen, and need not be an inductive class. 


If the interval between x and y (both included) has v + 0 1 members, we 
say that xP v y . Thus if there is only one road from x to y , “ xP v y ” means 
that it requires v steps to get from x to y. Assuming PeCls— >1, if we also 
have P^G J (i.e. if none of the families of P are cyclic), then if xP v y and 
yPz , we shall have xP,+ cl z. On this basis an inductive theory of P„ is built 
up, and it is shown that the class of such relations as P„ for different 
inductive values of v is the same as Potid'P, the class of powers of P 
including I[ C‘P (*121*5). The definition of P„ is 

P„ = a) p {N 0 c‘P (x hH y) = v + 0 1} Df. 

The whole class of such relations as P v for different inductive values of v 
is called finid'P, i.e. we put 

finid'P = R {(gi/) .i/eNC induct — i * A . R = P„} D£ 

If B‘P exists, and if PeCls— >1, then the descendants of P‘P, so long as 
we do not reach a term y for which yP^y, may be unambiguously described 
as the 2nd, 3rd, ... pth, ... terras of the posterity of B‘P t B‘P itself being 
the 1st term. The correlation thus effected with the inductive cardinals is 
the logical essence of the process of counting ; the last cardinal used in the 
correlation is the cardinal number of terms counted. We will call these 
terms 1 P , 2 P , ... v Pi ..., defining v P as follows: 

Vp=P y-'l‘B‘P Df, 

This notation does not conflict with v( as defined in *65*01. There £ 
must be a class if v is a cardinal, here v must be a cardinal and P a relation. 
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Hence whenever v P exists, the number of terms from the beginning to 
v P (both included) is v. This is the fact upon which counting relies. If P is 
a many-one and P^ is contained in diversity, and v is any inductive cardinal 

4 — 

other than 0, then v P exists when and only when P^ t B i P has at least v 
members ; i.e . roughly speaking, v P exists whenever it could possibly be 
expected to exist. In this case the whole posterity of B‘P is contained in 
the series 1 P , 2 P , ... v Pi ... (*121*62). If the posterity is an inductive class, 
this series stops; if not, it forms a progression (cf. *122). 

The propositions of the present number are very useful, not only in this 
section, but in the ordinal theory of finite and infinite and in parts of the 
book subsequent to that theory. 

After some propositions which merely repeat definitions and give 
immediate consequences, we proceed (*121*3 ff.) to the theory of P„. We 
have 

*121*302. I- s Ppo G J. D . P 0 = / f C*P 
*121305. hiPpoGJ.D.AGP 

*121*31. h : Pe (l-> Cls) v (Cis ->1) . P^ G J. D . P x = P 

When P is a transitive serial relation, we shall have P x —P — P 2 . 

*121*321. h:i/>0.D.P,GP po 

*121*333. h : Pe Cls -► 1 . P^ G J. D . P, +el = P ] P v 

*121*35*351*352. h : P e (1 -► Cls) u (Cls — ► 1) . P^ Q.J.n,ve NC induct . D . 

P M |P, = P,|P M = P M+# , 

A similar result holds for (P M )„ which = P MXeV in the same circumstances. 

We next proceed to the proof that an interval (under a similar hypothesis) 
is always an inductive class. This occupies *121*4 — *47, being summed up 
in the proposition 

*121*47. h : R e (Cls — ► 1) u (1 — ► Cls) . D - R (x hh z) e Cls induct 

This is an important proposition. It leads to 

*121*481. 1“ PeCls— »1 . D : Nc ‘R(x\-\y) ^ Nc‘P (xt-*z) . = . 

R(xt-\y) C R(xt-\z) 

witli a similar proposition if R e 1 — > Cls. 

The next set of propositions (*121*5 — *52) is concerned with finid'P. 
Assuming P e (Cls — ► 1) \j (1 — ► Cls) . P^ G J , we prove that finid'P = Potid *P 
and finid'P — i‘P 0 C Pot'P (*121*5); that if P is not null, finid'P — t‘P 0 = Pot'P 
(*121*501); that $‘finid‘P=P#(*12r52) and $‘(finid‘P— t‘P 0 )=P po (*121*502); 
and that P a = P*.P 8 = P* etc. (*121*51). 

Our next set of propositions is concerned with v P (*121*6 — *638). We have 
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*121-601. h : E ! B‘P . D . B‘P = 1 P . ~ {(P‘P) P^ (B‘P)} 

*121-602. h:E!5‘P.Pel->l.D.P‘fi‘P = 2p 

*121-634. H.PeCls-^l.PpoGJ.peNC induct - 1 ‘ 0 . 3 : 

v P e D‘P . = . E ! (v + c l)p 
► 

Finally we have three propositions (*121*7 — *72) on R#%, of which the 
most useful is 

— > — ► 

*121 7. h : R e 1 — » 1 . aBR . a x . D . R%‘x = R (a 1-1 x) . R^x e Cls induct 


*121-01. P(x-y) = P vo ‘x*P f>0 ‘y Df 
*121-011. P(^-Hy) = P po ‘«nP*‘ 2 / Df 
*121012. P(x*-y)=*Pt t ‘xn~P l>0 ‘y Df 
*121 013. P(®hj) = P*‘x a P%‘y Df 

*12102. P„ = ®p {N 0 c‘P (x^-ty) = v + c l) Df 

*121-03. finid'P = ^ {(gp) . v e NC induct - i‘A.P=P„) Df 
*121031. fin‘P = R {( 3 p) . veNO induct - c‘ A - t‘0 . R = P„} Df 


*12104. vp = P y -, l ‘B‘P Df 

*1211. h : z e P (x — y) . = . xP^z . zP^y [(*12101)] 

*121101. h : z e P (x -h y) . = . xP^z . zP#y 

*121102. h : z e P (x v- y ) . = - xP%z - zP^y 

*121103. h : z e P (x hh y ) . = . xP^z . zP^y 

*12111. h : xP ¥ y . = . N 0 c‘P (x i-h y) = v + C 1 [(*121*02)] 

*121*12. I" : R e finid'P . = . (g;*/) . v e NC induct — i‘A . R-P ¥ [(*121*03)] 

*121121. h:Pefin‘P. = .(gr).*/eNCinduct-PA-t‘0.ii=P„ [(*121*031)] 


*12113. h:/(,, P ). = ./(P,_ e /P‘P) 
*121131. h : E ! Pr-JB'P .D.p f = P v -JB<P 
*12114. h . P (x — y) = P (y — x) 


[(* 121 * 04 )] 
[* 121 * 1 3 . * 14 * 28 ] 
[* 121 * 1 . * 91 * 53 ] 


*121*141. h . P{x—\y) = P {y i— x) 

*121142. \-.P(xv-y) = P(y-ix) 

*121*143. h . P (x y) = P (y hH a:) 

*121*2. 1“ : ~ {xP^x) . D . a? ~ e P (x — y) [*121*1] 

*121*201. I- : ~ (yPpoy) - D . y ~ e P (# - y) 
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*121-202. h iP^GJ.D.^y^ePix-y) [*12l*2*201] 

*121-21. h ixP^y . = .yeP(x-\y). = .g ! P(x-\y) 

Dem, 

h . *90*12 . *91*54 . D h : xP^y . = . xP^y . yP*y . 

[*121*101] =.yeP{x-*y) (1) 

h. *121*101 - Dh :g!P(#^y). = .tfPpJP^y. 

[*91*574] = • xP^y (2) 

h . (1) . (2) . 3 h . Prop 

*121*22. h : xP^y . = . x e P (x 1 — y) . = . g ! P (a; h- y) 

*121*23. I- : #P*y . = . y e P (a? hh y) . = . g ! P (# hH y) 

*121*231. h : x e C‘P . = . x e P (x hh x ) . = . g ! P (x hh x) [*121*23 . *90*12] 

*121*24. h : xP^y .3 .P(x—\y) = P(x — y)vj (,‘y 
Dem . 

h. *91*54. *121*101.3 

h im z e P (x — i y) • = : #Ppo* : zPvoV - v . s = y - y e C*P : 

[*13*1 93.*91 *504] = : aP po 2 . sP^y • v - xP^y .z = y (l) 

h . (1) .*4*73 . 3 h :: Hp . 3 :.*€P(#-Hy) . = : xP^z . 2rP po y.v.2r=y:jDh.Prop 

*121*241. h : «Ppoy - 3 . P (a? h- y) = P (a; — y) v 

*121*24^ h : a;P # y . D . P {x n y) = P (x — i y) u i‘x — P (x h- y) v t‘y 

= P(x — y)\Ji t x\J l‘y 

*121-25. h.P po (a:-y) = P(x-y) [*91601 . *121-1] 

*121251. h . Pp „ {x —\y) — P (x —\y) 

*121-252. (■ . Ppo (x\—y) = P\xt—y) 

*121*253. h . P^ (x m y) = P (a; h y) 

*121-254 h . P, = (Pp,,), [*121-253 11] 

*121 "254 is frequently used in the theory of series. 

*121-26. h.P. = (P), 

Dem. 

h . *121-11*143. D h : xP,y . = . N 0 c‘P(<ri-iy) = »>4- c l . 
[*90 - 132.*121-ll] = . x (JP),y : D h . Prop 

*12127. h : xP,y . D . z/, »» + C 1 e NC — t‘A 
Dem. 

I- . *121-11 . *10312 . 3 h : Hp . D . P (<r m y) e v + C 1 (1) 

I- ; (1) . *110'4-42 . D h . Prop 

*121*271. h v+ c l eNC — t‘A). D . P„ = A [*121-27 . Transp] 
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*121*272. b:a!P,.D.*>0.i^l>0.i/+ c l>l 
Dem. 

b . *117*5 . *121-27 . D h : Hp . D . i/ > 0 . (1) 

[*117-561. *110-641] D . i/ + C 1 > 1 . (2) 

[*117-511*531] D . */ + c 1 > 0 (3) 

b . (1) . (2) . (3) . D b . Prop 

*121*273. b : a ! P,+ el . D . v + C 1 > 0 
Dem. 

b .*121*27 . *110-4 . D b : Hp . D . ir eNC- t‘A . 

[*117-6] D . v + C 1 ^ 1 ■ 

[*117-511-531] D . p+ c 1 > 0 : D b . Prop 

*121-3. h.P 0 C2r^P 

Devi. 

b . *121*11 . D b : aP 0 y . = . P(x\-*y)e 1 . 

[*121*23] D . xP%y . a; = y . 

[*901 2] D . « (/ T C‘P) y : D b . Prop 

*121*301. b : ~ {xP^x ) . D : a?P 0 y . = . x e C‘P . a? = y 
Devi. 

b . *91*542*56 . D b : #P#£ . 2 P## . a;4= z • 3 • aP,*,# (1) 

b . (1) . Transp . D h Hp . D : aP*s . zP^x . ,x = z: * 

[*121*231] D : * € C‘P . D . P (x w *) = Pa; : 

[*1312.*52*22] D :xeC‘P *x = y . D.P(#wy)el . 

[*12111] D.aP 0 y (2) 

b. (2). *121*3. Db. Prop 

*121*302. b : P^ G J . D . P 0 = / [" (7‘P [*121*301] 

*121*303. b : Nc'P (x h y) > 1 . D . xP^y 
Dem. 

b . *121*23 . *52*22 . *117*42 . D b Hp . D : xe P(a?wy) . P (a? i-h y) 4 s i*x \ 
[*51*4.Transp] D : (a*) .*=|=a?. 2 reP(a;i-Hy): 

[*121 103.*91-542] D : (a*) . xP^z . *P*y : 

[*91*574] D : aP^y :. D b . Prop 

*121*304. b :. Ppo G J . D : aP,y . = . P (# »-h y) = i‘x u py . a; 4 s y 
Dem. 

b . *121*30311 . D b : Hp . aP^ . D . aP^y . 

[Hp] (1) 

h . (1) . *54-53101 . *121-2311 .DK Prop 
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*121-305. b 

:Ppo GP . 3.P, GP 


Bern. 

h > *121*303 • D F ! Hp a xP-^y ■ D . xP^y . 

[*91*52] 3 a (a^r) a xPz a ZP ^ 

h. *121*304. *91542. 3 

(1) 


F •• Hp a xP lV a 3 ! xP^z a zP^y a 3 a z — y i 
[*91*502] 3 : xPz . zP%y .3 *z = y 

h a (1) . (2) a 3 h a PrOp 

(2) 

*121-306. I- 

5 € 1 — ► Cls a ~ (xPj^X) a a 3 a P (x hH y) = i l x \J i € y a 


Bem. 

1- . *91 -542 . 3 1- : xP % z .zP^y .z^x .z^y .xPy .3 : xP w z . zP^y . xPy : 

[*341] 

3 : appo* . ^Ppp I Px : 


[*9211] 

3 : P e 1 — > Cls . 3 . xP w z . zP$x : 


[*91-574] 

3 : P e 1 — > Cls . 3 . xP^x 

(i) 

b . (1) . Transp . 3 1- :: Hp . 3 :. xP^z . zP % y .3 t :z = x.v ,z = y 

(2) 


I-. *121-23. 3 b : Hp . 3 . x, y eP{x \-\y) (J 

h . *91"502 . 3 h : Hp . 3 . x 4= y (^ 

b.(2). (3) . (4) . *121103 .31-. Prop 

*121307 . h : P e Cls — > 1 . ~ ( yP p 0 y ) . xPy . 3 . P (x i— i y) = i‘x v t ‘y . x 4= y 
[*121-306143] 

*121-308. b : Pe(l ->Cls) u(Cls— » 1). P^QJ. 3 . PGP, 
[*121-306-30711 .*54101] 


*121-31. h : P e (1 — > Cls) u (Cls -» 1) . P po G J . 3 . P, = P [*121 305 308] 

*121-32. h . P, G P* 

Bern. 

I- . *121*11 . *120"421 . *101 '14 . Transp . 3 1- : xP.y . 3 . g ! P(#m y ) . 


[*121-23] 

If v is not a cardinal, or if v + C 1 

*121-321. h:r>0.3.P,GP w 

Bern. 

b . *120-428 . *12111 . 3 h : Hp 

[*H7-55.*52-181.*121-23] 

[*121103.*91-542] 

[*91-574] 

*121-322. b . C‘P, C C*P 
*121-323. I- : v > 0 . 3 . D‘P, C D‘P 


3 . xP^y : 3 h . Prop 

A,P, = A. 


xP,y . 3 . Nc‘P(#My) > 1 . 

3 *(a 

3 . (%z ) . xP^z . zR+y . 

3 . xP^y : 3 b . Prop 

[*121-32. *90-14] 

(TP, C <3‘P [*121-321 . *91-504] 
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*121-324 h . D‘P, +tl C D ‘P . a‘P F+>1 C d‘P 

Dem. 

I- . *121-273-323 . 3 h : g ! P„ +el . 3 . D ‘P r+el C D‘P . (HP*.., C d‘P (1) 

h.(l). *33-241. 3 h. Prop 


*121-325. hj!P /1 AP ( .D. / * = K 

Dem. 

I- . *12111 . 3 I- : Hp . 3 . a l(ji + c l) e\ (p + 0 1) n tf/i . 

[*100-42.*110 - 4] 3 . a ! (/* + c 1) n Cm ■ (m + c l) rt CM — p+ c 1 . 

[*120 311] 3 ./4 = j> : 3 h . Prop 

*121-326. I- . fin'P C finid'P . finid'P — i‘P 0 C fin'P [*12112121] 


*121-327. I- : 3 ! P 0 . 3 . fin'P = finid'P - t‘P 0 

Dem. 

h . *121-325 . Transp . *121121 . 3 h Hp . 3 : R e fin'P . 3 . R 4 = P 0 (1) 

l-.(l). *121-326.31-. Prop 

*121-33-331 are lemmas for *121-332, which is a very useful proposition. 


*12133. 

Dem. 


h :. P e 1 — * Cls .'D:zeP(x — y). = .zeP(x — 1 P‘y ) : 

z e P (xv-y ) . = .zeP(xt-iP‘y) 

h . *71*7 . 3 H :. Hp . 3 : zP% (P‘y ) . s . zP# | Py . 
[*91-52] = . zP^y 

1- . (1) . *121-1 -101-102103 . 3 h . Prop 


(1) 


From the above proposition it follows that 
Pel—* Cls . y e G‘P . D . P (x-y) = P (x—iP‘y) . P (x h- y) = P (x i-h P‘y). 


This does not follow unless y e G‘P, because 

P(x-y) = P(x-iP‘y) . D . E S P‘y, 
whereas zeP(x — y) m = tm zeP(x—\ P c y) 

will always be true if y € G‘P, and therefore (when Pel — ► Cls) if ^ E ! P‘y. 


*121*331. h :. P e 1 — » Cls . P^ G P. 3 : xP, ( P‘y ) . = . xP , + , , y 

Dem. 

h . *121324 . *7116 .31-:. Hp . 3 : xP , + , , y . 3 . E ! P‘y (1) 

I- .*121-33 . 3 h : Hp . E ! P‘y . 3 . P (xi— y) = P (x\~* P‘y) (2) 

I- .*121"242-32 . (2) . 3 h : Hp (2) . xP^y . 3 . P (jjhj) = P (a;i — 1 P‘y) u 1 ‘y (3) 
h. *91-52. 3h:Hp.3.~(yP*|Py). 

[*71-7] 3.~{yP # (P‘y)}. 

[*121103] 3.~ (yeP(>nP‘y)j (4) 

I- . (3). (4). *110'63 . 3 h : Hp(3) . 3 . Nc‘P(a:hHy) = Nc < P(a;MP < y)+ 0 l (5) 
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l-.(l). (5). *12111-32. 3 

h : Hp . xPr+^y . 3 . (v + 0 1) + 0 1 = Nc ‘P ( x m P‘y) + 0 1 . 

[*120*31 1.*121-27] 3 . v + 0 1 = Nc ‘P (x m P‘y ) . 

[*12111] 3 . xP,(P‘y) (6) 

I- . (5) . *14-21 . *121-11-32 . 3 V : Hp . xP, (P‘y ) . 3.Nc‘P(;r My)=(i/+ 0 1)+ 0 1 . 
[*12111] l.xP, +tl y (7) 

K(6).(7).3l-.Prop 

*121-332. I- : P « 1 -* Cls . P^ G J . 3 . P„ + ., = P.\P [*121331] 

*121-333. I- : P « Cls -> 1 . P„ G J . 3 . P r+tl = P|P, 

*121*34 h : P e 1 — > Cls . P^ G J . v e NC induct . 3 . P„ e 1 — » Cls 
Dem. 

h. *121-3. Dl-.P.el— >Cls (1) 

I- . *121-332 . 3 1- :. Hp . 3 : P r e 1 — » Cls . 3 . P, +ql e 1 — ► Cls (2) 

l-.(l). (2). *120-11.31-. Prop 

*121*341. h : P e Cls — > 1 . P^ GJ.yeNC induct . 3 . P „ e Cls — > 1 
*121-342. l-:Pel— ►l.PpoGJ.i/eNC induct . 3 . P„ e 1 -> 1 [*121-34-341] 

*121*36. I- : P e 1 — > Cls . Pp,, Q.J . fi,ve NC induct . 3 . P M | P„ = P*+„ 

Dem. 

I- . *50-62 . *121-302-322 . 3 I- : Hp . 3 . P„ \ P, = P M+ .„ (1) 

, 1- . *121'332 . 31-:. Hp . 3 : n, v e NC induct . P M | P„ = P ^, . 3 . 

PJP^P^IP 

[*121-332] = P„+., +ol (2) 

I- . (1) . (2) . *12013 . 3 h . Prop 

*121*361. I- : P e Cls — > 1 . Ppo GJ.ft.v e NC induct . 3 . P* | P v = P M+ .» 

*121-362. V : P e (1 — > Cls) w (Cls — » 1) . P^ G J . y., v e NC induct . 3 . 

P„ | P„ = P, | P M [*121-35-351 . *110-51] 


*12136. 

Dem. 


I- : P e (1 — > Cls) u (Cls — » 1) . Ppo G P . /t, v e NC induct — 1‘0 . 3 


(P li)v — P/iX.r 


I- , *121-321 . 3 I- : Hp . 3 . P M G P^ . 

[*91-59-601] 3 . (P^ G J . 

[*121-31-34-341] 3 . (P„X=^ 

h. *121-332-333-352.(1). 3 
I- :. Hp . 3 : (P M )„ + ., = (P M )„ | P M : 

[*34-27] 3 : (P M ), = P MXt , . 3 . (P M ), +>1 = P MXe , | P, 
[*121-35-351] = P<* X or)+c#» 

[*113*671] = -P M Xc(M-el) 

h . (2) . (3) . *120-47 . 3 h . Prop 


( 1 ) 

( 2 ) 


R. A W. II. 


( 3 ) 


16 
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*121*361. h : P e (1 — ► Cls) v (Cls — ► 1) . P ^ GJ.p, v e NC induct - i‘0 . D . 

(P M )„ = (P„) M [*121*36 . *113*27] 

*121*37. h : Pe Cls— ► 1 , y e P (xt-iz) • P (x\-*z) = P(x\-*y)\J P (y i — i £r) 


Pm. 

h . *121*103 . D h : Hp . D . xP%y . yP** (1) 

Ml). *121103.3 

h:.Hp.D i w c P (x HH >?) ■ = • xP%w . wP%z . xP^y . yP#s (2) 

h . *96*302 . D h :: Hp . D s. a?P*w . xP%y . D : wP%y . v . yP%w (3) 

K (2). (3). *4*73. D 

h :: Hp . D :. w e P (x h z ) . = s xP%w . wP%z . #P*y . yP%z . wP^y . v . 

xP^w . wP#z . #P*y . yP*z . yP#w (4) 

h . *90*17 . *4*73 . D h s wP#y . yP** . = . wP*s . wP%y . yP*z : 

yP # w . w/V • = • y p * z • wP#* . yP*w (5) 


h . (4) . (5) . D I- :: Hp . D w e P (a? hh s) . = : xP*w . #P*y . yP*s . wP%y • v . 

xP%w . wP*s . #P*y - yP#w : 

[*90*1 7. *4*73] = : xP^w . wP*y . yP*z . v . #P*y . yP#w . wP #2 : 

[(1).*4*73] = : xP#w . wP#y . v . yP%w . wP^z : 

[*121*103] = : w e P (# hh y) u P (y hn *) :: D h . Prop 

*121*371. YiPe (Cls -» 1) u (1 -> Cls) • y e P (xt-iz) .D . 

P(xh-iz) = P(x*-\y)\jP(yt-iz) = P(x\—y)yjP(yt-Az) 

= P(xy-*y)\j P(y—iz) [Proof as in *121 37] 

*121*372. h : P e (Cls -* 1) u (1 -► Cls) . y e P (* -i *) . D . 

P(x—\z) = P(x—\y)uP(y-iz) = P(x—iy)'jP(yt-iz) 

*121*373. I- : P e (Cls -» 1) u (1 -» Cls) . y e P (x h- z ) . D . 

P(x\—z) = P(x\—y)\jP(y\—z) = P(x^y)yjP(y\—z) 

*121*374. h :Pe(Cls-*l)v(l-> Cls). yeP(x-z).D. 

P(x-z) = P(x-\y)u P(y-z) = P(x-y)v P(yv-z) 

= P(x-*y) uP(yv-z) 

The proofs of these propositions are analogous to the proof of *121*37. 
*121*38. h : i£ € Cls — ► 1 . xR^x . D . R (x hh x) = P#‘a? [*97*5] 

*121*381. h : R e 1 — > Cls . xR vo x . D . P(#i— i#) = P*‘# [*97*501] 

*121*382. 1“ : R e Cls — ► 1 . xR^x . xR^y . D . 

R (x i-h x) = R (x i— i y) = P*‘# = P (y i— i y) [*97*5 . *91*56] 

*121*383. h : P € 1 — ► Cls . xR^x . yR^x . D . 

— ► 

P (x i— i *c) = P (y i— i #) = P^^ = P (y hh y) 

*121*384. h : P e(Cls— ► 1) \j (1 — ► Cls) . xR^x .y eR(x i— u?) . D . 

P (x w x) = P (# i— i y) = P (y hH a:) = P (y m y) [*121*382*383] 
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*121*39. h i.ReGh—t 1 . D : R (xt-\y) C R(x\-*z ) . v . R (xb4z)C R(xb-\y) 
Dem. 

h - *96*302 . D h Hp . xR#y . xR#z . D : yR^z . v . zR*y (1) 

h • *121*37 . D h s Hp d xR%y . yR#z - D . R {x w y) C R (x hh z) (2) 

h - *121*37 . D h s Hp . . zR%y . D . J2 (x m z) C (x hh y) (3) 

I- - (1) . (2) . (3) . D h Hp . xR#y . xR%z . D s 

iJ (a? w y) C i? (a? hh £) . v . R (x w z) C R (x w y) (4) 
h . *121*23 . D h : .3.B(a?Hj/) = A. 

[*24*12] (5) 

h . (6) — . D h : ^ (xR#z) ,D ,R(x\-*z)CR(xi-*y) (6) 

y> z 

h . (4) . (5) . (6) . 3 h . Prop 


The following series of propositions are concerned with proving *121*47, i.e. 
R e (Cls — ► 1) v (1 — ► Cb) . D . R (x »-h z) € Cls induct. 

The proof for i2el— >018 follows from that for JR e Cls — >1 by *121*143. 
Confining ourselves, therefore, to JR e Cls — ► 1, we proceed as follows. 

We prove first that, starting from z and going backwards, each new step 
adds only one term (which may not be distinct from all its predecessors); 
i.e, we have 

JReCls — >1 .xRy .yR#z ."D . R(xt-*z) = i l xu R(y\-4z). 

From this it follows by induction that if R(z*-*z) is an inductive class, so is 
R(xh-\z). Thus we only have to prove that R(z\-*z) is an inductive class. 
Here we must distinguish two cases, according as (V (zR^z) or zR^z. In 
the former case, we have 

a ! R (z hH t) . 3 . R (z hH z) = t t z ) 

whence R(z\-*z) is an inductive class, and therefore so is R(x\-a z). 

But in the latter case, when zR^z, the matter is more difficult. In this 
case, £ is a member of a cycle, the cycle being R(zt-*z). We have to prove 
that this cycle must be an inductive class. Given x R*z y x will be a member 
of this cycle if xR^x, and may be at the end of the tail of a Q, if ( xR^x ). 
(C£ *96.) 

By *96*453, we know that R is 1 — ► 1 when confined to R (zb-tz). Hence 



16 — 2 
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in R(z\-*z), z has a unique predecessor, say a . Assume a^z. We then 
imagine a barrier placed between a and z , i.e. we construct a relation S which 
is to hold between any two consecutive members of R (z w z) except a and z . 
Putting a = R (z hh z) — i‘a , we have S = a "| R. Then the relation 8 generates 
an open series consisting of all the terms of R{z\-\z)\ i.e . we have 

~ (aSpo a) . S(z\-ui)*= R(z\-* z). 

Hence, by our previous case, since S(z*-ui) is an inductive class, so is 
R (z hH Z). 

If a = z, then by *96*33 the cycle reduces to the single term z, and 
therefore R(z\-\z) is still an inductive class. 

Hence R{zv-\z), and therefore R{x\-*z), is always an inductive class 
when iZeCls-^l, which was to be proved. 

*121*4. b : R eCls— ► 1 . xRy . yR%z . D . R (x\-\z)= i‘x v R(y hz) 

Dem. 

b . *90*311 . D I- :: Hp . D xR%w . = : x= w . v .xR | R#w : 

[*71*701. Hp] = :x = w .v . yR*w (1) 

b . *90*172 . D b :. Hp . D : x = w . D . wR^z (2) 

b . (1) . (2) . D h :: Hp . D xR%w . wR^z . = s x = w . v . yR*w . wR^z (3) 
b. (3). *121*103. Db. Prop 

*121*41. b : Re Cls — ► 1 . R (z hh z) e Cls induct . D . R (cc w z) e Cls induct 
Dem. 

b . *121*4 . *120*251 . *90*172 . D b s. Hp . D : 

yR#z ,R(yt-iz)e Cls induct . xRy.D.xR^z . R(x t-4z)e Cls induct (1) 

V/ 

b . (1) . *90*112 ^ . D b : Hp . xR#z . D . R (x »-h z) e Cls induct (2) 

b . *121*23 . *120*212 . D b : ~(xR#z ) . D . R (x h*z)e Cls induct (3) 

b . (2) . (3) . D b . Prop 

In virtue of this proposition, we have only to prove R (z\-t z) e Cls induct. 
This is obvious when ^{zR^z), for then either R (zh4z)=i‘z or R(z*-*z)= A. 
But when zR^z , it is more difficult. 

*121*42. b : R e Cls — > 1 . ~ (zR^z) . D . R (x »-h z) e Cls induct 
Dem. 

b . *121*303 . Transp . *120*441 . D b : Hp . D . Nc ‘R (z ms) ^ 1 . 

[*120*48] D . Nc'ii (z m z) e NC induct . 

[*120*211] D . R (z m z) e Cls induct (1) 

b . (1) . *121*41 . D b . Prop 
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♦121*43. b : R e Cl8 — ► 1 . zR^z . 3 . E ! t‘(i2‘* n R*z) 

Bern . 

h. ♦91*52. 3h:Hp . 3 . (ga) . . aife (1) 

h. ♦96*453. 3h:Hp. 3. (jV*) 1 £ e 1 -> 1 . 

[♦71*122] 3 . a (zR^a . aEs) e 1 u i‘A (2) 

b . (1) . (2) . 3 h : Hp . 3 . a (*i2*a . aRz) e 1 . 

[♦52*15] 3 . E ! i‘(R‘z a R*z) : 3 h . Prop 


♦121 431. h 

Bern . 


R e Cls — ► 1 . zR^z . a = i‘(R*z a R*z) . a = R*z — e‘a . 

5=a1 J R.D.^(aS po a) 

b . ♦35*61 . 3 h : Hp . 3 . a ^ e DSS . 

[♦91*504] D.a-eD^po. 

[♦33*14] 3 . ~ (aS^a) :3b. Prop 


♦121*432. b : Hp ♦121*431 .}.S(^Ha)€ Cls induct 
Bern. 

b . ♦71*261 . 3 b : Hp . 3 .fife Cls -» 1 (1) 

b.(l). ♦121*431*42. 3b. Prop 


♦121*433. 1“ : Hp ♦121*431 .s^a.3.S(zi-ia) = = R (z w z) 

Bern. 

I- . ^dl . 3 b:. Hp . 3 : zS%w . 3 . (1) 

h . ♦SI’S . ♦91*504 .3b:. Hp . 3 : z e a . z e s 
[♦35*61] D:zeD‘S: 

[♦90*12] 3: zS*z (2) 

b • (1) • ♦OO’IO . 3 b:: Hp . 3 zS^w . wiiy •Diweau t‘a, wRy : 

[♦35*1] 3 : wSy . v . w = a . wiiy : 

[Hp.^7 1*171] 3 : . v . y = * s 

[♦90*16*17.(2)] 3:*S*y (3) 

h • (2) • (3) . ♦90*112 . 3 b :. Hp . 3 : . 3 . : (4) 

[Hp] 3 : ,s$#a (5) 

b . ^rni . 3 b : Hp . aity .3 *y = z (6) 

b . ♦91*542*504 . ♦35*61 . 3 h. Hp . 3 : wS#a . w =£ a . wRy . 3 . wS^a . wSy . 
[♦92*111] 3.yS*a (7) 

b • (5) . (6) . (7) . 31-:. Hp . 3 : wS*a . wify . 3 . yS#a (8) 

b . (5) . (8) . ♦90*112 . 3 b :. Hp . 3 : zR % y . 3 . yS*a (9) 

b . (4) • (9) . 31“ :. Hp . 3 : zR%y . 3 . zS%y . yS#a (10) 


*■ * ( 10 ) ■ D h Hp . D : zS#y . yS*a . = . zR*y : 


[*121103] 

[*121-38] 


3 : 8 (z m a) =* R^z 

= R (z hH z ) :. 3 1“ . Prop 
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*121434 

4 — 

h : Hp *121431 . z = a . 3 . R#‘z = R (z m e) = i‘z 


Dem. 

h . *3218 . 3 1- : Hp . 3 . zRz . 

4 — 

[*96-33] 3 . RJz - i‘z . 

(1) 


[*12138] 3 . R (z »-i z) = i‘z 

(2) 

*12144 

h . (1) . (2) . 3 h . Prop 

: Re Cls— » 1 . zR^z . 3 . R (z m z) e Cls induct 


Dem. 

V . *121-43-432-433 . 3 

1- : Hp . z 4 a Rjfz) . 3 . R (z m z) e Cls induct 

(1) 


K *121-434. *120-213.3 

\j — > 4 — 

h : Hp . z = i\R € z n R^z) . 3 . R (z hh z) e Cls induct 

(2) 

*121-441. 

h . (1) . (2) . 3 h . Prop 

h : Re Cls— >1 .zR^z, 3 . R (x hh z) e Cls induct 

[*121-44-41] 

*12145. 

1- : Re Cls— >1 . 3 . R(x*-\z) e Cls induct 

[*121-42-441] 

*12146. 

h s Re 1— >Cls . 3 . R(x\-az) e Cls induct 

[*121-45143] 


*12147. h : Re (Cls— >1) u (1— >Cls) . D . i2 (<r i-i «) € Cls induct [*121-45"46] 


*121-48. h R e Cls-» 1 . D : 

Nc‘i2 (itHy)< Nc‘i? (x w z ) . = . g ! R (x n z) — R (x i-i y) 

Bern. 

h .*12139 . D h :. Hp. D : g ! R(x^z) — R(xi-ty) .= . 

R (x i-h y) C R (x i-i z) . R (x m y) ^ R {x n z) . 
[*120‘7 .*121 -45] D . Nc‘i2(a;wy)<Nc < i2(«:w.r) (1) 

h .*117-222-29 . D H : Nc‘i? (®My)<Nc‘i2(arM^) . 3 . 

{i? (x hH z) C R (x »-h y )} . 

[*24*55] 3 . a ! R (x hn z) - -R (x »-i y) (2) 

h . (1) • (2) . 3 h . Prop 

*121*481. h iieCls-*l . 3 : Nc‘ii(# wy) ^Nc‘iZ(#hHz) - = - 

R (x m y) C R {x m z) 

Dem. 

h. *121 *45. *120*441 .3 

h Hp . 3 : Nc*22(#My)^Nc*.R (# w z ) . = • ~ {Nc^R(# wz)<Nc*iJ(#hHy)} . 
[*121*48] = . ~ a ! i2(a? wy) — R (x\-iz ) . 

[*24*55] = .i2(a?My)CiJ(a?hH2r):.3 h . Prop 

The above proposition is used in the proof of *122*35, which is an im- 
portant proposition in the theory of progressions. 

The following propositions are concerned with the identification of such 
relations as P v with powers of P in the sense of *91. 
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*121-5. 

Bern. 


h : P €(Cls-+l) u (1-+Cls) . G J . 3 . 

finid'P = Potid'P . fin‘P = Pot'P 


h . *121-302-31 . 3 h : Hp . 3 . P 0 = I [ G‘P . P, = P (1) 

I- . (1) . *121-332-333-352 . 3 I- Hp . v e NC induct . 3 : P„ +>1 = P r \ P : (2) 

[*91341] 3:P,e Potid‘P.3 . P„ + ., e Potid'P : P, e Pot‘P . 3 . P„ +ol e Pot'P (3) 
I- . (1) . *91-35 . 3 h : Hp . 3 . P 0 e Potid'P . P, e Pot'P (4) 

I- . (3) . (4) . *12013-47 .3b:. Hp . 3 : v e NC induct . 3 . P„ e Potid'P : 

v e NC induct — i‘0 . 3 . P„ e Pot‘P : 

[*12112121] 3 : finid'P C Potid'P . fin'P C Pot'P (5) 

h . (2) . *121121 .31-:. Hp . 3 : v e NC induct . 3 . P, |P e fin'P : 

[*12112] 3:Qefinid‘P.3.Q|Pefin‘P: 

[(1).*9117171] 3 : Potid'P C finid'P . Pot'P C fin'P (6) 

h.(5).(6).3h. Prop 


*121-501. I -:P e (Cls->1) w (1— >Cls) . Ppo C J . a ! P . 3 . 


Deni. 


Pot ‘P = fluid ‘P - i‘P 0 = fin'P 


h. *121-302. 3h:Hp. 3. glP, (1) 

h. (1). *121-5-327. 3 h. Prop 


*121-502. h:Pe (CIs -*1) w (l->Cls) .P^QJ.D. 

s‘(finid‘P — t‘P 0 ) = Ppo = s‘fin‘P 

Deni. 

h . *91-504 . *33-24 . *1215 . 3 h : P = A . 3 . s f (firnd‘P - t‘P 0 ) = A = P^ (1) 
h. (1). *121-501 -5.3K. Prop 

*121-51. I- : P « (CIs -> 1 ) u (1 -> CIs) . P^ G J . 3 . P, = P» . P, 

Dem. 

h. *12131. SI-iHp.S.P^P 

I- . *121-332-333 . 3 I- : Hp . 3 . P„ = P, | P. 

[(1)] =P» 

I- . *121-332-333 352 . 3 h : Hp . 3 . P, = P„ | P, 

[(1).(2)] = P 3 

I- . (2) . (3) . etc. .31-. Prop 

*121-52. b : Pe (CIs ->1) u (1 -* CIs) . P^CJ. 3 . s‘finid‘P = P* 

[*121-5. *91 -55] 

We shall at a later stage (*301) give a general definition of P". When 
this definition has been introduced, we shall be able to prove, with the 
hypothesis of *121-51, 

v e NC induct .3 . P„ = P r . 

The definition of P” is postponed on account of various complications which 
render a general definition of P v difficult. The chief difficulty arises when 


( 1 ) 

( 2 ) 

( 3 ) 
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a ! P n I. Thus suppose we have yPy ; we shall also have yP*y, yP*y % etc. 
Hence if we have xPy , we have 

peNC induct — . 3„ . ^P'y. 

Again, suppose this case excluded, but suppose 

(g/4, y ) . e NC induct . y e P (x m s) . yP*y. 

Then we shall have 

v e NC induct — 1‘0 — - 3 . yP* x * v y. 

Thus the general definition of P v has to be complicated, except when 

The following propositions are concerned with the series of relations P„ 
and the series of terms v P . The relation P„ holds between two terms (roughly 
speaking) when it requires v steps to get from the first to the second; the 
term v P is the i/th term starting from B‘P f which, when it exists, is 1 P . 
In order that v P should exist, it is necessary that B ( P should exist, and 
that there should be just one term x in the field of P such that the interval 
from B‘P to x (both included) consists of v terms. When this is the case 
for all inductive cardinals from 1 to v , we can say that P generates a series 
starting from B‘P and having at least v terms, each correlated with one of 
the cardinals in the interval from 1 to i/, both included ; i.e. the series has 
a /ith term, whenever If this holds for all inductive values of v, 

the family of B‘P is a progression*. (It will be observed that all such terms 
as v P belong to the family of P‘P, which need not form the whole field of P.) 

*121*6. I- :. * + 0 . 3 . f(v P ) . = ./[i‘0 {N 0 c‘P (B‘P hj/) = p}] 

Bern. 

h . *12111 . *120*414*416 . 3 h Hp . 3 : 

{Nc‘P (B‘P hh y) = *}] . = ./[fy [(B‘P) Pr-eiy}] • 
[*121*13] = . f(y F ) : 3 h . Prop 

*121*601. h s E ! B<P . 3 . B‘P = 1 P . ~ [(B‘P) P„ (P‘P)} 

Bern. 

h . *91*504 . *93*1 . 3 h . ~ {(B‘P) P „ (B‘P )} . (1) 

[*121*301] 3 h E l B‘P . 3 : (B‘P) P 0 y .= y .B‘P = y: 

[*31*17] 3 : B*P = PqB‘P : 

[*121*13] 3 : B‘P= 1 P (2) 

K(l).(2).3h.Prop 

*121*602. V : E ! B<P . P e 1-»1 . 3 . P‘B‘P = 2 P 
Bern . 

h . *121*306*601 . 3 I- : Hp . 3 . P (B‘P hh P‘P‘P) e 2 (1) 

* Cf. *122, below. 
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I- . *121-23-601 . D I- Hp . D -..(B^P^y . D .B‘P,yeP(B‘P *y).B‘P±yi. 
[*54-53 .*121-303] D P{B‘P^y) e2.D: P(P‘Pi-h y)=i‘B‘P w i*y.(B*P)P vo y : 
[*92111] D : (P‘B‘P)P*y . P (P'Pwy) = i‘B‘P u i‘y : 

[*121103-601] D : P‘P‘P e l‘B‘P u t‘y . P‘B‘P + P‘P : 

[*51-232] D : y = P‘B‘P (2) 

I-. (1). (2). *1216. Dh. Prop 

*121 61. h : P e 1 — >Cls . P^ GJ.xe s‘gen‘P . D . 

^ (ga, v) . aBP . k e NC induct . aP„x 

Bern. 

I- . *93 36 . D h :. P e 1 — »Cls . x e s‘gen‘P . D . (ga) . aBP . aP^x (1) 
h .*121*52 . D h :. P e 1— >Cls . P^ G J . D : aP^x. = . a (s'finid'P) x (2) 
I" . (1) . (2) . D h : Hp . D . (ga) . aBP . a (s‘finid‘P)a; . 

[*12112] D . (ga, v ) . aBP . v e NC induct . aP,x : D 1- . Prop 

*121-62. h : P e Cls-> 1 . P^ G J . (P‘P) P # « . D . 

(gv) . r e NC induct — 1‘0 . x = v P 

Bern. 

I- • *121-52 . D h : Hp . D . (P‘P) (s'finid'P) * . 

[*12112] D . (gv) . v e NC induct . (P‘P) P,x (1) 

*" -*121-341 . D I- : Hp. e NC induct. D . P„eCls— >1 (2) 

P .(1). (2) . D h : Hp . D . (gy) . v e NC induct . x = P/B‘P . 

[*1211 3] D . (gj») . *»eNC induct . x = (v+ e l)/> . 

[*120"471] D . (g/i) . /i e NC induct — 1‘0 . x = fi P : D h . Prop 

*12163. I- : E l v P . D . N 0 c ‘P{B‘P*v p ) = v 

Bern. 

V . *12113131 . D I- : Hp . D . (P‘P) P,. tl v P . 

[*12111] D . N 0 c‘P (B‘P i— i v P ) = v:Dh. Prop 

*121*631. I- :.PeCls— >1 . P^GJ. j/eNC induct - i‘0 . D : 

N„c‘P (P‘P wy) = j». = .y = . (5‘P) P„_ tl y 

Dem. 


K *120-414-416. *12111. D 
h :. Hp . D : N 0 c‘P ( B‘P hh y) = v . 

H.(P‘P)P,_ iy . 

(1) 

[*121-341] 

= .y=K.,‘P‘P. 


[*12113] 

= .y=v P 

(2) 

1- . (1) . (2) . D h . Prop 




*121*632*633 are required for proving *121*634. 


Digitized by Google 



250 


CARDINAL ARITHMETIC 


[PART III 


*121*632. I- : PeCls— >1 .P p0 GJ'.i>eNC induct — i , 0.y=v P .yPz.0.z=‘(v+ e l) P 
Bern. 

I- . *12113 . 3 I- : Hp . 3 . ( B‘P ) P,^y . yPz . 

[*121 -333-352] 3 . (B‘P) P,z . 

[*121-631] 3 . 2 = (p +„ 1)/. : 3 h . Prop 


*121*633. I - : P e CIs— > 1 . P^ dJ.ve NC induct — 1‘0 . v P e D‘P . 3 . 

E ! (v + c l)f • (y + 0 I)p = P‘vp 

[*121-632] 

*121*634. h PeCls— >1 .P^CP-veNC induct— t‘0.3:»>eD t P.= .E!(p+ C l)p 
[*121-633-631-333 352] 


*121-635. h : P e Cls->1 . P^ G J. E ! Vp . 3 . v e NC induct - i‘0 

Dem. 

I- . *121-63*45 . 3 h : Hp . 3 . v e NC induct (1) 

h. *12113. D h : E ! i/ P . D . a ! P lr -,„ . 

[*121-272] 3 . (v - c l) + 0 1 > 0 . 

[*120-416] 3 . j> > 0 (2) 

I- . (1) . (2) . D h . Prop 


*121-636. H:PeCls->l . P^ G J. E ! ~ E ! («/ + 0 1) P . D , 


Dem. 

V. *121-635. 
[*121-634.Hp] 
l-.(l). *121-63. 
[*121-23] 
[*96-302.*91-542] 


P*‘P‘P = P (B‘P m Vp ) . N,c ‘P*‘P‘P = v 
Dh:Hp.D., eNC induct — 1‘0. 


3 . v P ~eD‘P 


( 1 ) 

( 2 ) 


3 I- :: Hp . 3 :. a l P ( B‘P n v P ) :. 

D: .(B‘P)P*v pt . 

3 :. ( B‘P ) P#z . 3 : zP^v P . v . VpP^z (3) 
1- . (2) . (3) . *91-504 . 3 V :. Hp . 3 : ( B‘P ) P*z . 3 . zP*v P : 

[*4-71] 3 :(B‘P) P 0 z . = . (P‘P)P** . zP«v P : 

[*121103] 3 : P*‘fl‘P = P (B‘P\-\v P ) : (4) 

[*121-63] 3 : N 0 c‘P*‘P‘P = «/ (5) 

h . (4) . (5) . 3 t- . Prop 


*121-637. V : E ! v P . 3 . e C‘P 

Dem. 

h . *121-13 . *14-28 . 3 h : E ! v P . = . v P = P K _.,‘5‘P . 

[*1 21-322] 3 . v P e C‘P : 3 h . Prop 
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*121-638. h:.E!(i/+ c l) P .D: ( B‘P ) P,x. = .x = (v + 0 1 ) P : (v + 0 1) - c 1 = v 

Bern. 

I- . *12113 . 3h:E!(j/+ 0 l) P . = .E! P^.JB'P . (1) 

[*121-272] 3.(*<+ o l)- c l>0. 

[*14-21] 3 . E ! (j> + 0 1 ) — c 1 . 

[*1422 .(*1 20411 )] 3.(i>+ 0 1)— c l = v (2) 

h . (2) . 3 V :. Hp . 3 : ( B‘P ) P,x. = . (B‘P) P ( „ +cl ,_ cl a; . 

[(l).*30-4] =.x = P (y+ ' t) _ cl ‘B‘P. 

[*121-13] =.x = («-+ 0 l) P (3) 

I- . (3) . (2) . 3 h . Prop 


*121-64. h : PeCls -* 1 . P^d J. v e NC induct - i‘0 . Nc‘P # ‘P‘P^ v.7>.Elv P 

Deni. 

V . *121-636 . 3 h Hp . E ! v P . 3 : ~ E ! (v + c 1) P . 3 . N„c ‘P*‘P‘P = v (1) 
I- .*120-428 .31-: reNC induct . g ! v+„l . 3 . v + 0 1 > v . 

[*117-281] 3.~(i>>i/+ c 1) (2) 

h . *11715 . 3 I- : ~g ! v + 0 l .3.~ (v^v + c l) (3) 

h.(2).(8). Dh:i;eNC induct. D.~(v>r+ 0 1) (4) 

h.(l).(4). 3 h :. Hp . E ! v P . 3 : 

~E!(j/+ 0 l) P .3.~ (Nc‘P*‘ J B‘P>«,+ 0 l) : 
[Transp] 3 : Nc ‘P^‘P‘P > k + e l . 3 . E ! (v + 0 1), (5) 

1- . (5) . Syll . *117-6 . 3 I- :. Hp : Nc ‘%‘B‘P^v .D.E!«/ P sD: 

Nc‘P*‘P‘P>»-+ 0 1.D.E!(^+ c 1)p (6) 

h . *14-21 . *121-601 .31-: Nc‘P*‘P‘P> 1 .3. E! 1 P (7) 

K (6). (7). *120-473. 3 

h :. Hp . 3 : Nc‘P # ‘5‘P^i/ . 3 . E ! v P :. 3 h . Prop 
*121*641. h :. PeCls— >1 . P^dJ. v eNC induct — 1'0 . 3 : 


[*121-64-63-32] 


Nc‘P*‘P‘P>v . = . E ! v P 


*121*66. h : P e Cls — * 1 . P^ dJ . /* 0 . E ! +„ v ) P . 3 . /i P P, (ji + c v) P 

Bern. 

V . *121-631-635-64 . *120 452 . 3 

I- : Hp . 3 . (fi‘P) P M _„ i fi P • ( B‘P ) P (ft + e v) P . 
[*121-351. *120-424] 3 . (B‘P) P M _, fi P . (fi‘P)(P^, | P.)(ji+ e v ) P . 
[*121-341. *72-591] 3 . p P P, (ji + e v ) P : 3 1- . Prop 
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*121-66. h : P e Cls -♦ 1 . Ppo C J . Nc‘P (P‘P h x) > v . D . x e <3‘P„ 

Bern. 

h . *121-45 . *120 48 . D I- : Hp . D . v e NC induct . 

[*120-429] D . Nc‘P (fi‘Pi-t x) > i> + 0 1 . 

[*117-31] D . (g/x) . Nc‘P (P‘P h«) = ^,1+^. 

[*12111] D.( a/ x).(P‘P)P, + .^. 

[*121 -351 -352] D . (g/x) . (P‘P) (P„ | P„) a: . 

[*34 36] D . a e Q'P, : D h . Prop 

The following proposition is used in *122-38 381. 

— > — > 

*121*7. h : 22 e 1 — >1 • aBR . a22*# . 3 . 22# 4 # = R (a hh a;) . R*x e Cls induct 
Deni. 

h . *96*25 .31-:. Hp . 3 : yR%x . 3 . aR#y : 

[*4*71] 3 : yR#x . = . aR#y . y22*# : 

[*121*103] 3 CR^x = R (a y-*x) (1) 

h . (1) . *121*45 . 3 h . Prop 

<-> 

*121*71. h :. 22 e 1 — > l ixe s‘gen‘22 . v . (gy) . y e R*x . y22 po y : 3 . 

— > 

#eCls induct 

Dem. 

h . *121*7 . *93*36 . 3 h : Re 1 — >1 . # es‘gen‘22 - 3 . 22* e Cls induct (1) 

<-> 

h .*97*55*111 . 3 h 22 e 1-»1 : (gy) . y e R^x . y2i po y : 3 : 

H H 

y e 22* 4 # . 3 y . y22 po y : x e R%x : 

[*10 26] 3 : xR^x : 

[*121*381] 3 : 22*‘# = 22 (a; i— i ^r) s 

[*121*45] 3 : R%x e Cls induct (2) 

h . (1) . (2) . 3 h . Prop 

*121*72. h : Re 1-»1 . R*x ~e Cls induct . 3. #€jt/G“Pot*22.22 po IR^xQJ 
[*121*71 . Trnnsp . *93*271 . *120*212 . *50*24] 


Digitized by 


Google 



*122. PROGRESSIONS. 


Summary of *122. 

By a " progression ” we mean a series which is like the series of the 
inductive cardinals in order of magnitude (assuming that all inductive 
cardinals exist), i.e. a series whose terms can be called 

1r> 2*, «%,... v Ri 

where every term of the series is correlated with some inductive cardinal, 
and every inductive cardinal is correlated with some term of the series. 
Such series belong to the relation-number (cf. *152 and *263) which Cantor 
calls a>. Their generating relation may be taken to be the transitive relation 
of earlier an<J later, or the one-one relation of immediate predecessor to 
immediate successor. We shall reserve the notation a> for the transitive 
generating relations of progressions; for the present, we are concerned with 
the one-one relations which generate progressions. The class of these 
relations we shall call “Prog.” 

It is not convenient to define a progression as a series which is ordinal ly 
similar to that of the inductive cardinals, both because this definition only 
applies if we assume the axiom of infinity, and because we have in any case 
to show that (assuming the axiom of infinity) the series of inductive cardinals 
has certain properties, which can be used to afford a direct definition of 
progressions. The existence of progressions, however, is only obtainable by 
means of the axiom of infinity, and is then most easily obtained from the 
fact that the inductive cardinals form a progression. We shall not consider 
the existence-theorem until the next number (*123). 

From this number onwards convention Infin T of the Prefatory Statement 
is used when relevant. 

The characteristics of the generating relation R of a progression, which 
we employ in the definition, are the following : 

(1) R is a one-one relation ; 

(2) there is a first term, i.e. E ! B‘R ; 

(3) the whole field is contained in the posterity of the first term, i.e. 

C t R^R^ t B t R. (If this failed, C‘R would consist of two or more distinct 
families, of which, since we have E ! B‘R, all but one would have to be cyclic 
families.) 

(4) every term of the field has a successor, i.e. the series is endless. 
This is secured by C D*fi, or (what is equivalent) (7‘2J = D*jR. 
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These four properties suffice to define the one-one generating relations of 
progressions. It will be observed that (2), (3) and (4) are all secured by 

This secures E ! B ( R, by *14*21 ; it secures G*P C D*i2, by *37*25 and 
*90*163 ; hence, by *33*181, DG2 = <7*22, and therefore 

C‘R = R*‘B‘R. 

Hence our definition of progressions is 

Prog = (l-*l)nP(D‘22 = R*‘B‘R) Df. 


Instead of stating in the definition that R is to be a one-one relation, it 

4 — 

is sufficient to put R e Cls — » 1 . R ^ G J , which, with D *72 = R%‘B‘R f implies 
72 c 1 — ► 1, and may be substituted for Pel— >1 without altering the force 
of the definition (*122*17). 

In the present number we shall prove, among other propositions, that 
every existent class contained in a progression has a first term (*122*23), i.e. 
that progressions are well-ordered series ; that in a progression R ^ G J 
(*122*16), which makes the propositions of *121 available; that if v is any 
inductive cardinal other than 0, v R exists (*122*33), i.e. the series has a i/th 
term ; that any class contained in D*P and having a last term is an inductive 
class (*122*43), and that any class contained in D*P and not having 
a last term is itself the domain of a progression (*122*45), so that every 
class contained in D*P is either inductive or the domain of a progression 
(*122*46) ; that if P is a many-one, and x a member of its domain, and 
if the descendants of x have no last term and are none of them descendants 
of themselves, then P arranges these descendants in a progression (*122*51); 
and that the same holds if P is a one-one and ~(xPx) (*122*52) ; and that if 
Pel— >1 and x belongs to one of the generations of P, but not to one of the 

generations of P, then P arranges the whole family of x in a progression 
(*122*54). 


The following general observations on the families of one-one relations 
may serve to elucidate the bearing of the propositions of this section. 

4 — > — ► 4 — 

Given any relation P, we call p* ‘x, i.e. P^x \j P%x f the family of a?. If 
P is a one-one, this family may be of four different kinds. (1) It may be a 
closed series, like the angles of a polygon. This occurs if xP^x. In this 
case the family forms an inductive class. (2) It may be an open series 
with a beginning and an end; this occurs if 

^(xP^x) . E ! min P *P#*# . E ! max P ‘P#x. 

In this case also the family forms an inductive class. (3) It may be an 
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open series with a beginning and no end, or an end and no beginning. 
This occurs if 


~ (xP^x) . E ! min P ‘P*‘a; . ~ E ! ma x P P#‘x i 

H H 

or if ~ (xP^x ) . ~ E ! min P ‘P#‘# . E ! max/P#*#. 

In this case, the series is of the type a> or Cnv“a>, and is non-inductive and 
reflexive. (4) The series may be open and have neither beginning nor end. 
This occurs if 


(V (S-Ppo*) • E ! min P *P**# • ~ E ! max P *P^*a?. 

In this case we get a series whose relation-number is the sum (in the sense 
of *180) of Cnv“o> and o>, which again is non-inductive and reflexive. In all 
four cases, if y and z be any two members of the family of x 9 the interval 
between y and z is an inductive class. 


If # is a member of P*P, or if the family of x contains a member of B‘P y 
cases (1) and (4) are excluded, since the series has a beginning. In this case 
the number of predecessors of any term is an inductive number. It will be 
observed that every family is either wholly contained in s'gen'P or wholly 
contained in p‘d“Fot‘P ; families of kinds (2) and (8) (excluding, in (2), 
those which have an end but no beginning) are contained in «‘gen‘P, while 
families of kinds (1) and (4), and those of (2) which have an end but no 
beginning, are contained in p‘G“Pot*P; families containing a member of 

B‘P are contained in s‘gen‘P, while all others are contained in p‘G“Pot‘P. 


Thus a one-one relation in general gives rise to a number of wholly 
disconnected series, some closed, others open and with or without a 
beginning or an end. The condition that all the series should be open is 

p^J- 

The case of a Q-shaped family, considered in *96, cannot arise when 

Pe 1 — ► 1, for in a Q-shaped family the term at the junction of the tail and 

the circle has two predecessors, one in the tail and one in the circle, so that 

the relation in question is not 1 — ► 1.. It follows that, when P e 1 — > 1, if a is 

— ► 

a family containing a member of B f P f a ] P ^ G J (cf. *96*23). 

When B‘P exists, there is only one family which has a beginning. In 
this case, ignoring the other families (if any), we call the members of the 
family of B‘P respectively 1 P , 2 P , 3 P , .... If the family has v members, 
where v is an inductive cardinal, its last member will be v P . If on the 
other hand the number of members of the family is not an inductive 
cardinal, it must be K 0 ; in this case, the family forms a progression, whose 
members are 1 P , 2 P , 3 P , ..., v Py ..., where v P always exists when v is an 
inductive cardinal. 

In addition to the propositions already mentioned, the following are 
important: 
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*122*21. b R e Prog . x, y e C‘R . D : xR^y . v . # = y . v - yRj^x 
(Cf. note to *122*21, below.) 

*122*34. b i2 e Prog .D:^eNC induct — i*0 . = . E ! v R 

*122*341. b : R e Prog . D . D'iJ = £ {(gp) . v e NC induct - i*0 . x = i/*} 

In virtue of these two propositions, the terms of a progression are 

2r> 3^, ... vr, ..., 

where every inductive cardinal occurs. This is the same fact as is usually 
assumed when the terms are represented as 

X\ , #a, x 3 , ... x ¥) .... 

*122 35. h : R e Prog . v e NC induct — 1‘0 . D . B‘R. = R (1* hh v b ) . B‘R r e v 
*122*36. I - : a ! Prog n t' u x . D . Infin ax ( x ) 

*12237. I - :Re Prog . D . D‘i2 ~ e Cls induct . N„c‘D‘.R ~ e NC induct 

— ► 

*122*38. I- : R e Prog . D . R#x e Cls induct 

I.e. the number of terms up to any given point of a progression is inductive. 


*122*01. Prog = (1 -► 1) n £ (D‘R = R*‘B‘R) Df 

* 122 * 1 . h:i2€Prog. = .i2el-*l.D‘i2 = ^‘5‘i2 [(*122*01)j 

*12211. I" R e Prog . = : R e 1— >1 . E ! B‘R :xeD‘R . = x .xe R#‘B‘R 
Deni. 


K *122*1. *14*205. D 

b :: Re Prog . = R e 1— >1 : (ga) . a = B‘R . D'i? = R^a 
[*20*43] = R e 1 — »1 (ga) : a = B‘R : x e D ( R . =* . x e R^a 

[*14*15] = :.i£el — >1 :.(g a) : a = B‘R : xeD‘R . =*. xeR#B‘R s. 

[*14*204] =:.Uel-*l.E! B‘R : x e D‘R m = x .xe R#‘B‘R::D h . Prop 


Observe that, by the conventions as to descriptive symbols, D*i2 = R^B € R 
involves the existence of B ( R, whereas x e D ‘R .= x .xe R%B‘R does not, 

4 “ 

since, if B‘R does not exist, we have (x) . x ~ e R#B‘R, and therefore 
will satisfy the equivalence, i.e. A will satisfy the equivalence 
although it has no first terra. This is the reason why E ! B‘R appears 
explicitly in *122*11, though it was only implicit in *122*1. 

*122*12. b :: Re Prog . = : m Re 1— >1 . E ! B‘R xeD ( R . =* : 

B‘Rea. R“aCa. D a .xea [*12211 . *90*1] 
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*12214. h : P e Prog . 3 . R^‘B‘11 = (I‘P 

Dem. 

h . *1221 . *37-25 . 3 1- : Hp . 3 . d‘P = P“X‘-B‘^ 

[*91-52] = Xo ‘B‘R : 3 H ■ Prop 

*122141. I - : P e Prog . 3 . d‘P C D‘P . C"P = D‘P 

Dem. 

I- . *1221 . *37-25 . 3 b : Hp . 3 . d‘P = R“R#‘B‘R . 

[*90163] 3 . d‘P C • 

[*1221.*33181] 3 . d‘R C D‘P . C‘R = D‘P :3b. Prop 

*122142. I- : R e Prog .Pe Pot ‘R . 3 . D‘P = D‘P [*122141 . *9214] 
*122143. I- : R e Prog . P e Pot ‘R . 3 . d‘P C D‘P [*122142141 . *91*271] 

*12215. b : R e Prog .3.P = (R*‘B‘R) J \R = R[ (R^B'R) = R[ (R*‘B‘R) 

Dem. 

1- . *1221 . *35-63 . 3 b : Hp . 3 . P = (R # ‘B‘R) ] P 
[*96-2] = P|‘(P po ‘P‘P) 

[*96-21] = R [ (R*‘B‘R) :3b. Prop 

*122151. b : P e Prog . 3 . P* = (P*‘P‘P) ] P# = P* [ (P*‘P‘P) 

[35-63-66 . *9014 . *122141-1] 

*122152. b : P e Prog . 3 . P^ = (P*‘P‘P) ]P po = P po [ (R lX) ‘B‘R) 

= P po r(P*‘*‘P) 

[*35-63-66 . *91-504 . *121114] 

*12216. HPcProg.D.PpoG J [*96 23 .*122152] 

This proposition enables us to apply to progressions all the propositions 
of *121 in which we have as hypothesis 

PeCls— >1 .R^CJ, or Re 1— *Cls.P p0 G«/. 

*12217. b : P e Prog . = .Re Cls — > 1 . P [>0 G J . D‘P = R#‘B‘R 

Dem. 

h. *35-63. 3\-:D‘R = R*‘B‘R.l.R = (R # ‘B‘R) J \R (1) 

h . *96 453 . 3 b : P e Cls -► 1 . (X*‘£‘P) 1 Ppo G ./• 3 . (P # ‘P‘P)1 P e 1 -* 1 (2) 
I- . (1) . (2) . *1221 .31-: D‘P = *R^B f R . Pe Cls ->1 . P^G «/. 3 . Pe Prog (3) 
b. (3). *122-116 . 3 H . Prop 

B.AW. II. 17 
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To illustrate this proposition, consider its application to the inductive 

cardinals arranged in order of magnitude ; i* take as a value of R the 

relation „ . . , , 

P v (fi e NC induct . v = fi + c 1> 

We then have R e Cls — >1 - 0 = B*R ; also 

N C induct = D*i2 = R#B‘R. 

We have also „ - ~ 

sb. that -K t ( _ 4< A) « 1 Cls. 


whence 

i.e. 


pR^v . = . (gw). «cNC induct — 

fiR vo v.'3_\fi’ :) ’l J '^ v ' 

(-c« A)1EpoCJ. 


But we do not get 


► Cls or J?po G J unless we have 
A^e NC induct, 

f . n If this condition fails, we reach at last an 

which is the axiom of infinitjV 

inductive cardinal which = A, an?^^ ^ ave 

a\^ +o !» 

, i x a i_ i . , jViessors, namely itself and the last 

so that A has two immediate prede^jr 0 ’ n . u fU P 

. . . , mu * - 4 . c a TV this case, is a Q in which the 

existent cardinal. The posterity of 0, ih%^ ^ 

circle has narrowed to a single term, namelV^ 

Thus we need the axiom of infinity in order V' 0 P rove 

/2 £ (/a e NC induct . i/ = /i+ 0 1, - « 

^ ^ V r*96*302. *122-1*141] 

*122*2. h R e Prog . y 6 <7‘i2 . D : - v • yR#x^ L 

*122*21. h R e Prog . x, y e . D : tfftpoy . v . x = y •. air* •303 . *122*1 141] 

f 's that if Uc Prog, 

This proposition, together with *1221 6 and *91*56, show t j on8 defined 
iZpo has the three properties by which transitive serial reh . ^ connected, 

(cf. *204), namely it is (1) transitive, (2) contained in divers* * ’ g^u a 
i.e. such that it relates any two distinct members of its fielc ^ relations as 
later stage define the ordinal number w as the class of sue ! 9 
where R e Prog. /• 

*122*22. f - :Re Prog . a C D ‘R .x } yea- R^^a . D . x = y ^ 

Bern. „ q x 

h • *122*21 • D h Hp . D : xR^y . v . x = y . v . yin * ^ 

h . *37*105 . D h : xea . xR^y . D .yeR^ 1 * 1 

- \ 

[Transp] Dhi^ea.y^e R^^ol . D ■ (afiJpoyT ' 
h . (2) . D I- : Hp . D . ~ (xR^y ) . ~ f 1 

h . (1) . (3) . Dh.Prop ^ 

\ 


( 1 ) 

( 2 ) 

( 3 ) 
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*122*23. H : R e Prog . o C D‘i? . g ! a . D . 


E ! min (R^ya . a — -Kpo“a = (‘min (i2po)‘a 

Dem. 

h . *96*52 . D h : Hp . D . g ! min (-Kpo)‘® (1) 

V . *93*111 . *122*22 .31-:. Hp . D : x, y e min (R^ya . D*, y . x = y (2) 

V . (1) . (2) . *32*4 . *93*111 .31-. Prop 

This proposition shows that every existent class contained in a progression 
has a first term, i.e. that a progression is a well-ordered series (cf. *250). 


*122*231. h:.ReProg.aCP po “a.3.a = A 

Dem. 


h . *91*504 . 3 I- : Hp . 3 . a C (Pi* 

I- . *93*11 . 3 I- : Hp . 3 . ~ E ! min (-Rpo)‘a 
I- . (1) . (2) . *122*23141 . Transp .31-. Prop 


( 1 ) 

( 2 ) 


*122*24. \-:Re Prog . Pe Pot ‘R . 3 . D‘P = P#“P‘P = s‘gen‘P 

Dem. 

h . *122*1 . *92*102 .31-: Hp . 3 . Pe 1— >1 . 

[*93*42] 3 . p‘d“Pot‘P = P“/>‘<I“Pot‘P . 

[*91*581] 3 .p‘(l“Pot'P C R po “p‘(I“Pot‘P . 

[*122*231] 3.p‘d“Pot‘P = A (1) 

l-.(l). *93*37*36. 3h:Hp.3.C‘P = P*“P‘P = s‘gen‘P (2) 

K (2). *1 22143.DK. Prop 
— > 

Except when P = jR, B‘P will not reduce to a single term. In fact, if 

— ► — > 

P = R Vi B‘P=R{ 1 * 1 - 11 ^), i.e . B‘P consists of the first v terms of the 
progression. 


*122*25. I - x Re Prog . P e Pot ‘R . x e D *R . D . 

(%‘x) 1 p 6 Prog . * = B‘{(P*‘x) 1 P} 

Dem . 


1- . *122*1 . *92*102 . 3 1- : Hp . 3 . (P*‘x) ] P e 1 -> 1 

(1) 

h. *122143. 3 1- : Hp . 3 . P#‘x C D‘P. 

[*35*62] 0 . D‘{(P,‘*>1 PJ = P#‘* 

(2) 

h . *37*4 . *91*52 . 3 1- . d^P^'a;) ] P) = P^x 

(3) 

h . *122*16 . *91*6 . 3 h : Hp . 3 .x^eP^x 

(4) 

1- . *91*542 . 3 h : y e P#.‘x .y^x.O .ye P^x 

(5) 

1- . (2) . (3). (4). (5) . 3 h : Hp . 3 . x = P‘((P*‘*) 1 P} 

(6) 

H . (1) . (2) . (6) . *96*131 .3K Prop 

17—2 
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The above proposition shows that what we may call aD “arithmetical 
progression ” in a progression is a progression, i.e. if, starting from any term 
of a progression, we take every other term, or every third term, or every i/th 


term, we still have a progression. 

*122-26. I -i Re Prog . a C R w u a. a ! a . D . T>‘R = R^a 

Dem. 

h.*221. D b Hp . D : B‘R e a . D . jB'jB e Rpo“a (1) 

b . *91542 . *122-11 . D I- Hp . B‘R ~ e a . D : y e a n D‘R . . (B‘R)R po y : 

[*91-504.*3715] D : y e a . . (B‘R) R w y : 

[*10-55.Hp] ^:(<^y).yea.(B‘R)R po y: 

[*37l] D:B‘ReR p 0 “a (2) 

h .(1).(2) . Db:Hp.D..B‘.R e (3) 

h . *92111 . D b Hp . D : xeR vo “a . xRy . D .yeR^ t( a. 

[*91-545] D.yeauiJ^o. 

[Hp] ^ . y e R po ‘ , a (4) 

I- . (3) . (4) . *90112 . D b Hp . D : (B‘R) R # y.3.ye R^'a (5) 

b . (5) . *1221 . D b . Prop 


The above proposition shows that if an existent class contained in a 
progression has no maximum, then any assigned member of the progression 
is succeeded by members of the class. 

The following proposition states that if a has members belonging to a 
progression, and there are members of the progression which do not precede 
any member of a, then there is in the progression a last member of a. 

*122 27. I- : R e Prog . a 1 D‘i? — R ^“a. . a ! a n D‘iJ . D . 

E ! max (R^ya . 3 ! a a D‘22 — jR^'a 

Dem. 

b . *122-26 . Transp . *37-265 . D b : Hp . D . a !an C'R-R^'a ( 1 ) 

b. * 12221 . D b : Hp .x, y ean G‘R- R^'a. D .x = y (2) 

b . (1) . (2) . *93115 . *122141 . D b . Prop 

*122*28. b : R e Prog . aCR^‘x . 3 ! a . D . E ! max (R m )‘a . a IanD‘i£ _ 

Dem. 

b . *9013 . *122141 . D b : Hp . D . a C D ‘R ( 1 ) 

b . *9014 . *122141 . Z> b : Hp . D . x e D‘R . 

[*71161.*122-16] 2.R‘x~eR f>0 “a. 

[*1221] 3 . 3 ! D‘J? — i2po“a (2) 

b. (1). (2). *122-27. Db. Prop 
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*122*3. h : R e Prog . 3 . D'iZ = & {(gy) • v e NC induct - ( B‘R ) R ¥ x } 

[*121*52. *122*1*16] 

*122*31. h : iJ e Prog . v e NC induct — 1‘0 . 3 . (Pi?, = $ {Nc'iJ (B‘R hh y) > • 

Lem . 

h .*120*429 .31-:. Hp . 3 : Nc‘i? (B‘R\-iy)>v . = . Nc^(fi < jBi-iy)^i/-h 0 l. 
[*117*31] = . (g/i) . fi e NC . Nc*iJ (.B'iJ wy) = /a+ c v + c 1 . 

v + 0 l y ft + 0 v + 0 1 e N 0 C . 

[*121*45.*120*452.*1 10*4] = . (g/t) .fie NC induct . 

Nc‘j£ (B‘R hh y) = fi + c v +c 1 - fi + 0 v + c 1 € N 0 C . 
[*12111*35.*110*43.*100*3] = . (g/*) . fi e NC induct . (B‘R) R^ j R v y . 

[*34*1] = . (g fi f x) . fi e NC induct . (B‘R) R M x . xR ¥ y . 

[*122*3] = . (ga?) . x e D‘22 . xR v y . 

[*121*323] = . (ga:) . xR v y . 

[*33*131] = . ye d‘R ¥ :. D h . Prop 

*122*32. \- : Re Pro g . j; e NC induct - i‘ 0.3. 

2MI,, = D‘iJ n £ {Nc*K w ar)< i/} 

Dem. 

h . *122142 . *121*501 . 3 h : Hp . 3 . D‘jR„ = D‘i2 (1) 

h. *122*31. *120*442. 3 h : Hp . 3 .-<J‘i2, = £ {Nc^RCB‘flw<c)<ir} (2) 

K (1). (2). *93*101. 3b. Prop 

*122*33. h : i? e Prog . v e NC induct — 1‘0 .0 .El p R 
Dem . 

h . *121*601 . *122*11 . 3 h : Hp. 3 . E ! 1* (1) 

h . *121*634*637 . *122*141 . 3 h :. Hp . 3 : E ! v R . 3 . E ! (y + 0 l) R (2) 

h . (1) . (2) . *120*473 .31-. Prop 

*122*34 h :. R e Prog . 3 : v e NC induct — i‘0 . = . E ! v R [*1 22*33. *121 *635] 

*122*341. h : Re Prog . 3 . D*i2 = Si {(gy) . v e NC induct — 1‘0 . x = v R ] 

Dem. 

b. *122 3*34. *121*638. 3 

b s Hp . 3 . D‘R = $ {(gp) . v e NC induct . a? = (v + c 1)^} 

[*120*471] = Si {(gp) . v e NC induct — i‘Q . x = v R ] : 3 b . Prop 

In virtue of *122*34*341, all the terms of a progression occur in the series 
1 u, 2 r , ... v Ri ..., and every inductive cardinal except 0 is used in forming 
this series. 
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*122'35. h : R e Prog . v e NC induct — 1‘0 . D . B‘R, — R (l s 1-1 v R ) . B‘R, e v 
Dem. 

I- . *121-63 . *122-33 . D h : Hp . D . Nc‘.R (B ( R * Vr ) = v. (1) 

[*122-32] D . ~B‘R„ = D ‘R rx Si (Nc‘iJ (B‘R war) < Nc ( R ( B‘R hh p b )} 

[*121-481] = D‘R r\£\R (B‘Rt-<x ) C R ( B‘R m i*)} 

[*122-1.*121-103] =$\(B‘R) R*x : yR±x . D v . yR*v R \ 

[*9017-13.*101] = Si j (B‘R) R*x . xR * v R \ 

[*121103] =R(B‘rI? r ) (2) 

[*121-601.*122-11] = R(1 r ^ Vr ) (3) 

h . (1) . (2) . (3) . D h . Prop 


*122*36. h : a ! Prog n t ut x . D . Infin ax (x) 

Dem. 

h . *122 v 35 . D h : Re Prog n t iu x . v e NC induct — i‘0 . D . a • v 0*0 (1) 

h . (1) . *101*12 . D h R € Prog n t n ‘i v . D : v e NC induct . . a 1 v ( x ) : 

[*120*301] D : Infin ax (x) D h . Prop 


*122*37. h : R e Prog . D . D*K ~ e CIs induct . N 0 c‘D*i? e NC induct 
Dem. 

I- . *122*35 • D h P e Prog . D : e NC induct . D r . a 1 C1‘D‘P a (j/ + c 1) . 
[*117*22*107] D, . N 0 c‘D‘P > v + c 1 . 

[*120*429] D„ . N 0 c‘D‘P > ir . 

[*117*42] D„ . N 0 c‘D‘i2 =f= v : 

[*13196] D : N 0 c‘D‘P ~ e NC induct (1) 

h . (1) . *120*21 . D h . Prop 


* 122 * 38 . h : i? e Prog . D . P**# € CIs induct [*121*7 . *90*13 . *120*212] 

— ► — > 

* 122 * 381 . h : P e Prog . v e NC induct - . D . R*v r = P ( l R hh v r ) . R*v r e v 
[*121*7. *122*35] 

The following series of propositions are concerned in proving that any 
class contained in a progression is inductive if it has a last term, aud is a 
progression if it has no last term. In the latter case, it is supposed arranged 
in the same order as it had in the original progression. A certain compli- 
cation is necessary in order to define its one-one generating relation. If R is 
the generating relation of the original progression, we proceed first to R^, 
then to -Rpo^a, where a is the class in question; this gives us a transitive 
generating relation for a. Calling this relation P, we then proceed to P— P 1 , 
i.e. the relation of consecutive members of the series generated by P. This 
relation turns out to be one-one, and to arrange a in a progression; hence our 
proposition is proved. The reason for the necessity of this detour is that 
consecutive members of a may not be consecutive members of the original 
progression. 
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*122*41. I- : R e Prog . aC D‘i2 . y ea — R^J'a. D . a C R (B‘R 1-1 y) 

Dem. 

h . *37"1 . *10"51 . D H Hp . D : z e a . D z . ~ (yR^z) . 

[*122-21] 3,.zR*y (1) 

h. *122*1. D I- Hp . D : z e a . D z . (B‘R) R^z (2) 

I- . (1) . (2) . *121103 . D h . Prop 
*12242. h : R e Prog . a C R (P‘.R wy ) . y e a . D . y = max fi ‘a 
Dem. 

h .*121103 . D h :. Hp . D : zed . D 2 .zR^y . 

[*91-574.*12216] ~ (yR^z) i 

[*37*1 .*10*513 D:y~ei2po“a: (1) 

[*96 303] D : z e a — R ^“a .^ t .z = y (2) 

I- . (1) . (2) . *93-115 . D h . Prop 

*122*43. I- : R e Prog . a C D‘P . g ! a — Rpo “« . D . a e Cls induct 
[*122-41 . *121-46 . *120-481] 

Thus every class which is contained in a progression and has a last term 
is inductive. We have next to prove 

R e Prog . a C D‘P . g ! a . ~ g ! a - Rfo“a . D . a e D“Prog. 

This is effected in the following propositions. 


*122*44. I -:Re Prog . a C R ^** . g ! a . P = a . Q = P — P* . D . 

Qel-^l.QCPp,, 

Note. The hypothesis here exceeds what is necessary for the conclusion, 
but is the hypothesis required for *122-45, for which the present and the 
following propositions are lemmas. 


Dem. 

1- . *23-43 . *35-442 . D h : Hp . D . Q <• P„ 
I-. *3613. 

[Transp] 

[*3613] 

[*3-47] 

[*122-21.(1)] 

Similarly 

I- . (1) . (2) . (3) . D I- . Prop 


(!) 

D h Hp . D : x, y> z € a . xR^y . yR^z . 3 . xP*z : 

3 : x, y, z e a . xR^y . ~ (xP*z ) . 3 . ~ ( yRpo z ) : 

D:xPy a (xP*Z) a 3 a r>J (yRpo*) • 

3 * . xQz • D . (yPpo^) . °° (^flpoj/) • 

D.y = * (2) 

1- :. Hp . D : xQz . yQz . D . x = y (3) 


*122-441. h : Hp *122 44 . D . D‘Q = a 

Dem. 


V. *37-41. DI-:Hp.D.D‘QCa 

I- . *37-1 . D 1- :. Hp . D : x e a . D . (gy) .yea. xR^y . 


[*3613] 

[*122-23.*9311] 

[*35-442] 

[*37-311.*32-31-35] 
l-.(l). (2). *33-4.31-. Prop 


D.g!P‘«. 

D.glP^-P^P'x. 

D.g!P‘«-P“P‘®. 

D . g ! Q‘x 


(1) 


( 2 ) 
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*122442. h :Hp*l 2244. D.P = Q po h*. 

In proving P G Q, M below, we assume xPz and consider ti he maximum of 
— * * — 

R w ‘z r\ Q%‘x, which is shown to exist and be Q‘z, whence xQ^z. 

Dein. ‘ti 

h. *2343. 3l-:Hp. 3. QGP (1) 

l-.*91-56.3l-:.Hp.3:P 3 GP: 

[(1)] 3:SGP.3.,S|QGP (3) 

h . ( 1 ) . (2) . *9M71 . *41-151 . D h : Hp . D . G P (3 )n 

h . *3613 .*1211.31-:. Hp . 3 : xP*z .x,ze a. Rian R(x — z): 
[Transp.Fact] 3 : xQz . = . x,z ea.xR^z .an R(x—z) = A (4) 

h . *122 441 .31-:. Hp . xPz . 3 : x e (R^z n Q^‘x ) : 

[*12227] 3 : 3 ! R vo t znQ^ t x — R vo ,i {^, vo t z n Q^‘x) 

[*37-461] 3 : (gy) . y e R^z n Q*‘x . R^y n R^z nQ*‘x = A : 

[*90151] 3 : (gy) . y e R^z n*Q*‘x .^R^y n R^z nQ‘y = A : 

t( 4 )] 3 : (ay) : y * R^ 2 * Q* x 

< — — ► 4 — — > 

~ (aw) • w e Ppo'y n R^z . a n R^y n R^w - A : 

[*22-43.*91"56] 3 : (gy) : y e Rr^z n Q*‘x ; 

4 — — > 4 — — ► ^ 

~ (gw) .wean R^y n R vo ‘z . a n R^y n R^z n R^w = A : 
[*37-461] 3 : (gy) . y e R^z n Q#‘x . 

4 — — > ^ 4 — — > 

~ g ! a n Ppo‘y n Ppo^ - Ppo“(a « P po ‘y « -Rpo‘*) : 

— ► 4 — 4 — — ► 

[*1 22’28.Transp] D : (gy) . y e R^z n Q^x . a n R^y n jRpo^ = A : 

< — 

K 4 )] ^ : (ay) • y * <?*'« . yQ* : 

[*9152] 3 : xQ^z (5) 

h . (3) . (5) . 3 h . Prop 


*122*443. h : Hp *122*44 . 3 . min (Ppo)‘a = P‘Q . G‘Q = a n R^^a 

Dem. 

h . *91-504 . *122-442 . 3 h : Hp . 3 . <TQ = (FP 
[*37-41] = anR vo “ a (1) 

l-.(l). *122-441. 3h:Hp.3.P‘Q = a-P po “a • (2) 

l-.(l). (2). *122-23. 3 I- . Prop 

*122-444. h : Hp *122-44 . 3 . D‘Q= Q#‘P‘Q 
Dem. 

h . *122-443 . *14-21 . 3 h : Hp . 3 . E ! B‘Q . 

[*9013] l.U*‘B‘QCC‘Q. 

[*122-441-443] 3.^‘P‘QCa (1) 

I-. *122-443. *96-303. 3 

h : Hp . a: e a . # =f B‘Q . 3 . ( B‘Q ) R^x . B‘Q, xea. 
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[Hp] 3 . (B‘Q) Px . 

[*122*442] 3.(*‘Q)Qpo* (2) 

1- . (2) . *91*54 . 3 h : Hp . a? e a . 3 . (B‘Q) Q*x (3) 

V .(1) . (3) . 3 h s Hp . 3 Q*‘ B‘Q = a 

[*122*441] = D‘Q : 3 h . Prop 

*122*45. Y : R e Prog . a C i?po“a . g ! a . P = R ^ £ a . Q = P P 2 .3 . 

Q e Prog . D ‘Q = a [*122*44 444*441] 

This proposition shows that every series extracted from a progression and 
having no last term is a progression. 

*122*46. h : R e Prog . a C D ‘R . 3 - a e Cls induct v D“Prog 
[*122 43*45. *120 212] 

This proposition shows that any number less than the number of terms 
in a progression is inductive. This result will be developed in the next 
number (*123). 

*122*47. h R e Prog . a C D*i£ . 3 : a e Cls induct — PA . = . g ! a — R^^a 
Bern. 

Y . *122*45 .31-: Hp . g ! a . ~ g ! a — Pp^'a . 3 . a € D“Prog . 

[*122*37] 3 . a ~ e Cls induct (1) 

l-.(l). *122*43.31-. Prop 

*122*48. 1- : R € Prog . a C D ( R . a e Cls induct . 3 . D ( R — a ^ e Cls induct 
Bern. 

Y . *120*71 . 3 1- : a C D‘R . a, D‘P — a e Cls induct . 3 . D‘P e Cls induct : 
[Transp] 3 Y : a C D‘P . a € Cls induct . D‘i2 ~ e Cls induct . 3 . 

D'li — a ~ e Cls induct (1) 

K(l). *122*37.31-. Prop 

*122*49. 1“ : -R € Prog . a C D*P . a e Cls induct . 3 . D‘R - a e D“Prog 
[*122*46*48] 

The following propositions are concerned with circumstances under which 
the posterity or the family of a term forms a progression. 


*122*51. h : PeCls -► 1 . I P ‘x = A . x € D <P . P*x C D‘P . 3 . (P*‘x) 1 P € Prog 
Here I P x has the meaning defined in *96. 

Bern. 

h. *71*261. *96*13. 3h:Hp.Q = (P^)1 P.3. 

Q € Cls -> 1 - Qpo = (P*‘#) 1 Ppo • 0) 
[*96 104] D.QpoCJ (2) 
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h . *35 61 . *37 '4 . 

D h : Hp (1) . D . D‘Q - *P*‘x . d‘Q = P“*P#‘x 

< — 

(3) 

[*91-52] 

= iv* 

4 — 


[(1)] 

= Qpo‘* 


[(2).*91-542] 

= Q*^ — t<a; 

4 — < — 

(4) 

h.(l).(8).(4). 

D 1- : Hp (1) . D . D‘Q = Q # ‘* . d‘Q = Q#‘x - i‘x . 

— ► 4 — 

( 5 ) 

[*93101] 

D.B‘Q = i , cc.T>‘Q = Q*‘x 


K(1).(2).(5).D 

h:Hp.Q = (P^)1P.D.Q € Cls->l.Q po CJ.D^ = S„^Q. 

[*12217] D . Q € Prog : D h . Prop 

The following proposition (*122*52) is used in *123*191, *261*4 and 
*264*22. 


*122*52. h:Pel->l.a;eD‘P.~ (xP^x ) . P*‘x CD ‘P.D. (P*‘x) 1 Pe Prog 
Devi. 

h . *96*492 . D h : Hp . D . I P ‘x = A (1) 

h.(l). *122*51. Dh. Prop 

The remaining propositions (*122*53*54*55) are not used in the sequel. 

*122*53. h : P e 1 -► 1 . # € s‘geu‘P . P*‘* C D‘P . D . (P*‘#) 1 P e Prog 
Dem . 

h . *97*21 . D h : Hp . D . (gy) . yPP . P*‘# = P*‘y . 

[*96*23.*93*1] D . (gy) . y € D‘P . P^x = P*‘y .I P ‘y = A . 

[*97*17. *91*504.Hp] D . (gy) . y € D‘P . P*‘y C D‘P . I/y = A . J?*‘* y ■ 
[*122*51] D . (P%x) 1 P e Prog : D h . Prop 

*122 54. h : P e 1 — > 1 . # e *‘gen‘P — e'gen'P . D . (P#‘x) "| Pe Prog 
Dem . 

h . *93*27*272 . D h : Hp . D . a?es‘gen‘P n jp'CP'Pot'P . 

[*93*381] D .# e s‘gen‘P . P*‘# C D'P (1) 

h . (1) . *122*53 . D h . Prop 


*122*55. hs.Pcl— ►l.Dstfe e'gen'P — e'gen'P . = . {P^x) ] P e Pro g 
Dem. 

K *35*61. Dh:Q = (Ki^)1^-3-D^=^^nD^P (1) 
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h . *37-4 . 3h:.Q = ( P*'*) ] P . 3 : d‘Q = P“P*‘s : 
[*97l7.*92111.*9r54-52] 3 : Q e 1 -» 1 . 3 . d‘Q n <3‘P 
h.(l).(2).DI-:.Hp.Hp(l).D:a!P‘Q.D.a!^‘a;-a‘P. 


[*97l7.*91-504] 

[*93-38-27] 


3.a!P#«*-a*p. 


3 .x€s‘gen‘P 

h . (1) . (2) . 3 h Hp (3) . 3 : D‘Q - C‘Q . 3 .%‘x n D‘P = P^c . 
[*22-621] 3 . %‘x C D‘P . 

[*9713] 3 .*P# ( xC D‘P . 

[*93-381-275] 3 . <c ~ e *‘gen‘P 

I- . (3) . (4) . *122111 41-54 . 3 h . Prop 


( 2 ) 


( 3 ) 


(4) 
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*123. N 0 . 


Summary of *123. 

In this number we are concerned with the arithmetical properties of N 0 , 
the smallest of Cantor’s transfinite cardinals. Cantor defines N 0 as the 
cardinal number of any class which can be put into one-one relation with 
the inductive cardinals. This definition assumes that v^v+ c \, when v is 
an inductive cardinal; in other words, it assumes the axiom of infinity; for 
without this, the inductive cardinals would form a finite series, with a last 
term, namely A. For this reason among others, we do not make similarity 
with the inductive cardinals our definition . We define N 0 as the class of 
those classes which can be arranged in progressions, i.e. as D“Prog. We then 
have to prove that N 0 so defined is a cardinal, and that if it is not null, it is 
the number of the inductive numbers. 

For convenience we put for the moment N for the relation of fi to fi + 0 1 
when fi is an inductive cardinal. We then easily prove 

*123*21 '23. b . N e Cls — * 1 . D‘N= NC induct - B‘N= 0 . = NC induct 

The only thing further required to prove Ne Prog is N e 1 — > Cls, i.e. 

fi , v e NC induct . /a+ 0 1 = v + C 1 - D . /x* v. 

By *1-20*311, this holds if g ! /*-f c 1, which holds if Infin ax holds. Hence 
*123*25*26. b : Infin ax (x ) . D . N £ P‘x e Prog . NC iuduct a t u x e N 0 
whence, by *122*36, 

*123*27. b : g ! N 0 (^r) . D . NC induct n € N 0 

Again it is obvious from *122*34*341 that if R is a progression, D‘R can 
always be put into a 1 — > 1 relation to the inductive cardinals (*123*3) since 
consists of the terms 1*, 2*,...i/*,..., and all the inductive cardinals are 
used in putting D‘R into this form. Hence 

*123*31. b : a € N 0 - 3 . asm NC iuduct 
whence also 

*123*311. b : a, e N 0 . D . a sm 

It remains to prove that any class similar to the inductive cardinals is an 
N 0 ; this can only be proved by assuming the axiom of infinity. We prove 
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first (*123 32) that if R is a progression, and S is a one-one whose converse 
domain is D‘R, then S | R \ S is a progression whose domain is D ‘S. Hence 

*123*321. b : a e tt 0 . a sm d . D . 0 e N, 

From this and a, f3 e K 0 . D . a sm /3, we obtain 
*123*322. b : a e N 0 . D . tt 0 - Nc‘a 
Hence by our previous results 
*123*34 b : Infin ax (x). D . Nc‘(NC induct n P‘x) 

Also we have, by *123*322 above, 

a!N..3.No«NC, 

whence, since A e NC, we obtain at last 
*12336. h.K„eNC 

As to the existence of N 0 in various types, if Infin ax (x) holds, i.e. if, given 
any inductive cardinal v, there are classes having v terms and composed of 
terms of the same type as x, then NC induct (t‘x) e tt 0 {(“x). Thus 

*123*37. I- : Infin ax (x) . D . a ! (t s '*) • K, (t 3 ‘x) e N 0 C 

The arithmetical properties of tt 0 in regard to addition, multiplication 
and exponentiation by an inductive cardinal are easily proved. We have 

*123*41. I- :veNC induct. D. 

*123*421. b.N 0 = N, + 0 N 0 = 2 x o S 0 
*123*422. I- : v e NC induct — t‘0 . D . v x 0 = tt 0 
*12362. h.N 0 = N 0 x o N 0 =K„ 2 
*123*53. I- : v e NC induct - t‘0 . D . N„" = tt„ 

All these propositions are well known. 

The early propositions of the present number are for the most part 
immediate consequences of propositions proved in *122. 


*123*01. N„=D“Prog Df 

*123*02. N «=» Ji v {/teNC induct .v = (ji + c l) n Dft [*123 — 4] 

*123*1. \-:aeti l> . = .(^R).ReProg.a = D‘R [*37*1 . (*123*01)] 

*123*101. :Re Prog . D . D‘iJ e [*123*1] 

*123*11. h:iicl-*l.D ( Ji-^£ f i{.3.D ( AeM» [*123*101 .*122*1] 

*123*12. b:a e N 0 .D.(ai2).D < iJ = a.Eel^l.a‘iJCD‘i2.^B‘i2el 

[*123*1. *122*141*11] 


Digitized by Google 



270 


CARDINAL ARITHMETIC 


[PART III 


*123*13. h : o 6 . D . Nc‘a = Nc‘a + 0 1 

Bern. 

h. *12312. *110-32.3 

h : a 6 N„ . D . (gi?) . D ‘R = a.Rel-+l. Nc‘D‘ R « Nc‘d‘i2 + 0 1 . 
[*100-321] D . (gi*) . D‘.R = a . Nc‘D‘i? = Nc‘D‘i? + 0 1 . 

[*35*94.*13*195] D . Nc‘a = Nc‘a + 0 1 : D h . Prop 

*123*14. I- : a 6 N 0 . pcNC induct . D . g ! vr\ Cl‘a [*122*35] 

*123*15. h:aeN 0 .D.a~e Cls induct [*122*37] 

*123*16. I- : « e N, . D . Cl‘a C Cls induct v N 0 [*122*46] 

*123*17. h : a e K 0 . « Cls induct . D . a — /9 € 

Bern. 

1- . *120*481 . D h : Hp . D . a r> fi e Cls induct . 

[*122*49] D .a-(a A/8)et<o: D I- . Prop 


*123*18. h : g ! tt 0 (x) . D . Infin ax (s) [*122*36] 

*123*19. h : i2 e Prog . g ! a . a C R vo “& . D . a e N<, [*122*45] 


*123*191. h: Rel-kl.se D‘R . ~ (xR^x ) . R*‘x C D‘R . D . R*‘x e K 0 

[*122*52] 

*123*192. l-:i2el-»l. d‘.R C D‘R . D . C tt 0 

Bern. 

I- - *93101 . 2\-ixeB‘R.D.xeD‘R 

h. *9 1*504. *93*101. D h : x e B‘R . D . ~ (xR^x) 

h. *90*13. IV-.d'RC.D'R.'} .RJxCD'R 


( 1 ) 

( 2 ) 

(3) 


h . (1) . (2) . (3) . *123*191 . D I- : Hp .xeB ( R . D . R^xeH t : D I- . Prop 


*123*2. h :/iNv.= ./* e NC induct . »» = (^+ c l) n t a ‘/i [(*123*02)] 

*123*21. I- . N e Cls — » 1 . D‘i\T= NC induct . d‘N = NC induct — 1‘0 .B‘N =0 

Bern. 


b . *123*2 . *13*172 - D b : /iNv . /iNm .D.i/ = v: 
[*71*171] Db.Ne Cls-*1 

(i) 

b . *123*2 . D b . D‘N = NC induct 

(2) 

b . *1 232 . D h . Q.‘N =■ v {(g>) . /x e N C induct . 

*' = /*+«!} 

[*120 423] = NC induct — l ‘0 

(3) 

h . (2) . (3) . *93*101 . D h . 0 

W 

h . (1) . (2) . (3) . (4) . D h . Prop 



*123*22. h . iV=(+ 0 l)[NC induct [*123*2] 


Digitized by 


Google 



SECTION c] N„ 271 

♦12323. h.i7*‘0 = NC induct = D‘tf 
Bern. 

Y . *1 23-22 . Z> Y . V*‘0 = £ [fi {(+ c 1 ) [ NC induct}*0] 

[*1201. *96"21-131] = {NC induct 1(+ o l)*|0] 

[*120*1] = NC induct (1) 

h.(l). *123-21. Dh. Prop 

*12324. Y : Infin ax (x ) . D . N £ t?‘x e 1 — * 1 
Bern. 

Y . *120"301"121 . D h :: Hp . D :. /* e NC induct . D : g ! (fi + 0 1) a P‘x : 

[*1 20*311] D : (fi + 0 1) a t u x — v + 0 1 • D . ft = v : 

[*123*2.*71*17] D:iVt«*‘a:€l-*Cl8 (1) 

l-.(l). *123-21. Z> Y. Prop 

*12325. h : Infin ax (x ) . D . N £ P‘x e Prog [*123 21 -23*24 . *1221] 

*123*26. h : Infin ax (x ) . D . NC induct a t*‘x e N 0 [*123-25*21-101] 

*123*27. h : g ! N 0 (x ) . D . NC induct a t?‘x e K, [*1 23-26-18] 

*123*3. h : R e Prog . /S= $ £ {v e NC induct . x = (v + 0 1).r} • D . 

S e 1 -♦ 1 . D‘S = T>‘R . d‘S = NC induct 

Bern. 

Y . *120*423 . D Y : Hp . D . D‘£ = £ {(g/i) . p e NC induct — i‘0.x = /**) 


[*122-341] =D ‘R (1) 

I- . *14-204 . *122 34 . D Y : Hp . D . d‘S = v {E ! (v +,1)*} 

[*122*34] = *»{«»+ c l€NC induct — 1‘0} (2) 

f- . *122*36 . *120*3 . D Y :. Hp. D : v+ 0 l e NC induct . D . g !«/ + 0 1 . 
[*120*422] D . v e NC induct (3) 

h . (3) . *120*421 121 .31-:. Hp . D : v + 0 1 e NC induct — 1‘0 . b . 

veNC induct (4) 

l-.(2).(4). 3 1- : Hp. 3 .d‘S= NC induct (5) 

Y. *13*172. *71*17. 3h:Hp.3. Sel-»Cls (6) 

Y . *121*631 . 3 Y :. Hp . 3 : xS/i . xSv . 3 . 

Nc‘R(B‘R Hii:) = /t+ 0 l . Nc‘.ft (B‘R i — i + c 1 . 
[*13*171] D./i+ e l = »»+ 0 l (7) 

I- . (5) . *122*36 . *120*3 . 3 Y :. Hp . 3 : xSp . 3 . g ! /i + 0 1 : 

[*120*41] 3 ixSfji.fi+ e l = j>+ 0 1 . 3 .ft = vi 

[(7)] 3 : xSfj . . xSv . 3 . /* = v : 

[*71*171] 3 : $ e Cls —* 1 (8) 

f- . (1) . (5) . (6) . (8) . 3 h . Prop 
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*12331. I- : acK 0 . D . asm NC induct [*123 3] 

*123311. H:a 1 £eK 0 .D.asm)8 [*12331 . *73'31*32] 

It is not assumed here that a and ft are of the same type. 

*123 312. I- ; R e Prog . 8 e 1 -*• 1 . <JSS = D ‘R . D . 

8 1 R | S e 1 -> 1 . T>‘S = D‘(S | R 1 6 ') . S‘B‘R = B‘(S | R \ S) 


Bern. 

Y . *71252 . *1221 . D Y : Hp .D.<S|i2|/Sel— »1 
Y . *122141 . *37-321 . D Y : Hp . D . D‘(P 1 5) = D‘P = d‘S . 


[*37-323] 

h . (2) . *37-32 . 

M3). (4). 

[*37-25.Hp] 

[*71-381] 

[*12211.*53-31] 


( 1 ) 

( 2 ) 

(3) 

(4) 


D. B t (S\R\S) = D‘S 
D I- : Hp . D . d‘(S | R j S) = S“d‘R 
Dh:Hp.D . ~B‘(S \R\S) = D‘S- S“d‘R 

= S“ D‘R-S“d‘R 
= S“~B‘R 

= (5) 

I- . (1) . (3) . (5) . D h . Prop 

*123-313. I Re Prog . S e 1 -> 1 . (I'S = D‘P . P = S | P | S . 3 . D‘P=P*‘P‘P 


Bern. 

Y . *34-36 . *123-312 . D Y : Hp . D . d‘P C D‘P . E ! B‘P . 

[*9013] D.P^P'PCD'P 

Y. *123-312. Dh:Hp.D.5‘P‘PeP # ‘P‘P 

h • *33"14 . D h : Hp . S‘x e P% ( B‘P . xRy .D .ye d‘R . 

[*122*141. Hp] D.yed‘S. 

[*71-16] D.E \S‘y. 

[*30-32.*34-l] D.5*«(S|Jl|S)5*y 

[Hp] D . S‘x P S‘y . 

[*90163] D . S‘y eP^B ( P 


( 1 ) 

( 2 ) 


(3) 


I- . (2) . (3) . *90112 . D I- Hp . D : {B‘R) R#x ,0.S‘xe P*‘P‘P : 


[*37-63] 

[* 1221 ] 

[*37-25.Hp] 

[*123-312] D : D‘P C P*‘B‘P (4) 

I- . (1) . (4) . D I- . Prop 

*12332. h:PeProg./Sel->l .<3‘,S = D‘P.D. 

S\R\Se Prog . D‘S= D‘S | R j S . S‘B‘R = B\S \R\S) [*123 312-313] 


D : S“R*‘B‘R C P*‘5‘P : 
D:S“D‘P CP*‘P‘P: 

D : D‘/S C*P%‘B‘P : 
D:D‘PCP*‘.B‘P 
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*123-321. h : a e N 0 . a sm /3 . 3 . /3 e N 0 [*123 32] 

*123-322. h:aeNo.3.N 0 = Nc‘a 

Dem. 

I- . *123*311-321 . D h a«K, . D : #eN 0 . = . /8srn a (1) 

h . (1) . *100‘1 . D h . Prop 

*123-323. h : jR e Prog . D . N 0 = Nc‘D‘i2 [*123 322] 

*123*33. b Infin ax (x ) . D : a eN 0 . s . asm (NC induct r\ t?‘x) [*123-26-321-31] • 
*123*34. h : iDfin ax (#) . D . N 0 = Nc‘(NC induct a t?‘x) [*123 33] 

*123-35. h : a ! N 0 (a;) . D . N, (<c) = Nc‘(NC induct n <*‘a;) [*12334-18] 

*123-36. l-.N,eNC [*123-35. *102-74] 

*123-361. h : a ! N 0 . 3 . N 0 ~ e NC induct [*12315-322 . *120 21 1] 

*123-37. I- : Infin ax (x) . D . a ! N, (<’ ‘* ) • N 0 (<* ‘*) € N 0 C 
Dem. 

Hp . D : v e NC induct . D, . a • v (®) '• 

D:i»eNC induct . D„ . a ■ v . v = v (x ) : 

D : v e NC induct . D, . a ! v : NC induct C t?‘x : 

D : NC induct e N 0 . NC induct C t?‘x : 

D : NC induct e N 0 {V“x) 


K *120-301. Db 
[*65-13] 

[(*6502)] 

[*123-34] 

[(*6502)] 

V • (1) . *103-34 . *123-36 . D V . Prop 

*123-39. K(N.), = (N 0 +.l), 

Dem. 

V . *11812 . *117-6 . *123-322 . D I- : (N 0 ), = A . D . (N 0 + 0 1), = A 
h . *123-13-322 . 3 V : a ’• («.), • 3 • (N,), = (N, +o 1), 

b . (1) . (2) . D b . Prop 

*123-4. b.N„ = N 0 + o l [*123-39] 

*123-401. b : a ! N 0 . 3 . N 0 = N,- c 1 

Dem. 

b . *120124 . *123-36-4 . D b : a ! N 0 . 3 . N 0 e NC - 1‘0 . 
[*120-414-416] 3 . (N 0 -« 1) + c 1 = N 0 

[*123-4] = No + 0 1 

[*120-311] D.N.— e l = No 

b . *119-11 . D b : (No), - A . D . (N 0 ), - (N. - 0 1), 
b . (1) . (2) . D b . Prop 

*123-41. b : »> e NC induct . D . N„ = N 0 +, »» [*123’4. *12011] 
*123-411. b : v e NC induct . D . N 0 - N 0 - 0 1 / [*123 401 . *12011] 

B.&W. II. 


( 1 ) 


( 1 ) 

( 2 ) 


( 1 ) 

( 2 ) 


18 
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*123 42. I- : P e Prog . Q = i 5 *. 3 • Q#‘lp, Q#‘2p e N 0 • Q#‘^p n Q**2 P — A 
Note that Q^‘1 P is the odd terms and Q#% the even terms of D‘P. 

Dem. 

h . *916 . 3 I- :. Hp . 3 : Q*‘l P C P*‘1 P . Qi‘2 P CP*‘2 P : 

[*1221] 3:Q*4 P CD‘.P: 

[*33-13] 3:yeQ* ( l P .3.(nz)-yPZ' 

[*122141] 3. (a z,w).yPz.zP^w. 

[Hp.*90163.*91-503] 3 . (gw) . yQw . w e Q*‘l P . yP^w : 

[*37-1] 3 s Q*‘lp C P po“Q*‘lp i 

[*12319] D:Q^‘l P eN 0 (1) 

Similarly h : Hp . 3 . Q#' 2 P e N 0 (2) 

I- . *121-601-602 . 3 I- : Hp . 3 . 1 P P 2 P . 

[*122-1 6 .*9 1 "5 2-6] 3.~(2 P Q*1 P ) (3) 

h . *121-602 . *53-31 . *93-1 . 3 1- Hp . 3 : Q‘ 2 P = P‘l p = A : 

[*1314] 3:yQ*.3.A+2 P :, 

[*91-542] 3 : 2 P Q** .yQz.l. 2 P Qpo* . yQ* . 

[*9211] 3.2 P Q*y: 

[Transp] 3 : ~( 2 P Q*y) -yQz- 3 . ~(2 P Q#*> (4) 

1- . (3) . (4) . *90-112 . 3 1- Hp . 3 : l P Q*s . 3 .~(2 p Q*a) (5) 

I- . (1) . (2) . (5) . 3 1- . Prop 
*123-421. h.N„ = N 0 4 - o N„ = 2 x 0 N 0 
Dem . 

h. *123-42 . 3h:aett,.3.(a/3,7)./3,7eN 0 ./3rt 7 = A.£v 7 Ca. 

[*110-32.*ll7-22] 3.Nc‘a>No+ 0 N„ (!) 

h . (1) . *117-6-23 . 3 1- : g ! No • 3 . No = N,+ 0 N, (2) 

I- . (2) . *1 1 812 . *117-6 . 3 h . N 0 = N 0 + e N, (3) 

h. (3). *113-66 . 3 h . Prop 


*123*422. h : v e NC induct — 1‘0 . 3 . v x 0 N 0 = N 0 
Dem. 

h : #113'671 . D h : i/ x 0 N 0 = N 0 • 3 • (^ +o 1) x = +o 
[*123-421] = #o (!) 

h. (1). *120-47. 3 K Prop 
*123*43. h :. a 1 N 0 . 3 : v e NC induct . 3, . N 0 > v 

Dem. 

h . *12318-36 361 . 3 h : Hp . 3 . N 0 e NC - NC induct - t‘A . 

NC induct C-t‘A (1) 

h . (1) . *120 49 . 3 h . Prop 
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*123*44. h 3 ! N, . 3 : v e NC induct u t‘N, . = . N 0 ^ v 
Bern. 

I- . *123*322 . 3 Y :.aeN, . 3 : N 0 >v . 3 . Nc‘a>i/ . 

[*117*22*104*12] 3 . g ! v n Cl‘a . v e N 0 C . 

[*123*16] 3 . g ! v n (Cls induct wX,).h N 0 C . 

[*103*26] 3 . (g/3) . v = N 0 c‘/3 . /9 e Cls i Dduct u N 0 • 

[*1 20*21 .*1 03*26] 3. i>«NC induct u i‘N 0 (1) 

h.(l). *123*43.31-. Prop 


*123*46. I- :. a ! No . 3 : veNCinduct . = . N 0 > » • = • v < No [*123*43*44] 


*123*46. I- : a e Cls induct ./9eNo.3.av$eNo 

Bern.. 

h . *110*32 . *22*91 . 3 V . Nc‘(a v / 3) = Nc‘/3 + 0 Nc‘(a - /9) 

Y . *120*481*21 . 3 h : Hp . 3 . N,c‘(a-/9) e NC induct 

K *123*322. 3h:Hp.3,N, = Nc‘/8 

h . (2) . (3) . (*110*04) . *123*41 . 3 Y : Hp . 3 . Nc‘/9 + 0 Nc‘(« - £) = N 0 
h . (1) . (4) . *100*44 .31-. Prop 


( 1 ) 

( 2 ) 

( 3 ) 

(4) 


*123*47. I- :. a ! N 0 . 3 : a e Cls induct uNo> = . ( 37 ) • 7 e N 0 . a C 7 . 

= .Nc‘a<N, 

Bern. 

h. *123*46 . 3 (- :. Hp . 3 : a eClsinduct . 3 . ( 37 ) . 7 « N 0 . o C 7 ( 1 ) 

H . *22*42 . 3 I- : a e No . 3 . ( 37 ) . 7 c N, . a C 7 ( 2 ) 

I-. *123*16. 3 1* : ( 37 ) . 7 eN 0 .aC 7 - 3 .ae Cls induct u N 0 (3) 

h . ( 1 ) . ( 2 ) . (3) . 3 I- Hp . 3 : a e Cls induct v No . = . ( 37 ) . 7 e N 0 . a C 7 (4) 

I- . *123*44*322 . 3 H :. /9 e N 0 . 3 : N,c‘a e NC induct v t‘N 0 . = . N 0 c‘a < N 0 c‘y9 : 
[*1Q3*26.*120*21.*117*107] 3 : a c Cls induct u N, . = . Nc‘a < Nc‘/9 . 
[*123*322] s . Nc‘a < N, (5) 

h . (5) . *10*11*23 . 3 h :. 3 ! N, . 3 : « e Cls induct w N, . = . Nc‘a < N 0 (6) 

I- . (4) . (6) . 3 I- . Prop t 


The following propositions are concerned in proving N 0 a = N 0 . The proof 
given is roughly Cantor’s. It consists in showing that the relation R defined 
in the hypothesis of *123*5 is a progression. 

18—2 
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*123 5. h : P, Q e Prog . 

R=% v ) : X= fi P | v v . F= (/*+„ IV j ( v - 0 1) 0 • v . 

Z=/* P | l 0 .r=l P ],(/*+ 0 l),]. D.Pel->l 

Dem. 

h . *122 34. 3 I- Hp . 3 : X=fi P l p g .F= (/i+ c l) P> [(i/- 0 l) g . ^ • 

fi, v e NC induct — 1 ‘ 0 . v + 1 (1) 

I- . (1) . 3 I- :. Hp . 3 : (a fi, v).X=ji P lv Q .Y=(fi + c 1) P j ( v - 0 l) g • 3 . 

~(3m)--X'=P'p i !«■ 1^= Ip !• (M +o 1)« (2) 

V . (2) . *123 3 . 3 

h :: Hp . 3 :• (a/*> v)mX= fi P ,[ i> g . 7=(/t + 0 l) g X (* ,— o^)g iXRY • X RY : 3 . 

X=X'.Y=Y' (3) 

h . (2) . Transp . *123'3 . 3 

l-::Hp.D:.(aM)-^=Mpilfl-^=lpi(M+cl)g!^'-BI r, -^ , -B^ :3 - 

X=X\ Y=Y’ ’ (4) 

h . (3) . (4) . 3 V : Hp . 3 . R e 1 — > 1 : 3 I- . Prop 

*123-501. V : Hp *123 5 . 3 . D‘P = D‘P x D‘Q 

Dem. 

I- . *122-34 . 3 V Hp . 3 : /*, v e NC induct — e‘0 . v + 1 . 3 . 

(a*p i v q) R Km +oi)p >1 (y ~ o i)«l (i) 

h . *122 34 . 3 h Hp . 3 : /i e NC induct — 1‘0 . 3 . 

(^l^PtlpJOi+.l),} (2) 

I- . (1) .(2) . 3 I- : Hp . 3 : fi, v e NC induct — 1‘0 . 3 . fi P j, p g e D‘P : 

[*122341] 3 lireD'P. y eD‘Q . 3 -xly eD‘P (3) 

V . *2133 . 3 V Hp . 3 : Xe D‘R . 3 . (a/*, v ) . X= /i P 4, v g . 

[*122-341] 3.(Kx,y).xeD‘P.yeI>‘Q.X=xly (4) 

h . (3) . (4) . *113101 . 3 h . Prop 

*123-502. h : Hp *123-5 ; 3 . d‘P C D‘P . P*‘(1 P i 1 g ) C D‘P 
Dem. 

h .*2133 . 3 h : Hp. F=(/t+ 0 l)p J, (i/— 0 l) fl . »- 0 l + 1 . 3 . 

. FP{( m+0 2) p 4(p- 0 2) 8 ) (1) 

h .*21-33 . 3 h : Hp . F= + 0 1 ) P i l g . 3 . YR {1 P j (/* + c 2),} (2) 

h . *21-33 . 3 1- : Hp . F= 1 P i (ji + 0 l) g . 3 . YR 2 P i ^ g (3) 

h . (1) . (2) . (3) . 3 h : Hp . 3 . <FJ8 C D‘R : 3 h . Prop 
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K. 

*123-603. h : Hp *123 5 . 3 . D‘i2 C R*‘(l P 4 l q ) 

Bern. 

H . *123-501 . *122-11 . 3 1- : Hp . 3 . 1 P 4 l g eP*‘(l P 4 l c ) (1) 

h . *90"1 6 . 3 I* : Hp . (l p 4 lg) -R* (m-p 4 v q) • v =]= 1 . 3 . 

(lj>4 lg) -^*{0* +« l)p 4 ( v ~o 1)«} (2) 

H. (2). *120-47. D 

h : Hp . (1 P 4 lg)R*(/fp 4 **«) • 3 • (1^4 lg) R*{(m +« v ~ o 1)j> 4 lg] • 

[*90"16] 3 . (Ip 4 ly) ^*{lp 40*+c ^g] ■ 

[(2).*120-47] ^ • (Ip 4 1«) -K*{/*p 4 ( v +o 1)«) • (3) 

[*90"16] D . (Ip 4 lg) -R* {(m +o l)p 4 *'«} (^) 

P . (1) . (3) . (4) . *120-47 . 3 

I- Hp . 3 : p, v e NC induct — 1‘0 . 3 . (1 P 4 lg) R*(/*p 4 v <i) (5) 

h. (5). *122-341. Dh. Prop 

*123-604. h:Hp*123-5.D.5‘ J R = lp4l ( j [*12334. *120 414] 

*123-61. V : Hp *123 5 . 3 . R e Prog . D‘R = D‘P x D‘Q 

[*1 23-5-501-502-503"504] 

*123-62. h.X 0 = N 0 x o N 0 = K 0 * [*123*51 . *116-34 . *113-25-204] 


*12363. 1- : reNC induct - 1‘0 . 3 . N„' = N„ [*123-52 . *11652] 

*123*7. P : Infin ax (x) . Mult ax . 3 . g ! N 0 (t‘x) 

Bern. 

P . *123*34 . *120 301 . 3 1- : Hp . 3 . NC induct (t‘x) e N 0 (1) 

1* . *100-43 . *120301 . 3 P : Hp . 3 . NC induct (t‘x) e Cls ex* excl (2) 

P . (1) . (2) . *88 32 . 3 P : Hp . 3 . g ! Prod'NC induct (t‘x) (3) 

P.(l). (2). *11516. 3 P : Hp . 3 . Prod'NC induct (t‘x) C K 0 (4) 

I- .*11 5-18. (*6502). 3 P : /eeProd'NC induct (£‘<r) . 3 . icetWx (5) 
P . (3) . (4) . (5) . (*65-02) . 3 P . Prop 
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*124. REFLEXIVE CLASSES AND CARDINALS. 

Summary of &124. 

In this number, we have to take up the second definition of infinity 
mentioned in the introduction to this Section. A class which is infinite 
according to this definition we propose to call a reflexive class, because a 
class which is of this kind is capable of reflexion into a part of itself. A 
class is called reflexive when there is a one-one relation which correlates 
the class with a proper part of itself. (A proper part is a part not the 
whole.) A reflexive cardinal is the homogeneous cardinal of a reflexive 
class. 

We prove easily that reflexive classes are not inductive (*124 271), that 
reflexive cardinals are such as are greater than or equal to N 0 (*124*23), and 
such as are unchanged by adding 1 (excepting A) (*124*25). To prove that 
classes which are not inductive must be reflexive has not hitherto been 
found possible without assuming the multiplicative axiom. We do not 
need, however, to assume the axiom generally, but only as applied to 
products of N 0 factors. With this assumption, the result follows by a series 
of propositions explained below. Thus if a product of N 0 factors, no one of 
which is zero, is never zero, then the two definitions of the finite and the 
infinite coincide (*124*56). 

We will call a cardinal v a “multiplicative cardinal” if a product of v 
factors none of which are zero is never zero. Thus all inductive cardinals 
are multiplicative cardinals; and the assumption needed for identifying the 
two definitions of finite and infinite is that N 0 should be a multiplicative 
cardinal. 

For a reflexive class we use the notation “Clsrefl,” and for a reflexive 
cardinal we use “ NC refl.” We define a reflexive cardinal as the homogeneous 
cardinal of a reflexive class, i.e. we put 

NC refl = N 0 c“Cls refl Df. 

The only effect of this is to exclude A from reflexive cardinals, which is 
convenient. We then need (on the analogy of *110*03*04) a definition of 
what is meant when an ambiguous symbol such as Nc*a is said to be 
reflexive, and we therefore put 

Nc‘p e NC refl . = . N 0 c‘p e NC refl Df. 
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For the class of multiplicative cardinals we use the notation “NOrnuR.” 
Thus we put 

NC mult = NC a a [k e a a Cls ex 2 excl . 3* . g ! e*'*} Df, 

whence it follows that if ae NC mult, a product of a factors, none of which is 
zero, will never be zero. 

We begin, in this number, with the more obvious properties of Cls refl, 
proving that a Cls refl is one which contains sub-classes of K 0 terms (*1241 5), 
that it is one whose number is unchanged when a single term is taken away 
(*124*17), and that it remains reflexive if any inductive class is taken away 
from it (*124-182). 

We then give corresponding propositions concerning NC refl (*124*2*34), 
proving, in addition to propositions already mentioned, that a reflexive 
cardinal is greater than every inductive cardinal (*124*26), and that a class 
which is neither inductive nor reflexive (if there be such) is one which 
neither contains nor is contained in any progression (*124*34). On such 
classes, see the remarks at the end of this number. 

We then (*124*4*41) give a proposition merely embodying the definition 
of NC mult, and show that all inductive cardinals are multiplicative, which 
follows immediately from *120*62. 

The following series of propositions (*124*51 ff.) are concerned with the 
proof that, if N 0 is a multiplicative cardinal, then the two definitions of finite 
and infinite coalesce. The proof, which is somewhat complicated, proceeds 
as follows. 

To begin with, we know that if p is a class which is not inductive, it 
contains classes having v terms, if v is any inductive cardinal. Thus we have 
glOnCl'p, a!lnCl‘p> ... g!i/nCl ‘p, .... 

The classes of classes 0 a Cl ‘p t 1 a Cl‘p, ... v a Cl'p, ... thus form a pro- 
gression, which is contained in Cl'Cl'p. Hence (*124*511) 
h : p < — » e Cls iuduct . 3 . Cl'Cl'p e Cls refl. 

So far, the multiplicative axiom is not required. 

The above progression of classes of classes is 

(a Cl‘p)“NC induct. 

If P is a selective relation for this class of classes, D*P is a progression con- 
tained in Cl ‘p. Hence 

* 124 * 513 . h : g ! e*‘( a Cl*p)“NC induct . 3 . Cl ‘p e Cls refl 
whence 

* 124 * 514 . h S 0 e NC mult . D : p ~ e Cls induct . D . Cl ‘p e Cls refl 
To prove the next step, namely 

tt 0 € NC mult . a ! ti 0 a Cl'Cl'p . D . a 1 No ^ Cl ‘p, 
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we make a fresh start. We have, by hypothesis, a progression R whose 
domain is contained in C\‘p ; hence 8‘D‘R C p . Thus it will suffice to 
prove 

N 0 e NC mult . R e Prog . D*22 C Cls induct . D . g 1 N„ n s‘D‘R, 

where the conditions of significance require that D‘R should consist of 
classes. 


For this purpose, we prove that no member of D‘R can be the last that 
has new members which have not occurred before. The proof proceeds by 
showing that if this were not so, 8* D‘R would be an inductive class, and 
therefore, by #120*75, D ‘R would be an inductive class. Hence (#124*534) 
the members of D ‘R which introduce new terms form an N 0 , by #123*19 ; 
and so therefore do the classes of new terms which they introduce (#124*535). 
Hence (#1 24*536) a selection from these classes of new terms, which is a sub- 
class of s'D'ii, is also an N 0 , and therefore (#124*54) there is a progression 
contained in if the selection in question exists. This completes 

the proof. 

In virtue of #124*511 and #120*74, we have, without the multiplicative 
axiom, 


#124*6. 1“ : p ~ e Cls induct . = . CPC l‘p e Cls refl 

Hence if it could be shown that CPp cannot be reflexive unless p is 
reflexive, a double application of this would enable us, by means of #124*6, 
to identify the two definitions of the finite without the\ multiplicative axiom. 


#124*01. Cls refl = p {(g£) .Re 1-*1 . ( VR C D ‘R . g IB p = D'E} Df 
An equivalent definition would be 

Cls refl = D“ {(1 -► 1) n ( VB - Cnv“<3‘.B) Df. 

#124*02. NC refl = N 0 c“Cls refl Dft 

#124*021. Nc ‘p e NC refl . = . N 0 c‘p e NC refl Df 

#124*03. NC mult = NCna(/cean Cls ex 2 excl . D K . g ! e&tc] Df 

*124 1. h : p e Cls refl . = . (g. R ) .R e 1-+1 . (l‘R C D ‘R . g ! ~B‘R . \= 

[(*124-01)] 

*12411. h : R e 1— >1 . d‘R C D‘i2 . g l~B‘R . D . D‘i2 e Cls refl [*124- J] 
*12412. h . N 0 C Cls refl [*123-12 . *1241] 

*12413. h : p « C)s refl . D . g ! M 0 n C\‘p [*1241 . *123192] 
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*12414. h : p e Cls refl . D . pv a e Cls refl 

Bern. 

K *71242. *505-52.D 

I- : Re 1->1 . d‘R C . a ! ~B f R . D‘R = p . S= I[(a - p) .0 . 

RvSel-*l . D‘(R KtS)= T>‘R u a - . d‘(R oS) = O'ii v (<r - />) . 
[Hp.*93101] O.RvSe 1 -►l . T>‘(R vS) = pva. ~B‘(R vS) = WR . 
[Hp.*1312] D.iZoSel— >1 . D‘(iJ «» S) = p o a . a ! B‘(R o S ) . 

[*12411] D.pvae Cls refl (1) 

K (1). *1241. Dh. Prop 

*124141. h : a ! Cl‘p o Cls refl . D . p e Cls refl 

Bern. 

h . *12414 . D h : p. e Cls refl . D . p u (p — p) e Cls refl . 

[*24 411] D h : p. C p . p e Cls refl . 3 . p e Cls refl Oh. Prop 

*12416. h : peCls refl. = . a lN 0 nCIV 

Bern. 

h . *12412 . 3 h : 3 ! K, ft Cl‘p . 3 . a ! Cls refl n Cl‘p . 

[*124141] 3. peCls refl (1) 

l-.(l). *12413.31-. Prop 

*124161. I- : p e Cls refl . = . Nc‘p > N 0 [*12415 . *117 22] 

*12416. h : p e Cls refl . = . (a«r) . <r C p . a 1 p — <r . p sm <r . 

= . 3 1 Nc‘p r» CI‘p - l‘p 

Bern. 

I- . *731 . 3 h : (a<r) .trCp.Qlp — <r.psm<r. = . 

(aiJ. «■) . «■ C p . g ! p - a .R el— . >1. D ‘R = p .d‘R = <r . 
[*13195] =.(3i2).a < i2Cp.a!p-a < ^-^«l^l-D‘-B = P- 

[*13193] = . (a#) . d‘R C D‘ii . a 1 - d‘R .Re 1 -+1 . D‘R = p . 

[*93101.*1241] = . p e Cls refl : 3 I- . Prop 


*12417. h : p e Cls refl . = . (a*) . x e p . p — l‘x sm p 

Bern. 

h . *12416 . 3 1 - : (a*) . xep . p — (‘rsmp . 3 . p eCls refl (1) 


I- . *12317192-311 . 3 

I- : R e 1 —> 1 . C D‘22 . x e B‘R . 3 . R#‘x sm R$‘x — i‘x . 

[*73-7] 3 . (D‘E -*R*‘x) vR#‘x sm (D‘R - R*‘x) u (R*‘x - i‘x) . 

[*24-41 1-412] 3 . D‘R sm D ‘R - i‘x (2) 

I- . (2) . *124 - 1 . 3 I- : p e Cls refl . 3 . (a®) .xep.psmp — l‘x (3) 

h . (I) . (8) . 3 h . Prop 
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#124*18. h : p e Cls refl . p sm a . D . a e Cls refl [#124151 . #100 321] 

#124*181. h : p e Cls refl . D . p — e Cls refl .p-i^smp 
Dem. 

h. #124*17*18. #73 72. D 

1“ : p € Cls refl . x e p • D . p — i‘x am p . p — i‘x e Cls refl (1) 

h . (1) . #51*222 . D h . Prop 

#124182. h : p e Cls refl . a e Cls induct . D . p - o* e Cls refl . p - <7 sm p 
[#124*181. #120 26] 

#124*2. h : p € NC refl . = . (gp) . p e Cls refl . p = N 0 c‘p [(#124*02)] 

#124*21. h s /xeNCrefl . = . 

(a«) . fi e i i . a*# c D‘E . g ! M = n 0 c‘D‘£ [# 124 - 2 1 ] 

#124*23. h : p e NC refl . = . p > K 0 
Dem. 

h . #117*241 . D h : p > K 0 . = . (ga,/9) . p = N 0 c‘a . K 0 = N 0 c‘/9 . g !Cl'anNc‘£. 

[*1 23*36*322.# 1 03*26] = . (ga, 0) . p = N 0 c‘a . £ e K 0 - 3 ! Cl'a a K 0 . 

[#10*35] = . (ga) . p = N 0 c‘a . g ! Cl ‘or n K 0 - 

[#124*15] = . (ga) . p = N 0 c‘a . a e Cls refl . 

[#124*2] = . p € NC refl : D h . Prop 

#124*231. h : g ! NC refl . = . g ! Cls refl . = . g ! K 0 [#124*21213] 

#124*232. h : g ! NC refl . D . Infin ax [#124*231 . #123*18] 

#124*24. h :• p e NC refl . = : p e N 0 C : (gi/) . p = K 0 + 0 v . i/ e NC 
Dem. 

K #124*23. #1 17*31. D 

1“ :. p € NC refl . = : p, K 0 6 N 0 C s (gi/) . i/eNC . p = N 0 + c v (1) 
h. #110*4. Dh:/*=K 0 + cI /. M eN 0 C.D.K 0 eN 0 C (2) 

h . (1) . (2) . D I- . Prop 

#124*25. 1“ : p € NC refl . = . p e N 0 C . p = p + C 1 . = . g ! p . p =» p + C 1 

[#124*17*2] 

#124*251. h : p e NCrefl . D . p = p + C 1 [#124*25] 

#124*252. I - : pe NC refl . v e NC induct . D . p = p + c v 
Dem. 

h . #124*251 . D h : p eNC refl . p = p+ c p . D . p = p + c i/ + C 1 (1) 

h . (1) . #120*11 . D I- . Prop 

#124*253. V i pe NC refl . D . p = p + c K 0 
Dem . 

I- . #124*24 . D I- : Hp . D . (gi/) . p = K 0 + c i; . 

[#1 23*421] D . (gy) . p = K 0 + c t*io +c ^ • A 6 = + c v ■ 

[#13*13] D . p = K 0 + c /* : ^ 1“ • Prop 
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*124*26. h fi e NC refl . 3 s v € NC induct . 3„ . p > v 
Dem, 

h . *124*231 . 3 h :. Hp . 3 : a ! N 0 : 

[*1 23*43] 3 s i; e NC induct . 3„ . N 0 > * (1) 

h.(l). *124*23.31-. Prop 

*124*27. h . NC refl n NC induct = A [*124*26 . *117*42] 

*124*271. h . Cls refl n Cls induct = A 
Dem. 

h . *124*2 . 3 h : p e Cls refl . 3 . N 0 c*p e NC refl . 

[*124*27] 3.N 0 c*p~eNC induct. 

[*120*21] 3 . p ~ c Cls induct : 3 h . Prop 

*124*28. h : p € Cls refl . = . N 0 c*p e NC refl . = . Nc*p e NC refl 
Dem . 

h . *4*2 . (*124*021) .31-: Nc'pe NC refl . = . N 0 c‘p e NC refl . 

[*1 24*2] = . (a<r) . a e Cls refl . N 0 c‘p = N 0 c‘o* . 

[*103*14] = . (30*) . a e Cls refl . p sm a . p € t‘a . 

[*1 24* 18.*7 3*3.*63*103] = . p e Cls refl : 3 h . Prop 

*124*29. h . s'NC refl = Cls refl 
Dem . 

h . *40*11 .3 Yip e $‘NC refl . = . (a/*) • p e NC refl . p e p, . 

[*103*26] = . (a p) . p e NC refl . p = N 0 c‘p . 

[*13*195] = . NoC'peNC refl . 

[*124*28] = . p e Cls refl : 3 h . Prop 

*124*3. h :: a 1 N 0 . 3 :. p < N 0 . v . ^ N 0 : = . e NC induct u NC refl 

[*123*45. *124*23] 

*124*31. I- : a 1 N 0 • 3 • spec‘N 0 = NC induct u NC refl [*124*3 . *120*431] 

In virtue of the above proposition, if there are any numbers which are 
neither inductive nor reflexive, they are such as are neither greater than, 
less than, nor equal to N 0 . (The existence of N 0 in a suitable type can be 
deduced from the existence of numbers which are neither inductive nor 
reflexive; cf. *124 6.) Two further propositions (*124*33*34) are given below 
on non-inductive non-reflexive classes and cardinals. The subject is resumed 
in the remarks at the end of the number. 

*124*33. h :. a ! N 0 . 3 : pe NC — NC induct — NC refl . = . 

p e NC . (p < N 0 ) . ~ (p ^ N 0 ) [*124*3 . Transp] 
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*12434 h •• ^ ! K 0 • D ■•Ot ^ € (Cls induct} w Cls refl) • — ■ 

~(a7):7eN 0 :aC7.v.7C« 

Dem. 

V . *1 20‘21 . *1 24-28 . D h : a ~ e (Cls induct u Cls refl) . = . 

N„c‘a~e(NC induct w NC refl) (1) 

V . *123-36 . *103-26 . D I- : j8 e N„ . D . N 0 = N 0 c‘/9 (2) 

V . (1) . (2) . *124*31 . D I- :: y9eN 0 . D o~e (Cls induct v Cls refl) . = : 

N„c‘a ~ e spec‘N 0 c‘/9 : 

[*120 432] = : ~ (N 0 c‘a ^ N 0 c‘/3) . ~ (N 0 c‘a > N 0 c‘y3) : 

[*117107-22] = : ~ (Nc‘a < Nc‘£) : ~ (37) • 7 e Nc ‘£ . 7 C « : 

[*123-322] = : ~ (Nc‘a < N.) : ~ ( 37 ) . 7 e N, . 7 C a : 

[*123-47] = : ~ ( 37 ) ■ 7 e • a C 7 : ~ ( 37 ) . 7 e N 0 . 7 C a (3) 

h. (3). *1011 -21 .31-. Prop 

♦124*4. b :./ie NC mult . = : ft e NC : k e ft n Cls ex 2 excl . . g ! e^tc 

[(♦12403)] 

♦124*41. b . NC induct C NC mult [♦120*62 . ♦124*4] 

The following propositions give the proof of ♦124*56, which identifies the 
two definitions of the finite, on the assumption that N 0 is a multiplicative 
cardinal. (^124 513, however, is only used in proving ♦124*514, and ♦124*514 
is not used in the proof. It is retained as marking a stage in the argument, 
although the actual propositions subsequently used are not it, but the lemmas 
which lead to it.) 

♦124*51. b : p ~ e Cls induct . Q = (n Cl‘p) | N | Cnv*(n CPp) . D . 

Q e Prog . D‘Q C Cl'Cl'p . D‘Q = (n Cl' f p)“NC induct 
N here has the meaning defined in ♦123*02. 

Dem. 

b . ♦120*61*21 . *1 23-25 . D b : Hp . D . N e Prog (1) 

b . ♦120*491 . D b Hp . D : ft, i/e NC induct . D M>K . g ! ft n C l*p C \‘p : 

[♦22*5] D : ft, v e NC induct . ft n C l‘p = v n C l‘p . . 

g 1 ft n v r\ C \‘p • 

[♦1 00*43] . ft = v 

[♦71*55] D :(n CP/))f NC induct e 1 — ► 1 (2) 

b . ( 1 ) . ( 2 ) . ♦123*32 . D b : Hp . D . Q e Prog (3) 

b . ♦22*43 . D b : a e D‘Q . D . a C Cl V (4) 

b . (3) . (4) . ♦37*32*321 . D b . Prop 

♦124511. b:p~ € Cls induct . D . 

C\ ( C\‘p e Cls refl . (n Cl‘p)“NC induct e K, n Cls ex* excl 
[*124-51 15 . *120-491 . *100 43] 
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*124-512. h : P € e A ‘( n Cl' f p)“NC induct . D . 

D ‘P e N 0 a CPCPp . D ‘P C Cls induct 

Dem. 

b . *83*11 . Transp . D b Hp . D : peNC induct . . g ! v r\ Cl ‘p (1) 

b . *115*16 . (1) . *124-511 . *120*491 . D 

b : Hp . D . D‘P e Nc*(n CPp)“NC induct . p ~ e Cls induct . 
[*124-511] D.D‘PeN 0 (2) 

b . *83*21 . D b Hp . D s a e D ‘P . D . (gi/) . v e NC induct .aevr\ Cl ‘p - 
[*10*5.*120*2] D . a € Cls induct . a e Cl‘p (3) 

b . (2) . (3) . D b . Prop 


*124*513. b : g 1 € A ‘(n Cl‘p)“NC induct . D . CPp e Cls refl [*124*512*15] 


*124*514. b N 0 e NC mult . D : p ~ € Cls induct . D . C Vp e Cls refl 

[*124-511*513-4] 

The following propositions are concerned in proving that, if N 0 is a 
multiplicative cardinal, then a class such as D*P in *124*512 must be such 
that a progression is contained in *P. The characteristics of D‘P which 
are used in the proof are D*P € N 0 - D*P C Cls induct. Since D‘PeN 0 , we 
have (gP) . R e Prog . D‘P = D‘P. Hence the hypothesis with which the 
following series of propositions is concerned is 

R € Prog . D*P C Cls induct, 

but the earlier propositions do not need the full hypothesis. 

— ► 

In what follows, note that if 7 e D‘R, 7 — 8‘R^‘y is the class of those 
terms which occur in 7 and have never occurred before in any earlier member 
of D‘fl. We prove that, with our hypothesis, members of D‘U for which this 
class of new terms is not null form a class which has no last member, and 
therefore form a progression. 


*124 52. 1 - R e Prog . <r = y9 {(37) • 7 e D‘I2 . /9 = 7 —8 t R V0 ‘y . g ! /9} . D : 

<r e Cls ex’ excl : 7, 8 e D‘R . 7 4 ^ . D . (7 — 8‘Rjn‘y) r\(8 — s‘Rpo‘8) — A 


Dem. 

b. *20-33. 
b. *122-21. 
I- . *4013 . 
[*24-3] 
Similarly 


D b Hp .DiySeo-.Dp.gl/S 
D b Hp . 7, 8 e D‘R . 7 =}= 8 . D : yRfoB . v . BR^y 
D b Hp . yRfoB . D : 7 C s‘Rpo‘8 : 

D : (7 - s‘Upo‘7) *( 8 - s‘R po‘S) = A 
b :■ Hp . &Rpo7 . D : (7 - 8 ‘R^‘y) r\ ( 8 - s‘Rpo‘ 8 ) = A 


b . (2) . (3) . (4) . D b : Hp .y,8e D‘R . 7 ^ 3 . D . 


(7 - 8‘R^‘y) n(8- s‘R^‘8) = A 
b. (5). *2033. Z>b:Hp./3,£ , eo-.£=j=£ , .D.£nj8 , = A 
b . (1) . (6) . (5) . D b . Prop 


( 1 ) 

( 2 ) 

(3) 

(4) 

( 5 ) 

( 6 ) 
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♦124*621. h : Hp ♦124*52 . w = 7 {7 e D*12 - 3 ! 7 — . D . a sm ir 

Dein. 

h . ♦124*52 . ♦24*57 . D 

h : Hp . 7 , 8 € 7 r. 748 ' 3 * 7 “ 8 t R vo i y 8 — s i R lto ‘h (1) 

h . (1) . D h : Hp . S = /3 {7 e D‘R - £ = 7 — 8‘Rw‘y . g ! ^9} . D . 

Se 1 — ► 1 . D*jS = a . d f S = 7 r s- D h . Prop 


♦124*63. \-z Re Prog . D . «‘D*22 ~ € Cls induct [♦120*75 . ♦122*37] 


♦124*631. h : Re Prog . D*iZ C Cls induct . D . 8 € R^y e Cls induct 
Dem. 

— ► 

b . *122*38 . D I- : Hp . D . R^‘y e Cls induct 
I- . (1) . *120-75 . D H . Prop 


( 1 ) 


*124532. b tRe Prog . D ‘R C Cls induct . D . 3 ! s‘D‘R - s‘R%‘y 
[*124-53-531 . *120-481 . Transp] 

*124*533. I - :Re Prog . D‘i 2 C Cls induct . 7 e D‘R . D . 

(a£) • 7 ^po/ 3 . a ! /s - s‘Epo‘y9 


Dem,. 


( 1 ) 


( 2 ) 


I- .*124-532 . D I- s Hp . D . (3/8) . p e D‘R . 3 !£-«‘B#‘7 

h. *4013. 3b:pR 0 y.3.pC8‘R 0 ‘yi 

— > 

[Transp] D h : g ! {} — 8 i R^ k t y . D (PR*y) • 

[*122-21] D I- : Hp . /3 e D‘.R . 3 1 /8 - . D . 

K(1).(2).D ^ 

I" :• Hp . D s (a/3) • yRjnft • 3 • $ ~ • 

[*122-23] D : E ! min (.R^'/S { 7 i^ . a !/9- «‘Xo‘/3} : 

[*93111] D : (3/8) : yR„P - a '•£- s‘R*‘y = Z^voP . . 8 C s‘R^y : 

[*40151] D:(ay9). yR^P - a ip- s‘R*‘y • s‘R*>‘P C s‘R*‘ y : 

[*22-81] D : (a/8) . 7^/8 -3^- *‘£po‘/3 :.DH. Prop 
*124*534. h : R e Prog . D‘R C Cls induct . 

w = <9 {7 e D‘iJ .aW- ®‘-Kpo‘7l • 3 • w e K, 

(1) 


Dem. 


1 - . *124 533 . 3 h : Hp . 3 . 3 ! ir . ir C R^ir 
h . ( 1 ) . *123*19 . D I- . Prop 
*124*535. bt Re Prog . D‘R C Cls induct . 

«• = $ {(37) • 7 e D‘iJ . P = 7 - s'-Rpo^ . 3 5 /3} • 3 • <r e N, 
[*124-534-521. *123-321] 
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♦124*536. Y : Re Prog . D‘i2 C Cls induct . 

o* = R {(37) . 7 e D‘R . /3 = 7 - s‘iipo‘7 • 3 1 £} . 


Dem. 


-S e e A ‘<r . D . D ‘S e H, . T>‘S C s‘D‘P 


( 1 ) 


h . *115*16 . *124*52*535 . D h : Hp . D . D‘S e tt 0 

Y . *83*21 . D h Hp . D : D‘/S C «‘<r : 

[*40*11] D : x e D‘iS> . D . (a/3, 7) . 7 e D‘R . & = 7 — s i R vo ‘y . a 1 /9 . x e R . 
[*13*195] D . (37) • 7 e D‘-R .xey — 8‘R^‘y . 

[*22*43] D . (37) • 7 € D'P . x ey . 

[*40*11] D.aes'D'P (2) 

h .(1). (2). D h . Prop 

*124*54. h : K 0 e NC mult . R e Prog . D ‘R C Cls induct . D . 3 ! a Cl‘«‘D‘iJ 

Dem. 

Y . *124*52*535*4 . D 

I- Hp . D : a = /9 ((37) . 7 e D ‘R ,R = 7 - 8‘R^‘y . 3 ! /9{ . D . 3 ! e A ‘<r . 
[*124*536] D . 3 ! K 0 a ClVD'P D h . Prop 

*124*541. h : X 0 e NC mult . P e e 4 ‘(n C1V)“NC induct . D . 

a!N„nClVD‘P.s‘D‘PCp 

Dem. 

Y . *124*512 . I> I- : Hp . D . D‘P e K„ . D‘P C Cls induct . 

[*123*1] D . (a-R) . D‘P = D‘P . R e Prog . D‘P C Cls induct . 

[*124*54] D . (aP) . D‘P = D‘P . 3 ! a ClVD'P . 

[*13*193.*10 35] D . 3 ! K, a ClVD'P 
I- . *124*512 . D 1- : Hp . D . D‘P e Cl'CI V • 

[*60*2] D.D'PCCIV 

[*60*52] D . s‘D‘P C p 

Y . (1) . (2) . D 1- . Prop 

*124*56. h : N 0 e NC mult . p ~ e Cls induct . D . 3 ! X 0 a Cl‘p 

Dem. 

h . *124*511*4 . D 1- : Hp . D . 3 1 ei ‘(a Cl‘/>)“NC induct . 

[*124*541 .*60*4] D . 3 1 X 0 a Cl‘p : D h . Prop 

*124*56. h : M 0 e NC mult . D Cls induct = Cls refl . N 0 C— NC induct =NCrefl 

Dem. 

Y . #124*55*15 . D 1- : Hp . D . — Cls induct C Cls refl (1) 

I- . *124*271. D I- : Hp . D . Cls refl C — Cls induct (2) 

h.(l).(2). D 1- Hp . D Cls induct = Cls refl : (3) 

[*120*21 .*124*28] D : N„c‘p ~ e NC induct . = . N„c‘p e NC refl : 

[*103*2.*124*2] D : a e N 0 C - NC induct . = . a e NC refl (4) 

h . (3) . (4) . D I- . Prop 


( 1 ) 


( 2 ) 
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The above proposition identifies the two definitions of the finite, on the 
hypothesis K 0 €NCmult. 

*12457. b : fi e N 0 C - NC induct . D . 2* e NC refl [*124*51 1 . *1 16*72] 

*124*58. b :. 2* e NC refl . D* . /* e NC refl : D . N 0 C - NC induct = NC refl 
Dem. 

b . *124*57 . D b Hp . D : p e N 0 C — NC induct . D . 2* e NC refl .• 

[Hp] D . /LteNC refl (1) 

b.(l). *124*2*27 . Db. Prop 

The above proposition gives another hypothesis which would enable us to 
identify the two definitions of the finite if it could be proved, namely 

2* 1 e NC refl . D* . p e NC refl, 
or, what comes to the same thing, 

CPp e Cls refl . D . p e Cls refl. 

*124*6. b : p ~ e Cls induct . = . CPC Vp e Cls refl 

Dem. 

b . *124*511 . D b i pro € Cls induct . D . CPCPp € Cls refl (1) 

b . *120*74 . D b : p e Cls induct . D . CPC Vp e Cls induct . 

[*124*271] D . CPCPp ~ e Cls refl (2) 

h . (1) . (2) . D b . Prop 

*124*61. b s. K 0 e NC mult . D : p e Cls refl . = . CPpe Clsrefl . = . CPCPpeClsrefl 
Dem, 

b . *124*6*271 . D b : p e Cls refl . D . CPp e Cls refl . D . CPCPp e Cls refl (1) 

b . *124*6*56 . D b K 0 e NC mult . D : CPCPp e Cls refl . D . p e Cls refl . (2) 
[(1)] D. CPp € Cls refl (3) 

b . (1) . (2) . (3) . D b . Prop 

The following properties of cardinals which are neither inductive nor 
reflexive (supposing there are such) are easily proved. Let us put 
NC med = N 0 C - NC induct - NC refl Df, 

Cls med = — Cls induct — Cls refl Df, 

where “ med ” stands for “ mediate.” Then 
. p e NC med . D . p + 0 1 e NC med . p — 0 1 € NC med . p p + 0 1 . p p — 0 1. 
Hence mediate cardinals have no maximum or minimum. 

p*,v€ NC med . D . p+ 0 v e NC med, 
p e NC med . v e NC med u NC induct — i*0 . D . p x 0 v e NC med, 
whence /-teNCmed. D . p* t p*, . . . eNCmed, 

p?e NC med . D : p e NC med . v . v e NC med, 
fie NC med. D.2* 1 e NC refl, 

whence g ! NC med . D . (gi>) . v e NC med . 2 V e NC refl, 

since we have either p e NC med . 2 M e NC refl or 2 M € NC med . 2^ e NC refl. 
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*126. THE AXIOM OF INFINITY. 


Summary of *125. 

The present number is merely concerned to give a few equivalent forms 
of the axiom of infinity, and of the kindred assumption of the existence 
of «o. 

In virtue of *125*24*25 below, if the axiom of infinity holds in any one 
type, then it holds in any other type which can be derived from this one, 
or from any type from which this one can be derived. Hence if we assume, 
as it seems natural to do, that all extensional types are derived from a first 
type, namely that of individuals, then the axiom of infinity in any such type is 
equivalent to the assumption that the number of individuals is not inductive. 

We deal, in this number, first with equivalent forms of Infinax, then 
with equivalent forms of Infinax (a?), then with equivalent forms of g ! K 0 
or g ! tt 0 (x). When “ Infin ax ” or “ g ! N 0 ” occurs in this number without 
typical definition, it and all other typically ambiguous symbols are to be 
taken in the lowest logically possible types, or with the same relative types 
as if this had been done. The propositions of this number are often not 
referred to in the sequel, but are here collected together on account of 
their intrinsic interest. 


*126*1. h Infin ax . = : a e NC induct . 3 a . g ! a [*120*3] 

*126*11. h s. Infin ax . = : aeNC induct . D a . a=t=a+ 0 l [*120*33] 

*126*12. 1“ Infin ax . = : a e NC induct - D« . g ! a + 0 1 

Dem. 

h. *101*12. *125*1.3 

I- :. Infin ax . = : aeNC induct - i‘ 0 . 3 a . g ! a: 
[*120*423] = : ae NC induct . D a . g ! a+ 0 l s- 3 h - Prop 

*126*13. H : Infin ax . = . A ~ e NC induct [*125*1 . *24*63] 

*126*14. h : Infin ax . = . (+ 0 1 *) [ NC induct e 1 — ► 1 
Dem . 

h . *123*22*24 . D h : Infin ax . D . (+ 0 1) [ NC induct e 1 — ► 1 
h . *71*55 . D b :. (+ 0 1) [ NC induct e 1 1 . D : 

a,y3eNC induct .a + C 1 =#+ 0 l . D a ,0 - a = : 

[Transp] D : a, e NC induct . ft . D a>/3 . a + C 1 =)= + 0 l : 

[* 10 * 1 ] D : A, fi e NC induct .A=t=/ 9 .D 0 .A+ o l=J=# + 0 1 : 

B. A W. II. 


( 1 ) 


19 
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[*110*4.Transp] D : A e NC induct . /9 e NC induct . g ! /3 . Dp . g ! (/9 + 0 1) (2) 

h. (2). *10112. *12013. D 

h (+ 0 1) [ NC induct e 1 — * 1 . A e NC induct . D : $ e NC induct • Dp • 3 ! /8 : 
[*24*63] D : A~eNC induct (3) 

h . (3) . *2-01 . *12513 . D h : (+ 0 1) [ NC induct e 1 -* 1 . D . Infin ax (4) 

h . (1) . (4) . D h . Prop 

*125*15. H Infin ax . = : p e Cls induct • D P • 3 ! — p 
Bern. 

h .*110*63 . D b : a;~ep . D* .p w i‘«eNc ‘p + C 1 : 

[*10*28] Df-:g!— p.D.a!Nc‘p+.l: 

[Syll] D h :. p e Cls induct . D p . g ! — p : D : 

p e Cls induct . D p . g ! Nc‘p + c 1 : 

[*1 20*2] D : a e NC induct . p e a . D„ iP . g ! Nc‘p + 0 1 : 

[*100*45] D : a e NC induct . g ! a . D a . g ! a + 0 1 : 


[*120*13.*101*12] D:aeNCinduct.D„.g!a (1) 

h . *13*12 . D b :. a e NC induct . D. . g I (a + c l) : D : 

a e NC induct . N 0 c‘p = a . D. iP . g ! (N 0 c‘p + 0 1) : 

[*120*21] D : p e Cls induct . D p . g ! (N 0 c‘p +„1) . 

[*103*11.*63*101.#110*63] D p .^g7,^).7smp.^~67.y€t‘p w — t‘p (2) 
b .*13*12. *10*24. D 1* : 7 = p . 67 . D . g 1 — p (3) 

b . *120*426 . *24*6 . D I- : p e Cls induct . 7 =[= p . 7 C p . D (7 sin p) : 

[Transp] D b s p e Cls induct . ysm p • p . D . ft l y — p . 

[*24-561] I).g!-p (4) 


b . (3) . (4) . D b p e Cls induct : (37, z ) . 7 sm p . z ~ e 7 . 7 e i*p u — i‘p : D . 

a i-p (5) 

b . (2) . (5) . D b a e NC induct . D a • a ! (a + 0 1) • 3 • 

p e Cls induct . D p . g ! — p (6) 

b . (1) . (6) ■ *125*12*1 . D b . Prop 

*12516. b : Infin ax . = . g ! Cls — Cls induct . = . g ! N 0 C — NC induct . = , 

• V ^ e Cls induct 

Dem. 

b . *12515 . D b Infin ax . = : p e Cls induct . D p . p 4= V : 

[*13196] = : V^eCls induct (1) 

b . *120*481 . Transp . D b : g ! Cls — Cls induct . D . V 00 e Cls induct (2) 

b. (1). (2). *120-21. Db. Prop 

*125*2. b Infin ax (x ) . = : ae NC induct . D a . g ! a(x) [*120 301] 
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♦125*21. b : Infin ax (x ) . = . t‘x e Cls induct 
Dem. 

b . ♦125*15 . D b s. Infin ax (x ) . = s p e Cls induct n CW‘# . D p . g ! — p : 
[♦63102] = : p € Cls induct n Cl^‘# . D p . p =f t‘x : 

[♦13*196] = : t‘x~ € Cls induct D b . Prop 

♦125 22. b s Infin ax (x). = . i?‘x e Cls rett [♦125*21 . *6366 . ♦124*6] 
♦125*23. b : Infin ax (x ) . = . g ! K 0 (t u x) [♦125*22 . ♦124*15] 

♦125*24. b : Infin ax (x ) . = . Infin ax (t‘x ) . = . Infin ax (t 2 ‘x ) . = . etc. 

Dem. 

b .♦125*21 . D b : Infin ax (x ) . = . t*x™ e Cls induct . 

[♦120*74] = . C\‘t‘x™ e Cls induct . 

[♦63*66] = . t*‘x ~ e Cls induct . 

[♦125*21] = . Infin ax (t‘x) : D b . Prop 

♦125*25. b s Infin ax (a) . = . Infin ax (£oo‘a) . = . Infin ax (t 0 u a ) . = . 

Infin ax (£ u *a) . = . etc. 

[♦116 91*92 . ♦120*56*52 . ♦125*21] 

*125-3. b : g ! N, . = . 3 ! (1 -> 1 ) a £ (a ! &R . ~ a IB‘R ) 

Dem. 

b. *1231. D b : g ! N 0 . = . g ! Prog. 

[*122-11141] D.a!(i-»i)«£(ai^R-~ai^R) (i) 

b. *123192. D b : a ! (1 ^ 1) n £(a l ^R . ~a ^‘-R) • 3 • 3 ! No (2) 
b . (1) . (2) . D b . Prop 

*125*31. b : a ! N 0 (®) • = ■ t‘x e Cls refl [*12415] 

*125*32. b : g ! K 0 (a;) . = . a * (1 ~ ► 1) n D ‘t‘x - QH'x 
Dem. 

b . *63102 . Db:a!(l~» 1) « D‘t‘x - *H‘t‘x . = . 

(a-R) . iZ € 1 — > 1 . D‘i? = t‘x . G‘.R C t‘x . a 1 t‘x — Q‘R . 
[*1 24*1 ] = . t‘x e Cls refl ( 1 ) 

b. (1). *12531. Db. Prop 

*125-33. b:.a!N.(*). = :«C<‘ a: .aIa.3..aKl-»l) rt D‘a-a‘a 

Dem. 

b . *737 . 51*222 . D b : aC t‘x. y ea .zet‘x — a. D . asm (a — l‘y) w i‘z . 
[*73*1] D . (a^) . R € 1 -► 1 . D‘/i = a . d‘R = (a- i‘y) v i‘z . 

[*33-6-61] 3.g!(l-»l)AD<a-a‘a (1) 

b .(1) . D b : a ! «• 3 lt‘x-a. D . 3 ! (1 -» 1)« D‘a — G‘a: 

[*63102] Dbigla.a Ct‘x.a*t‘x. D.g !( 1->1 ) a D‘ a-Cf‘a (2) 
b. (2). *125*32. Db. Prop 

19—2 
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*125-34 H :g! N, (*)• = • t‘f‘<r~eNC 

Lem. 

h . *125-32 . D I- ~ g ! N, (x) . = : R e 1 -> 1 . D‘ii = t‘x . . d*R = t‘x : 

[*10013] = : Nc‘<‘<e = i‘t‘x . 

[*1 00-4-1 -45] = : I't'seNC (1) 

H . (1) . Transp . D h . Prop 

*125*35. h S 0 e NC mult . D : g ! N 0 (x ) . = . Infin ax (x) 

Lem. 

1- . *125-21 . #124-56 . D t- Hp . D : Infin ax (x) . = . t‘x e Cls refl . 

[*125 31] = . a ! «„(#) D \- . Prop 

*125-36. I- : Infin ax (Cls) . = . g ! H, (Cls) 

Lem. 

h . *24-14 . *63102-66 . D 1- . «*‘<r = C1‘V 

[*24-11] =Cls (1) 

H . (1) . *125-24 . D I- : Infin ax (Cls) . = . Infin ax ( x ) . 

[*125-23.(1)] = . g ! N 0 (Cls) : D h . Prop 
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*126. ON TYPICALLY INDEFINITE INDUCTIVE CARDINALS. 


Recapitulation of Conventions and Summary of *126. 

We have now arrived at the stage where we can adopt the standpoint of 
ordinary arithmetic, and can for the future in arithmetical operations with 
cardinals ignore differences of type. In order to understand how this is so, 
it will be necessary briefly to recall the line of thought of some of the previous 
numbers and the conventions upon which the symbolism is based. 

The symbolism of *102, though perfectly precise as to the typical 
relations of the various symbols, is in fact too complex for use, except in 
cases of absolute necessity. It is better to use the typically ambiguous 
symbols Nc and sm, combined with some simple rules of interpretation 
of the symbolism, so as to secure that the various occurrences of the same 
symbols are in their proper relationships of type. This is the course 
followed in *100, *101, and in every number from *110 onwards. 

The important symbols which involve an explicit or implicit use of 
Nc or sm are called ‘formal numbers/ and it is only necessary to make the 
rules of interpretation apply to them. 

A constant formal number is any symbol representing a typically 
ambiguous constant such that there is a constant a such that, however the 
ambiguities of type may be determined, the former constant is identical 
with Nc*a. The variable formal numbers are defined by enumeration. They 
are divided into three Sets, the Primary Set, the Argumental Set, and the 
Arithmetical Set. 

The Primary Set consists of Nc*a, 2 Nc**, II Nc**, where a is a variable 
Ols of any type and * is a variable Cls a of any type. Also a and * may 
themselves be complex symbols which in some way involve variables. 

The Argumental Set has only one member sm**/*, where /* is a variable 
Cls* of any type. In its capacity of a formal number sm **/* is only interesting 
when /* is an NC; then sm**/* gives the corresponding NC in another type, 
provided that /* is not A. Also /* may be a complex symbol which in some 
way involves a variable, e.g . sm**Nc*a is a formal number of the Argumental 
Set : /* is called the argument of sm**/*. 
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The Arithmetical Set consists of p + c v> p x c v , p v , p - c v . These formal 
numbers are only interesting when p and v are also members of NC. Also 
p and v may be complex symbols, so long as one of them at least involves a 
variable. For example 2 s+ c | ' is a formal number, and so is a + c (3 + c p). 

The Primary and Argumental and Arithmetical Sets of Formal Numbers 
are derived from the corresponding sets of variable formal numbers, by 
adding to them the constant formal numbers obtained by substituting 
constants for the variables occurring in the expressions for the members 
of the variable set in question. 

In the formal numbers of the arithmetical set as written above, p and v 
are called the first components . Thus every formal number of this set has 
two first components. The first components (if any) of the first components 
are also called components of the original formal number, and so on ; so that 
components of components are components of the original symbol. 

A formal number of the arithmetical set, whose components are all formal 
numbers, either constant or variable but not belonging to the argumental set, 
is called a pure arithmetical formal number. These are the formal numbers 
which it is important in arithmetic to secure from assuming the value A 
owing to lowness of type. 

The logical investigation of *100 and *101, where typically ambiguous 
formal numbers are used, is directly concerned in investigating the premisses 
necessary to secure various propositions from fluctuating truth-values owing 
to the intrusion of null-values among the cardinals. The convention, necessary 
to avoid determinations of type which we never wish to consider, is as follows, 
where the terms used are explained fully in the prefatory statement : 

IT. Argumental occurrences are bound to logical and attributive oc- 
currences ; and, if there are no argumental occurrences, equational occurrences 
are bound to logical occurrences. This rule only applies so far as meaning 
permits after the assignment of types to the real variables. 

In *110, *113, *116, *119 we consider the arithmetical operations of 
addition, multiplication, exponentiation, and subtraction. Also in *117 we 
consider the comparison of cardinal numbers in respect to the relation of 
greater and lesa 

There is no interest in complicating our theorems by allowing for the 
cases when a pure arithmetical formal number, whose components are 
ambiguous as to type, becomes equal to A owing to the low type of one of 
its components. Also in the theory of greater and less the possibility of 
null-values in low types has no real interest. Accordingly these are excluded 
from any consideration by the definitions 

*11003 04, *113*04*05, *116 03*04, *117*02*03, 
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as far as members of the primary set of formal numbers are concerned ; and 
for other formal numbers by the following convention : 

II T. Whenever a formal number <r occurs, so that, if it were replaced by 
Nc'a, the dominant type of Nc‘a would by definition have to be adequate, 
then the dominant type of <r is also to be adequate. 

When a is a pure arithmetical formal number, this convention secures 
that the type of every component is adequate. 

But in arithmetic we also wish to avoid the intrusion of null-values into 
the consideration of equations, so far as this avoidance can be attained by the 
use of high types. Accordingly when we are concerned with the purely 
arithmetical point of view, we add also the following definition and con- 
vention (AT). 

Definition. An arithmetical equation is an equation between pure 
arithmetical formal numbers whose dominant types are both determined 
adequately. 

AT. All equations involving pure arithmetical formal numbers are to be 
arithmetical. 

This convention is used in *117 and in some earlier propositions which 
are noted in the prefatory statement. 

Its effect is to render the statement of hypotheses often unnecessary. 
Examples of its application to the numbers where it is not used in the 
symbolism are also considered in the prefatory statement. 

In the case of the inductive numbers we cannot logically prove, apart 
from Infin ax, that one type exists which is adequate for all the formal 
numbers 0, 1, 2, 3, etc. But we can prove that for any particular inductive 
number, say 521, a type exists for which 521 is not equal to A. Accordingly 
for a given symbolic form, in which the symbolism necessarily has only finite 
complexity, when the types of variables which by hypothesis represent 
inductive classes or inductive numbers, not A, have been settled, it is always 
possible to fix on a type which will be adequate for all the pure arithmetical 
formal numbers produced by the symbolism of the form, and also at the 
same time (and here the peculiar properties of inductive numbers come in) 
to have chosen the original types of the variables so that any of the variables 
can assume the value of any assigned constant inductive number, say 521, 
without being null 

The result is that we may assume that the symbols representing inductive 
numbers are never null, and thereby obtain the stable truth-values of 
propositions about them. 

Accordingly we proceed as follows: we put 
* 126 * 01 . N C ind =* NC induct — i* A Df. 
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We make the rule that when NCind appears, convention AT is always 
applied. The result is that when a formal number is an NC ind we need 
never think about its type, and accordingly all the conventions vanish 
from the mind, as far as pure arithmetical indefinite inductive cardinals are 
concerned. We supersede all other conventions by the single one that, if it 
has been proved or assumed that a formal number represents an inductive 
cardinal, the types are so arranged that that formal number is not equal 
to A. The proofs of propositions in this number consist largely of the 
production of a definite type in which this result is attained. 

The important propositions are 
*12612. b : v e NC ind . D . (y + 0 1) n t*v e NC ind 

*126121. b. 1,2, 3,... e NCind 
*126131416. b : a, # e NC ind . D . a + 0 /8, a x 0 /8, a^eNC ind 
*126141. b : a, fie NCind — 0 . = . a x 0 /8e NC ind — i‘Q 

*126161. b s a, j3 e NC ind - 1‘0 . a + 1 . = . ofi e NC ind - 1‘0 - 1‘ 1 

Also *126 # 4*42*43 give the fundamental propositions for subtraction, 
division, and “inverse exponentiation”; and *126*5*51*52*53 the fundamental 
propositions for the relations of greater and less. 


*126 01. NC ind = Nc induct — i‘A Df 

Whenever the symbol NC ind is used the Rule of Indefinite Numbers is 
adhered to, so that all consideration of distinctions in type among inductive 
cardinals can be laid aside (cf. Prefatory Statement and also the Summary of 
this number). 

*126*011. b : v e NC ind . = . ve NC induct — 6* A [(*12601)] 

*1261. I- : v e NC ind . = . (ga) . a e Cls induct . v = Nc‘a . g ! v 
Lem. 

b . *12014 . *100*4 . *126*011 . D 

b : v e NC ind . D . (ga) . v = Nc‘a . v e NC induct — i‘ A . 

[*118*01] D . (ga) . v = Nc‘a . Nc‘a e NC induct — 1 ( A . g ! v . 

[*120*21 1] D . (ga) . a e Cls induct . v = Nc‘a . g ! v (1) 

b . *120*21 . D b : (ga) . a e Cls induct . v = Nc‘a . g ! v - 

D . (ga) . N 0 c‘a e NC induct . v = Nc‘a . g ! v . 
[*12015.*100*511] D . i; e NC induct - i‘A (2) 

b . (1) . (2) . D b . Prop 

*126101. b ft, v e NC ind . g ! fik • 3 • fix = • = ■ /*a = v ■ = • = v 

[*126*1. *10316] 

*12611. b . 0 € NC ind [*12012 . *10112] 
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*126*12. H : peNCind . D . (p+ 0 1) a f'peNCind 

Bern. 

h .*120-151 . D h : pe NCind . D . p+ 0 l eNC induct (1) 

b .*117-66 .*118-01 . D 1- : o eCls induct . p = N 0 c‘a . g ! p. D . Nc‘Cl‘a> p . 
£*126T.*120-429] D . Nc‘Cl‘a >p+ 0 l . 

£*10313.*1 17-32] D.g !(p+ 0 l)n «‘Cl‘a. 

£*10312.*60-34] D.g!(p+ c l)A<‘p (2) 

K(l).(2).*1261 .Dh .Prop 

*126121. I- . 1, 2, 3, ... eNC ind [*1261112] 

This proposition, taken in connection with #120'4232, embodies the 
convention named the Rule of Indefinite Numbers and its justification. 
The convention is that 1,2,3,... are always in future to be used in existen- 
tial types. In other words whenever any particular inductive number is 
employed, it is determined in a type in which it is not A. The justification 
is that by *126*1 1T2 such a type can always be found for each particular 
inductive number. 

The convention is also applied to arithmetical formal numbers in 
*126131416. 

For all arithmetical and equational occurrences this convention is really 
the outcome of IT, IIT, and AT. 

*12613. h : a, /8 e NC ind . = . a + 0 /8 e NC ind 
[*120*71 . *1261 . *110-3 . *10313] 

*126T4. I- : a,/SeNC ind . D . a x 0 y9eNCind 
[*120-72 . *1261 . *113-25 . *10313] 

*126*141. 1- : a, y9 e NC ind — 1‘0 . = . a x 0 y9 e NC ind — 1‘0 
[*120-721 . *113-114] 

*12616. h:a,/3eNCind.D.<*»eNCind [*120 73 .*116-25 .*10313] 

*126161. I- : a, y3 e NC ind - i‘0 . a + 1 . = . cfi e NC ind - 1‘0 - i‘l 
[*120-731 . *116-35 . *117-592] 

*126*23. 1- : fi e NC . g ! yu. a t‘a . D . g ! 2** a t‘t‘a . g ! (p + 0 1) n 
Bern. 


h. *63-661. *116-72. D 


b : /* e NC . yS e ya a i‘a . D . Cl‘y8 e 2* 1 a f‘<‘a 

(1) 

1- . (1). *117-32 . D 


1- : Hp (1) . 2»*^p . D . g ! sm“p a t‘t‘a 

(2) 

b . *117-661-31 . D 1- : Hp (1) . D . 2»‘>ya + C 1 

(3) 

1- . (1) . (2) . (3) . *100-511 . D 1- . Prop 
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*126*31. h : a + C 1 e NC ind . = . a e NC ind [*126*1213*121 . *120*452] 

Note that the specification of the type of a+ c l is omitted in accordance 
with the convention. The reference to *126*12 shows that it is always 
possible to apply the convention. 

*126*32. b : a e NC - 1‘0 - i‘A . v e NC ind . 3 . a + 0 v > p [*120*428 . *110’3] 
*126*33. b s.aeNCind .^SeNC — i‘A.3:a<#.v.a=£. v.a>y8 [*120*441] 

*126*4. h ; • fLy v y tff€ NC ind .3 :/jL+ c 'Gr = p+ 0 nr. = ,fjL = p 
[*126*13 . *120 41] 

*126*41. b p, m e NC ind .«r=f0-^ : / iX c®’ = I ' x c cr - = -/ i= * ; 

[*120*51. *126*14] 

*126*42. h /a, p, i ex e NC ind . a- =}= 0 . 3 : = p w . = . /jl = v 

[*120*55. *126*15] 

*126*43. bz»jjL i p t 'UT€ NC ind .m^0.*T=^l.D:'GT tl = m v . = ./jL = p 
[*120*53 . *126*15] 

*126*5. b fi, p, nr e NC ind . 3 : /* + c «r > p + c -ex . = . /i> p 
Dem. 


I-. *117-561. 

3 b : Hp • fi>p . fi+ 0 nr^p + 0 & 

a) 

K *126-4. 

3 b s Hp . fi> p . 3 . fx + c m 4 s p + c «r 

(2) 

h.(l). (2). *117-26. 

3 b s Hp ./ 4 >p. 3 ./*+ c flx>p+ c «r 

(3) 

1- .*117-561 . Transp 

. *117*281 . 3 



b : Hp ./a+c«* > y + 0 «r . D . ~ (p^/jl) . 


[*12633] 

3 . fJL>P 

(*) 


b . (3) . (4) . 3 I- . Prop 

*126*51. b i, fi, v, weNCind .«r4=0.Ds/AX c < Bj>i/x o «r. = .yLt>i' 
[*117*571 .*126*41] 

The proof proceeds as in *126*5. 

*126*52. b :• fi,v, nr e NC ind .ex^=0. 3: /i w > *'*• = -/*>*' 
[*117*581. *126*42] 

*126*53. b :. /i, p, m € NC ind . «r =}= 0 . *ex 1 = 

[*117*591. *126*43] 
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SUMMARY OF PART IV. 


The subject to be treated in this Part is a general kind of arithmetic of 
which ordinal arithmetic is a particular application. The form of arithmetic 
to be treated in this Part is applicable to all relations, though its chief 
importance is in regard to such relations as generate series. The analogy 
with cardinal arithmetic is very close, and the reader will find that what 
follows is much facilitated by bearing the analogy in mind. 

The outlines of relation-arithmetic are as follows. We first define a 
relation between relations, which we shall call ordinal similarity or likeness , 
and which plays the same part for relations as similarity plays for classes. 
Likeness between P and Q is constituted by the fact that the fields of P and 
Q can be so correlated by a one-one relation that if any two terms have the 
relation P, their correlates have the relation Q, and vice versa. If P and Q 
generate series, we may express this by saying that P and Q are like if their 
fields can be correlated without change of order. Having defined likeness, 
our next step is to define the relation-number of a relation P as the class of 
relations which are like P, just as the cardinal number of a class a is the 
class of classes which are similar to cl We then proceed to addition. The 
ordinal sum of two relations P and Q is defined as the relation which holds 
between x and y when x and y have the relation P or the relation Q , or when 
a? is a member of C‘P and y is a member of G € Q. If P and Q generate series, 
it will be seen that this defines the sum of P and Q as the series resulting 
from adding the Q-series after the end of the P-series. The sum is thus not 
commutative. The sum of the relation-numbers of P and Q is of course the 
relation-number of their sura, provided C‘P and C‘Q have no common terms. 

The ordinal product of two relations P and Q is the relation between 
two couples z ^ x, w ^ y, when x f y belong to C ( P and z , w belong to C‘Q and 
either xPy or x = y . zQw. Thus, for example, if the field of P consists of 
1 P , 2 P , 3 P , and the field of Q consists of l g , 2 g , the relation P x Q will hold 
from any earlier to any later term of the following series : 

lg^lpi 2g^lp, lg^2p, 2g^2p, lg ^ 2g ^ 3p. 

It is plain that, denoting the ordinal product of P and Q by P x Q, we have 

C‘(PxQ) = C‘PxC‘Q, 
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where the second “x” as standing between classes has the meaning defined 
in *113 01. 

Infinite ordinal sums and products will also be defined, but the definitions 
are somewhat complicated. 

The arithmetic which results from the above definitions satisfies all those 
of the formal laws which are satisfied in ordinal arithmetic, when this is 
not confined to finite ordinals; that is to say, relation-numbers satisfy the 
associative law for addition and for multiplication*, they satisfy the dis- 
tributive law in the shape (where the + and x are those appropriate to 
relation-numbers) 

(£ + 7) x a = (£ x a) + (7 x a), 
and they satisfy the exponential laws 

a* x a Y = o^ +Y , 

(^) Y -«P XY . 

They do not in general satisfy the commutative law either in addition or 
in multiplication, nor do they satisfy the distributive law in the form 

« x (£ + 7) = (« x P) + (« x 7), 
nor the exponential law 

« y Xj8 y = (ax /3) y . 

But in the particular case in which the relations concerned are finite serial 
relations, the corresponding relation-numbers do satisfy these additional 
formal laws; hence the arithmetic of finite ordinals is exactly analogous 
to that of inductive cardinals (cf. Part V, Section E). 

If the relations concerned are limited to well-ordered relations, relation- 
arithmetic becomes ordinal arithmetic as developed by Cantor; but many 
of Cantor’s propositions, as we shall see in this Part, do not require the 
limitation to well-ordered relations. 

* For the associative law of multiplication, a hypothesis is required as to the kind of relation 
concerned. Cf. *174*241*25. 
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SECTION A. 


ORDINAL SIMILARITY AND RELATION-NUMBERS. 

Summary of Section A. 

Two series generated by the relations P and Q respectively are said to be 
ordinally similar when their terms can be correlated as they stand, without 

P 


S J 

change of order. In the accompanying figure, the relation S correlates the 

V w 

members of C‘P and C‘Q in such a way that if xPy , then (S‘x) Q (/S»‘y), and 
if zQw , then ( S‘z)P(S‘w ). It is evident that the journey from x to y 

(where xPy) may, in such a case, be taken by going first to S‘x, thence 

W V V 

to S‘y y and thence back to y, so that xPy . = . x (S j Q | S)y, i.e. P = S\Q\S. 
Hence to say that P and Q are ordinally similar is equivalent to saying that 
there is a one-one relation S which has C‘Q for its converse domain and gives 

P = S | Q | S. In this case we call S a correlator of Q and P. 

We denote the relation of ordinal similarity by “smor,” which is short for 
“ similar ordinally.” Thus 

P amor Q . = . (a$) . S € 1 — ► 1 . C‘Q = <I‘S • P *= S\Q\S. 

It will be found that the relation S \ Q | S plays the same part in relation 
to Q in relation-arithmetic as S“/3 plays in relation to /3 in cardinal 

arithmetic. It is therefore desirable to have a simpler notation for S | Q | S. 
We put 

S>Q = £ | Q|/S Df. 


->y 

a 


S‘j, 


• p=s|q|s 
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We shall find that the semi-colon so defined has the same kind of properties 
in relation-arithmetic as the two inverted commas have in cardinal arithmetic. 
Corresponding to the notation Se‘fi, we put 

S\Q = S\Q 8 Df. 

yj 

We shall thus have = 8\\ S. It will appear that has ordinal properties 

V/ 

analogous to the cardinal properties of S e . Thus e.g . where S\\S 9 appears as 
a cardinal correlator, S || CnvSS-f- will appear as an ordinal correlator (in each 
case with the converse domain suitably limited). 

The elementary properties of S’Q will be considered in *150. We shall 
then, in *151, be able to study ordinal similarity, taking as our definition of 
an ordinal correlator 

P£™rQ = S{S€l-+l.C‘Q = a‘S.P = S'>Q} Df, 
and defining two relations as ordinally similar when they have at least one 
ordinal correlator, i.e. putting (on the analogy of *73) 

smor = £${a!PsmorQ} Df. 

There is no need to confine the notion of ordinal similarity (or likeness, 
as we shall also call it) to serial relations. When two relations have ordinal 
similarity, their internal structures are analogous, and they therefore have 
many common properties. Whenever similarity has been proved between 
two classes a and & then if fi is given as the field of some relation Q, and S 
is the correlating relation, S>Q is like Q , and has a for its field. Hence 
similar classes are the fields of like relations. It must not be supposed, 
however, that like relations are coextensive with relations whose fields are 
similar. This does not hold even when we confine ourselves to serial relations, 
except in the special case of finite serial relations. 

The definition of relation-numbers (*152) is as follows: The relation- 
number of P, which we call Nr‘P, is the class of relations which are ordinally 
similar to P ; and the class of relation-numbers, which we denote by NR, is 
the class of all classes of the form Nr‘P. The elementary properties of 
relation-numbers, treated in *152, are closely analogous to those of cardinal 
numbers treated in *100. 

After a few propositions about the ordinal 0 and the ordinal 2, which we 
call 0 r and 2 r (*153), we pass to the consideration of relation -numbers of 
various types. It will be observed that “smor,” like “sm,” is a relation 
which is ambiguous as to the type both of its domain and of its converse 
domain. Thus “ P smor Q ” only has an unambiguous meaning when the 
types of P and Q are determined. P and Q may or may not be of the same 
type; the only restriction upon the type of either is that both must be 
“ homogeneous ” relations, i.e. relations whose domain and converse domain 
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are of the same type. This restriction results from the fact that C‘Q occurs 
in the definition of “ P smor Q” and a relation does not have a field unless it 
is homogeneous; hence Q must be homogeneous, and therefore, whatever 

S may be, 8 1 Q | S must be homogeneous, i.e. P must be homogeneous. Thus 
e.g . such relations as D, t, or e are not ordinally similar either to themselves 
or to anything else. Whenever “ P smor Q ” is significant for a suitable Q, 
we have P smor P ; but if P is not homogeneous, “ P smor Q ” is never 
significant. Hence throughout the theory of ordinal similarity, the relations 
of which ordinal similarity is affirmed or denied must be homogeneous. The 
correlators, on the contrary, need not be homogeneous. 

Owing to the homogeneity of our relations, the types of relation-numbers 
are much more easily dealt with than they otherwise would be ; for the type 
of a homogeneous relation is determined by that of a single class, namely its 
field, whereas the type of a relation in general depends upon the types of two 
classes, namely its domain and its converse domain. Since, where likeness is 
concerned, the type of the field determines the type of the relation, proposi- 
tions concerning the relations between different typical determinations of a 
given relation-number are, for the most part, exactly analogous to and 
deducible from those for cardinals. In fact, a relation ordinally similar to Q 
exists in the type of P when, and only when, a class similar to C‘Q exists in 
the type of C‘P , i.e . 

a ! Nr (pyQ . = . a * Nc ( c<pyc<Q . 

The half of this proposition follows from the fact that, if P is like Q, C‘P is 
similar to C*Q. The other half follows from the fact, mentioned above, that 
if J3 = C‘Q and a sm then there is a relation like Q and having a for its 
field. Now if a belongs to the type of C"P, any relation having a for its field 
is contained in tv‘C‘P f tyC*P. Hence in the case supposed there is a relation 
like Q and contained in t 0 ‘C‘P f tyC‘P. But the relations contained in 
t^C l P \ tfC'P constitute t‘P. Hence there is a relation which is like Q and 
is a member of t‘P, whence our proposition results. By means of this 
proposition and those of *102 — 6, the properties of relation-numbers with 
respect to types follow easily. The conventions IT, II T and AT apply to 
relation-numbers as to cardinals ; they are to be applied in the same way as 
in the analogous propositions of Part III, Section A. 


R. & W. II. 


20 
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*150. INTERNAL TRANSFORMATION OF A RELATION. 


Summary of *150. 

In this number we introduce two notations which have uses in regard to 
relations closely analogous to the uses of R“a and R e in regard to classes. 
These two notations are defined as follows : 

S',Q = S\Q\S Df, 

S\Q = S\Q\S^m 

We then have V . S\Q = S>Q = S\Q\S= (S\\ S)‘Q. 

SfQ is merely an alternative to S’Q, just as R € ‘a is an alternative to R“cl 
Also fi»f = S || S, in virtue of *38*01 and *43*01. 

The uses of S’Q occur chiefly when S is a one-one relation and C‘Q C (I‘S. 
This case is illustrated in the figure in the introduction to this section. 
Here if Q relates x and y , S’Q relates S ( x and S‘y. Thus given a class a 
similar to C‘Q , if S is the correlating relation, S’Q has a for its field, and has, 
in very many respects, properties analogous to those of Q. 

S’Q is important for many special values of S. For example, let Q be a 
relation between relations ; then C’Q will be the corresponding relation of the 
fields of these relations. If Q be any relation, l %’Q will be the correspond- 
ing relation between ordered couples of which x is the relatum ; i.e. if yQz, 
the relation ^x’Q will hold between y^x and z^x. If Q is a relation 
between classes, and we have j3Qy , then the relation ctu>Q will hold between 
a v and auy, In short, whenever S is a one-many relation, and therefore 
gives rise to a descriptive function, then SJQ is the relation which holds 
between S‘y and S‘z whenever Q holds between y and z. 

We introduce one other new notation in this number, corresponding to 
a $ y in *38. This notation is thus defined : 

Q%y = %y’Q Df. 

The purpose of this notation is to enable us to proceed to and other 

similar notations; or, otherwise stated, to enable us to treat %y’Q as a 
function of y rather than of Q. Take for example the case of x \ ’ Q . We 
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may wish to consider various relations x ^ >Q, y ^ >Q, where we are to have 
(say) xPy. To express the relation of x± 5Q to y I’Q resulting from xPy y 
we need the above notation. By its help, we have 

*4 >Q = Qj, ■ y i >Q = Q V 

Hence xPy . = . (Q ^ ‘x) (Q ^ >P) (Q | ‘y). 

Thus Q^5P is the relation between x^>Q and y ^ corresponding to the 
relation P between x and y. Q ^ >P plays the same part in relation- 
arithmetic as is played by a ^ “fi in cardinal arithmetic. 

The notations of this number are capable of occasional uses in cardinal 
arithmetic*, but their chief utility is in relation-arithmetic, in which they 
are fundamental. 

In order to minimize the use of brackets, we put 
R‘S m >Q = R‘(S m >Q) Df, 

RWQ = R‘>(S m >Q) Df. 

As an immediate result of the definition of S>Q , we have 
*160*11. b s x (S>Q) y . = . (a^, w ) . xSz . ySw - zQw 
We have also 
*16012. KCn 
*160*13. \-.R m >S m ’Q = (R\S) m >Q 

This proposition, which is the analogue of (P | Q)“ y = P“Q“ y (*37*33), 
is very often used. We have also 

*160*3. \-.S m >(QvR)=S m ’QvS>R 
*16042. h./S5A = A 

The remaining propositions of this number (with a few exceptions) may 
be thus classified : 

(1) Propositions concerning the domain, converse domain, and field of 
S’Q (*150*2 — -23). Owing to the fact that the chief applications of this 
subject are to cases where Q and S>Q are serial, the field of S’Q is more 
important than its domain or converse domain. Thus the chief propositions 
here are 

*160-22. b s C‘Q C d‘S . D . C‘S'>Q = S“(7‘Q 
*160*23. b : C‘Q = (I‘S - D . C‘S'>Q = D‘S 

The hypothesis (7*QCGSS is verified in almost all applications of S>Q . 
When it is not verified, the part of C*Q not contained in Q.‘S is irrelevant to 
the value of S>Q. The hypothesis C ( Q = CISS is very often verified in practice, 
since it is verified when 8 is a correlator of S'>Q and Q. 

* E.g. in *116*58 and following propositions, where the notation Sf was introduced by a 
temporary definition. 

20—2 
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(2) Propositions concerning relations with limited domains, converse 
domains, or fields (*150*32 — 38). Broadly speaking, a limitation on the 
field of Q is equivalent to a limitation on the converse domain of S , and both 
are equivalent to a corresponding limitation on the field of S’Q provided 
SeCls-*!. The limitations that occur in practice are limitations on the 
converse domain of S , with consequent limitations on the fields of Q and S’Q- 

The chief propositions on this subject are 
*150*32. b.(S[C‘Qy’Q = S-’Q 
*150*35. b y e C‘Q . . R‘y = fity : D . R’Q = S’Q 

(This follows from *150*32 and *35*71.) 

*150*36. b.(St/3y>Q = S m >(Qt/3) 

*150*37. biSe Cls-*1 . 3. S’ (Q £ /3) = (S'>Q) tS“/3=(S[ j3) m >Q={(S“/3) 1 S] ’Q 

(3) Propositions on S’Q when S is one-many or many-one (*150'4 — '56). 
We have 

*150*4. I - S € 1 — ► Cls . D : x (S’Q) y . = . (g*, w) . x — S‘z . y — S‘w . zQw 
This proposition is used constantly. Only slightly less useful is 

*150*41. b S e Cls 1 . D : * (S ’Q) y . = . (S‘x) Q (S ( y) 

The remaining propositions of this set are chiefly applications of *150*4*41 
to special cases. 

(4) A few propositions on Q%y (*150*6 — *62). These are immediate 
consequences of the definition. 

(5) A set of propositions on couples and matters connected with them 
(*150*7 — *75). The chief of these is 

*150*71. h:$€l-»Cls.z,w€ Q.‘S . D . S'’(* | w) = (S‘z) i (S‘w) 

This proposition is very often used in relation-arithmetic. Useful also is 

*150*73. b.S m ’(a J t/3) = S“a J tS“/3 

(6) We next have four propositions (*150*8 — *83) on S’P when P is 
a power of Q . These belong with the propositions of *92 ; they are useful 
in the ordinal theory of finite and infinite. We have 

*150*82*83. b S e Cls 1 s D‘Q C a*S . v . d‘Q C d‘S : D . 

Pot <S m ’Q = St “Fot‘Q . (S-’Q)„ = SiQpo 
It follows that, in the hypothesis supposed, if S is a correlator of P and Q , 
it is also a correlator of P ^ and Q^. 

(7) Propositions concerning the relation Sf (*150*14 — *171 and *150*9 — 
•94). These have uses analogous to those of propositions concerning S e . The 
most important are 
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*16014. 

(This follows immediately from *15013, above.) 

* 160 - 141 . \-.Sf = S\\S 

(This follows immediately from the definition.) 

*15016. f-.s < iJt“X = «t(s‘\) = iJi«‘X 

This proposition is analogous to 8‘R“‘k = R“s‘k (*40‘38), i.e. to 
S t Re t< IC = Re‘s e K = R“$‘k, 

as appears on substituting s and Rf for s and Re in this variant of *40 38. 

The remaining propositions are mainly of the nature of lemmas, to be used 
once or twice each in relation-arithmetic. 


* 160 - 01 . S‘>Q=S\Q\S Df 
* 150 - 02 . SfQ = S\Q\S Df 
*160 03 . Q%y = %y'>Q Df 

Here, as in *38, stands for any sign which, when placed between 
two letters, defines a descriptive function of the arguments represented by 
those letters. Thus for example “ ? ” may represent any of the following : 

rt > w > 'S l> 1> r. D. T» 

The two following definitions serve merely for the avoidance of brackets. 
* 160 - 04 . R l S>Q = R‘(S’>Q) Df 
* 16006 . R‘>S’>Q = R‘>(S'>Q) Df 

* 160 - 1 . 1- . SiQ = S | Q | S = (S || S)‘Q = SfQ = S\‘Q 

[*43112 . *3811 . (*15001 02)] 

* 150 * 11 . h : x (S> Q) y . = . (gz, w ) . xSz . ySw . zQw [*34-1 .*31-11] 

*16012. I- . Cnv‘£5Q = $>Q [*34’2 . *3133] 

* 160 - 13 . \-.R‘>S‘>Q = (R\S)’>Q 

Rem. 

1- . *150-1 . (*15005) . D 1- . R>S>Q = Ri(S\ Q | S ) 

[*1501] =R\S\Q\S\R 

[*34-2] =R\S\Q\Cnv‘(R\S) 

[*1501] = (R | S)iQ . D K Prop 
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*150131. b . ( R>sy>Q = R’>(S \ R)‘>Q 

Bern. 

I- . *15013 .31-. R>(S | R)>Q = (R\S\R)>Q 
[*150-1] = (R>S)>Q . 3 h . Prop 

Observe that we do not have (R>S)>Q = R’(S>Q). 

*15014. b.R^\S\ = (R\S)f 

Bern. 

h . *150113 .31-. Rj‘S^Q = (R \ S)f‘Q (1) 

1- . (1) . *34 42 .31-. Prop 

This proposition is the relational analogue of *37-34. 

*150-141. H.St-£f||S [*1501. *30-41] 

*15015. KSfel-^Cls [*7214] 

*150151. h :.(&). E ! S‘x : /SeCls— > 1 : 3 . (Sfe 1 — > 1 [*74 772 . *150141] 
The following proposition is used in the theory of double ordinal similarity 
(*164-13). 

*150152. 1- : S\-s‘C“\ e Cls-> 1 . 8 f C“\ C d‘S . 3 . (Sf) [ \ e 1->1 

Bern. 

b . *74-775 . 3 

b:S[ 8‘C “\ e Cls -> 1 . s‘D“\ C (PS . s‘d“\ C d‘S . 3 . 

(8\\8)[\€l-¥l (1) 

I- . (1) . *40-57 . *150141 .31-. Prop 

*150153. I -:.S[ s‘C“\ e Cls -> 1 . s‘C“\ C CL‘S . Q, R e X . 3 : 

S’>Q = Sl R.3.Q = R 

Bern. 

I- . *150152 . *71-55 . 3 h :. Hp . 3 : SfQ = SfR . 3 . Q = R : 

[*1501] 3 : S>Q = S>R . 3 . Q = iJ :. 3 1- . Prop 

The above proposition is used in dealing with relations of relations 
of couples (*165"23). 

*15016. \-.s‘Rf“\ = R\(s‘\) = R‘>s , \ |^*43-43^.*150-141-lJ 
The following proposition is a lemma for *150-171. 

*15017. l-.(fi[‘X)t-.Rt|tX 
Bern. 

b . *1501 . 3 1- . (R [ \)f‘P = (R [ X) | P | (X 1 R) 

[*35-354] =.R|\1P|-\|.R 

[*1501.*36-11] = Pf (P£ X) 

[*3811] =Rf‘t\‘P (1) 

I- . (1) . *34-42 . 3 I- . Prop 
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*150171. I- : s‘C“C‘Q C\.0.(R[\)f>Q = R\>Q.l\iQ = Q 

Dem. 

h . *1501713 . D b . (R r\)f5Q - R\> D *-’Q (1) 

h. *15011. 5I-: M(t\iQ)N. = .(^S,T). M=St\.N=Tt\.SQT (2) 

K *3317. Dl -:SQT.3.S,TeC‘Q. 

[*37 02] D . C‘S, C‘T e C“C‘Q . 

[*4013] D . C‘S C s‘C“C‘Q .G‘T C s‘C“C‘Q (3) 

K(3). D h :. Hp. D : SQT . D . C‘SC\.C‘TC.\. 

[*36-25] 3.St\ = S.Tt\=T (4) 

h . (2) . (4) . D I- :. Hp . D : M(t\>Q)N. = . (gS, T) . MS. N-T.SQT. 
[*13-22] = . MQT : 

[*21-43] = Q (5) 

H . (1) . (5) . D I- . Prop 

The above proposition is required in the theory of double ordinal 
similarity. It is used in proving *164*141, which is used in *16418, which 
is a fundamental proposition in the theory of double ordinal similarity. 


The following propositions, on the domain, converse domain and field of 
S’Q, are much used, especially *150-202-22-23. *150*201 is hardly ever used, 
but is inserted in order that the general case may not remain unconsidered. 


*150-2. I- . D‘S>Q = S“Q“a ( S. d‘S’>Q = S“Q“d‘S [*37-32 . *1501] 


*150*201. 

Dem. 


V . C‘S’>Q = S“(Q v Q)“d‘S = D ‘S>(Q v Q) 


h . *150-2 . *37-22 . D I- . C‘S>Q = S“(Q“d‘S w Q“d‘S) 
[*37-221] = S“(Q v Q)“d‘S 

[*150 - 2] = D‘(S»(Q c; Q ) . D h . Prop 


*150-202. h . D‘SiQ C S“D‘Q . d‘S‘>Q C S“d‘Q . C ( S>Q C S“C‘Q 

Dem. 

h . *371516 . Z> h . Q“d‘S C D‘Q . Q“(I‘£C d‘Q . 

[*37-2.*150-2] D h . D ‘S’’Q C S“D‘Q . d‘S>Q C £“<I‘Q (1) 

[*37-22] D 1- . C‘S’>Q C S“C‘Q (2) 

h . (1) . (2) . D I- . Prop 

*150-203. I-.C'S’QCD'S [*150-202 . *37-15] 

*150-21. l-:a‘QCa‘S.D.D‘S;Q = /S“D‘Q = D‘(-S|Q) [*1502 . *37-27-32] 

*160-211. 1- : D‘Q C d‘S . D . d‘S’>Q = S“d‘Q = D‘(S j Q) 

[*150-2. *37-271-32] 
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* 150 - 22 . I- : C‘Q C (l‘S . D . C‘8>Q = S“C‘Q [*150-21-21 1 . *37 22] 

In practice, when S’Q is used, we almost always have G‘Q C (ISS. For 
the use of S’Q is to obtain a relation analogous to Q and having a different 
field ; now S’Q is analogous to Q £ (L‘S, for the part of C‘Q which lies outside 
is unaffected by S. Hence if we have, to start with, a relation Q whose 
field is not contained in Q‘<S>, we shall usually find it profitable to limit the 
field to d‘S, and consider the transformed relation rather as S’(Q £ <I‘$) than 
as S’Q. Thus the hypothesis C‘Q C G‘>S will be verified in almost all useful 
applications of the notion of S’Q. 


*150-23. \-xC‘Q = a t S.^.G t S>Q = D‘S [*150-22. *37 25] 

*150-24. h:.C‘QCa‘S.D:a!S;Q. = .a!Q 

Dem. 

I- . *37-43 . *150-22 . D 1- Hp . D : a ! C‘S’Q . = . a ! C‘Q : 

[*33 24] D : a ! S’Q . = . a ! Q :. D 1- . Prop 

*150-25. ElS‘y.O:zlS’’Q. = .nlQ [*1 50-24 .*33-431] 

*150 3. I- .S’(Qw R)-S’Qk>S>R [*34-25 26 .*1501] 

*150-301. I- . S’(Q A jR) G (S’’Q) A (> S'’R ) [*34-23 24 . *1501] 

*150-31. I -:PGQ.R<IS.3.R’’P<1S'’Q [*3434 . *1501] 

The following propositions are frequently useful when we have to deal 
with correlators of the form S [ C‘Q, which often happens. 


* 150 - 32 . 

* 15033 . 

* 150 - 34 . 


v 

.(S[C‘Q)’Q=S-’Q [*43-5 |A 


C‘Q, C‘Q 


a, 0 


>0-141 J 

v 

: C‘QC0.3.(Sf 0 )>Q = S’Q |*43-5 ^ . *150141^ 


h : D‘Q C a . <I‘Q C 0 . D . S [ a \ Q 1 0 ] S = S>a ] Q [ 0 = S‘>Q 
[*43-5 . *35-354 . *1501411] 


*160 35. I- :. y e C‘Q . . R‘y = S‘y : D . R’Q = S’Q 

Dem . 

H . *35*71 . D h : Hp . D . 12 f C ( Q = $ f C‘Q . 

[*34*27*28.*150*1] D . (R [ C‘Q) m >Q = (S [ C‘Q) m >Q . 

[*150*32] D . 125Q = S>Q : D h . Prop 

The above proposition, which is the analogue of *37 69, is much used in 
relation-arithmetic. 


The following proposition is much used after we reach the theory of well- 
ordered series, but not before (except in *150*37). 
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*160-36. \-.(St/3y>Q = S‘>(Qt/3) 

Bern. 

H. *15011. *35101. D 

V : x {($ f /S)»Q} w . = . (gy, z ) . xSy .ye/3. yQz . z e 8 . wSz . 

[*36-13] = . (ay, z) . xSy .y(Q£&)z. wSz . 

[*15011] =.a;(S;(QD/9)}w:3H.Prop 

*160-361. V . (a 1 S) m ’Q = (S’Q) l a [Proof as in *150-36] 

*160-37. f- : 8 e Cls -> 1 . D . S‘>(Q £ /8) = (S’Q) £ S“/3 

-(-srw-K^wiw 

Bern. 

V . *74141 . D 1- : Hp . D . (S [ fffiQ = {(S“fl) ] S}’Q (1) 

h . (1) . *150-36-361 . D I- . Prop 

The above proposition is not used until we reach the theory of series. 

*160-38. h:/S , 6l->l.D.,Sf;s;Q = Q^D < ^ 

Bern. 

H. *1501. 0b.SiS’>Q-S\8\Q\8\S (1) 

1- . (1) . *72-59-591 . D I- : Hp . D . S>S‘>Q = (D‘S) ] Q [ D‘S 
[*3611] =QtD‘S:DKProp 

The above proposition is used in dealing with the correlation of series 
(*208-2). 

*160*4. I- <Sel— >Cls.D:<r(/S»Q)y. = .(a z,w).x = S‘z.y = S‘w.zQw 
[*15011. *7 1-36] 

This proposition is fundamental in the theory of S’Q, because in most of 
the uses of this notion S is one-many. The proposition states that when S is 
one-many, S’Q is the relation between the S’ a of terms related by Q. Thus 
if S is the relation of wife to husband, and Q is the relation of brother to 
brother, S’Q is the relation between wives of brothers. If Q is a relation 
between relations, C’P will be the corresponding relation of their fields; 
and so on. 

*160-41. \-:.SeCh->1.0:x(S’Q)y. = .(S‘x)Q(S‘y) [*150-11 .*71-331] 
*160-42. K£>A = A [*150T . *34-32] 

The following propositions, down to *150'56, are, with the exception of 
*150*52 — -535, all illustrations of *150'4 - 41. 

*160*6. 1- : a ( R>P ) /3 . = . (a®, y) . a = R‘x . /3 = R‘y . xPy 

*160-61. I- : a (D5.R) 0. = . ( 3 P, Q) . a = D‘P . 0 = D‘Q . PRQ 
*160-611. 1- : a (Q>R) fl.s. (a P, Q).a = d‘P.0 = (l‘Q. PRQ 
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*160-612. 1- : a (C'>R ) £ . = . (gP, Q).a = C‘R .0 = C‘Q . PRQ 

*150-52. I- : « (F’>R) y. = . (gP, Q).xeC‘P .yeC‘Q. PRQ 
[*15011. *33-51] 

F>R is a relation which plays a great part in relation-arithmetic. 

*160-53. h./;P = P [*50-4] 

*160-531. h.P5/ = P|P [*504] 

*160-532. Kp;/;<2 = p;<2 [*150-13. *50-4] 

*160534 1 -.(I\C‘P)’P = P [*150-53-32] 

*160-535. 1- : C‘P C a . D . ( J [ a)>P = P [*150'53'33] 

*150-54 I- : a (t>P) £. = . (t‘a) R (t‘y 3) 

*150-541. h : x (i’R) y. = . (i‘x) R ( i‘y ) 

*150*55. I- : Q ( 4 z’P) R . = . (gw, t>).Q = «4$..R = t>,[£. uPv 

*150-56. h : M (Sf>Q) N . = . (gX, Y) . XQY . M = S‘>X .N-S>7 
[* 150-4151] 

*150*6. 1- . P ? y = ? y»P [(*1 50-03)] 

*150-601. b . P ? e 1 -> Cls [*150 6 . *1421 . *71166] 

*150*61. 1- : z (P ? y) w . = . (gw, v) . z — u%y ,w = v$y . uPv 
[*15011. *38101. *150 6] 

*150*62. b : R (P ? >Q) S . = . faz, w ) . R = ? ^»P . = $ w >P . zQw 
[*150-4601-6] 

Relations of the form P^>Q are frequently useful in relation -arithmetic, 
especially in the particular case of P j, >Q, which takes the place taken by 
a ^ “/3 in cardinal arithmetic. Relations of the form P ^ ’Q will be considered 
in *165. 

The following propositions are chiefly concerned with correlations of 
couples. They are of great utility in relation-arithmetic. *150*71, in 
particular, is fundamental. 


*150-7. 

*150-71. 

*150-72. 

*160 73. 

*150-74 


I - . S’(z j. w) => S‘z \ S‘w [*55"6] 

I- s 8 e 1 — ► Cls .z,we Q.‘S . D . S’(z ^ w) = ( S‘z ) l ( S‘w ) [*55*61] 


biz^w.S=x] e zKty^w.'5. S>(z ^w) = x ^y 

b.S’>(a\/3) = S“a'[S“/3 

b.(SvT)>Q = S'>QvT>QvS\Q\TvT\Q\S 


[*55-62-61] 

V 



S, g ~| 
iJ,Sj 


[*150-1] 
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*15075. h : ~ iyQy ) . D . (S w x | y)>Q = S>Q c» S“Q‘y f t‘« w i‘x f iS“Q‘y 
Dem. 

h . *150"1 . D h : Hp . D . (x ^ y)>Q = A . 

[*15074] D . (<S o x 4 y)>Q = $JQ c; S| Q | y 4 # ^ ^ i y I Q I <8 

[*55-57-571] = S">Q o S“tyy f i‘x u i‘x f S^y : Z> h . Prop 

The four following propositions belong to the subject of *92, but could 
not be given in that number owing to the fact that they involve the notations 
of *150. They are required for proving that, if 8 is a correlator of P and Q, 
it is also a correlator of P po and (*151*45), and for one of the fundamental 
propositions in the ordinal theory of progressions (*26317). 


*150-8. h :. e Cls -> 1 : D'Q C d‘S . v . d‘Q Cd‘S:Pe Pot'Q : D . 


Dem, 

S>P e Pot‘(<S»Q) . (S‘>P) | (S‘>Q) = S>(P \ Q) 

h. *91-351. 

Dh./S;QePot‘(-S5Q) 

(1) 

1- .*1501 . 

Dh.(S;P)l(S->Q) = S\PjSlS\QIS 

(2) 

I-. (2). *71191. 

Di-:Hp.D.(s;p)|(s;Q)= i s|P|/| k a‘isr|Q|s 

(3) 

I- . *50 - 63 . 

Dh:D‘QCd‘S.D.Ifd‘SlQ = Q 

(4) 

h. *50-62. *91-271. 

O h : P e Pot'Q . d‘Q C d‘S . 3 . P | / [ d‘S = P 

(5) 

K(3).(4).(5). 

3 1- : Hp . P e Pot'Q . 3 . (S’P) \ (S>Q) = <S> | P | Q | i? 


[*1501] 

=skp \Q) 

(6) 

1- . *91*282 . 

31 - : SIP e Pot'SJQ . 3 . ( S>P ) | (S’Q) e Pot ‘S’>Q 

(7) 

K(6).(7). 

3 h :. Hp . Pe Pot'Q. 3 : S‘>Pe Pot'SJQ . 3 . 



S’>(P \Q)e?ot‘S‘>Q 

(8) 

Ml). (8). *91-373 

S’>P ePot'SJQ ^ 

<t>P 


h Hp . 3 : P « Pot'Q . D P . S’>P e Pot‘(S>Q) 

(9) 


1- . (6) . (9) -DP. Prop 

*150-81. 1 - 8 e Cls -> 1 : D'Q C d‘S . v . d‘Q C d‘S : Te Pot ‘S'>Q : D . 

( a P).Pe Pot‘Q.T=S>P 

Dem. 

K *91-351. Dh.( a P).PePot‘Q.S;Q = S;P (1) 

V . *150-8 . D I- : Hp . P ePot'Q .T=S>P.D. T\(S’>Q) = Si(P | Q) . 
[*91-282] D . ( a P) . R e Pot ‘Q .T\(S’Q) = S’>R (2) 

K (2). *10-23. D 

h Hp . D :( a P).PePot‘Q. P=S>P. D . 

(zR).RePot‘Q.T\(S'>Q) = S‘>R (3) 

k (i) . (3) . *9ii7i 3 

9 ! Hp . Tt ?cl‘S’Q . 3 . ( a P) . P , Pot'Q . 1= Sip : 3 h . Prop 
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*150-82. b : . S e Cls-> 1 : D‘Q C d‘S . v . d‘Q C <3‘£ : D . Pot‘£5Q = Sf “Pot'Q 
Bern. 

h. *150-8-81. D 

b : Hp . D . Pot ‘S>Q = T {(gP) . P e Pot ‘Q . T= S’>P} 

[*150-1] = S-f “Pot‘Q :Db. Prop 

*150-83. b 8 e Cls -> 1 : D'Q C d‘S . v . <PQ C d‘S : D . (S>Q) „ = S 

Dem. 

b . *1 50-82 . (*9105) . D b : Hp . D . (-S5Q) po = i‘St“Pot‘Q 
[*15016.(*9105)] = S’Q^: D I- . Prop 

The following propositions, down to *150 94 inclusive, resume the subject 
of the relation $f, which has already been treated in *15014 — -171. 

*150-9. K(/t)5Q = Q 

Bern. 

b. *150-56. Db: M (1\>Q)N . = .(%X, F) . XQY. M = 7>Z . Z= 7>F. 
[*150-53] = .(gZ, 7) . XQY . M = X . N = Y. 

[*13-22] =.MQY:0 1- . Prop 

The following propositions lead up to *150-931"94, which are used in the 
theory of double ordinal similarity (*164'3'21). 

*150-91. I- : s‘C“C‘Q Ca.D.(7f k o)t>Q = Q 

Bern. 

h. *150-535. D(-:.Hp.D:ZeC , ‘Q.D.(/| k a)>Z = Z (1) 

b. (1). *150-56. Dbr.Hp.D: 

M {(7 r«)t ; Q} = • (a*. F) • XQY.M = X . F . 

[*13-22] = . MQN D b . Prop 

*150-92. I- : Se Cls -> 1 . s‘C“C‘Q C d‘S.O. Sf’SVQ = Q 

Bern. 

b. *1501314. Db.SfWQ-OSlWQ (1) 

b . (1) . *71-191 . D b : Hp . D . Sf>J3Y>Q = (I [ d‘S)pQ 
[*150 91] = Q : D b . Prop 

*150-921. b : Se 1 -> Cls . s‘C“C‘P C D‘S. D . Sf’Sf’P^ ? 

*150-93. b :. S e 1 1 . s‘C“C‘P C B‘S . s‘C“G‘Q Cd‘S. D : 

P^S\yQ. = .Q=SY’P [*150-92-921] 

*150-931. b : s‘C“C‘Q C d‘S . D . C“C‘Sf>Q = S'“C“C‘Q 

Bern. 

b. *150-22. OY .C‘SY>Q = Sf“C‘Q (1) 

b . *150-22-1 . Z> b :. Hp . Z> : M e . Z> . C‘Sf‘M = S“C‘M i 
[*37-68-11] D : C“SY‘C‘Q = S e “C“C‘Q (2) 

b . (1) . (2) . D b . Prop 


Digitized by Google 



SECTION A] INTERNAL TRANSFORMATION OF A RELATION 317 

*160-932. h : s‘C“C‘Q Cd‘S. D . s‘C“C‘Sf>Q = S“ S ‘C“C‘Q 
[*150-931. *37-11. *40-38] 

*160-933. h : a‘C“C‘Q CO'S.D. s‘0“C'‘>St;Q C D‘S [*150932 . *3715] 

*160-94. l-:.5el->l.D:s‘0 << C‘QCa‘S.P = /Srt>Q. = . 

«‘0“C‘PCD‘,S.(3-St;P 

Bern. 

V . *150-933 . D I- : s‘(7“(7‘Q C (PS . P= SfJQ . = . 

«‘0“(7‘P C D‘S . Ca‘S.P = SfJQ (1) 

w 

h . *150-933 1 . >h : s‘0“(7‘P C B‘S . Q = Sf >P . = . 

s‘C“C‘P C D‘S . s‘(7“C‘<3 Cd‘S.Q = Sfjp (2) 

h. *15093. *532.3 

h :. &e 1 -> 1 . D : s‘0“C‘P C D‘S . s‘(7“(7‘Q C 0*5 . P - #f>Q . s . 

8‘C“C‘P C D‘S . f&'VQ CCPS.Q- Sf >P (3) 

h . (1) . (2) . (3) . 3 f- . Prop 

The above proposition is the analogue of #74*61, which (with a few trivial 
transformations) may be written 

bi.Se 1->1 0:ACa f S.« = &^. = .^CD t S.X = (S)^, 

In obtaining ordinal analogues of such propositions, & will be replaced by 
S f, and the two inverted commas will be replaced by the semi-colon ; a class 
of classes k will be replaced, in most of its occurrences, by a relation of 
relations P, but will sometimes be replaced by C“C‘P . 

The above proposition (#150*94) is used in proving that the converse of a 
double correlator of P and Q is a double correlator of Q and P (#164*21). 
The corresponding cardinal proposition (#111*131) uses #74*6, which is 
practically the same proposition as #74*61, which is the analogue of #150*94. 

#160*95. b : C‘R C CVa . D . (S [ a) e m >R = S'>R 
Dem . 

b . #37*421 . D 1- Hp . D : fi e C<R . D . (S [ a)“£ = S“0 . 

[#37*11] D . (S T ay/3 - (1) 

h . (1) . #150*35 . D h . Prop 

The above proposition is used in the theory of “first differences ” 
(#170*41). 
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*150-96. Y : d VX C Q.‘8 . D . D ">(T || S) [ X = T, [ D“X 
Bern. 


Y . *150-51 . D I- : a {D>(T|| 8)[\}/3. = . 

(zM,N).N e \.M=T\N\S.a=I>‘M ./3 = D‘N 

h . *41-13 . 0 !- Hp . D : Ne\ . D . (PiVC d‘S . 

[*37-321] 0 . D‘(iV | 8) = D ‘N . 

[*37-32] D . D \T \ N \ 8) = T“D ‘N 

1- . (1) . (2) . *37-6 . D 

h- Hp . 0 : a {D;(T|| D“X . a = T“8 . 

[*37101] = . a (T e f D“X) /9 D h . Prop 


( 1 ) 

( 2 ) 


*150-961. 1- . «5( U || TP)* [ X - ( U\\ Tf) [ s“\ 

Bern. 

Y . *150-4 . 0 Y : R [«»(Z7 1| TT) t |"X] 8 . = .(g j9).>S e X . 8 = £‘/9. i* = i‘( E7|| iF)“£ . 

[*43-43] = . (3/3) . / 8eX.<S = s‘/3.i2 = (£7|| W)‘s‘8 . 

[*13-193.*37-6] =.Ses“\ . R = (Z7|| F)‘S Oh. Prop 

The above proposition is used in the theory of ordinal exponentiation 
(*176-21). 
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*151. ORDINAL SIMILARITY. 


Summary of *151. 

In this number, we give the definition of ordinal similarity, and various 
equivalent forms; we prove that ordinal similarity is reflexive (*151*13), 
symmetrical (*151*14) and transitive (*151*15), and we give some particular 
cases of ordinal similarity (*151*6 ff.). Propositions in this number should be 
compared with those in *73, to which they are analogous. 

The class of ordinal correlators of P and Q is written P smor Q, where 
“ smor ” stands for “ similar ordinally.” We put 

P smor Q = §{Sel->l.C‘Q = (I‘S.P = S‘>Q } Df. 

(We might equally well put 

PsmorQ = (l->l)A(I^QA^P Df, 

which is an equivalent but more condensed form of the definition.) We then 
define " P is ordinally similar to Q 99 as meaning that there is at least one 
ordinal correlator of P and Q, i.e. 

smor = pQ (a ! P smor Q ) D£ 

We shall find that if P and Q generate well-ordered series, they have at 
most one correlator (*250*6), but this does not hold in general for other 
series. 

After giving the elementary properties of ordinal similarity, we have 
three important propositions on its connection with cardinal similarity, 
namely: (*151*18) if P is similar to Q, the field of P is similar to the 
field of Q (the converse does not hold in general, but holds if P and Q are 
finite serial relations); (*151*19) if C € P is similar to C*Q, there is a relation 
R similar to Q and having C*P for its field, and vice versa ; (*151*191) S is 
an ordinal correlator of P and Q when, and only when, it is a cardinal 
correlator of G‘P and C‘Q and P = S’Q. 

We then have a set of propositions on correlators of the form (7*Q 
(*151*2 — *243). Most of the correlators with which we shall be concerned 
are of this form. The most useful proposition here is 
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*15122. \-:StC‘Qel->l.C‘QCa‘S.P = S m >Q. = .StC‘Q* 

A useful consequence of this proposition is 
*151-231. h (y ) . E ! S‘y : 8 [ C‘Q e 1 -> 1 . P = &Q : D . 8 [ 

This consequence is useful because the hypothesis (y) . E ! 
by most of the relations which occur as correlators. V 

We have next a number of propositions on the inferribility o\ 
QGS’P from P = $>Q or PGS’Q, and connected matters (*1^, 


{ 


(i) 


3 e Pmor G 
5‘yis 


]io-M 


We have 

*16125. 


I- : S e Cls -> 1 . G‘Q C d‘S . P = SiQ . D . Q = S’>P 

*16126. I - S e Cls -> 1 . C‘Q C d‘S . D : P G S>Q . D . &P G Q : 

SiQGP.l.QG&P 

*151‘29. 1- P smor Q . = : (gS) : xPy . D Xii , . (S‘x) Q (S‘y ) : 

zQw . D ZiV ,.(S‘z) P ( 8‘w ) 

*151*29 is never used, but is inserted in order to show that our definitior ^ 
of “ordinal similarity” agrees with what is commonly understood by tha* x 
term. If P and Q are regarded as serial, so that “ xPy ” means “ x precede/ s 
y in the P-series,” and “zQw” means “z precedes w in the Q-aeries,” the! t 
our proposition states that two series are ordinally similar when their tern/ s 
can be so correlated that predecessors in either are correlated with predecesso « 
in the other, and successors with successors, i.e. when the two series can t lie 
correlated without change of order, 

We have next (*151*31 — 52) a set of miscellaneous propositions, of which 
the most useful are 

*151*401. h : T f* C‘P e X smor P . T f* C‘Q e 7 smor Q.SeP smor Q . D . 

ThSfeZsSor 7 



*151*6. \-:StC‘QePBfioTQ.3.I>‘P=S“I) t Q.a‘P=S“a‘Q.B‘P=S“B‘Q. 

B‘P=S“B‘Q 

*151*401 will be useful in such cases as the following: Let P and Q be 
relations between relations, then D>P and D >Q will be the corresponding 
relations of their domains. Suppose D [ C‘P, DfC^Qel-frl. Then, by 
*151*401, if S is a correlator of P and Q, D >S is a correlator of D’P 
and D>Q. 

*151*5 shows that if S is a correlator of P and Q, it correlates D‘P with 
D ‘Q, a ‘P with <3‘Q, iPP with P<Q, and lf‘P with ~£‘Q. 

Our next set of propositions (*151*53 — *59) is concerned with the correla- 
tion of powers of P and Q and kindred matters. We show (*151*55) that a 
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correlator of P and Q is also a correlator of P^ and Q^, and therefore if P 
and Q are similar, so are P ^ and Q,* (#151*56) ; we show also (#151*59) that 
if P and Q are similar, so are P„ and Q„. These propositions are used in the 
theory of progressions (#2631 7). 

The remaining propositions (#151*6 to the end) are concerned with 
applications to particular cases. The most useful of these are 

#151*61. V . OP smor P 


which shows how to raise the type of a relation without changing its 
relation-number ; 

k *151*64. h . x | >P smor P . (x ) [ C € P e (x >P) smor P 

1 *151*65. b - | x>P smor P . ( l x) [ C‘P e ( l x*P) smor P 

We prove also that all members of 2 r ( i.e . all relations of the form x^ y> 
# where x^y) are similar (#151*63), and that all relations of the form x \x are 
t similar (#151*631). 

i 

ioi *15101. PsWr Q = S{^el->l.(7^ = a^.P = /S5Q} Df 

ia *15102. smor = P§ {a ! Psmor QJ Df 

1 *1611. \-:PamorQ. = .(nS).Sel->l.C‘Q = <l‘S.Ps=S’>Q [(*15102)] 

'| *16111. HtSePslilor Q . = . S el ^>1 .C‘Q = d'S . P = S>Q [(*15101)] 

*161*12. I- : P smor Q . = . g ! P smor Q [(#15102)] 

, *161-121. K/fC'Qe^smbr Q) [*7217 .*50-5-52 .*150-534. *15111] 

, *161-13. I- . Q smor Q [*15112112] 

*161131. I- :S e P smor Q.s.SeQ smor P 
Dem, 

I-. *71-212. Dh:Sel— >l. = .5el— >1 (1) 

I- . *150 ; 13 . D h : P = S'>Q . D . S>P = (S | S)>Q : 

[*71192] DH:Sel-*l.P = S’Q . D . S>P == (I [ a ‘S) m >Q : 

[*150-534] D I- : $ e 1 -> 1 . C‘Q = Q.‘S . P = S’Q . D . S’P = Q (2) 

. *150-23 . D h : C‘Q = Q.‘S . P = S‘>Q . D . C‘P = D‘S (3) 

h.(l).(2).(3).*33-21.D 

I h:Sel->1.0‘Q = a^.P = /SrJ(2.D.iSel->1.6 ,< P = a‘^.Q = 5;P (4) 
| -.(4)|^.*3 1 -33.D 

\-iS6l^l.C‘P=(I‘S.Q = S‘>P.D.Sel->l.C‘Q = (I‘S.P = S'>Q (5) 
K (4). (5). *151-11 .DKProp 

*16114. h : P smor Q. = .Q smor P [*15113112 .*3152] 

B. & W. IL 21 
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*151*141. b : S e P smor Q.TeQ smor R . D . S \ T e P smor R 
Rem. 

b . *15111 . *71-252 . D I- : Hp . D . 8 \ T e 1 -> 1 (1) 

h . *15111 . *150-23 . D b : Hp . D . d‘S = C‘Q . D ‘T = C‘Q . d‘T= C‘R . 
[*37-323] D . \T) = d‘T.d , T=C‘R. 

[*1317] D . d‘(S | T) = C‘R (2) 

1- .*151*11 . D b : Hp . D . P = S>T>R 

[*150-13] =(S\T)>R (3) 

b . (1) . (2) . (3) . *15111 . D b . Prop 

*151*15. I- : Psmor Q. Qsmor R . D .Psmor R [*151-141] 

*15116. b . J G smor [*15113] 

*151161. b . smor = Cnv'smor [*151*14] 

*151*162. h . (smor)* = smor [*151*15*161 .*34*81] 

*151*17. 1- P smor Q.D : R smor P . = .R smor Q [*151-14-15] 

*151*18. b : P smor Q . D . C*P sm C‘Q 

Rem. 

b .*15111 .*150-23 . D b : Hp. D . (&S).Se 1 -> 1 . D ‘S= C‘P.a ( S= C‘Q. 
[*731] D . G‘P sm C‘Q Ob. Prop 

*15119. b : C‘P sm C‘Q. = . (gP) . G‘R = C‘P.R smor Q 

Rem. 

b . *731 . D b : (7‘Psm C‘Q . = . (gS) . S e 1 -> 1 . D‘£ = C‘P . d‘S = C‘ Q . 

[*150-23] M3-S) . Pe 1 -> 1 . d‘S= C‘Q . C‘S‘>Q= VP . 

[*13195] =.(nR,S).Sel^l.d‘S=C‘Q.R=S'>Q.C‘R=>C‘P. 

[*151-1] = .(gP) . C‘P = G‘P . R smor Q : D b . Prop 

*151'191. b : /SePsmor Q. = . Se(C‘P) am (C‘Q) .P = S’Q 
Rem. 

b . *151 '1 31 1 1 . D b : SePs-mor Q . D . C‘P = T>‘S : 

[*4-71.*15111]D b :SePs‘5ior Q. = . Sel -> 1 . C‘Q = CI‘£.P = S5Q . C‘P = D‘P. 
[*73-03] = . Se(G‘P) sm (C‘Q) . P = S5Q : D b . Prop 

*151-2. b:Pel-*l.C‘QC d‘S . P = S>Q .5 . S[ C‘Q e P sT55r Q 

Rem. 

b. *71-29. D b : Hp . D . <S [ C‘Q e 1 — > 1 (1) 

b. *3565. D b : Hp . D . d‘P [ C‘Q = C‘Q (2) 

b . *150-32 . D b : Hp . D . P = /S [ C ( Q’>Q (3) 

b . (1) . (2) . (3) . *151-11 . D b . Prop 
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*151*21. Y : P amor Q. = . (g,S) .Sel^>l.C‘QC(I t S.P = S'>Q [*151*2] 

*151*22. Y:S^G‘Qel^l.C‘QCa t S.P^8'>Q. = .8[C‘QePsmdiQ 

Lem. 

Y . *35*65 . *150*32 . D Y : 8[C‘Qel -> 1 . C‘QCa‘S. P=S'>Q. D . 

/SfC'QePsmor Q (1) 

I-. *151*11. *150*32. 3 \-:S[C ( QePmMrQ.^.8[G‘Qe 1->1 . P = S'>Q (2) 
Y . *151*11 . D Y : Sf 0‘QePsmor Q.D.C‘Q= a‘(S|* C‘Q) 

[*35*64] =0‘Qna‘S. 

[*22*621] Z>.C‘QC(T£ (3) 

I- . (1).(2).(3). D I- . Prop 

*151*23. \-:PamoTQ. = .(^S).S[C‘Qel^l.C‘QCa t 8.P=8iQ [*151*22] 

The above proposition (*151*23) is very useful. It is the analogue of 
*73*15. (It should be observed that, in all propositions concerning likeness, 
S>Q plays the same part as S“ft plays in propositions concerning similarity.) 
By means of *151*23, we can establish likeness in all those numerous cases in 
which a relation which is not usually one-one becomes one-one when confined 
to a certain converse domain, as for example if we have to deal with D [* 
where k e Cls’ excl, or with D [ P\tc, where P [* * e Cls —* 1. Thus e.g. by the 
above proposition, if Q is any relation whose field is P&‘k, where P f* k e Cls — > 1, 
D»Q will be an ordinally similar relation whose field is D “P&‘k. 

*161*231. I- (y ) . E ! S‘y : 8[ C‘Qe 1 1 . P = S>Q : Z> . Sf G‘QePa^oi Q 

[*151*22. *33*431] 

*151*232. Y (g-S) : (y ) . E ! S‘y : S[C‘Q e 1 1 . P = S>Q : D . P smor Q 

[*151*231*12] 

*151*24. Y'..{y).'E I \S t y:y,zeC‘Q.S t y=‘S‘z.'5y, z .y = z\P-8>Q:'}. 

S[C‘QeP smor Q . Psmor Q [*7 1 *1 66*55 . *33*431 . *1 5 1*22*23] 

*151*241. Y:.Sel->C\a.C l QC(I , S:y,zeC‘Q.S‘y=S , z.3 yiZ .y=ziP=S>QiO. 

8[ C‘Q e P smor Q . P smor Q [*71*55 . *151*22*23] 

*151*242. \-::y,zeC‘Q.l y y.S‘y=S‘z.=.y=z:.P=S'>Q:.=.StC‘QeP€morQ 
[*71*59. *151*22] 

*161*243. Yi:y,zeC‘Q.'D y ,i:S‘y=‘S t z. = .y = z'..P=*S>Q:.O.PsmorQ 
[*151*242*12] 

*151*25. YiSeCh^l. C , QCa‘S.P = S'>Q.l.Q = S>P 

Lem. 

Y . *150*13 .Dh:Hp.D./5?»P = ((S| S)’>Q 
[*71*191] =(i\-a‘sy>Q 

[*150*535] = Q : 3 Y . Prop 

21—2 
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( 2 ) 


*151-251. h S c 1 -> 1 . D : C‘Q C d‘S .P = 8>Q. = . C‘P C D‘S . Q = S>P 
[*151-25. *150-22. *3715] 

*151-252. h : SeCls-* 1 . C‘Q C d‘S. D .Q = SWQ [*15125] 

*151253. l-:S€l->Cls.C‘PCD < <S.D.P = flfWP |*151-252 |J 

*151-254. l-:/Sel-+l.D.S+r C“Cl‘a‘S = Cnv‘{£f [ C“C1‘D‘S} 

Dem. 

V . *151-251 . D I- :. Hp . D : C‘QeCl‘Cl‘S . P(Sf)Q. = . 

C‘P e C1‘D‘S . Q (5f) P :. D h . Prop 

v 

This proposition is the analogue of *72-54. “Sf” means “(Cnv‘/S)f,” not 
“Cnv‘(8f).’’ 

*151-26. I- :. /Sc Cls — ► 1 . C‘Q C d‘8 . D : 

pg#q.d.s;pgq:s;qgp.d.qg/s;p 

Pem. 

h. *150-31. D : P G S>Q .0 .S>P GS’>S'>Q: 

[*151-252] D 1- :. Hp . D : P G S>Q . D . £5P G Q 
Similarly h :. Hp . D : 8>Q G P . D . Q G /S>P 
I- . (1) . (2) . D I- . Prop 

*151-261. I- :. Se 1 -* Cls . C‘P C D‘£ . D : 

QG&P.D.SJQGP^PGQ.D.PGSJQ |* 

*151-262. t- :. /S e 1 — ► 1 . C‘P C D‘£ . C‘Q C <3‘S . D : 

P G /S>Q . = . 5>P GQ:QG S>P . = . G P [*151-26-261] 
*151-263. h :. Se 1 -> 1 . C‘P C D‘S. (7‘Q C (PS. D : 

PG/S;Q.QGS;P. = .55PGQ. i S;QGP.=.P = < Sf;Q.=.Q=S;p 
[*151-262] 

*151-264. \-:.8[C , Qel^l.D:PG8‘>Q.QG8’>P. = .P = S>Q 

Dem. 

V. *150-202. *37-401. D h : P G S>Q . D . C‘P C D'Sr C‘Q (1) 
h . (1) . *151-262^^^ . D h : Hp . P G 8>Q . D : 

Q G (C‘Q 1 S>'P . = . (Sr C‘Q)iQ G P : 

[*150-361-32] D : Q G (&P)£ C‘Q. = . 8>Q G P : 

[*35-9.*36-29] D : Q G S>P . = . 8>Q G P 
h . (2) . *5*32 . D h . Prop 


* 151-26 


^,P"I 

',P,Qj 


( 2 ) 
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*161-27. \-:Sel-+l.PGS’>Q.QGSiP. 

= .Sel->l.C‘PCD‘S.C‘QCa‘/S.&PGQ.S;QGP. 
= .Sel^>l.C‘QC(I l S.P = S‘’Q. 

= . Se 1 -> 1 . G‘P C D'S. Q = 8>P 
[*151-263 . *5-32 . *150 203 . *4-73] 


*161-271. b:( a S).Sel->l.PGSJQ.QGS;p. 

- • (S'®) • <S e 1 — > 1 . C‘P C D'S . C‘Q C G'S . 8>P G Q . S>Q G P . 

= . P srnor Q [*151-27-21] 

*161*28. b :. P smor Q . = : ( a S) : S e 1 — > 1 : xPy . D x ,y ■ (8‘x) Q ( S‘y ) : 

zQw . D r , w . (S‘z) P ( 8‘w ) 

Bern. 

b . *150-41 .Db::Sel->l.D:. (S‘x) Q(8‘y).=. xS‘> Qy : (S‘z) P(S‘w) .=.z8>Pw:. 
[*231] D aPy . . (S*«) Q(S*y) : = . P G S5Q : 

zQw . D I>W . (S‘z) P (S‘w) : = .QG S>P 
[*151-27] 3:.xPy. D«, y . (S'*) Q (S‘y) izQw.3 z> „. (S‘z) P (S‘w ) : = . 

C‘QC<1‘S.P = S’Q (1) 

b . (1) . *5 32 . #151 21 . D b . Prop 

The above proposition shows that ordinal similarity as we have defined it 
has the properties which are commonly associated with the term "ordinal 
similarity,” namely that P and Q are ordinally similar when their fields can 
be so correlated that two terms having the relation P are always correlated 
with two terms having the relation Q, and vice versa. 

The hypothesis S e 1 — » 1 is redundant in *151*28 ; this is shown in the 
following proposition. 


#161*281. b x Py . D*, v . (S‘x) Q (S‘y ) : zQw . D Z|W . (S‘z) P (S‘w ) : 

D . C‘P 1 S = 8 [ C‘Q . S [ C‘Q e P s-fiior Q 

Bern. 

b . *14*21 . D I- Hp . D : xPy . D . E ! S‘x . E ! S‘y : 

[*33-352] D:areC"P.D.E!S‘a:: 

[*71-571] D : (C"P) 1-S e Cls->1.C‘P CD'S (1) 

Similarly ' b : Hp . D . Sf* C‘Q e 1 — ► Cls . C‘Q C <3'S (2) 

b . *3317 . D b Hp . D : xPy . D . S‘x, S‘y e C‘Q : 

[*33 352] D : x e G‘P . D . S‘x e C'Q : 

[#14-2126] D : x e C‘P . xSz . D . z e C‘Q : 
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[*4 - 7l] D : x e C‘P . xSz . s . x e C‘P . xSz . z e C‘Q : 


[*351102] D : (C‘P) ] S = (C‘P) ^[CQ (3) 

Similarly h : Hp . D . S [ C‘Q = (C‘P) ]£[ (4) 

i- . (3) . (4) . D h : Hp . D . ( C‘P ) J \S=S[C‘Q. (5) 

[(1).(2)] D.SpO'Qel-^l.C'QCa'S (6) 

I- .(6). *35-7 .(1). (2). *150 4-41 . D I- :Hp . D. P C S>Q . Q Q S‘>P. 
[*151-264.(6)] D.P = S'>Q (7) 

h . (5) . (6) . (7) . *151-22 . D I- . Prop 


*151-29. I- : . P smor Q . = : (g/S) : xPy . „ .(8‘x) Q (8‘y) : zQw . D*, w .(/S‘.z) P(S‘w) 

[*151-28-281] 

*151-31. \-iSeCls^>l.S‘>Q = S'>R.C‘QCa‘S.C‘RCa i S.3.Q = R 

Dem. 

h . *151-252 . D h : Hp . D . Q = 

[Hp] = S>8>R 

[*151-252] = P : D h . Prop 

*151*32. h Psmor Q. D : g ! P. = . g ! Q [*151-18 .*73-36 .*33-24] 

*151-33. h : S e P smor Q.D.P|iS=iS|Q.(S|P = Q|/Si 
Dem. 

h . *1 5 1 1 1 . D h : Hp . D . P | <8 = 8 1 Q \ S \ S . S e 1 -> 1 . C‘ Q = CI‘S . 
[*72-601] D.P\S=8\Q (1) 

Similarly h : Hp . D . 8 1 P = Q I S (2) 

h . (1) . (2) . D h . Prop 

*151-4. h : Pf C‘Q e 1 -> 1 . C‘P = P“C»Q . Q= T>P . D . P[ C'QePsmorQ 
Dem. 

h . *35-52 . *37-4 . D h : Hp . D . (C‘Q) 1 Te 1 1 . (FtfC'C) 1 T) = C‘P (1) 

K *36-33. D h : Hp . D . Q = (P>P) £ C‘Q 

[*150-361] = {(C‘Q) J \T}’>P (2) 

h . (1) . (2) . *151-11 . D H Hp . D . ( C‘Q ) ] P e Q smor P . 

[*151131] D . P f C‘Q e P smor Q : D h . Prop 

*151 401. 1- : Pf“ C‘P e X smor P . Pf" C‘Q e T smor Q.SeP smor Q.D . 

T>8 e X smor Y 

Dem. 

h . *151131141 . D h : Hp . D . P f C‘P | 8 j (C‘Q) ] Pe X smor F (1) 
h . *15111-131 . D h : Hp . D . D‘S = C‘P . d‘£ = C‘Q . 

[*150-34] D.P[(7 < PjS|(C , ‘Q)]P=P;S (2) 

h . (1) . (2) . D I- . Prop 
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*151-41. b : S € PsHof Q . T[C‘P, T[C‘Q e 1 -♦ 1 . G‘P o C‘Q C d‘T. D . 

T>Se(T>P)afi6r(T>Q) [*151-401-22] 

This proposition is the analogue of *73*63. 

The following proposition is used frequently both in relation-arithmetic 
and in the theory of series. 

*151*5. b : C‘Q e P smor Q . D . 

D‘P = S“D‘Q . d‘P = 8“d‘Q . P'P = S“R‘Q . ~B‘P = S“li‘Q 

Dem. 

b . *151-22 . *150-21-211 . D b : Hp . D . D‘P = £“D‘Q . CI‘P = 8“d‘Q . (1) 

[*93101] D . P‘P = S“D‘Q - S“d‘Q . 

[*37-421.*151-22] D . ~B‘P = (S[C ( Qy { D‘Q-(S[C‘Q)“d ( Q 

[*71*381.*151-22] = (Sf C‘Q)“(D‘Q - d‘Q) 

[*93101 .*37-421] =8“ R‘Q (2) 

Similarly b : Hp . D . ~B‘P = (3) 

b . (1) . (2) . (3) . D b . Prop 

b : C"QeP smor Q. R G Q. D . S [ C‘R e ( 8>R ) smor R . S’RGP 


*151-51. 

Bern. 


*151-52. 

*151-53. 

Dem. 


b . *151-22 . *33-265 . D b : Hp . D . G‘R C d‘S (1) 

b . *151-22 . *71-222 . D b : Hp . D . <S [ C‘R « 1 -> 1 (2) 

b . *150-31 . *151-22 . D b : Hp . D . S'>R C P (3) 

b . (1) . (2) . (3) . *151-22 . D b . Prop 

b : P smor Q . D . R1‘Q C smor“Rl‘P [*151-5112-14] 

b : S [ C‘Q e P smor Q . PePot'Q. D . 

S[C ( Te ( S’>T ) smor T . S'> T e Pot ‘P 

b . *150-8 . D b : Hp . D . S’Te Pot'P (1) 

b . *91-27 . D b : Hp . D . C‘TCd‘8 (2) 

b . (1) . (2) . *151-22 . D b . Prop 

*151-54. \-:StC , QePsmorQ.D.StC‘QeP po siEorQ, )0 

Dem. 

b.*91-504.*151-22.Db:H P .D. l S|‘(7 < Q = /S[(7 < Q po .C < Q po Ca‘/S ( 1 ) 
b . *150-83 . *151-22 . D b : Hp . D . P^ = 8’Q^ (2) 

b. (1). (2). *151-22. Db. Prop 

*151*55. b : SeP smor Q. D ./SePp,, smor Qpo [*151’54] 

*151*56. b : P smor Q . D . P^ smor Qpo [*151-55] 

*151*56 is used in *263*17. 


Digitized by Google 



328 


RELATION -ARITHMETIC 


[PART IV 


The two following propositions are lemmas for *15159, which is used in 
*263-17. 

*151’57. h : S e P smor Q.z,we C‘Q . D . P ( 8‘z m S‘w ) = S“Q (z m w) 

Dem. 


h . *151-33-55 . D h : Hp . D fp^S'z = S^^z .~P p0 ‘S‘w = . 


[*91-54] 

[*5331.*91-54] 

[(*121103)] 


D . P*‘S‘z = S^Q^z u i‘S‘z . 

P^S‘w = S“Q po ‘w o i‘S‘w . 

D .*P*‘S‘z = S‘^ 0 ‘z .~P*‘S‘w = . 

D .P(S‘z^S‘w) = S“Q( Z h«)) : D h . Prop 


*151-58. I- : /SeP smor Q.D.S[ C‘Q V e P„ smor Q ¥ 

Dem. 

K *151 57. *73*22. Dhs.Hp .D:z,weC‘Q.D. 

Nc*P (S‘z m S‘w) = Nc‘Q (z m w) (1) 

t- . (1) . *121-11 . D h Hp * z, w € G‘Q . D : . = . (S‘z) P ¥ (S‘w) (2) 

I- . (2) . *150*41 . D h : Hp . D . Q ¥ = &P, . 

[*151253.*121*322] D . S5Q, = P, . C‘Q ¥ C <3‘S (3) 

K (3). *151*22. DK Prop 

*151*59. h : P smor Q . D . P„ smor Q„ [*151*58] 

The remaining propositions of this number consist of applications to 
particular cases. 


*151*6. h . CnvJP smor P . Cnv [ C*P e (Cnv*P) smor P 
[*151-231. *31 13. *7211] 

This proposition is only significant when P is a relation between 
relations. 


* 151 - 61 . h . i>P smor P [*151*232 . *51*12 . *72*18] 

* 151 * 62 . h : C‘P Cl .D.'Up smor P [*52*62 . *151*243] 

* 151 * 63 . V \x^y.z^w*'5 .x^ysmorz^w.x^zwy ^ w e(x ^ y) smor (z ^ w) 
Dem. 

h .*15072 .'5\-iS = x\,zwy^w.z^w.'5. w) — x^y (1) 

H . *72182 . *71*242 . D h : Hp . Hp (1) . D . S e 1 -* 1 (2) 

h . *55*15 . D h : Hp (1) . D . = C ( (z w) (3) 

h . (1) . (2) . (3) . *151*1*11 . D h . Prop 

The above proposition shows that all ordinal couples (t.e. all members 
of 2 r ) are ordinally similar. The following proposition shows the same for 
couples whose referent and relatum are identical. 
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*151-631. h . x ^ x smor z\,z 
Dem. 


K *72*182. *5515. Dh. a? \,ze\-*\ .d\x \,z) = C‘{z \,z) 
h . *55*13 . "SY iu{x ^z\z ^z\ Cnv*(# ^ z)) v ! . = . 

u(x^ z) z. u'(x l z)z. 


[*55*13] = . u = x . u' = x . 

[*55*13] = . u (x ^ x) u' 

l~ . (2) . *150*1 . Dh.(a? j z)\z z) = x ^ x 
h. (1). (3). *151*1. Dh. Prop 


*151*64. Y .x \,>P smor P . (x 4 ) [ C‘P e (x *P) smor P 
[*72*184. *55*12. *151*231] 


( 1 ) 

( 2 ) 

( 3 ) 


The following proposition is frequently used in relation-arithmetic. 


*151*65. Y . I x >P smor P . (I x) [ C‘P e (J, x>P) smor P 
[*72*184 . *55*121 . *151*231] 
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*152. DEFINITION AND ELEMENTARY PROPERTIES 
OF RELATION-NUMBERS. 

Summary of *152. 

The relation-number of P, which we denote by Nr'P, is defined as the 
class of relations which are ordinally similar to P, i.e. 

Nr f P — smor'P. 

Hence our definition is 

Nr = smor Df. 

The class of relation-numbers consists of all such classes as Nr'P, i.e . 

NR = D‘Nr Df. 

These two definitions are analogous to those of *100, merely substituting 
“ smor ” for “ sm.” They are justified by similar considerations, and lead to 
similar results. With the exception of *152*7*71*72, the propositions of this 
number are the analogues of those of *100, and call for no remarks other than 
those in the introduction to *100 ( mutatis mutandis). 

*152*7*71*72 give relations between relation-numbers and cardinals. 
*152*7, which is constantly used, states that the cardinal number of C*Q 
consists of the fields of the relation-number of Q t i.e. the classes similar to 
C‘Q are the fields of the relations similar to Q ; in symbols, 

*152*7. h . Nc <C<Q = C“Nr‘Q 

Hence it follows that the fields of a relation-number form a cardinal 
number, i.e . 

*152*71. V : ii e NR . D . e NC 

Hence also it follows that cardinals other than A consist of classes of the 
form C“fi , where p is a relation-number other than A, i.e. 

*152*72. h . NC - i‘A = C‘“(NR - 1‘ A) 

In *154*9, we shall show how to remove the restriction to numbers other 
than A, thus arriving at 

KNC = (7‘“NR. 


*152*01. Nr = smor Df 
*15202. NR=D‘Nr Df 
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*152*1. h . Nr‘P = Q(Q smor P)= Q(P smor Q) 

[*3211 . (*152-01) . *15114] 


*152*11. h : Q e Nr ‘P . s . Q smor P . = . P smor Q 

*152-2. h . E ! Nr‘P 

*152-21. h . Q‘Nr = Rel 

*152-22. h . Nr e 1 — > Cls 

*152-3. h . P e Nr‘P 

*152-31. h : P e Nr‘Q . = .Qe Nr‘P 

*152-32. l-rPeNr'Q.QcNr'P.D.PeNr'P 

*152*321. h : P smor Q . D . Nr‘P = Nr‘Q 


[*1521] 

[*1521. *14-21] 
[*152-2. *33432] 
[*152-2. *71-166] 
[*15113. *152-11] 
[*15211] 

[*15115. *15211] 
[*151-17. *152-1] 


*152*33. h : g ! Nr‘P n Nr‘Q . D . P smor Q . Nr‘P = Nr‘Q 

Perm. 

h . *152-11 . *151*14 . D h : Hp . D . (a R ) . P smor R . R smor Q . 
[*15115] D . P smor Q (1) 

h . (1) . *152*321 . D h . Prop 


*152'35. I- :-a ! Nr‘P. v . 3 ! Nr‘Q: D : 

Nr'P = Nr‘Q . = . P e Nr‘Q . = . Q e Nr ‘P . = . P smor Q 

Dem. 

h . *24-571 . D h :. Hp . D : Nr‘P = Nr‘Q . D . a ! Nr‘P a Nr‘Q . 
[*152-33] D.PsmorQ (1) 

h . (1) . *152-321 . DH.Hp.D: Nr‘P = Nr‘Q . = . Psmor Q (2) 
h . (2) . *15211 . D h . Prop 

In the above proposition, the same remarks as to types are to be made 
as in the case of *100*35. If in a certain type Nr‘P and Nr‘Q are both null, 
we have in that type Nr‘P = Nr‘Q, but we need not have P smor Q. Thus 
for example we shall find that, in the type of x x, 

Nr ‘(t“x t t u x) = A = Nr*(ff*« f f‘x). 

Bnt we do not have 

(t*‘x j- t“x) smor (P‘x f t u x). 

*152-4 h:/ieNR. = .(aP)./* = Nr‘P [*3778-79 . (*1520201)] 


Note that “Nr‘P,” like “Nc‘a,” is a formal number, and may be subjected 
to the conventions IT, II T, AT. 

*152-41. V . Nr‘P e NR [*152-4 2] 

*152*42. h : /*, v eNR . a ! /*a v . D . /i = v [*152*33*4] 

*152*43. I- . NR e Cls 1 excl [*152-42] 
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*15244 h :. /a e NR : g ! /a . v . g ! Nr'P . D : P 6 /a . = . Nr'P = /a 
[*152*35*4] 

*152*45. I-:/a€NR.P€/a.D. Nr‘P = /a [*152*44 . *10*24] 

*152*5. h : /a e NR . P,Q e/A . D . P smor Q [*152*31*32*4] 

*152*51. h : /a € NR . P e /a . D . smor “/a = Nr*P 
Dem. 

h .*37*1 . D h s P e smor ^/ a . = . (gQ) . Q e /a . P smor Q (1) 

h . *152*5. Dh:. /a e NR . Pe/A. D : Qc/a . Psmor Q . = . Qefi (2) 

h .(l).(2).Dh:.Hp.D:P6smor“/A- = . (gQ). Qe / a. Psmor Q. PsmorQ. 
[*151*17] = • (g Q). Q €/a. P smor Q.P smor P. 

[(2)] ■ = .(gQ). Q 6 /a. Psmor P. 

[*10*35] = . g ! /a . P smor P (3) 

h . *10*24 . D h s. Hp . D : g ! /a : 

[*4*73] D s P smor P . = . g ! /a . P smor P (4) 

h . (3) . (4) . D h :. Hp . D s P e smor “/a . = . P smor P . 

[*152*11] = . P 6 Nr‘P :. D h . Prop 

*152*52. h : /a e NR . g ! /a . D . smor“/i 6 NR [*152*51*4] 

The restriction involved in a*/* is, as we shall see later, not necessary, 
since A 6 NR in any assigned type. 

*152*53. h s g ! NPQ . D . smor“Nr*Q = Nr'Q 
Dem, 

h . *152*51 . D h : P 6 Nr'Q . D . smor“Nr‘Q = Nr‘P (1) 

h . *152*321 . D h s P 6 Nr‘Q . D . Nr‘P = Nr'Q (2) 

h . (1) . (2) . D h . Prop 

*152*54 h:.g!/A.g!i/.D:/t e NR . v = smor“/A . = . v e NR . /a = smor“i/ 

[Proof as in *100*53] 

*152*6. h . uP 6 Nr*P [*151*61] 

*152*62. h .xl’Pe Nr <P [*151*64] 

*152*63. KJ^PeNr'P [*151*65] 

The utility of *152*6*62*63 is that they enable us to raise the type of 
a relation-number to any required extent. Thus i>P gives a relation whose 
field is a class of the next type above that of C‘P, i.e. of the type t %t G i P ; 
while x^>P gives a relation whose field is xl“C‘P, which is of the type 
tH'ii'x | C*P). If x 6 C‘P, or, more generally, if # e ^‘C'P, this is the type 
t*‘P. Thus if we put Q = x 4>P, we have 

t‘Q = t\C*Q | C<Q) = t‘(t‘P | t<P) = t\P | P). 

Thus x >P is a relation whose field consists of terms of the same type as P. 

The following propositions on the relations of cardinals and relation- 
numbers are very important. 
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*1527. h . Nc‘C‘Q = C“Nr‘Q 
Bern. 

Y . *15119 . *35 942 . D Y : a e Nc ‘C‘Q . D . (a-R) .C‘R = a.Re Nr‘Q . 

[*37 6] D . a e C“Nr‘Q (1) 

Y . *15118 . D h : P e Nr‘Q .O.C'Pe Nc‘C f Q 

[*37-61] D I- . C“Nt‘Q C Nc'C'Q (2) 

h . (1) . (2) . D h . Prop 


* 152 - 71 . hi/teNR.D.C'VteNC [*1527] 

* 152 - 72 . h . NC - i‘A = C‘“(NR - i‘A) 

Bern. 

I-. *152-71. DKC“‘NRCNC (1) 

Y . *152 7 . *50-5-52 . D 1- : /* € NC . « e /* . D . C“Nr‘(7 [ a) = NC'a . 
[*100-45] D . C“Nr‘(J [ a) = /i. 

[*37103] D./*eC‘“NR (2) 

Y. (2) . *1011-23-35. D h : /t e NC . g ! /t . D . /t e C‘“NR (3) 

Y. *37-45. Dh:/ t = C f S.a!/*.D.a!j»: 

[*37-103] DI-:/t€C‘ f ‘NR.a!/t.3./*eC7 < “(NR-t‘A) (4) 

h . (1) . (3) . (4) . D I- . Prop 

We shall show in *154*9 that the exclusion of A in *152*72 is un- 
necessary. 
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*153. THE RELATION-NUMBERS 0 r , 2 r AND 1,. 


Summary of *153. 

The relation-numbers 0 r and 2 r have already been defined (in *56), 
though it remains for the present number to show that they are relation- 
numbers. They are the ordinal 0 and 2 respectively, i.e. they are the ordinal 
numbers of series of no terms and series of two terms respectively. But 
there is no means of introducing an ordinal 1 which shall be analogous to the 
cardinal 1 as completely as 0 r and 2 r are analogous to 0 and 2. The only 
relations whose fields are unit classes are relations of the form x^x. We 
therefore put 

*15301. l, = i£{(5pc).i£ = #4a;} Df 

The above definition gives the nearest possible approach to an ordinal 1. 
l f so defined is a relation-number, and is the relation-number corresponding 
to 1 in the sense that it is the relation-number of all such relations as have 
a field consisting of one term. But 1, is not what is called an “ordinal 
number,” because this term is confined by usage to the relation-numbers 
of well-ordered series, and x ^ % is not a serial relation. It is essential 
to a serial relation to be contained in diversity; and if, by definition, we 
include x^x among series, we introduce more exceptions than we avoid. 
Moreover 1* does not have the kind of properties which we wish 1 to have ; 
e.g. l f 4* 1# is not 2 r . 

We do not use l r , because we shall at a later stage define v r as the class 
of those series whose fields have v terms, so that l r = A, while 0 r and % have 

the values and R {(ga;, y) . x^ y . R = x y], as already defined. On 
account of this general definition of v r , we choose a different symbol for the 
relation-number 1, and 1, has the merit of being as like l r as possible. 

To illustrate, by anticipation, the way in which 1, differs from proper 
ordinal numbers, we may point out that if 1, is added to 2 r , we do not obtain 
3 r . We shall define 3 r as the class of series which consist of three terms, 
i.e. the class of relations of the form 

xlywx^zwylz, 

where x^y .x^z .y^z. We shall define the sum of two ordinal numbers 


Digitized by Google 



SECTION A] 


THE RELATION -NUMBERS 0 r , 2 r AND 1, 


335 


as the ordinal number of the sum of two relations having these ordinal 
numbers (cf. *180), and it will appear that if P and Q are relations whose 
fields have no members in common, then 

PvQv C‘P f C‘Q 

has a relation-number which is the sum of those of P and Q. Suppose now 
P = x [y and Q = z l z, where x^y.x^z.y^z. Then 

Pk/Qk) C‘P f C‘Q = X c f x ^ zw y ^ zw z ^ z. 

This is not a member of 3 r , because of the additional term z^z. Thus the 
addition of one term to a series P does not give the same number as results 
from the addition of 1, to Nr‘P. Hence the addition of 1 to an ordinal 
number has to be separately treated*. 

We prove in this number that 0 r = Nr‘A (*153*11), that 2 r = Nr‘(A l i‘x) 
(*153*24 ; observe that we have to take a couple of classes (or relations) in 
order to be sure of the existence of two different objects of the class in 
question), and that l f = Nr‘(y l y) (*153*32). We prove 0“ 0 r = 0 (*153*18), 

C“%r - 2 (*153*212), and C“ 1* = 1 (*153*36). We have also G “ 0 = 0 r (not 
proved) and C “ 1 = 1* (*153*301). But we do not have C “ 2 = 2 r ; e.g. 

lx)eC“2 if y,but (x \,yv y We have g!0 r (*153*12) 

and a ! l g (*153*34), but from our primitive propositions we cannot deduce 
3 ! 2 r unless we rise above the lowest type of relations. The case is exactly 
analogous to that of a 1 2 (cf. *101) ; we have 

*153*26*262. h . a ! 2 r n Rl‘(Cls f Cls) . a I 2 r n Rel a 

But if, as monists aver, there is only one individual, we shall not have 
a ! 2 r in the type of relations of individuals to individuals. Our primitive 
propositions do not suffice to disprove this supposition. 

*153*01. l t = Pl(a^).i2 = ^4^} Df 
*153*1. b : P € 0 r . = . P = A [*56*104] 

*153*101. b : P smor A . = . P = A 
Dem. 

h . *151*32 . Transp . D h : P smor A . D ■ aii* (i) 

h.#151-13. D h : P = A . D . Psmor A (2) 

f- . (1) . (2) . D h . Prop 

#15311. l-.0 r = Nr‘A [#1531 101. *1521] 

*153111. h . 0 r c NR [*152-41 . *153-11] 

*153-12. . a ! 0 r [*51161] 

*15313. h . a ! 0 r a Rl'JJ . A e0 r a Rl'iJ [*613] 

* Cf. *161 and *181, where this point is more fully elucidated. 
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*16314. h:Nr‘P = O r . = .P = A 
Bern. 

V . *152-44 . *15311112 . 3 h : Nr‘P = 0 r . s . P e 0 r . 

[*1521] = . P = A : D h . Prop 

*16315. V . smor“O r = 0 r 

Bern. 

h . *152-51 . *15311113 .3K smor“O r = Nr‘A 
[*15311] = 0 r . 3 h . Prop 

*15316. h :• fi e NR — i‘0 r .3:Pe/t.3j>.;j!P 

Bern. 

h . *153*13 . *152*42 . 3 h s./teNR. 3:Ae/*.3./t = 0 r : 

[Transp] D:/*=f=0 r .D.A~6/t (1) 

h . (1) . *25*63 . 3 f- . Prop 

*15317. V : A e Nr‘P . = . Nr‘P = 0 r . = . Nr‘P = Nr‘A . = . P = A 
[*152-35. *1531114] 

*15318. h . C“0 r = 0 

Bern. 

h . *53-31 . 3 Y . C“i‘k - t‘C‘ A (1) 

I- . (1) . *33-241 . (*56-03 . *54-01) .31-. Prop 

*153*2. I- : Pe2 r . = . (g®, y) .x^y . P = x 4 y [*56*11] 

*153-201. Vix^y . = .xlye2r [*5617] 

*153-202. h : P, Q e 2, . 3 . P smor Q [*15163 .*153 2] 

*153*203. h : Q e 2 r . P smor Q . 3 . P e 2 r 

Bern. 

h .*113123 .31-: 5 el— >Cls .z,we G'iSf. 3 .£>(24 w)=^(S , z) 4 (8‘w) : 
[*55*15] 3 h : Se 1 — > Cls . C‘(z 4, w) = Q.‘S . 3 . 

£5(2 4 «,) = (£'*) 4 (S'w) (1) 

h . *71*56 . 3 h :./Sel-^l.C‘(^4t<;) = Q < /S. 3 :z = w. = . S‘z=S‘w : 

[Transp] 3 : z 4= w . = . 8‘z 4= S‘w (2) 

I- . (1) . (2) . *153*201 . 3 

h:/Sel — * \ .z^w . C‘(z 4 w) = G f /S . P = <S>(z4 w) • 3 . Pe2, : 
[*1511] 3 h : z^w . P smor (2 4 w) • 3 . Pe2 r : 

[*153'2] 3 1- : Q e 2 r . P smor Q . 3 . P e 2 r : 3 h . Prop 

*153-21. H P e 2 r . 3 . 2 r = Nr‘P [*1 53 202-203] 

*153-211. h:<r=fy.3.2 r = Nr‘(a;4y) [*153'21-201] 

*153-212. h . C“2 r = 2 [*55-15 . *5611 . *54101] 
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*153*22. f- :g ! 2, nf < z.=.^[12(z). = .(^x,y).x^yxet t z [*153*211 .*101*4] 
*153*23. b:Pe2 r .3.Rl‘PC0 r v2 r [*56*261] 

This proposition illustrates the reasons for not putting 
1, = P ((a«) ,P = x[x) Df. 

We want the inductive ordinals, like the inductive cardinals, to form a series 
in order of magnitude ; but, as the above proposition illustrates, the relation- 
number of such relations as x ^ x is not in the same series with 0 r and 2 r . 
The above proposition should be contrasted with *54*411. 

*153*24. b.2 r = Nr‘(A | i‘x) [*153*211 . *51*161] 

*153*25. b . 2, e NR [*153*24 . *152*41] 

*153*251. I- . 2, * 0 r . 2 r a 0 r = A 

Bern. 

b . *153*212*1 8 . *101*34*35 .3b. C‘% + C“0 r . C“2 r a C“ 0 r = A . 
[*13*12.Transp.*37*21] 3b. 2 r ±0 r . C“(2 r a 0 r ) = A . 

[*37*45] 3 b . 2 r =]= 0, . 2, a 0 r = A 

*153*26. b . a ! 2 r a Rl‘(Cls j* Cls) [*153*24 . *152*3] 

*153*261. b . A ,[(<£ #) e 2, [*55*134. *56*11] 

*153*262. b . a ! 2 r n Rel 2 [*153*261 . (*61*03)] 

*153*27. b . 2r = 8mor‘ f (2 r a Rl'Cls) = smor“(2 r a Rel 2 ) 

[*152*53. *153*26*262*24] 

*153*28. b : x =}= y . 3 . B‘(x ^ y) = x . B‘Cnv‘(x i y) = y 
Bern. 

b. *93*101. #55*15. 3 b:Hp. 3 .B‘(x [y) = i‘x. B‘Cnv‘{x | y) — Py : 3 b. Prop 

*153 281. b : P e 2 r . 3 . B‘P = PD‘P . B ( P = t ‘<3‘P [*153*28 . *55*15] 

The above proposition is used in the theory of series (*204*48). 

*153*3. b . 1, = 2 — 2 r = P {(a®) • R = x ^x] [*56*13 . (*153*01)] 

*153*301. b . 1, = C“l [*153*3. *56*39] 

#153*31. b . x y e (x x) smor (y J, y) 

Bern. 

b . *72*182 . *55*15 .Db.aj^ycl— >1. 0‘(a; ^ y) — C‘(y ^y) (1) 

b . #35*89 . *55*1 . "5V.x^y\y^y = x^y. 

[*150*1.*55*14] 3 b . {x J, y)\y ly) = <c \,y\y [ x 

[#35*89.*55*1] =x^x (2) 

b.(l). (2). *151*11.3 b.Prop 

B. W. IL 22 
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* 153 - 311 . 

Deni. 

h. *153-3. 

[*150-71] 

[*153-3] 

* 153 - 32 . 
*153 33 . 

* 153 - 34 . 

Dem. 


* 153341 . 

* 15335 . 

Dem. 

* 15336 . 

Dem. 


b : Q e 1, . P smor Q . D . P e 1, 

*1511 O b : Hp O . 

('3.S,y).Q=yly-Sel->l.(l‘S = i , y.P=S’Q- 
D.(zS,y).P = (S‘y)l(S‘y). 
D.P el, Ob. Prop 

b.l, = Nr‘(Hy) [*153-31-311] 

b. l,e NR [*153-32] 

b . a ! 1, . 1, + 0 r . 1, =j= 2 r . 1, a 0 r = A . 1, <"> 2 r = A 


b. *153-3. 

Dh.£|ael,. 


[*10-24] 

3b.g!l, 

(i) 

b . *56103104 . 

D b . 1, a 0 r = A 

(2) 

b.(l).(2). 

3b.l,*0 r 

\J w 

( 3 ) 

b. *153-301. *56113 

O b . 1, n 2 r C C“1 a G“2 . 


[*72-41 .*101-35] 

D b . 1, n 2 r = A 

(4) 

[(1)] 

D h . 1, =^= 2 r 

( 5 ) 


b . (1) . (2) . (3) . (4) . (5) O b . Prop 
b : R e 1, . = . Nr ‘R = 1, [*153-33-34 . *1 52 44] 
b : B e 1, 0 . Nc‘C‘P = 0“Nr‘B = 1 

b . *5515 . *153-3 O b : Hp O . Nc ‘C‘R = 1 (1) 

b . (1) . *152-7 Ob. Prop 

b.C“l,= l 

b . *153-301 Ob. C“l,= C“C“1 
[*72-502] = 1 O b . Prop 
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*164. RELATION-NUMBERS OF ASSIGNED TYPES. 

Summary of *154. 

This number gives propositions analogous to those of *102. In accord- 
ance with our general notations for typical definiteness, “Nr(P)‘Q” means 
“the class of relations like Q and of the same type as P,” “Nr (Pg)” means 
“ the relation to a relation of the type of Q of the class of relations like it and 
of the type of P.” By a special definition, “ NR Q (P)” is to mean all typically 
definite relation-numbers of the form “Nr (Pq)‘R” i.e. all relation-numbers 
generated by the relation Nr(Pg), i.e. the domain of Nr(Pg). 

Existence-theorems in this subject can be proved by means of *154*14, 
which states that relations like Q exist in the type of P when, and only when, 
classes similar to C‘Q exist in the type of C‘P . In virtue of this proposition, 
the existence-theorems of our present topic are deducible from those for 
cardinals. In symbols, this proposition is 

*16414. h s a ! Nr (P)‘Q . = . a ! Nc ( C‘P)‘C‘Q 

Hence by *102*73 we deduce 

*164*242. b.AcNR t5i> (P) 
whence, by *152*72, 

*164*9. b.NC = C‘“NR 

The remaining propositions are chiefly analogues of those in *102. Very 
few of them are subsequently referred to. 

*16401. NR r (X) = D‘Nr(X F ) Df 

*164*1. h s a ! R1‘P n Nr‘Q . 3 . a ! Cl'C'P a Nc <C‘Q 

Bern. 

b . *152*1 . D h : Hp . 3 . (a P) .5GP.R smor Q . 

[*151*18] 3 . (a P) .PGP. C‘R sm C‘Q . 

[*33*265] 3 . ( a P) . C‘R C C‘P . C‘R sm C‘Q . 

[*100*1] 3 . a ! Cl'C'P n Nc <C‘Q :3b. Prop 

22—2 
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*16411. I- : g ! Cl ‘C‘P a N c‘C‘Q . D . (gP) . P smor Q.C'RZ C‘P 

Bern. 

V . *1001 . *731 . D V : Hp . D . (g£) . Se 1 -► 1 . D‘SC C‘P. a‘S=C‘Q . 
[*151*1] 0.(%S).D‘SCC‘P.S'>QsmorQ. 

[*150203] D . (gS) . C‘S‘>Q C C‘P. S‘>Q smor Q:DK Prop 

*16412. h : g ! Rl‘(« t a) a Nr‘Q . = . g ! Cl‘« a Nc‘C‘Q . = . Nc‘a > Nc ‘C‘Q 

Bern. 

h.*1541 .*35'9. D V : g ! Rl‘(afa) a Nr‘Q. D . g S Cl‘a a Nc‘C‘Q (1) 

I- . *15411 . *35-92 . D h : g ! Cl‘a a Nc‘C‘Q . D . g ! Rl‘(a f a) a Nr‘Q (2) 
h . (1) . (2) . D h . Prop 

*164121. I- . Rl‘(<o‘C‘P t U‘C‘P) = t‘P = t^PP 

Bern. 

h.*64-5. D h . R1‘(C<?‘P t U‘G‘P) = t‘(C‘P f C*P) (1) 
h. *64-201. Dh.e‘(C‘PtC‘P) = «‘P (2) 

V . (1) . (2) . *64-54 .DK Prop 

*16413. V : g ! t‘P a Nr‘Q . = . g ! t‘C‘P a Nc‘C‘Q . = . Nc%‘C‘P > Nc‘C‘Q 

Bern. 

h . *15412 ^°‘ F . *154121 . D 
a 

b : g ! t‘P n Nr‘Q . = . g ! Cl %‘C‘Pn Nc *C<Q (1) 

b . (1) . *63*65 . *117*22 .3b. Prop 

*15414. b : a ! Nr (. P)‘Q . = . a ! Nc ( C‘P)‘C‘Q [*154*13 . (*65*04)] 

In virtue of *154*14 and the propositions of *102, *103, *104, *105, 
*106, we see that all homogeneous or ascending relation-numbers exist, while 
A is a member of every descending type of relation-numbers. Remembering 
that the relations concerned must be homogeneous, we see that there are two 
kinds of steps by which their types may be raised, namely (1) from P to 
relations of the type of t‘C i l > f t i C i P> i.e. from P to relations of the type of 
C‘P 4 C‘P , or of vP ; (2) from P to relations of the type of t‘P f t‘P, i.e. from 
P to relations of the type of P ^ P, or of ^x>P\{ xe t 0 ‘C‘P. Thus repetitions 
of the two steps from P to vP, and from P to ^x>P, where xetJ&P, will 
enable us, without changing the relation-number, to raise its type indefinitely. 
It will be observed that, in accordance with our general definitions for 
relative types, the type of i>P is t u ‘C‘P, and the type of lx>P (where 
X€t 0 ‘C‘P) is t n ‘P. 

*164-2. h . Nr (X r YQ = P{P smor (ii ^Q) [*652 . (*152-01)] 

*154*201. b . Nr (X )‘Q = Nr‘Q n t‘X [Proof as in *102*6] 
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*164-202. H : P e Nr (X y )‘Q . = . P e Nr ( X)‘Q .Qet‘Y. = . 

P e Nr ‘Q .Pet‘X.Qet‘7 [*152-2201 . (*651)] 


*164-203. h:(,M‘F.3.Nr (X T )‘Q = Nr (X)‘Q [*154202] 

When Q belongs to any other type than t‘ Y, Nr (X Y )‘Q is meaningless. 


*164-21. h . NR F (X) = X {( a Q) . X = Nr (X Y )‘Q} [(*15401)] 

*164-22. h . NR r (X) = Nr (X)“t‘ F= (n <‘X)“Nr“<‘ F 
Dem. 

!-. *154-21-202.3 

1- XeNR F (X) . = : (aQ) : PeX . = r . PeNr(X)‘Q. Qet‘Y : 
[*63-108.*4-73] = : (aQ) : Q e t‘Y: P eX . = P . Pe Nr (X)‘Q : 
[*20-43] = : (a<2)- Q*t‘Y.\ = Nr (X)‘Q: 

[*37-6] = : XeNr (X)“t‘Y (1) 

h . (1) . *154-201. 3K Prop 


*164-23. 1- : A e NR«(P) . = . Ae NC c ‘«(0‘P) . = . A e NC ( G‘P)“t‘C‘Q 


Dem. 

h.*154-22.Dh:AeNR«(P) 

[*37-6] 

[*154-14.Transp] 

[*64-24] 

[*35-942] 

[*37-6] 

[*102-62] 

h . (1) . (2) . 3 h . Prop 


= .AeNr(P)“<‘Q. 
s . ( 3 P) .Ret‘Q. A = Nr (P)‘P . 

= . (aP) . P e t‘Q . A = Nc {C‘P)‘C‘R . 

= . (aP) • C‘R e t‘C‘Q . A = Nc(<7‘P)‘<7‘P . 
- • (a«) • « e t‘C‘Q . A = Nc (C‘P)‘a . 

= .AeNc (C‘P)‘WC. ( 1 ) 

= . A e NC C ‘ C (C‘P) ( 2 ) 


*164-24 ViC‘Q= t‘C*P . 3 . Nr (P)‘Q = A [*10273 . *1 5414] 

*164-241. h . Nr (P)‘7 f" t‘C‘P = A [*154 24] 

*164-242. 1- . A e NR* !j> (P) 

Dem. 

V . *35-91 . 3 h . I \ t‘C‘P G t‘C‘P f t‘C‘P 
[*63-64] G Vt“C‘P t U‘i“C‘P 

[*150-22] GtJC , »P'tU‘C t i’P (1) 

1- . (1) . *154121 . 3 V . I f t‘C‘P e t‘i’P (2) 

h . (2) . *154-22-241 . 3 V . Prop 


*164-26. 1 : C‘Q = t n ‘C‘P. 3 . Nr (P)‘Q = A [*106 53 . *15414] 

*164-261. KAeNR p * p (P) 

Dem. 

V . *154-23 . 3 h : A e NR PjP (P) . = . A e Nc (C‘P)“t‘C‘(P { P) . 

[*5515] = . A e Nc ( C‘P)“t‘l‘P . 

[*63-61] =.AeNc(C‘P)W. 

[*154121] = . A e Nc (C t P)“t , t v> ‘C < P (1) 

V . (1) . *106-53 . *104-264 .31-. Prop 


Digitized by Google 



342 RELATION-ARITHMETIC [PART IV 

*164-26. b :Pet‘Q.3. 3 ! Nr (P)‘Q [*64231 . *103-313 . *15414] 

*164-261. h:C‘Pet»‘(7‘(2.D.a!Nr(P)‘Q [*104-21*1 .*15414] 

*164-262. b : <7‘P <r tn‘C‘Q . D . 3 ! Nr (P)‘Q [*106-211 . *15414] 

The following propositions are concerned with the two particular trans- 
formations from P to I’P and from P to x 4 , >P, which are useful in raising 
the type of a relation-number. 

*164-31. V .t‘i’P = t"‘C‘P 
Dem. 

b . *154121 . *150-22 . Z> b . t‘i>P = m%‘i“C‘P f t a ‘i“C‘P) 

[*63-64] = Rl‘(t‘C"P t t‘C‘P ) 

[*64-66] = t n, C‘P . D b . Prop 

*164-311. b . a ! Nr (t u ‘C‘PyP [*154 31 . *152 6 ] 

*164-32. b : a e U‘C‘P .^.t‘x{>P = t"‘P . t,‘x i “C‘P « t‘P 
Dem. 


b. *1541 21. *150-22. 

D b . t‘x i 5P = l “C‘P) t (t„‘x l “ C‘P )} 

(1) 

b . *64-52 . 

Z> b :x,ye t 0 ‘C‘P . D . x i y e t‘{t a ‘C‘P f tJC'P ) . 


[*154121] 

D ,x^yet‘P 

(2) 

MS). 

D b : a: e tyC‘P . D . at | “C‘P C <‘P . 


[*63-21] 

D . < 0 ‘a; l “C‘P = <‘P 

(3) 

Mi). (3). 

D b : Hp . Z> . <‘<e 4 JP = Rl‘(t‘P t t‘P) 


[*64-56] 

b . (3) . (4) . D b . Prop 

= t u ‘P 

(4) 

*164-321. b . 3 ! Nr (t n ‘P)‘P [*154-32 . *1 52 62 . *6318] 



*164*322. b : x e U‘C‘P . D . t‘ ^ x>P = t u ‘P [Proof as in *1 54"32] 

*164-33. b:xe t 0 ‘C‘P . D . t‘P i '>x | >P = t"‘s‘t"‘P 

Dem. 

b .*154-32 . D b : Hp . D . P e t„‘xl “C‘P . 

[*150-22] ’}.PeU‘C‘x\,'>P. 

[*1 54-32] D . t‘P i >x 4 JP = t"‘x 4 , ;p 

[*64 23] = t u, s‘t‘x 1 5P 

[*1 54-32] = t iu s‘t n ‘P : D b . Prop 

*164331. b.a!Nr(« n W«P) [*154-33 . *152-62 . *6318] 

*164-4. b . Nr ( X y )‘Q = P {(3S) . 8 e 1 -* 1 . d‘S = C‘Q . P = S>Q . 

D ‘SeiOT.a'SeWFI 

Dem. 

b. *154-202. *1 52-1 .D 

b :. P e Nr (Z r )‘Q . = : (gfl) . S e 1->1 .<I‘S= G‘Q . P = S’>Q : P e t‘X . Q e t‘Y : 
[*64-24] = : (gfl) . 8 e 1 -> 1 . d‘S = C‘Q . P = 8>Q . C‘P e t‘C‘X . 

C‘Qet‘C‘7: 

[*13-193.*1 50-23] s : (a«S) . S e 1 -> 1 . CPS = 0‘Q . P = S'>Q . 

D'Sef'C'J. <I‘Set‘C‘Y:. D b . Prop 
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*164-401. b . Nr (X T )‘Q = P {3 I (P sSof Q) a t\C‘X | C‘ F)} 

[*154-4. *15111. *64-63] 

The remaining propositions of this number (except *154-9) are the 
analogues of those whose numbers have the same decimal part in *102. 
They are here given without proof, because the proofs are, step by step, 
analogous to the proofs of the corresponding propositions in *102. 

*164-41. h : Pe Nr (X Z )‘R . Q e Nr ( Y Z ) ( R .D.PeNr (X Y )‘Q . Q e Nr ( Y X )‘P 

*164-42. KPeNr(P P ) f P 

*164-43. K a !Nr(Pp)‘P 

*164-46. h : P e Nr (X r )‘Q . = .QeNr( Y X )‘P . = . P smor Q.P et‘X .Qet'Y 

*164-62. I- : 3 ! Nr (X r )‘Q . D . Nr (Xy)‘Q e NR X (X) 

*164-63. h:NR F (X)-i‘AC NR X (X) 

*164-66. h : A ~ e NR X ( F) . D . NR F (X) - t‘A = NR X (X) 

*164-64. b : /j,e NR . 3 ! /* . 3 . (3P, Q) . /* = Nr (P)‘Q 

*164-641. I- : ft e NR . D . (3P, Q ) . - Nr (P)‘Q [*154-64-241] 

*164*8. h : Pe Nr (X y )‘Q.PsmorP.P e t‘S.D.Re Nr(S r )‘Q.Re Nr (S x ) f P 

*164-81. h:PeNr(X r )‘Q.D.smor“Nr(X v )‘QA<‘S=Nr(/S F )‘Q = Nr(^)‘P 

*164-82. h : e NR F (X) . 3 ! /* . D . smor* V « t‘S e NR r ( S ) 

*164*83. I- : ft e NR r (X) .v — smor a t‘S . 3 ! v . D . 

smor“|t a t‘S — 8mor“i< a t‘S .fi = smor“i/ a t‘X 

*164*84 1- : (3P) . Psmor X ,Pet‘X . QsmorP. = . Q smor X 

*164-86. b . smor'Vi n t‘Y = smor y ^/A 

*164*86. h : /t = Nr(X)‘Q . 3 ! . D . smor r “/* = Nr (F)‘Q 

*164*861. b . smor x “smor y “/i C smor x “/t 

*164 87. b : /x = Nr( Y)‘Q . 3 ! Nr (X)‘Q . D . smor P “/t = smor P “8mor x “/x 

*154-88. b:/t = Nr(F) < Q.3!smor P “/*.D. 

smor P “/* = Nr (P)‘Q . smor x “/* = Nr (X)‘Q . 
smor x ‘fi = smor x “smor f “/i = smor A -“Nr(P)‘Q 

*164-9. h NC = C“‘NR 

Dem. 


h .*37-29. D b : /* = A . D ./i = C“A . 


[*154-241] D . /* c C‘“NR 

b . *37-29 . D 1- : v = A . D . C“v = A . 

(1) 

[*102-73] D . C“v e NC 

h. (1). (2). *152-72. DK. Prop 

(2) 
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*155. HOMOGENEOUS RELATION-NUMBERS. 


Summary of *155. 

A relation -number is called homogeneous when it is generated by a 
homogeneous relation of likeness, i.e. when it consists of all relations which 
are like a given relation P and of the same type as P. For the homogeneous 
relation-number of P we write “N^P” ; thus N 0 r*P = Nr*P n £*P. When 
P is given, N 0 r‘P is typically definite. We have always PeN 0 r*P, hence 
g ! N 0 r‘P. Conversely, if a typically definite relation-number is not null, it 
is a homogeneous relation-number; in fact, if P is a member of it, it is 
N 0 r‘P. Thus the homogeneous relation-numbers are all the relation-numbers 
except A. 

Homogeneous relation-numbers play the same part in relation-arithmetic 
as homogeneous cardinals play in cardinal arithmetic. The propositions of 
this number (except *155*6*61) are the analogues of those with the same 
decimal part in *103. Their proofs are exactly analogous to the proofs of 
their analogues in *103, and are therefore omitted. 

The following propositions are the most useful in this number. 

*15511. b : Q e N 0 r ( P . = . Q smor P .Qe t‘P . = .Qe Nr ( P . Q e t‘P 
This merely embodies the definition. 

*15512. h.PeN/P 
whence 

*15513. b . a ! N 0 r‘P 

*15516. b : N 0 r‘P = Nr‘Q . = . Nr‘P = Nr‘Q 

This proposition is used in the theory of well-ordered series (*253 and 
*255). It requires that the equation “Nr‘P= Nr*Q” on the right-hand side 
should be subject to the convention AT. Otherwise, the typical ambiguities 
might be so determined as to give Nr*P = Nr‘Q = A, which would not 
imply N 0 r‘P=Nr‘Q. 

*155*2. b : /a e N 0 R . = . (gP) - = Nr‘P n t‘P . = . (gP) - fi = NqT'P 
This merely embodies the definition of N 0 R. 

*155*22. b : fie N 0 R . D . g ! //, 
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*155*26. h fi e NR . D : P e fi . = . N jc‘P = /* 

*155*27. I" : /x = N.PP . = . fie NR .Pe/i 
*155*34. b . NR - t‘A C N 0 R 
*155*4. h . 8mor“N.r‘P = Nr‘P 

*155*5. h . 0 r e N.R 

*155*6. 1- . C“N„r‘P = N 0 c‘C‘P 

This last proposition connects homogeneous relation-numbers with homo- 
geneous cardinals. 


*155*01. N.r‘P=Nr f Pnt‘P Df 

*155*02. N 0 R = D‘N.r Df 

*155*1. 1- . N„r‘P = (Nr‘P) P = Nr (P)‘P = Nr (P P )‘P 

*155*11. b : Q e N 0 r'P . = . Q smor P.Qe t‘P . = . Q e Nr‘P . Q e t‘P 

*155*12. h . P e N 0 r‘P 

*15513. h . a 1 N.r‘P 

*155*14. I- : N 0 r‘P = N„r‘Q. = .P e N.r‘Q , = .Qe N.r‘P . = . P smor Q.Qe t‘P 

*155*15. h:atN 0 r < PAN 0 r‘<2. = .Nor‘P = N 0 r‘Q 

*155*16. 1- : N,r‘P = Nr‘Q . = . Nr‘P = Nr‘Q 

*155*2. b : /* e N 0 R . = . (aP) • /* = Nr‘P n t‘P . = . (aP) • /* = N.r‘P 

*155*21. b . N.r‘P e N 0 R . N,r‘P e NR 

*155*22. b : /* e N 0 R . D . a l /* 

*155*23. b . A ~ e N„R 

*155*24. b . N 0 R e Cls ex' excl 

*155*25. b t. fi, v e N 0 R . D : a l /in v • = • fi = v 

*155*26. V i.fie NR .D:Pe/i. = . N 0 r‘P = fi 

*155*27. b : fi = N 0 r‘P . = . fie NR . P e /i 

*155*28. I- : (a-B) . R smor P . fi = N 0 r‘P . = . a l f* • /* = Nr‘P 

*156*3. b : Q e t‘P . Z> . N.r‘Q = Nr (P)‘Q = Nr (P P )‘Q = Nr‘Q n t‘P 

*155*301. b . NR P (P) = N 0 R (P) 

*155*31. h : a ! Nr (X T )‘Q . D . Nr (X Y )‘Q e N,R (Z) 

*155*32. b . NR r (Z) - i‘A C N.R (Z) 

*155*33. b . NR (Z) - t‘A C N.R (Z) 

*155*34. I- . NR- i‘A C N 0 R 

*155*35. b : A ~ e NR X ( F) . D . NR F (Z) - t‘A = N.R (Z) 

*155*4. b . smor“N 0 r‘P = Nr‘P 
*155*41. b . smor“N 0 r‘P r\ t‘Q = Nr (Q)‘P 
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*155*42. h : Q smor P . = . Nr (Q)‘P = N 0 r‘Q 

*155*43. \~ : fie NR • 3 . smor“/A a = p 

*155*44. b ji, v e N 0 R . 3 : /a = smor“i/ . = . v = smor^/A 

*155*5. b . 0 r e N 0 R 

*155*51. b . 2 r a Rl'Cls e N 0 R 

*155*52. b . 2 r a Rel* e N 0 R 

The following propositions have no analogue in *103. 

*155*6. I- . C“N 0 r‘P = N 0 c‘C"P 

Bern. 

b . *100*11 . *103*11 . 3 b a e N 0 c‘C"P . = : 

aet'&P : (gfl) .Se 1 -* 1 . a . <3‘S= C‘P : 

[*150*23] = : a e t'C'P s (gfl) . flf e 1 -» 1 . C<S>P = a . d‘S = C*P : 

[*151*11] = za€t‘C‘Pi (gQ). QsmorP.a = C‘Q : 

[*64*24] = : (gQ) . Q smor P . Q e t*P - a = (/‘Q : 

[*152*11.*155*11] = s a € (7“N 0 r‘P 3 b . Prop 
*155*61. b . (7“‘N 0 R = N 0 C [*155*6] 

On ascending and descending relation-numbers, propositions analogous to 
those of *104, *105, and *106 might be proved by proofs analogous to those 

given in those numbers. It is, however, scarcely necessary to add anything to 

the propositions already proved, namely *154*24*241*24225*251 on descending 
relation-numbers, *154*26*261*262*31*311*32*321*322*33*331 on ascending rela- 
tion-numbers, and *155*23*34 giving the relations of non-homogeneous to 
homogeneous relation-numbers. Ascending relation-numbers all exist, and 
those that start from the type of P, wherever they end*, are the corre- 
spondentsf of the homogeneous relation-numbers of the type of P, and are 
only some of the homogeneous relation-numbers of the type in which they 
end. Descending relation-numbers consist of A together with the homo- 
geneous relation-numbers of the type in which they end : they are the 
correspondents of only some of the type in which they begin, or rather, A is 
the common correspondent of all those relation-numbers in the initial type 
which are not correspondents of any homogeneous relation-number in the 
end-type. These properties are exactly the same as in the case of cardinals, 
as might be foreseen by *154*14. 

* We say that Nr (P)‘Q starts from the type of Q and ends in the type of P. 

f We call two typically definite relation-numbers correspondents when they only differ as to 
the typical determination, i.e. Nr (X)‘P and Nr (Y)‘P are correspondents. 
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Summary of Section B. 

In the present section, we have to consider the kind of addition of 
relations which is required in ordinal arithmetic. In cardinal arithmetic, 
if k is a class of mutually exclusive classes, 8 1 k has the properties required of 
their sum, and thus we do not require a new kind of logical addition before 
dealing with arithmetical addition. But in ordinal arithmetic this is not so. 
Suppose P and Q are the generating relations of two series, and we wish to 
add the Q-series at the end of the P-series. Then we wish every term of the 
P-series to precede every term of the Q-series ; thus P c; Q is not the 
generating relation of the new series, since PvQ gives no relation between 
the terms of the P-series and the terms of the Q-series. The relation we 
want is 

P o Q o C‘P | C‘Q, 

since this makes every term of the P-series precede every term of the 
Q-series. Hence we put 

P$Q = PvQvC‘P\C‘Q Df. 

It will be seen that P-£Q is in general different from Q^P. 

If C ( P and C‘Q have no common terms, the sum of the relation-numbers 
of P and Q is the relation-number of P^Q (cf. *180). 

The addition of a single term to a series requires a new definition, and 
cannot be dealt with as a particular case of the addition of two relations. It 
might be thought that, just as au i*x gives the result of adding the one term 
x to the series a, so P^(x l x) would give the result of adding the one term x 
to the series P. But this is not the case, since, when we add a term to a 
series, we do not want this term to precede itself, whereas P^-(x ^ x) is 
a relation which x has to itself. What we want is a relation which every 
member of C‘P has to x but which x does not have to itself ; thus we take 
P w C‘P | l‘x as our relation, and put 

P x = P ci C‘P | t ( x Df. 
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This definition defines the generating relation of the series obtained by 
adding x at the end of the P-series ; similarly for adding x at the beginning 
we put 

x 4f P = i‘x f C‘P ci P Df. 

If x is not a member of C‘P t the relation-number of P-f>a? is the sum of the 
relation-number of P and the ordinal 1, which we represent by i. (The 
ordinal 1 has no meaning by itself, but only as a summand.) 

The sum of a series of series is defined in the same way as the sum of 
two series was defined. Let P be a serial relation whose field consists of 
serial relations. Then the sum of all the series generated by members of 
C‘P , when these series a^ taken in the order generated by P, must be a 
relation which holds between x and y whenever either (1) x and y both 
belong to the field of one of the series, and x precedes y in this series, or 
(2) x belongs to the field of an earlier series than that to which y belongs. 
In the first case, we have (gQ) . Q e C‘P . xQy , i.e. x (s‘C‘P) y . In the second 
case, we have (gQ, R ) . QPR . x e C‘Q . y e C‘R, i.e. (gQ, R ) . QPR . xFQ . yFR f 
i.e. x(F>P)y. Hence the generating relation of the sum of all the series is 
8 ( C‘P ci F>P. Hence we put 

VP = s‘C‘PvF m >P Df. 

The relation 2‘P has all the properties which we should expect of the sum of 
a series of series. 

If a series is to result from the addition of a series of series, it is necessary 
that no two of the series should have any common terms. For if we have 

QPR . x e C‘Q n C‘R } 

we shall also have x (2‘P) x. 

Hence instead of a series, we shall have cycles ; for it is essential to a series 
that no term should precede itself. (What seem to be series in which there 
is repetition are always the result of a one-many correlation with series in 
which there is no repetition, so that a term can be counted once as the 
correlate of one term, and again as the correlate of a later term.) For this 
reason, as well as for many others, it is important to consider relations 
between mutually exclusive relations, i.e . between relations whose fields have 
no common terms. We put 

Rel» excl = P {Q, R e G‘P . Q * R . D g , * . C‘Q n C‘R = A} Df. 

Then Rel 2 excl has much the same utility in relation-arithmetic as Cls 8 excl 
has in cardinal arithmetic. We have 

b : R e Rel 2 excl . = - F[C‘P e Cls — ► 1, 
which is analogous to the proposition (*84T4) 

b : k e Cls 2 excl . = . e [tc e Cls — ► 1. 


Digitized by Google 



SECTION B] ADDITION OF RELATIONS, AND PRODUCT OF TWO RELATIONS 349 

It will be found that in relation-arithmetic the relation F often appears 
where e appears in the analogous proposition of cardinal arithmetic. 

Analogous to “ sm sm ” is the relation of double ordinal similarity. This 
holds between two relations P and Q when they are ordinally similar relations 
between ordinally similar relations with known correlators, i.e. when, if T is 
an ordinal correlator of P and Q, so that P = T>Q, then if X is a member of 
C‘P, and F is the corresponding member of C‘Q , so that XTY t we shall have 
X smor F, and shall be able to specify a member of X smor F. But as in 
cardinals, so here, we have to frame our definition of double ordinal similarity 
in such a way as to minimize the use of the multiplicative axiom. We there- 
fore take as our definition the following : P and Q are said to have double 
ordinal similarity when there is a one-one relation 8 which has 0‘2,‘Q for its 
converse domain, and is such that P = A relation S which has these 

properties is called a dovble correlator of P and Q, i.e . we put 

P smor smor Q = (1 — ► 1) n r\ S(P = Df, 

a definition which, as will be perceived, is closely analogous to that of 
* smsmX, in *111. Two relations have double similarity when they have 
a double correlator, i.e. 

smor smor = $Q {a* P smor smor Q} Df. 

S is a double correlator of P and Q when 8 is a correlator of %‘P and %‘Q and 
S f [ C‘Q is a correlator of P and Q. This might be taken as the definition of 
a double correlator, since it is equivalent to the above definition. 

If we assume the multiplicative axiom, we can prove that double simi- 
larity holds between similar relations of mutually exclusive similar relations, 
i.e. between two relations of mutually exclusive relations P and Q which have 
a correlator 8 such that, if YeC‘Q , then F and S‘Y are always similar. In 
this case, S G smor. Thus if we assume the multiplicative axiom we have, if 
P, Q e Rel 2 excl, 

P smor smor Q . = . g ! P smor Q n Rl'smor. 

In the particular case in which the fields of P and Q consist of well-ordered 
relations ( i.e . relations generating well-ordered series), this equivalence can 
be proved without the use of the multiplicative axiom, because two similar 
well-ordered relations have only one correlator, so that the difficulty of 
selecting among correlators does not arise. 

Double ordinal correlators have the same importance in proving the 
formal laws of relation-arithmetic that double cardinal correlators have in 
cardinal arithmetic. The construction of double correlators in various cases 
constitutes a large part of relation-arithmetic. 

In defining the ordinal product of two relation-numbers, and in defining 
exponer 1 rion, we use a relation which has properties analogous to those of 
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a i “8. This relation is Pi >Q, of which the structure is as follows : Let z, w 

99 V 

be two terms having the relation Q ; then form the two relations ^z>P, 
l w>P . The relation l z>P holds between two couples x\z and y 4 z when- 
ever xPy ; thus it arranges couples whose referents are members of C‘P, and 
whose relata are z , in an order similar to P. The relations l z>P and ^w>P 
are (by *150’03) the same as and P l w. Thus P 5Q arranges such 

relations as ^ z>P in an order similar to Q. Thus P ^ is similar to Q , and 
every member of its field is similar to P. Thus the relation-number of P ^ 

is Nr'Q, and every member of its field has the relation-number Nr‘P. More- 
over P ^ ’Q, as it is easy to see, is a relation of mutually exclusive relations. 

Hence it is suitable for defining the product of Q and P, and we put 

QxP = 2‘PJ,;Q Df. 

In the next section, after we have defined the product of a relation of relations, 
we shall use the same relation P ^ >Q for the definition of exponentiation, 

putting 

P exp Q = Prod'P J, >Q Df. 

These two definitions should be compared with those in *113 and *116. 


In virtue of the definition of 2, the relation 2‘P ^ ’Q holds between terms 

which either have one of the relations of the form P 1 z, or belong respectively 

■5 

to the fields of two relations P 1 z, P i,w, where zQv& Thus the relation 
2‘P^ 5Q holds between x^z and y ^z whenever xPy and ze&Q, and also 

between x l z and y l w whenever x,ye C‘P . zQw. Thus ifMor the sake of 
illustration, P and Q generate finite series, so that their fields afcce 

1 P, 2 p, flp, 

1q, 2 q, ..., Vq, 

then the field of 2‘P ^ >Q will consist of the couples 

2 p ^ 1 q , •••, flp^lQ’y 

lpj r 2g, 2p ^ 2 q, | 2q j 


2 p^vq, fip^VQ ; 

and their order as arranged by 2‘P >Q is that in which they are wlntten 

above. Thus the above couples in the above order constitute the J series 
Q x P, and it is evident that this series has v x p terms. 

When the factors of a product are not enumerated, but are giverff as the 
field of a relation, a new definition of multiplication is required. Thi^ s defini- 
tion, which has the advantage of being applicable to infinite products^ *, will be 
dealt with in the following section. 


Digitized by Google 



*160. THE SUM OF TWO RELATIONS. 

Summary of *160. 

In this number, we introduce the definition 

P$Q = PvQvC‘P\C‘Q Df, 

which was explained in the introduction to this section. Although the 
propositions of this and other numbers in this Part do not require that P 
and Q should be such as to generate series, yet the reader will find it 
convenient to imagine them to be such, since the important applications of 
the ideas of this Part are to series. Thus we may regard the sum of P and Q 
as a relation which holds between x and y when either x precedes y in the 
P-series, or x precedes y in the Q-series, or x belongs to the P-series and y 
belongs to the Q-series. 

The most important propositions of this number are : 

*16014. h . C‘(P$Q) = C‘P u G‘Q 

*160-21. KP4:A = P 

*160-22. b.A = Q 

*160-31. \-.(P$Q)3.R = P$(Q$R) 

which is the associative law, and 

*160-4. \-.(PvQ)4-R = (P$R)u(Q$R) 

which is the distributive law for logical and arithmetical addition ; 

*160-44. 1- : C‘P C d‘S . C‘Q C <3‘$ . D . S’>(P$Q) = 8>P^.S>Q 

which is also a kind of distributive law ; 

*160-47. b : C‘P a C‘Q=A . C'P'a C‘Q'=A . S e Pshior F . TeQsThor Q\ D. 

8 o Te (P£Q) smor (P' 4 . O') 

whence 

*160*48. b : C‘P a C‘Q = A . C‘F a C‘Q = A . P smor F. Qsmor Q 1 .D . 

P 4 Q smorP^Q' 

whence it follows that if P and Q are mutually exclusive, the relation-number 
of their sum depends only upon the relation-numbers of P and Q ; 

*160-6. b : C*P a C‘Q = A . D . (P$Q) t C‘P = P . (P4Q) tC‘Q = Q 
*160-62. b : G‘P a C‘Q = A . C , Pr\C , R = A..R$.Q = P$.R.O.Q = R 
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*16001. P^-Q = P o Q u C‘P f C‘Q Df 

*1601. \-.P$Q = PviQvC ( P\C‘Q [(*160-01)] 

*16011. b i.x(P$.Q)y .= :xPy .v .xQy . v ,xeC‘P ,yeC‘Q [*160*1] 
*160*111. h.x(P$Q)y .= : xPy .v .xQy .v .xFP .yFQ [*160- 11. *33*51] 
*160*12. h:a!<2.D.D < (P4.Q) = 0‘PuD < Q [*33*26. *35*85. *160*1] 
*160*13. l-:a!P.D.a‘(P4-Q) = a‘PuO < Q 
*160*14. \-.C\P$Q) = C‘PvC‘Q 
Dem. 

b . *33*262 . *160*1 . D b . C‘(P$Q) = C‘P u C‘Q u C‘(G‘P f C‘Q ) (1) 
b . *35*85*86*88 . D b . C‘(C‘P t C‘Q) C G‘P u C‘Q (2) 

b . (1) . (2) . 3 b . Prop 

The above proposition is constantly used. The following propositions 
(*160*15 — *161) are not used, but are inserted to show that P^-Q has the 
kind of structure that we should expect of a sum. 


*160*16. b:al P .’}.B\P$Q) = B‘P-C , Q 
Dem. 

b . *160*12*13 .Db:a!P.a!Q.3 .~B\P$Q) = ( C‘P u D‘Q) - (d‘P v C‘Q) 


[*93*101.*33*161] =B‘P- C‘Q 

b. *160*1. Db:Q = A. D.P4-Q = P. 

[*30*37] 3 .~B‘(P$Q) —~B‘P 

[*33*241] =~B‘P — C‘Q 

b . (1) . (2) . 3 b . Prop 

*160*151. b : a 1 Q . 3 . P‘Cn v‘(P£Q) = B‘Q - C‘P 
*160*16. b : a ! P '~B‘P « C‘Q = A . 3 .~B‘(P$.Q) = ~B‘P [*160*15] 
*160*161. b : a ! Q .~B‘Q n C‘P = A . 3 . P‘Cnv‘(P^Q) - ~B‘Q 
*160*2. b . Cnv‘(P£Q) = Q4-P [*31*15 . *35*84] 

*160*21. b . P4-A = P [*35*88 . *25 24] 

*160*22. b.A4.Q = Q 


( 1 ) 


( 2 ) 


*160*3. b . (P$Q)$R - P o Q w R u C‘P f C‘Q v C‘P f C‘R v C‘Q f C ( R 

Dem. 

b. *160*14*1.3 

b . (P4:Q)4:P = (P4-Q) vPv (O'P « C‘Q) f C‘R 
[*160*l.*35*41*82] = PoQo(7‘Pt C‘Qk)RviC‘P^ C‘RvC‘Q\ C‘R.3 b.Prop 
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*160-31. \-.(P$Q)$R = P$(Q$R) 

Dem. 

b. *16014-1. D 

\-.P$(Q$R) = PvQvRvC , P\C , QuC‘PjC , RvC‘QiC‘R (1) 
b . (1) . *160'3 . D b . Prop 

*160-32. P$Q3.R = (P1.Q)4.R Df 

This definition serves merely for the avoidance of brackets. 

*160-33. b:PGQ.3.P$.R<lQ$.R [*33-265 . *1601] 

*160-34. biRQS.O.Q^RQQ^S [*33265 .*1601] 

*160-36. biPQQ.RdS.D.P^QGR^S [*160-3334] 

*160-4. H.(Pc;Q)4.i2 = (P4:iJ)c;(Q4:i2) 

Dem. 

t- .*160*1 . D b . (PuQ)$R = PvQvRv C‘(Pc» Q) f C‘R 
[*33-262.*23-56] =PvRvQvRv ( C‘P u C‘Q ) f G‘R 

[*35-41-82] =PvRvQoRv G‘P f G‘R o C‘Q f G‘R 

[*1601] = (P$R)v(Q$R).2\-.Prop 

*160-401. b .P$(QvR) = (P4.Q)v(P$R) 

The above two propositions state the distributive law for logical and 
arithmetical addition. The three following propositions give the generalized 
form of this law, when i‘A replaces PuQ; these propositions are not 
subsequently used but are inserted for the sake of their intrinsic interest. 

*160-41. b : g ! A . D . s‘\$R = = s‘(A£P) 

Dem. 

h- . *4111 . D b x (8‘$R“\) y . = : (gP) . P e A . x (P£P) y : 

[*160-11] = : (gP) : P e A : xPy . v . xRy . v . x e C‘P . y e C‘R : 

[*10"42] = : (gP) . P e A . xPy . v . (gP). Pe A .xRy . v . 

(gP) .P cA . x e C‘P . y e G‘R : 
[*41-11. *10-35.*41 - 45] = : x(s‘\)y . v . g ! A .xRy . v . x e C‘s ‘\ . y e C‘R (1) 
h . (1) . 3 b :: Hp . 3 :.x(s‘ $-R“\). = ix(s‘\)y . v . xRy .v . x e C 1 ? A .yeC f R: 
[*160-11] = ix(s‘\^-R)y :: 3 b . Prop 

*160-411. b : g ! A . 3 . P$s ‘ A = s‘P£“A [Proof as in *160 41] 

*160*412. b:g!A.g!/t.3. PA-^-s'/a = s , 8 , \^.“/i 

Dem. 

b . *160-411 . 3 b : g ! /t . 3 . = s‘(i‘ A)£> (1) 

b.*160"41. 3 b : g ! A . 3 . (s‘A).£“/a = i“A^“/* (2) 

b.(l).(2). 3 b : g ! A. g ! 3 s*i**A^ w /* 

[*4212] =i‘s‘A^.‘V :3 b. Prop 

b. <fe w. ii. 23 
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The following propositions lead up to #160"44, which is frequently used. 

*160-42. I- . (P-4Q) |-S = P|/Sc»Q|SoO‘Pt S“ C ‘Q 

Bern. 

h . *160-1 .31-. (P-4Q) |/S=P|Sc»Q|/Sc; (G‘P t C‘Q) \ S 
[*37-8] = P\Sw Q\Sv C‘P f S“C‘Q . D h . Prop 

*160-421. h . S | (P4-Q) = S | P o S | Q o S“0‘P t G‘Q 

*160-43. h . S‘>(P$Q) = SiP c» SiQ c» S“C‘P t S“C‘Q 

Dem. 

V . *1501 . *160-421 . D 

V . Si(P 4-Q) = (S\PvS\Qv S“C‘P t C‘Q ) | S 
[*150 - 1 .*37 "8] = S>P w SiQ vi S“C‘P f S“C ( Q . D h . Prop 

*160-44. I- : C‘P C d‘S . C‘Q Cd‘S.3. Si(P$Q) = SiP^SiQ 

Dem. 

h. *160*43. *1 50-22. D 

I- : Hp . D . S‘>(P$Q) = SiP v SiQ v (C ( S‘>P) t (C‘S’>Q) 

[*1601] = J sr;p4.<s;Q:Dh.Prop 

*160-46. \-:St(C‘FvC‘Q r )el-*l.StC‘FePsmoTP'.StC‘QeQaimTQ.2. 

S r C‘(F$V) e(P^Q) smor (P'^Q') 

Dem. 

h. *151-22. Dh:Hp.D.O‘P'Ca < i Sf.G < Q'Ca‘-S.P = /Sf;P'.Q = <Sf;Q'. (1) 
[*160-44] D.P4:Q = ,S;(P'4.<2') (2) 

h . (1) . *16014 . D I- : Hp . D . C^P'^Q') C a*-? (3) 

I-. *16014. DhiHp.D.SrC^P'^Q')*!-*! (4) 

h . (2) . (3) . (4) . *151-22 . D h . Prop 

*160-461. V t S[ G‘Fe P*EoiF.StC‘Q’e Qmi5r Qf. S‘ ‘(C‘P'-C‘Q') « C‘Q =A. 

D .Sf <7‘(P'4.Q') e (P4Q)sT5or (P'^Q') 

Dem. 

h . *151-22 . *150-22 . D h : Hp . D . G‘Q = S'WQ 1 . 

[*71-381.*37-421] D . <S“(Cf‘P' - C‘Qf) « S“G‘Q' = A . 

[*74-823] D.jSf (O'P' v C‘Q') e 1 -> 1 (1) 

h . (1) . *160-45 . D h . Prop 

*160-462. h : SfC'P'ePsmor F. S\C‘Q'eQsm6i Q' . C‘P r>C‘Q = A . D . 

S r C^P'^Q') e (P4Q) smor (P'4. O') 

Dem. 

V . *151-22 . *150-22 . D V : Hp . D . C‘P = S“C‘F. C‘Q = S“C‘Q / . 

[Hp] D . n S“C‘Q' = A . 

[*74-833] D.S(‘(7‘(P , 4.Q')«1-»1 (1) 

h . (1) . *160"45 . D h . Prop 
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*160-46. Y : C‘P=a‘S. C‘Q = <P2\ C‘Pn C‘Q= A . D. 

(/Sc*r);(P4-Q)=-s;p4.r;Q 

Bern. 

Y . *160-44 . D Y : Hp . D . (S v T)‘>(P$Q) = (S w T)’>P$(S u T)'>Q 
[*150-32] = {(S uT)[ C‘P\>P$.{(SuT) [ C‘Q}’’Q 

[*35-644.Hp] = (£[ C‘P)‘>P$(Tt C‘QY>Q 

[*150 32] = S‘>P$T'>Q : D Y . Prop 

*160-47. Y:C‘Pr\ C‘Q=A. C'P'o C‘Q'=A.SeP smor P'. Te Q sWr Q\ D . 

SvTe{P$Q) aiHdi(P'^Q') 

Dem. 

Y . *15111131 . D h : Hp . D . D‘S = C‘P . D‘T= C‘Q . WS = C‘P'. 

a‘T=C‘Q'. (1) 

[Hp] 3.D‘Sr>D‘T=A.a , 8rx(I‘T=A. 

[*151*11. *7 1'242] Z.SvTe 1-*1 (2) 

Y .(1). *160*14 . D Y i Hp . D . C‘(P'$Q') = d‘S w d‘T 
[*33-261] = (I‘(<S o T) (3) 

Y . *160-46 . *15111 . D Y : Hp . D . P£Q = (S w Ty>(P'$Q') (4) 

I- . (2) . (3) . (4) . *151-11 . D Y . Prop 

*160-48. Y : C‘P r> C‘Q = A . C‘P' nC‘Q' = A.P smor P'. Q smor Q'. D . 

P^Q smor P'4-Q' [*160 47 . *15112] 


*160-6. Y : C‘P « C‘Q = A . D . (P4.QH C‘P = P . (P4-Q)C C‘Q = Q 

Bern. 

Y . *1601 . *36-23 . D 

h . (P£Q)t C‘P = P£ C‘P u (C‘P t C‘Q)t C'PvQt C‘P 
[*36-29-33] =Pu }(0‘P f «S (C‘P 1 C‘P)} ciQ£C‘P (1) 

Y. *36-31. D h : Hp . D . C‘P = A (2) 

Y . *35-834-88 . D Y : Hp . D . {(C‘P t C‘Q ) <S (C‘P f C‘P)\ = A (3) 

l-.(l).(2).(3) . D h : Hp . D . (P4-Q)£ C‘P = P (4) 

Similarly Y : Hp . D . (P4.Q) £ C‘Q = Q (5) 

h . (4) . (5) . D h . Prop 

*160-61. h : C‘PnC t Q=A. D . (P*Q)* = P a o Q J o D‘P t C'Q o C‘P | <TQ 

Bern. 

h. *34-73. D h : Hp .2 .(Pw Qy = P*v Q* (1) 

h . *35-895 . D h : Hp . D . (C‘P f C‘QY = A (2) 

I- . *34-62 . Dh. (P$Qy = (PvQYv (C‘P t C‘Qf 

v(PvQ)\ ( C*P t O'© w (C‘P t C"Q) |(Pc»Q) 

[(1 ).(2)] = P* c; c» (P o Q) j (C‘P t C‘Q) o {C‘P | G‘Q) |(PoQ) (3) 

h. *37-81. D h : Hp . D . (P e» Q) j (C‘P f C‘Q) = D‘P f (7‘<J (4) 

h . *37-8 . D Y : Hp . D . (C‘P f C‘Q) | (P o Q) = C‘P f <PQ (5) 

I- . (3) . (4) . (5) . D Y . Prop 


23—2 
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The above proposition is useful in proving that, if C‘Pr\C‘Q = A, P^-Qia 
transitive when P and Q are transitive (c£ *201'4). 

*160-62. \-:C‘PrxC‘Q = A.C‘P*C‘R = A.P$Q = P$R.3.Q = R 

Dem. 

h . *16014 . D h : Hp . D . (P^Q^ (- C‘P ) = (P4-Q)£ C‘Q . 

(P$Q)t (- C‘P) = (P$R) t C‘R . 

[*160-5] D . (P$Q) t (- C‘P) = Q.(P$R)t (- C‘P) = R . 

[Hp] D . Q = R : D h . Prop 

The above proposition is used in dealing with the series of segments 
of a series (*213'561). 
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*161. ADDITION OF A TERM TO A RELATION. 

Summary of *161. 

The addition of a term has two forms, according as it occurs at the 
beginning or end of the field of the relation in question. If we add first x 
and then y at the end, the result is the same as if we added x^y (*161*22) ; 
if at the beginning, it is the same as if we added y^x (*161221). The 
propositions of the present number are all obvious, and offer no difficulties 
of any kind. As explained in the introduction to this section, we put 

P x = P ci C‘P | i‘x Df, 
x <4- P = i‘x f C‘P ci P Df. 

Most of the propositions of this number require the hypothesis g!P, because 
if P = A, P-t»# = #<4-P = A (*161*2*201). This is connected with the fact 
that there is no ordinal number 1. Apart from propositions already 
mentioned, the chief propositions of this number are the following (we omit 
propositions about x*\-P when they are merely analogues of propositions 
about P x) : 

*16112. V . a P = Cnv‘(P -b x) 

*161*14. h : a ! P . D . G\P x) = C<P v i‘x = C‘(x P) 

*16116. h : a ! P . - e C‘P . D . 

iT‘(P ^ x) =~B‘P . 2?‘Cnv‘(P -±>x)= I‘x . B\x P) = # 

*161*211. V.x*\-{y l z) = x^yK*x^zK*y^z = (x l y)-\>z 
*161*31. h : P smor Q . x ~ e C*P . y ~ e C‘Q . D . 

P # smor Q y . x <4- P smor y <4- Q 

*161*4. h:^QCa^.^€a^.fif€l->Cls.D.^(Q+>a7) = S5Q+>S^ 

*161*01. P # = P c; C‘P f i‘x Df 
*161*02. x + P^i'x^C'PvP Df 

*161*1. h . P +► a? = P ci C*P t i € x [(*161*01)] 

*161*101. V . a P = i<x t C<P v P [(*161*02)] 

*161*11. V y (P +> x) z . = : yPz . v . y e (7‘P .z = x [*161*1] 
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*161111. h :.y(ar4f P)z. = :y = x . zeC‘P .v .yPz [#161-101] 

*16112. h . ar 4f P = Cn v‘(P ar) [*161*1*101 . *35-84 . *33 22] 

*161 13. h . D‘(P x) = C‘P . d‘(ar P) = C‘P 

Bern. 

V . *1611 . D Y . D‘(P +► ar) =» D‘P v D \C‘P | i‘x) 

[*35 85] = D‘P w C‘P 

[*33161] - C‘P (1) 

Similarly V . d‘(x «f P) = C‘P (2) 

h . (1) . (2) . D I- . Prop 

*161131. h : a ! P . D . <I‘(P +► x) = d‘P v Par . D‘(ar P) = D‘P w Par 
[*35-86 . *161-1] 

*161-14. \-:^lP.D.C‘(P-\*x)=C‘Pyji , x=C , (xM-P) [*16113-131] 
The hypothesis a ! P is necessary in this proposition, since without it we 
have P ar = A. 

*161141. I- : a ! P • I> • 2?‘(P 4#ar) = P'P - Par . iPCnv‘(P ar) = Par - C‘P 
[*16113131 .*93101] 

*16116. h:a !P.ar~ 6 C‘P.D. 

lf‘(P +► ar) =~B‘P .~B‘Cn v‘(P 4> ar) = Par.5‘(ar ♦(-?) = * [*161141] 
*16116. \-:x~eC‘P.2.(P-\+x)tC‘P = (P-t>x)t(-i‘x) = P [*1611] 
The above proposition is used in the theory of connected relations 
(*202-412). 

*161161. h : ar~ 6 C‘P . D . (ar*f P)£ C‘P = (ar«f P)£ (- Par) = P 
The two following propositions are frequently used. 

*161*2. h. A+># = A [*35*75*82 . *161*1] 

*161*201. K*4fA = A 

*161*21. = 

Bern. 

h . *161*1 . *55*15 .'}V.{x^y)-\*z=x^yK) (l‘x v i‘y) f i‘z 
[*35*82*41 .*55*1] = x^ywx^zKjy^z^V. Prop 

Note that x ^yw x ^zwy ^ z is the relation which orders x and y and z 
in the order x , y t z. 

*161*211. Y*x*\-{y l z) = xlywx^zwy\ f z = (x\,y)-\*z 
[Proof as in *161*21] 

*161*212. = (P-|*a?)-|*y Df 

*161*213. y«+P = #<f (y«+P) Df 

These definitions serve merely for the avoidance of brackets. 
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*161-22. h:a!P.D.(P-t*®)-t*y = P£(a!4,y) 

Bern,. 


V . *161-14-1 .DH:Hp.D.(P4»a:)4*y = P<» C‘P | i'x o (C'P w i'x) f i'y 
[*35-82-41] =Po C‘P t i'x v C'P f i'y v i'x t i'y 

[*35*82-412] =Po C'P (i'x w i‘y) ci i'x f i'y 

[*55"1-15] = P v C'P ^ C'(x \y)w x Xy 

[*160"1] = P£(x : D H . Prop 


*161*221. h:j[!P.D.a: 4 f(y+l-P) = (<c 4 . y)$-P 

*161-23. l-:a[!Q.D.(P4.Q)-f>y = P4-(Q+>y) 

Dem. 

I- . *161141 . *1601 . D h : Hp . 3 . 

P*(Q-t*y) = PvQvC'Qji'yv C'P t ( C'Q u i'y) 
[*35-82-412] =:PuQvC'PtC'Qu C'P t i'y o C'Q | i'y 

[*160 - 1] = P$-Q o C'P “f i'y vi C'Q f i'y 

[*35-82-41. *16014] = P$Q « C'(P$Q) 1 1 ‘y 

[*161*1] = (P 4 . Q) +> y : D h . Prop 


*161-231. h : a ! P . D . x «f (P4.Q) - (*«f P)$Q 

*161-232. h:a!P.a!Q.D.P*0r4fQ)=(P4**)4-Q 

Dem. 

h . *16114-101 . *1601 . D h : Hp . D . 

P4-(« 4f Q) = P o i'x f C'Q viQvt C'P t ( i'x w C'Q) 
[*35-82-412] =Pu C'P t t'xv/Qv C'P \ C'Q o | C'Q 

[*161-114.*35-82-41] = (P 4* a:) c* Q w C'(P 4* x) t C'Q 

[*1601] = (P 4* x)$Q : D h . Prop 

*161*24. h . x +f (P 4* y) = (as 4f P) 4* y 

Dem. 

h. *161101-14. Dh:a!P. 3. 

x «J-(P 4* y) = t‘as t (0‘P v t‘y) 0P0 0‘P t i‘y 
[*35-82-41 2] = i‘as | C'P 0P0 t‘as f *‘y « ^‘P f t‘y 

[*35-82-41 .*161 101-14] = (as«f P) w C'(x «f P) t i‘y 

[*161-1] = (as«fP)4+y (!) 

h.*161-2-201.Dh:P = A.D.<B4f(P4*y) = A.(<r4f P)4*y = A (2) 
h . (1) . (2) . D h . Prop 
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*161-25. h:a!P.a!Q.D. (P-|»*)$(y * Q) = P±(x i y)$Q 

Dem. 


h. *161-14. *1601. D 

I- : Hp . 3 . (P ■+> x)$.(y «f Q) - (P -f> a:) ci (y <f Q) e» ( G‘P \j Gx) f ( G‘Q w Gy ) 
[*161*1-101] = P u* 0‘P I" Gx o Gy I" C‘Q c » Q 

c» (C‘P\j Gx) \ (C‘QvGy) 

[*35"82-41"412] = Pu G‘P f ( Gx w Gy) vi Gx \ Gy u Q 


v/ ( C ( P w Gx w Gy) f C‘Q 

[*55-15-l.*l 60-14-1] = {P4.(ar J, y)) v Q v C‘{P±(x J, y)} t G‘Q 

[*160'1. (*160-32)] = P^.(a;^ y)$-Q : 3 1- . Prop 


*161'26. . x «f {y <f (z 4 w)} = (x l y)$-(z [ w) = {(x [ y) z) w 

= [x*\-{y lz)]-{*w 

Dem. 

I - . *161-221 . *55-134 . 3 (■ . a: <+- [y *\-(z ^ w )} = (^4 y)$-(. z ^ w ) 
[*161-22.*55-134] = {(* J, y) ■+> z) 4* w 

[*161"211] = [x «f (y ^ z)} w . 3 h . Prop 

The following propositions lead up to *161 '33. 

*161*3. h : a ! Q ■ S e P smor Q . x ~ e C‘P .y~e C‘Q . 3 . 

/Se»<r,|ye(P-f>a;) smor (Q -f* y) 

Dem. 

V . *151-11-131 . 3 h : Hp . 3 . Se 1->1 . C‘Q=a‘S.P = S>Q . G‘P = D‘S (1) 

h.(l).*55-15. 3 h : Hp . 3 . D‘$ n D‘(x 4 y) = A . <3‘$ u d‘(x | y) = A . (2) 

[*72182.*7l-242] 3 . yel -* 1 (3) 

h . *5515 . *15111 . 3 I- : Hp . 3 . (I‘(£e» x J, y) = C‘Q v Gy 
[*161-14] =C‘(Qi*y) (4) 

h .(1).(2). *34-301 .31-: Hp.3.0* J, y)|Q=A.Q|(y i x)=A. 

(* i VW‘Q t Gy) = A . ( C‘Q t Gy) | S = A . 
[*34-25-26] 3 . (S v x J, y) | (Q o C‘Q f Gy) = S | (Q v G‘Q \ Gy ) . 

(Q ei C‘Q \ Gy) | (y J, a: » S) = Q \ S v (G‘Q f Gy) \ (y J, x) 
[*35-89.*551] = Q | S u C‘Q f Gx (5) 

I- . (5) . *150-1 . 3 1- : Hp . 3 . (S v x J, y)>(Q w C‘Q ^ Gy) = S \ {Q j S o G‘Q “f Gx] 
[*1501] =S'>QvS\C‘Q\Gx 

[*37-81.(l).*150-23] =PoG‘P\ Gx (6) 

I- . (6) . *161*1 . 3 h : Hp . 3 . (8 u x 4 y)’(Q -\*y) = P -\*x (7) 

I- . (3) . (4) . (7) . *151-11 . 3 h . Prop 
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*161-301. bi&lQ.SePmor Q .x~eC‘P .y ^eC'Q.O . 

xlywSe(x*{-P) smor (y «f Q) 
*161-31. h : P smor Q . x ~ € C*P . y ^ € C‘Q.3. 

P -f* x smor Q -f* y . x «f P smor y «f Q 

Lem. 

b. *161-3-301. *15112. 3 

h : Hp . a ! Q . 3 . P 4* a: smor Q y .a:<f Psmory«f Q (1) 

b. *151-32. *161-2-201. 3 

l-:Hp.Q = A.D.P-f+a! = A.Q-|*y = A.a!^P = A.y«fQ = A. 

[*153-101] 3 . P ■+» x smor Q -f* y . x «f P smor y «f Q (2) 

h . (1) . (2) . 3 h . Prop 

*161*32. b : a ! Q . x~eC‘P . C‘Q .8e{P-\*x ) smor (Q -f* y) ..3 . 

8 f (- t‘y) e P smor Q . xSy 

Lem. 

I - . *151-5 . *161"15 . 3 b : Hp . 3 . xSy (1) 

Ml) ■ *1501 . 3 b Hp . 3 : u [Sf (- i ( y)‘>Q) v . 

= . (a«, w)'Z(Q-\*y)w.u^x.v^x. uSz . vSw . 
[*151-11] =.u^x.v^x.u(P-\*x)v. 

[*16111] = . uPv (2) 

b . *35-64 . 3 I- : Hp . 3 . d'Sf (- i‘y ) = C\Q -fry) - i‘y 
[*16114-2] = G‘Q (3) 

h . (1) . (2) . (3) . 3 h . Prop 

*161*321. I" : a ! Q . C‘P . y~e C‘Q . S e (x P) smor (y «f Q ) . 3 . 

$["(— i‘y)eP smor Q . xSy 

*161*33. h x ~ e C‘P .yive G*Q . 3 : 

P smor Q . = . (P -f* x) smor (Q -f> y) . = . (x <f P) smor (y Q) 

[♦161-31-32-321-2-201 .*153101] 

The above proposition justifies addition of 1 or subtraction of 1 in ordinal 
arithmetic. 

The following proposition (*161*4) is much used. 

*161-4. h:0‘<3Ca‘S.a ;e a‘/S.S€l->Cls.3./Sf;(Q-ba ! ) = ( g;(24>S‘ a; 

Lem. 

b . *1611 . *150-3 . 3 1- . S>(Q -**«) = S’Q v S‘>(G‘Q f i‘x ) 

[*150-73] (1) 

I- . (1) . *150-22 . *53-31 . 3 1- : Hp . 3 . S’>(Q -b *) = S>Q o ( C‘8>Q ) f (i‘S‘x) 
[*161-1] = SiQ 4* S‘x : 3 1- . Prop 

*161-41. I- : C‘Q C d‘S . x e d‘S . S e 1 -* Cls . 3 . S’>(x «f Q) = S*x M-S>Q 
*161-42. l-4y ; (Q-t>®) = ly ; Q-l+(a;4y) [*161-4 . *55-21 . *72-184] 
*161-43. K; y 5( a! 4fQ) = ( a! 4,y)«f4y;<2 
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*162. THE SUM OF THE RELATIONS OF A FIELD. 


Summary of *162. 

The form of summation defined in *160 cannot be extended beyond 
a finite number of summands, since it involves explicit mention of all the 
summands. In the present number, we shall be concerned with a form of 
summation which is not subject to this restriction. It will be observed that, 
since relational summation is not permutative, we cannot define the sum 
of a class of relations, for this would not determine the order in which the 
summation is to be effected. Our relations must be given as the field 
of some relation which orders them ; thus the sum appears not as the sum 
of a class, but as the sum of a relation, namely of a relation whose field is the 
relations to be summed. In the case of two relations Q and R, the sum of 
defined in the present number, will be equal to ; similarly for 
three, the sum of will be equal to Q 4 .P 4 .jS, and so on 

for any finite number of summands. 

As explained in the introduction to this Section, if P is a relation between 
relations, we put 

2‘P = *‘C‘PciP;P Df. 

It is convenient to suppose that P is serial, and that every member of C‘P is 
also serial. Then VP holds between x and y if either (1) there is a series, 
in the field of P, in which x precedes y t or (2) x belongs to a series which is 
earlier, in the P -series, than the series to which y belongs. The following 
are the chief propositions of this number : 

*162-22*23. h . C‘VP = 8<C“C‘P = CWP = F“C<P = P a ‘P 
*162-26. V . V(P oQ) = VP c; VQ 
*162-3. h.2‘(Q|P) = Q4P 

*162-31. h . VQ^VR = V(Q$R) 

*162*34. h . WP = VVP [Associative Law. Cf. *42*1] 

*162-36. h : C*VQ C (FP . D . VR^’Q = R'>VQ 

This is the analogue of *40*38. (Cf. note to *162*35, below.) 

*162*4. h . 2‘A = A 

*162-42. h : g ! VP . = . a ! «*(7*P . = . g ! C‘P — 
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*162-43, h:a!P.D.2‘(P-^J2) = 2‘P^iJ 

It should be observed that the ordinal analogues of propositions about 
classes of classes often involve the substitution of 2 (not s) for 8 . Examples 
are afforded by *162-34-35, quoted above. 


*162*01. 2‘P = «‘0‘P v F>P Df 

*1621. I- . 2‘P = 8‘C‘P o F>P [(*162 01)] 

*16211. \-i.x (2‘P) y. = ix (8‘C‘P) y . v .x{F’P) y [*1621] 

*162'12. V x (2‘P) y . = : (gQ).Q e C‘P . xQy . v . (gQ, R).xFQ. yFR.QPR 
[*1621. *41*11. *15011] 

*16213. I- :.<r (2‘P) y . = : (gQ) .QeC‘P.xQy. 

v • (gQ, R).xeC‘Q.yeC‘R. QPR [*161 12 . *33 51] 

*16214. I- :. x (2‘P) y . = : (gQ) . QFP . xQy . v . (gQ, R ) . xFQ . yFR . QPR 
[*16112. *33-51] 

*162-2. h . Cnv‘2‘P = 2‘Cnv >P 
Dem. 

h . *16213 Oh:. <r(2‘Cnv;P) y . = : (gQ) . Q e 0‘CnviP . xQy . 

v . (gQ, R ) . Q (Cnv »P) R.xe C‘Q . y e C‘R : 
[*150-22-41] = : (g Q) . Q e Cnv“(7‘P .xQy. 

v . (gQ, R ) . QPR . x e C‘Q . y e C‘R : 

[*37-64.*33-22] = : (g Q ) . Q e C‘P. yQx.v.faQ, R).RPQ . m e C‘Q . ye&R i 

[*162-13] = : y (2‘P) «:.Dh. Prop 

*162-21. h . D‘2‘P = s‘D“(7‘P w s‘C“D‘(P [ - t‘A) 

Dem. 

h . *16213 . 3 h :. x e D‘2‘P . = : (gQ, y ) . Q e C‘P . xQy . 

V • (aQ. -®» y) • QPR ■ y e C*R : 

[*33-13-24] = : (gQ) . Q e C‘P . a: e D‘Q . v . (g Q, R) . QPR .xeC‘Q.%lR: 

[*40-4.*35101] = : x e s‘D“C‘P . v . x e s‘0“D‘(P f - t‘A) :. 3 1- . Prop 

*162 211. f- . a‘2‘P = «‘a“C‘P w «‘0“a‘(- t‘A)i p 

*162-212. h : A ~ e d‘P . 3 . D‘2‘P = «‘0“D‘P v s‘I>“~B ( P 

Dem. 

h . *162-21 . 3 1- : Hp . 3 . D‘2‘P = s‘D“0‘P w «‘0“D‘P 
[*40-31.*9312] = «‘D“D‘P w «‘D“i?P u s‘0“D‘P 

[*40-57] = s‘D“P‘P v *‘(7“D‘P Oh. Prop 


♦ 
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*162-213. I- : A ~ e D‘P . 3 . d‘2 ‘P = «‘C“d‘P u s‘d“P‘P 
The above proposition is used in *163*22. 

The two following propositions are used very often. 

*162-22. h . C‘2‘P = a‘C“C‘P 

Dem. 

b . *162-21-211 . *40-57 . 3 

h . C‘2‘P = «‘C“0‘P v «‘C“D‘(P [ - i‘A) w s‘C“d‘(- t‘A) 1 P 
[*40161] = 8‘C“C‘P .31-. Prop 

*162-23. V . C‘2‘P = 0‘a‘C‘P = F“C‘P = F“P [*1 62 22 . *42 2] 

*162-26. I-.2‘(PoQ) = 2‘Pw2‘Q 

Dem. 

h . *162-1 .31-. 2‘(P i»Q) = s‘C‘(P vi Q) vt P>(P o Q) 
[*33-262.*41171.*150-3] = s‘C‘P c* a‘C‘Q c » P?P c; P5Q 
[*1621] = 2‘P c» 2‘Q .31-. Prop 

*162-27. l-.2‘-S;(Pc»Q) = 2 < S;Pc*2‘5;Q [*162-26. *150-3] 

*162-3. b . 2‘(Q 4 P) = Q$R 

Dem. 

b . *160-1 .31-. 2‘(Q i B) = a‘C‘(Q i R) o P1(Q 4 

[*5515.*150-7] = s‘(i‘Q w i ‘R) vi ~F‘Q f P‘P 

[*5313.*33-5] = Qv>RxjC‘Q\ C‘R 

[*1601] = Q4-P . 3 I- . Prop 

This proposition establishes the connection between the two kinds of 
arithmetical addition of relations. 

*162-31. I- . 2‘Q 41 2‘P = 2 ‘(Q4-P) 

Dem. 

I- . *160-1 .31-. 2‘Q 4- 2‘P = 2‘Q vi 2‘P o 0‘2‘Q \ C‘2‘R 
[*162123] = a‘C‘Q vi F'>Q vi a‘C‘R o PIP o (P“0‘Q) t (P“C‘P) 

[*150-73] = a‘C‘Q v s‘C‘R vtF'>Qv/F'>Rv F\C‘Q | C‘P) 

[*41-171.*16014.*150-3.*1601] = s‘0‘(Q4-P) v F’>(Q$R) 

[*162-1] = S‘(Q4-P) .31-. Prop 

The following propositions lead up to *162*34. 

*162-32. I- . 2‘s‘* = 5‘2“* 

Dem. 

h . *41-6 . *1621 . *150-1 .31-. i‘2“# = vi s‘Pt“* 

[*42-12.*15016] 

[*41-45] 

[*162-1] 


= s‘s‘C“a:c»P;s‘* 
= s‘C‘s‘« IS F>8‘k 
= 2‘s‘* .31-. Prop 
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*162-33. b . 2‘ 2‘P = 8‘C‘s‘C‘P vi F'>s‘C‘ PviF*‘>P 
Bern. 

b . *1621 . D b . V'Z‘P=8 , C‘X‘PvF'>2‘P 
[*162-23] = s‘C‘8‘C‘P vi F>(8‘C‘P vi Fi P) 

[*150-313] = s'CVC'P vi F’s‘C‘P vi F*'>P . D b . Prop 

*162-331. b.P|2 = P|«|(7=P !1 

Dem. 

b . *71-7 . D b : x(F\ 2) P . = . xF(Z‘P ) . 

[*33-51] = .xeC‘2‘P. 

[*162-23] ee . xF>P (1) 

b . *71-7 . D b : ®(P|i| G) P . = . xF(s ( C‘P) . 

[*33-51] =.xeC‘8‘G‘P. 

[*42-2] = .xF*P (2) 

b . (1) . (2) . D b . Prop 

*162-332. b . iP = 8‘C‘s‘C‘P vi Fis‘C ( P vi F‘i P 

Dem. 

b . *1621 . D b . 2‘2 iP = ip vi F>X >P 

[*150-2213] = «‘2“(7‘Po(P|2)>P 

[*162-32-331] =2‘«‘(7‘Pc»P 3 ;P 

[*1621] = s ( C‘8‘C‘P vi Fis‘G‘P vi F’iP . 3 b . Prop 

*162-34. b . 2‘2’P = 2‘2‘P [*162-33-332] 

This is the associative law for arithmetical sums of relations. 

The following propositions lead up to *162 35. 

*162-341. b G‘Q C (PH . D : x (P| Pf) Q • = • * (P I F)Q 

Dem. 

b . *71-7 . *1501 . D b : <r (P| Pf) Q ■ = • xF(RiQ ) . 

[*33-51] =.xeC‘RiQ (1) 

b.(l). *150-22. Db:.Hp.D:a:(P|Pt)Q. = .a!eP“(7‘Q. 

[*33-5] =.xeR“~F‘Q. 

[*37-3.*3218] = . x(R \ F) Q :. D b . Prop 

*162-342. b : C‘s‘\ Ca‘P.D.(P|Pf)[\ = (P|P)[\ 

Dem. 

K *4113. Db:.Hp.D:QeX.D.C‘QCa‘P: 

[*162-341] 3:QeX..<c(P|Pt)Q. = .Qe\.a;(P|P)Q:.Db.Prop 

*162-343. b : C‘X‘P C G.‘R . D . FiR f>P = R iFiP 

Dem. 

b . *162-23 . D b : Hp . D . WP C CPP . 


[*162-342] 

[*150-32] 

[*15013] 


D . (P| Pf) T ( G‘P)iP= (R | F) [ (C‘P)iP . 
D . (P| Rf)iP = (P | P)>P . 

D . FiRfiP=RiFiP : D b . Prop 
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*162*35. Y : (7‘2‘Q C <1‘R . D . = R'&Q 

Bern. 

Y .*162*1 .*150*22 . D Y . 2‘Pt’^M‘Pf' 

[*150*16] = P5*‘C‘Q iy F>12t’Q (1) 

h . (1) . *162*343 . D h : Hp . D . 2‘Pf ; Q = RWQ vy 125F5Q 
[*150*3.*162*1] =R m ’VQ : D h . Prop 

This proposition is important, since it enables us to infer (with a suitable 
hypothesis) that if R>M is always like M when 12 € C‘Q t then the arithmetical 
sum of all such relations as if is like 2 ‘Q, being in fact 12’2‘Q. In other 
words, if, whenever MeC‘Q , R\C*M is a correlator of 12 > if and if, then 
12f2‘Q is a correlator if 2‘f2fJQ and 2 ‘Q. This proposition is analogous in 
its uses to the proposition 

8 € R*“k~R“*IC % 

which is *40*38. In general, in obtaining relational analogues of cardinal 
propositions, R“k is to be replaced by R>Q t Re by 12*f, and 8 by 2. When 
these substitutions are made in 8‘Re“ic = 12‘ V*, *162*35 results, except for 
its hypothesis. 

If we regard R’Q as a kind of product of R and Q , *162*35 becomes 
a distributive law. For it asserts that if we multiply each member of C‘Q 
by 12, and then sura the resulting products, we get the same relation as 
if we first sum (7*Q, and then multiply by 12. The following application 
of *162*35 to the sum of two relations makes its distributive character 
more evident. 

*162*36. Y : C‘P v C‘Q C <P12 . D . R m >P$R*>Q = R>(P$Q) 

Dem, 

Y . *162*3 . D Y . R U >P$R->Q = 2‘{(12>\P) i (RiQ)\ 

[*150*1*71] = 2‘12t50P i Q ) (1) 

Y . (1) . *162*35 . D Y : Hp . D . R m >P$R>Q = R m >V(P J Q) 

[*162*3] - RKP^Q) :3I". Prop 

This proposition can be extended to any finite number of summands. 

*162*37. 2*(X f fi) = 

Dem, 

Y .*35*85*86 . D Y s Hp . D . C‘(\ 1>) = X vy*. 

[*162*1] D . 2'(X t *0 - ” H) » P’(* t /*) 

[*41*171.*150*73] = *‘X c; s'y* » (P“X) T (P» 

[*41 *45.*40*56] = 8*\ iy tffi iy (C‘s‘X) \ (C‘s‘jjl) 

[*160*1] = s'X.^y* : D h . Prop 

*162*371. h : a ! a . D . 2‘(a f i‘Q) = [*162*37 . *53*04] 

*162*372. Y : a ! 0 • D ■ 2‘(t‘P) | £ = P£s‘£ 
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*1624. h . 2‘A = A 
Dem. 

I- . *33*241 . *4121 . 3 I- . s‘C‘A = A (1) 

I- . *150-42 . 3 h . P?A = A (2) 

I- . (1) . (2) . *1621 . 3 V . Prop 

*162-41. h . 2‘(A 4 A) = A 

Dem. 

V . *162-3 . 3 V . 2‘(A i A) = A*A 
[*160 21] = A . 3 h . Prop 

*162-42. I- : a ! 2‘P . = . a ! s'C'P . = . a ! C‘P - t‘A 

Dem. 

I- . *162-23 . *33-24 . 3 V : a ! S‘P • s . a ! s‘C‘P . 

[*41-26] = . a ! C"P - t‘A 

*162-43. h:a!-P-3.S‘(P4*P) = 2 < P4.P 

Dem. 

(-.*162-26. *161-1. 3K2‘(P-t»P) = 2‘Pc;2‘((7‘Pt i‘R) (1) 

(- . *162-371 . *33-24 . 3 (- : a I P . 3 ■ 2‘(0‘P | t‘P) = «‘C‘P4-R (2) 

I- .(1) .(2) . *1601 . 3 

I- : Hp . 3 . 2‘(P-f*P) = 2‘Pxt 8‘C‘P o R v (C‘i‘C‘P) t C‘P 
[*162-1-23] =*Z‘PvRv(C‘$‘P)\C‘R 

[*1601] = %‘P^R : D h . Prop 

*162*431. I- : a ! P . 3 . 2‘(.R+f P) = P.£2‘P [Proof as in *162-43] 

Observe that in *162*43'431, P and R must be of different types, in 
fact R must be of the type to which members of C‘P belong. *162-43"431 
are often useful. 


*162-44 I- . 2‘(P+>A) = 2‘(A«fP) = 2‘P 

Dem. 


V . *162-43 . 3 1 - : a ! P . 3 . 2‘(P-(*A) = 2‘P^.A 


[*160-21] = 2‘P 

(- . *33-241 . *35-88 . 3 V : P= A . 3 . C‘P f t‘A = A. 

[*162-4] 3.2‘(C , ‘Pft‘A)=.A. 

[*25-24] 3.2 , P = 2‘Pw2‘(<?‘Ptt‘A) 

[*162-26] = 2‘(P w C‘P | t‘A) 

[*1611] = 2‘(P-*A) 

I- . (1) . (2) . 3 1- . 2‘(P-j*A) = 2‘P 
Similarly I- . 2‘(A«f P) = 2‘P 
(- . (3) . (4) . 3 I- . Prop 


( 1 ) 


( 2 ) 

(3) 

(4) 
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*162-45. h:a!P.2‘P = A. = .P = A4A 

Dem. 

h . *1 62-42 . D h : 2‘P - A . = . C‘P C t‘A . 

[*3316] =.D‘PCt‘A.(I‘PCt‘A (1) 

h. *33-24. DhsglP.s.aJD'P.aia'P (2) 

h . (1) . (2) . *51*4 . D 

h:aiP.2‘P=A. = .D‘P=t < A.a < p=t‘A. 

[*5516] =.P = A|A:Dh.Prop 

The above proposition is used in *174T62. 
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* 163 . RELATIONS OF MUTUALLY EXCLUSIVE RELATIONS. 


Summary of *163. 

In the present number we have to define mutually exclusive relations, 
and to give a few of their properties. Mutually exclusive relations play 
much the same part in relation-arithmetic as mutually exclusive classes play 
in cardinal arithmetic. Prima fade , there are various ways in which we 
might define them. We might define P as a relation of mutually exclusive 
relations when 

QPR.Q^R.O, JtR .QnR = A, 
or when Q, Re C‘P . Q ^ R • 2 q , r • Q <*» R = A, 

or when 

Q,Re C‘P .Q^R. 0 QtB . D ‘Q n = A - CI‘Q n CI‘P = A, 

or in several other ways. But in fact the most useful property to choose 
is the property that any two members of the field have mutually exclusive 
fields, i.e. 

Q, R e C'P . Q 4= R . B . C‘Q n C‘R = A. 

The principal applications of the subjects studied in this Part are to 
series, and in series it is always the fields of the relations that are important. 
We want, for instance, to define relations of mutually exclusive relations 
in such a way that, if P is a serial relation, and every member of C‘P is 
a serial relation, then 2*P is a serial relation. For this purpose it is necessary 
that 2,‘P should be contained in diversity, which requires that F>P should 
be contained in diversity, i.e . that 

QPR.3 QtB .C‘QnC‘R = A. 

IfP is a serial relation, as we are supposing, this is equivalent to 
Q,R€C‘P.Q$P.3 QtB .C‘Qn C‘R = A. 

Again we want to define relations of mutually exclusive relations in such 
a way that, if P and Q are two such relations, and P and Q have double 
likeness (cf. *164), then 2‘P is like i.e. if we are given a correlator S of 
P and Q, and for every M and N which S correlates, we are again given 
a correlator, then 2,‘P is to be like 2‘Q. That is, if \ is the class of relations 
which correlate pairs of relations M and iV, where N eC‘Q . MSN, we want 
R.<fcw. il • 24 
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s‘\ to be a correlator of P and Q. Now this requires that s‘\ should be 
a one-one relation, which requires 

M, M ' e C<P . M * M' Djf, u - . I>‘M a D'itf' = A . d‘ M a d‘M' = A. 

This is secured by 

itf, if ' e C‘P . if * M i ' . D* , jr . C'if a C‘M' = A, 
but except for special classes of relations it is not secured by 
MPM' . . C" if n 0»lf ' = A, 

since there may be two relations M and M ' which both belong to the 
field of P, but of which neither has the relation P to the other. Again, the 
analogy with cardinal arithmetic fails at many points unless, when P is 
a relation of mutually exclusive relations, C“C l P is a class of mutually 
exclusive classes. But this is not secured by any of the other possible 
definitions we have been considering. There are further reasons, connected 
with the arithmetical product of a relation of relations, for choosing as the 
definition 

Q,PeC‘P.Q + PO Q ,*.C%)AC'‘P«A. 

From a technical point of view, the properties of a Cls 8 excl depend mainly 
upon the fact that when k is such a class, ef/eeCls— >1 (#8414); in like 
manner the properties of a Rel a excl depend upon 

PfC^PeCls— »1, 

which requires our definition, and is equivalent to it (#16312). We thus 
become able to use the propositions of #81 on selections from many-one 
relations, which would not otherwise be the case. 

It should be observed that 

Q,R€C‘P.Q±R.D QtR .C‘QnC‘R = A 

is not equivalent to 

C“C‘P e CIs 8 excl, 

though it implies this. The converse implication will fail if G i P contains 
two different relations with the same field. E.g. take a relation P whose 

V V 

field consists of the four relations 8 , S , T, T , and suppose C‘S a C‘T = A. 
Then C“C‘P = i‘C‘S v i‘C‘T, and C ii G i P e Cls a excl. But unless 8 = 8 and 
T=T we shall not have 

Q,P6 0 f P.Q + P.D CiJJ .^QA^P = A. 

The property by which we define relations of mutually exclusive relations 
is a property which only depends on the field, so that we might equally 
well put 

(ClUel) excl = \ {Q, R e \ . Q + R . 0 Qt R . C<Q a C ( R = A} Df. 

But for our purposes this would be less convenient than the definition 
of Bel* excl. 
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We thus put 

*16301. Rel* excl = .P {Q,ReC‘P .Q^R.O QiR . (7‘Q n = A} Df 
We have 

♦16311. b P e Rel 2 excl . = : Q, R e C‘P . g ! C‘Q a C‘R . 3q iB . Q = R 

♦16312. b s P e Rel* excl . = . F \ C<P e Cls ->1 

♦16317. b : P e Rel 2 excl . = . C [ C‘P € 1 -* 1 . C“C‘P e Cls 2 excl 

Any of the above might have been used to define Rel 2 excl. The following 
propositions are important. 

♦163*3. b : Q € Rel 2 excl . S € Cls— >1 . 3 . € Rel 2 excl 

This is the analogue of ♦84*53. 

♦163*4*41. b . A, P 4 P e Rel 2 excl 

♦163*441. bzP,Qe Rel 2 excl . C‘2‘P a C‘VQ = A . 3 . P$Q e Rel 2 excl 
♦163*461. b : P e Rel 2 excl . &VP nC‘R = A.D.P-\>Re Rel 2 excl 

*16301. Re\ i exc\ = P{Q,ReC , P.Q$R.3 QiB .C‘Q*C‘R = A} Df 

♦163*1. b P e Rel 2 excl . = s Q, R e C‘P . Q =J= R . 3 0f R . C‘Q a C‘R = A 
[(♦163*01)] 

♦163*11. b:.P€'Rel*exc\. = :Q ) ReC‘P.RlC‘Q*C‘R.D QtR .Q = R 
[♦163*1 . Transp] 

♦163*12. b : P e Rel 2 excl . = . F [ C‘P e Cls-*1 [♦163*1 . ♦74*632] 

For many purposes, this proposition gives the most useful equivalent 
of Pe Rel 2 excl. 

Instead of the above proof, we may use ♦74*62, which gives us the result 
in virtue of ♦SS’o. 

♦163*13. b : . P e Rel 2 excl . 3 : 

Q,Re C‘P . Q .R • 3$, * • D‘Q a D‘R = A . (FQ a G'ii == A 
[♦24*402. ♦163*1] 

♦163*14. b : P t Rel 2 excl . 3 . C[ C‘P e 1 ->1 [♦163*12 . ♦74*32 . 

♦163*16. b : P e Rel 2 excl . 3 . D [ C‘P , O f C‘P e 1 1 

Dem. 

I- . *74-63 . *16313 . D V : Hp . D . (e [ D) \ C‘P e Cls ->1 . 

[*74-32] D.TjDfC'Pel— >1. 

[*72-27] D.Dr(7‘P € l-*l (1) 

Similarly h: Hp . D . Q|“(7‘Pe 1-*1 (2) 

f- . (1) . (2) . D h . Prop 

*16316. h:Pe Rel’ excl . D . C“C‘P e Cls* excl [*84-51 . *33 5 . *16312] 

24—2 
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#16317. I - : P e Rel 2 excl . = . (?r C‘P e 1->1 . C“C‘P e Cls 2 excl 
[*163T2. *84522. *335] 

*163-2. h : P e Rel 2 excl . 3 . D [ F A ‘C‘P e 1 -> 1 . P 4 ‘C‘P C 1 -> 1 

[* 81 - 21 - 1 . * 16312 ] 


*163-21. I- : P e Rel 2 excl . 3 . D“F*‘C‘P = Prod‘C“C‘P 

Dem. 

P Hi p — * 

1- . *851 -frxf - . *16312. 3 1- : Hp . 3 .D“F A ‘C‘P = V“e A ‘F“C‘P 

V i A, 

[*1 151 .*33-5] = Prod‘C“(7‘P :3K Prop 

This proposition is important in connection with the multiplication of 
relations, for we shall define as the product of a relation P (whose field 
consists of relations) a relation whose field is T)“F&‘C‘P. Thus by the above 
proposition, whenever P is a Rel 2 excl, the field of its product is the product 
(in the cardinal sense) of the fields of its field, just as the field of its sum is 
(by *162*22) the sum of the fields of its field. 


*163-22. 1- : P e Rel 2 excl . A ~ e C‘P . 3 . 

P'S'P = P“P‘P . P‘Cnv‘2‘P = B“Gnv‘‘B‘P 

Dem. 

h .*162-23-213 .*93103 . 3 h : Hp . 3 . ~B‘I‘P = F“C‘P - s‘C“<l‘P - s‘d“P‘P 
[*40o6] =P“C ,< P-P“a‘P-s‘a“P‘P 

[*71-381.*37-421.*16312] = P“(C‘P-d‘P)-*‘d“if‘P 

[*40-56.*93103] =s , C‘‘B‘P -s'd'WP (1) 

I- . *16311 . 3 h:: Hp. 3 :. Qe~B‘P.xeC‘Q. 3 : ReB‘P. xed‘R. 3 . R= Q. 
[*1312] 3.<red‘Q: 

[#404] 3 : x e s‘d“B ( P . 3 . x e d‘Q : 

[*4013] D:xe s‘d“P‘P . = . * e d‘Q (2) 

1- . (2) . *5-32 . 3 I- :. Hp . 3 : QeB‘P . x e C‘Q . x ~ e «‘d“l?‘P . = . 

Q e B‘P . x e C‘Q .x~e d*Q : 
[*10-281. *40-4.*93103] 0:xe s'&WP- s‘d“5‘P. = . (gQ) . Q e~B ( P . xBQ . 
[*371] =.®eP‘PP (3) 

h . (1) . (3) . 3 h : Hp . 3 .P‘2‘P = B'WP (4) 

h . (4) . *162-2 . *33 22 . *1631 . 3 I- : Hp . 3 . ^Cnv‘2‘P = P“P‘Cnv;p 
[*151-6-5] = B“Cnv“~B‘P (5) 

I- . (4) . (5) . 3 h . Prop 
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*163-3. b : Q e Rel 1 excl . Se Cls -> 1 . D . Sf’Q « Rel* excl 
Dem. 

b .*72-421 . Dh:.Hp.D iM.Ne&Q.RlS'WMnS'WN.l.KlC'Mn&N. 
[*16311] 3.M=N. 

[*30-37] D.flffJf-jStJr (1) 

K (1). *150-202. Dhi.Hp.D: 

M, N e C‘Q . a ! C‘(SfM) r» C‘(SfN) .O.SfM=SfN (2) 
h . (2) . *16311 . D h . Prop 


*163-31. b :. C*P = 0‘Q.D:Pe Rel 1 excl. = .QeRel* excl [*1631 . *1312] 


*163-311. b C‘Q = Cnv“ C‘P . D : P e Rel* excl . = .Qe Rel* excl 

Dem. 

h . *72-513 . D b :: Hp . D M, Ne C‘P. = . M, Ne C‘Q 


D Jf, iVe C‘P. M$N. = .M,Ne C‘Q .M+Ni. 

D Jf,^« C‘P. Jlf * iV. D . n C‘N= A : = : 

ir, ir 6 . if * ir . d . (7‘ir n c“ir = a 

D :.Pe Rel* excl . = : 

M,NeC‘Q.M$N. Dm,*. 6*1? nC‘ir= A : 
= : Jlf, iVe . Jlf * N. D«.m • C'Jlf n C‘N = A : 
= : Q e Rel* excl :: D h . Prop 

*163*32. 1- : P e Rel’ excl . = . P e Rel* excl . = . Cnv >P e Rel* excl . = . 

CnvJP e Rel* excl [*163'31-311 . *33 22 . *150-2212] 


[*31-32] 

[*33-22] 

[*11-33.*1631] 

[*31-51] 

[*1631] 


*163-33. b : P$ Qe Rel* excl. =.Q$Pe Rel* excl [*16331 . *16014] 

*163*331. 1 -iP-\+ Re Rel* excl . = . R P e Rel* excl 
[*163-31. *16114-2-201] 

*163*4 b . A e Rel* excl 

Dem. 

b . *33-241 . *24105 . D I- . (Q) . Q ~ e C‘ A . 

[*11-57] 2b.(Q,R).Q,R~eC‘A. 

[*11-63] 3b:Q,ReC‘A.Q$R.D Q ' Jt .C‘Qr>C‘R = A (1) 

t- . (1) . *163-1. Db. Prop 

*16341. h . P 4 P e Rel’ excl 

Dem. 

h . *54-25 . *5515 . D 1- . C‘(P J, P) e 1 . 

[*52-41 .Transp] D h . ~ (gQ, R).Q, Re C‘(P | P) . Q + R . 

[*11-63] 2b:Q,ReC‘(PlP).Q$R. , } (l ' R .C‘Q*C‘R = A (1) 

b. (1). *1631. Dh. Prop 
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*163-42. h : . P i Q e Rel* excl . = : P = Q . v . C‘P a = A 

Dem. 

h . *163-1 . *55*15 . D 

f- P 4, Q e Rel’ excl . = :M,Ne i‘P v i‘Q . M * N. 0 M tr . C‘M*C‘N = A : 
[*54-441] = : P = Q . v . C‘P a C"Q = A . C‘Q a C‘P = A : 

[*22 - 51] = : P = Q . v . (7‘P a C‘Q = A D h . Prop 

The above proposition is used in *251*22. 

*163 43. I- : P e Rel* excl . Q G P . D . Q e Rel* excl 
Dem. 

I- . *33-265 . D I- Hp . D : M, Ne C‘Q . D . M, Ne C‘P : 

[Fact] 3:M,NfC‘Q.M$N.3.M,NeC‘P. M^Nt 

[*1631.Hp] D . C‘M n C‘N=A (1) 

h . (1) . *163-1 .31-. Prop 

*163-431. h : P c Rel 1 excl . D . R1‘P C Rel* excl [*163 43] 

*16344. I- : P Q e Rel* excl . = . 

P, Q e Rel* excl . 8‘C (t C‘P a s‘C“(C‘Q - G ( P) = A 

Dem. 

1- . *16312 . *16014 . D I- : P £ Q e Rel* excl . = . F [ ( G‘P w C‘Q) e Cls -> 1 . 
[*74-821] = . F r C‘P, F [ C‘Q e Cls -> 1 . F <( C‘P a F“{C‘Q - C ( P) = A . 

[*16312.*40-56] = . P, QeRel* excl .s‘C“C‘P a s‘G“(C‘Q - C‘P) = A : 3 k Prop 

*163-441. h : P, Q e Rel* excl . C‘1‘P a C‘1‘Q = A . 3 . P 4 . Q e Rel* excl 
[*163-44 . *162-22] 

The above proposition is used in *173*26. 

*163-442. h C‘P a C‘Q = A . 3 : 

P 4 Q e Rel* excl . = . P, Qe Rel* excl . C‘2‘P a (7‘2‘Q = A 

Dem. 

1- . *24-313 . 3 1- : Hp . 3 . C‘Q - 0‘P= C‘Q (1) 

h .(1). *163-44 . *162-22 .3k Prop 

*163-46. h : P -f* P e Rel* excl . = . P e Rel* excl . s‘C“(C‘P - i‘R) a C‘R = A 
Dem. 

k *16114. *16312. 3 

k. g ! P . 3 : P-f* P e Rel* excl . = . F f ( G‘P u i‘R) e Cls — > 1 . 
[*74-821.*53-301.*33-5] 

= .F[ C‘P, F [ PR e Cls -> 1 . F“(C‘P - i‘R) a G‘R = A . 
[*35101.*71171] = . F [ C ( P e Cls -> 1 . F“(C‘P - i‘R) a C‘R = A . 

[*163-1 2.*40-56] = : P e Rel’ excl . s t G tt {G‘P — PR) a G ( R = A (1) 
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h . *1612 . *163’4 . D f- : P = A . D . P-f* R e Rel* excl . P e Rel* excl (2) 

h . *33 241 . *37-29 . *40 21 . D h : P = A . D . «‘C“((7‘P - i‘R) *C‘R = A (3) 
H . (2) . (3) . Comp . *5"1 . D h P = A . D : 

P R e Rel* excl . = . P e Rel* excl . s‘C“(G ( P — i‘R) a C‘R = A (4) 
!• . (1) . (4) . D h . Prop 

*163*461. h : P e Rel* excl . (7‘2‘P a G‘R = A . D . P -f> R e Rel* excl 
[*163-45 . *162-22] 

The above proposition is used in *173"25. 

*163*462. I- P e C‘P. D :P-f»PeRel J excl .= .PeRel 2 excl . C‘2‘Pn G‘R=A 
[*51-222 . *163-45 . *162-22] 

*163*46. h:P«f PeRel* excl . = .Pe Rel* excl . s ( C (( (C‘P - i‘R ) a C‘R = A 
[*163-45-331] 

*163*461. I- : P e Rel* excl . (7‘2‘P a C‘R = A . D . R «+- P e Rel* excl 
[*163-451-331] 

*163*462. 1- P~e C‘P.D:P*|-PeRel*excl. = .P€Rel*excl.C*S‘PAC‘P*A 
[*163-452-331] 


Digitized by Google 



* 164 . DOUBLE LIKENESS. 


Summary of *164. 

The subject of this number is of great importance throughout relation- 
arithmetic and its applications. Double likeness, or double ordinal similarity, 
is a relation which is to hold between P and Q when (1) P and Q are like, 
(2) correlated members of the fields of P and Q are like, with a specific given 
correlator in each case. (It is necessary, in general, to have a given correlator 
in each case, to avoid the necessity of the multiplicative axiom for selecting 
among correlators.) This definition can be somewhat simplified by starting 
from a relation correlating 2*P and 2 l Q. If S is such a correlator, so that 

S e 1 1 . <1‘S = . S‘P = S'>2‘Q, 

we want S to be such that it not only correlates the whole of 2,‘P with the 
whole of 2‘Q, but also correlates each member of C‘P with the corresponding 
member of C‘Q , i.e. such that, if N is any member of C‘Q f S’N is the 
corresponding member of C‘P. This requires 

NQN'. = .(S'>N)P(S m >N'), 

i.e . writing Sf‘N, S^N' in place of S’N, S’N', it requires 

p=sr>Q- 

When P = S-f’Q and GSS = we have 2‘P = S>2‘Q by *162*35. Hence 

double likeness will subsist if there is a relation S such that 
S e 1 1 . d‘S = C‘2‘Q . P = Sf- 5Q. 

A relation S fulfilling this condition will be called a double correlator of 
P and Q . Thus two relations P and Q have double likeness when there 
exists a double correlator of P and Q, i.e . when 

(a s) .Se i i . cra= c<vq .p=sy>Q- 

A double correlator of P and Q is a relation S which is a correlator of 
2‘P and 2‘Q and is such that is a correlator of P and Q. 

It will be seen that this definition has the usual analogy to the corre- 
sponding definition in cardinals (*111*01). The two inverted commas of the 
cardinal definition are replaced by the semi-colon, and Se is replaced by Sf, 
and 8*\ is replaced by 2‘Q or C‘2‘Q . The propositions of the present 
number consist largely of analogues of the propositions of *111, in accordance 
with the above substitutions. 
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If it were not for the difficulty of choice among correlators, we could 
define two relations as having double likeness when they are like relations of 
like relations, i.e. when, if P and Q are the two relations, they have a corre- 
lator 8 such that, if MSN, then M smor N. In this case, S e P smor Q a Rl'smor. 
Thus we have to consider the relations of the class Psmor Q a Rl'smor to the 
class of double correlators, and we have to consider the relation of the relation 
“ g ! P smor Q a Rl'smor ” to the relation of double likeness. The propositions 
to be proved on this subject in the present number are analogous to the 
propositions of *111. But at a later stage (*251’61) we shall show that if 
the field of P consists entirely of relations which generate well-ordered series, 
then the use of the multiplicative axiom ceases to be necessary in identifyiug 
double likeness with the relation g ! P smor Q a Rl'smor, the reason being 
that two well-ordered series can never be correlated in more than one way. 
Our definitions are 

*164*01. Psmor smor Q = (1— »1) n a $(P = SfSQ) Df 

*164-02. smor smor = PQ (g ! P smor smor Q ) Df 

The principal propositions of this number are 
*164-15. h :SeP smor smor Q.= .Se 2‘P smor 2‘Q . (Sf) [ C‘Q e P smor Q 
whence 

*164151. h : P smor smor Q . D . 2‘P smor "t‘Q . P smor Q 
*16418. h:S[G ( l ‘ QeP smor smor Q . = . 

StC‘Z‘Qel-+l.C‘2‘QCa<S.P=SY’Q 

This is usually the most convenient proposition when a double correlation 
has to be proved. 

*164*201*211*221. Double likeness is reflexive, symmetrical and transitive. 

*164-31. h : 8 e P smor smor Q. = .Se (C“C‘P) sm §m ( C“C‘Q ) . P = Sf 5Q 
(Cf. note to *164-31, below.) 

We then have a set of propositions (*164*4 to the end) on the identifi- 
cation of g ! P smor Q a Rl'smor with double likeness by means of the 
multiplicative axiom. We have 

*164*43. h P, Q e Rel 3 excl . SeP smor Q . 

/* = • & € Q‘Q • ^ = (S*N) smor iV] . 3 s 

R e ca V • ^ • 8 ( D‘R € P smor smor Q . S = (s*D 4 i2)f f C‘Q 

That is to say, given that P and Q are like relations of like mutually 
exclusive relations, if we can pick out one correlator for each pair of correlated 
members of C‘P and C‘Q, then the sum (i) of such selected correlators is a 
double correlator of P and Q. Hence, observing that if S is a double correlator 
of P and Q , ($f) [ C‘Q e Psmor Q a Rl'smor (*164-15*16), we arrive at 
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¥164*45. h :: Mult ax . D 

PyQe Rel 2 excl . D : g ! P amor Q a Rl'smor . = . P smor amor Q 

From *1 64*43 we deduce also 
¥164*46. h Mult ax . D : 

PyQe Rel* excl . g ! P amor Q a Rl'smor . D . %‘P smor %‘Q 
¥164*48. h Mult ax . D : P, S e Rel 2 excl a Nr'Q . C‘P, C"£ € Cl‘Nr‘P . D . 

JR amor smor $ . 2*12 amor 2SS 

/.e. in effect, assuming the multiplicative axiom, if two series (%‘R 
and %‘S) can each be divided into ft sets of a terms (a, being relation- 
numbers), then the two series are ordinally similar, and the $ seta in the one 
case have double similarity with the /3 sets in the other. (Here we have 
written a, in place of the Nr*P and Nr*Q of the enunciation.) 

It is by means of the above propositions that ordinal addition and 
multiplication are connected, as will appear in ¥166. 


¥164*01. P smor smor Q = (1 — ► 1) a d‘C‘%‘Q r\S(P = Sf’Q) Df 

¥164*02. smor smor = £§(3. smor smor Q ) Df 

*1641. l-:SePsTTi5rsTnor Q. = .Sel->l .a‘S=C‘2‘Q.P = Sr’Q 

[(*164-01)] 

*16411. 1- : P smor smor Q . = . g ! P smor smor Q [(#164’02)] 

*16412. I- : P smor smor Q . = . (g<S) . S e 1 — > 1 . Cl'S = C‘2‘Q . P — 
[*164-1-11] 

*16413. b : 8 T C‘2‘Q e 1 -> 1 . C‘S‘Q C d‘S . 3 . (flf) fC‘Qe 1 1 

[*150152 . *162-22] 

*164131. b : d‘S - C‘2‘Q . P = SfJQ . 3 . DSS = C‘2‘P . 2‘P = S>2‘Q 
Dem. 

I- . *162-35 . 3 I- : Hp . 3 . 2‘P = S’>2‘Q (1) 

[*150-23.Hp] 3 . (7‘2‘P = DSS (2) 

I- . (1) . (2) . 3 I- . Prop 

*16414. b:SeP smor smor Q .3 .Se 2‘P sliior 2‘Q [*164"1"131 ,*151"11] 
The two following propositions are required for proving *16418. 

*164141. h:C‘2‘QCa.3.(Tra)t>Q=Pt ; Q [*150171 .*16222] 

*164142. MPf C‘2‘Q)fyQ {(Tf) [ C‘Q}>Q [*164141 . *150-32] 

*164143. \--.SeP smor smor Q . 3 . (Sf ) f- C‘Q e P smor Q 
Dem. 

I-. *164*113. 3 I- : Hp . 3 . (Sf) f C‘Q e 1 — ► 1 (1) 

b. *35-65. 3h.a‘(St)rO‘Q = C7‘Q (2) 

b . *1641 . *150-32 . 3 b : Hp . 3 . P = {(flff) [ C‘Q\>Q (3) 
b . (1) . (2) . (3) . *15111 .31-. Prop 
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4(16415. h s S € P smor smor Q. = .Se 2‘Psmor 2‘Q . ($*)*) [C‘Q eP smor Q 
Dem. 

h . *16414*143 . 3 

b:SeP smor smor Q . D . S e 2‘P smor 2‘Q . (£f) f C‘Q e P smor Q (1) 

K *15111. 3 

h : 5 e VP snior 2<Q . (flff) t^QcP slimr Q.D. 

flf € 1 -* 1 . d‘S = C2‘Q . P - {(St) r ^Q}5Q (2) 

K (2). *150*32. *164*1. 3 

h s S e 2'P smor 2*Q • (Sf) T G f Q 6 P 8mor Q ■ 3 . £ e P smor smor Q (3) 

h . (1) . (3) . 3 h . Prop 

*164151. h : P smor smor Q. 3 . 2*P smor . P smor Q [*164*1511] 

*164*16. h : S e P smor smor Q . 3 . (Sf) f G smor 

Dem. 

h . *35*101 . *150*1 . D h s M {(Sf) [ C‘Q) N . = . Ne C‘Q . M = SW (1) 

h . *1641 . *162*22 . 3 h Hp . 3 : S e 1 -* 1 : N e C‘Q . 3^ . &N C d‘S : 
[*151*23] ' 3 s N e C‘Q . M = S>N . 3*.* . Jf smor 

[(1)] 3 : ilf {(Sf) r C‘Q] N.D MtN .M smor AT s. 3 h . Prop 

*164*17. h s P smor smor Q . D . g ! P smor Q n RPsmor [*164*14316] 

This proposition states that when P and Q have double likeness, there is 
a correlator of P and Q which couples like with like relations ; i.e. if S is the 
correlator, then, if MSN, M and N are ordinally similar. The converse of 
this proposition, namely, that if P and Q have a correlator which couples 
ordinally similar relations, then P and Q have double likeness, can be proved 
if the multiplicative axiom is assumed, but not otherwise, except in special 
cases, such as that of well-ordered series. 

The following proposition is used frequently, owing to the fact that, in the 
cases we are concerned with, double correlators generally have the form 
S f (7‘2‘Q, where S is some relation for which we have (y ) . E ! S‘y. 

*164*18. h s S f C‘2‘Q e P smor smor Q . = . 

S T C‘Z‘Q € 1 1 . C'X'Q C a<s . P = Sf 5Q 

Dem. 

h . *35*64 . *22*621 . 3 h : d\S [ C‘2‘Q) = C‘2‘Q . = . C<VQ C <1<S (1) 

h . *164*142 . Db:P=(S[ C‘Z‘Q)Y>Q . = . P = ( 2 ) 

h . *164*1 . 3 h : S [ C f X‘Q e P smor smor Q . = . 

S [ C‘2‘Q € 1 1 ■ d‘(S [ G‘2‘Q) = C‘2‘Q .P = (S[ C‘2‘Q)Y’Q (3) 

h.(l).(2).(3).3KProp 
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*164181. b : PsmorsmorQ. = .(a/Si)./S|'C < 2‘Qel— ►l.(7 < S‘QCQ < /S.P=/Sf>Q 

Dem. 

b . *35 66 . *1641 . 3 

b : SeP amor smor Q . 3 . 8 f(7‘£‘Qe 1-*1 . (7‘S‘Q C d‘/S . P = £-f->Q (1) 

b.(l).*164*11.3 

b : P smor smor Q . 3 . (jpS) . S fC"2‘Q e 1— >1 . C‘X‘Q C d‘S . P = Sf»Q (2) 
b. *164181 1.3 

b : (aS) . S [C'VQe 1->1 . Cd‘S . P = SfiQ.O . P smor smor Q (3) 

b . (2) . (3) . 3 b . Prop 

The following propositions are concerned in proving that double likeness 
is reflexive, symmetrical, and transitive. 

*164-2. 1- . I [C‘2,‘P e P smor smor P 

Dem. 

b . *151121 .31 -.1 [C‘X‘P e 2‘P senior 2‘P . I [C‘P e P sTnor P (1) 

b. *35101. *1501.3 

b : M {(I [ C‘VP)\ r C‘P} N . = . N e C‘P . M = (/ [ C‘ 2 ‘P)‘>N . 

[*1 50-33 .*162-22] = . N eC‘P . M = UN . 

[*150-53] =.M(I[C‘P)N (2) 

b . (1) . (2) . 3 b . I f C‘2‘P e VP siiior VP . (/ \ C‘S‘P) f [ C‘P e P Smor P . 
[*16415] 3 I- . Prop 

*164*201. b . P smor smor P [*164-211] 

v 

*164*21. b : SeP smor smor Q . = .SeQ smor smor P 

Dem. 

b . *1641 . *71-212 . 3 b : Se P sflior sTSor Q.3.Sel-»l (1) 

b .*164-131*1 . 3 b : S e P smor smor Q . 3 . d‘S = C^P (2) 

b .*150-94. *1641. *162-22. 3b 6 PsSofs-morQ. 3. Q = Sf»P (3) 
b . (1) . (2) . (3) . *1641 . 3 b : Se P smor smor Q . 3 . S e Q smor smor P (4) 

b ' (4) 8 P Q * 3 b : S e Q smor smor P .3 .SeP smor smorQ (5) 

b . (4) . (5) . 3 b . Prop 

*164’211. b : P smor smor Q . = . Q smor smor P [*164-211 1] 

*164*22. b : S e P smor smor Q .TeQ smor smor R . 3 . S \ T e P smor smor R 

Dem. 

b . *164-1 . 3 b : Hp. 3 . $, 5Pe 1— »1 . 

[*71-252] 3.S|Tel->l (1) 

b . *1641131 . 3 b : Hp . 3 . d‘S = C‘X‘Q . D ‘T= C‘VQ . 

[*37-323] 3 . d‘(S | T) = d‘T . 

[*164-1] 3 . d‘(S | T) = C‘2‘R (2) 
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I- . *1501314 .DK(/S| T)f>R = Sf>Tf>R (3) 

h. *164-1. Dh:Hp.D.Tt»ie = Q.St ; Q=-P (4) 

h . (3) . (4) . Dh:Hp.D.(S|T)t5iJ = P (5) 

h . (1). (2) . (5) . *1641 .31-. Prop 


*164-221. h : P smor smor Q . Q smor smor R.O.P amor smori2 [*164-22-11] 

*16423. I- :. P smor smor Q . 3 : P e Rel 2 excl . = . Q e Rel 2 excl 
Dem. 

h . *16412 . 3 h Hp . 3 s (gT) . Te 1->1 . d‘2^ C‘$‘Q . P= Tf>Q : 

[*163*3] 3 : Q e Rel 2 excl . 3 . P e Rel 2 excl (1) 

h . (1) . *164*211 . 3 b :. Hp . 3 : P e Rel 2 excl . 3 . Q e Rel 2 excl (2) 

h . (1) . (2) . 3 h . Prop 

*164*3. h : S € P smor smor Q . 3 .Se (C“C‘P) sm sm (C“C‘Q) 

Dem. 

h .*164*1 .*162*22 . 3 h : Hp . 3 . S e 1-*1 . d‘S = s‘C“C‘Q . P = Sf5Q . (1) 
[*150*931] 3 . C“C‘P = S € “C“C‘Q (2) 

h. (1). (2). *111*1. 3h. Prop 

*164*301. 1“ : P smor smor Q . 3 . C“C‘P sm sm C“C‘Q [*164*3*11 . *111*4] 

*164*31. b : S € P smor smor Q.=.Se (C“C‘P) sm sm {0“C € Q) .P = Sf>Q 
Dem . 

b. *164*3*1. 3 

b : S e P smor smor Q . 3 . 8 e ((7“(7‘P) sm sm ( C“C‘Q ) . P = (1) 

K *111*1. *162*22. 3 

b : S € (C“C‘P) sm sm ( C“C‘Q ] ) . 3 . flf e 1 1 . d‘S = C<VQ (2) 

h . (2) . Fact . *164*1 . 3 

b : Se (C“C‘P) sm sm (C“C‘Q) . P = Sf’Q .3 .SeP smor smor Q (3) 
b . (1) . (3) . 3 h . Prop 

This proposition has the merit of reducing the ordinal element in double 
likeness to a minimum. The proof of 

S e (C“C‘P) sm sm ( C“C‘Q ) 

is a cardinal problem, and what has to be added for ordinal purposes is 
merely P = Sf’Q. 

*164*32. b . A € ( A smor smor A) . A smor smor A 

In this proposition, the various A’s need not be of the same type. Hence 
M A smor smor A ” is not an immediate consequence of *164*201. 

Dem. 

b . *72*1 . *162*4 . 3 h . A e 1-*1 . d'A = C‘Z ‘ A (1) 

h. *150*42. 3h.A = A>A (2) 

b . (1) . (2) . *164*1 . 3 h . A e (A smor smor A) . (3) 

[*164*11] 3 . A smor smor A (4) 

h . (3) . (4) . 3 h . Prop 
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*16433. f- : Me P smor R. NcQ amor S . C‘P a C‘Q = A . C‘R a C‘S= A . 3 . 

Mvi Ne(P IQ) amor smor ( R J, 8) 

Dem. 

h . *160 47 . 3 I- : Hp . 3 . M N e(P^-Q) smor • 

[*162-3.*15111] 3.MvNel->l.a‘(MvN) = C‘l‘(RlS) (1) 

h. *150-32. 3t-:Kp.3.(MvNy>R = {(MvN)tC‘R\'>R 
[*35-644.*15032] = M>R 

[*15111] =P (2) 

Similarly I- : Hp . 3 . ( M o N)’S = Q (3) 

H . *150-71-1 . 3 1- : Hp . 3 . (M v N)f’(R ± S) = {(M u» N)>R] i f (Mv N)‘>S} 
[(2)-(3)] =PIQ (4) 

h. (1). (4). *1 641.3 b. Prop 


* 164 * 34 . 


h : P smor R . Q smor S . C‘P n C‘Q = A . C‘R n C‘S = A . 3 . 

P Q smor smor R^S 


[*164 3311. *15112] 


The following propositions are concerned in showing that, if P and Q are 
like relations, and the correlator of P and Q is contained in likeness (i.e. 
correlates relations which have the relation of likeness), a correlator being 
given for each pair of relations coupled by the correlator of P and Q , then 
the logical sum of such correlators is a double correlator of P aud Q, 
provided P and Q are relations of mutually exclusive relations. That is, 
assuming S to be the correlator of P and Q, and assuming that S‘N smoriV* 
whenever N e C‘Q , let it be possible to choose one correlator out of the class 
of correlators (S‘N) smor i\T, for every N which belongs to C‘Q. That is, 
assume that it is possible to make a selection from the class of classes of 
correlators. If p is such a selection, then s‘fi will be a double correlator of 
P and Q, if P, Q e Rel 2 excl. 

The following propositions, down to *164*421, are lemmas for *164*43. 


*164-4. h N e C‘Q . 3* . R‘Ne(S‘N) sliibr N : 3 . a.‘s‘R“C‘Q = C‘1‘Q 
Dem. 

h . *41*44 . 3 h . d‘s‘R“C‘Q = 8<d“R“C‘Q (1) 

h . *15111 . 3 h Hp . 3 : Ne C‘Q . 3 . d ( R‘N = 0 € N s 
[*37-68] 3 : d“R“C‘Q = C“C‘Q (2) 

h . (1) . (2) . 3 I- Hp . 3 : d‘s‘R“C‘Q = 8‘C“C‘Q 
[*162*22] =C‘2‘Q: 3 h. Prop 

*164 41. h Q e Rel 2 excl : N e C‘Q . 3# . R‘N e (S‘N) smor N : 3 . 

8<R“C‘Q€ l-*Cls 

Dem . 

h . *15111 . 3 h Hp . 3 : M, A r e C‘Q . g ! d‘R‘M n d‘R‘N. 3 . 

g! C‘MnC‘N. 
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[*163-11] 3 . M — N. 

[*30-37] O.R‘M=R‘N (1) 

h. *15111 .3h:.Hp.3 :Me C*Q.0.R‘M el — >1 (2) 

l-.(l). (2). *7232.31-. Prop 

*164-411. h : tfQe Rel 3 excl .<Sr[C‘Qel-»l . Hp *164-4 . 3.s‘i2“C‘QeCls-+l 
Dem. 

h . *15111 . 3 b Hp . 3 : M, Ne C‘Q . g ! D ‘R‘M n D ‘R'N. 3 . 

rIC'S'MhC'S'N. 

[*163-ll.*150-22] O.S‘M=8‘N. 

[*71-532] O.M=N. 

[*30-37] O.R‘M=R‘N (1) 

b . *15111 . 3 h :. Hp . 3 : Me C'Q . 3 . R‘M e 1-*1 (2) 

I- . (1) . (2) . *72-321 .Ob. Prop 


*164-412. b :. S‘>Q, Q e Rel 3 excl . S [C'Q e 1 ->1 : 

N eC'Q . 0 N . R'N e (S'N) smor N : 0 . s'R"C'Qe 1— *1 
[*164-41-411] 


* 164 - 413 . I- :.Hp *164-41.3: 

Ne C'Q. 3 . R'N= (s'R"C'Q) [C'N . S'N = (8'R"C'Q)iN 

Dem. 

h . *41-13 . 3 1- : Hp . N e C‘Q . 3 . R'N C a'R"C'Q . 

[*72-92.*l 64-41] 3 . R'N= (s' R" C'Q) [( J'R'N 

[*15111.Hp] = (s'R"C'Q) [ C‘N (1) 

b . *151-11 . 3 b : Hp . Ne C‘Q . 3 . S'N = (R'N)'>N 
[<l).*150-32] =(8‘R“C‘Q)>N (2) 

b . (1) . (2) . 3 b . Prop 


*164-414. b : Hp *164 41 . 3 . S5Q = (s'R"C'Q)Y,Q [*164 413 . *1501-35] 


*164*42. f- :. Q, S>Q e Rel* excl . S e 1— >1 : 

N e C'Q . 0 N . R'N e (S'N) siHor N : 3 . 
s'R"C'Q e (S> Q) smor smor Q [*164-4"412-4141] 

*164*421. b:.P,Qe Rel 3 excl . S [(7‘Q e P Bmor Q : 

Ne C‘Q . 0 N . R'Ne(S'N) amoiN: 3 . 
s'R"C'Q e P smor smor Q [*164"42] 

The following proposition, besides being used in proving all subsequent 
propositions of this number (except *164*432*433, which are mere lemmas 
for *164*44), is used in *251*6, in the theory of ordinal numbers. 


Digitized by Google 



384 


RELATION-ARITHMETIC 


[PART IV 


*16443. h : . P, Q « Rel 3 excl . S e P smor Q . 

/* = \ {(giV) .NeC‘Q.\ = ( S‘N ) sSor iV} . 3 : 

Ree^ft . 3 . e P smor smor Q . 5= (i‘D‘i2)f fC'Q 

Bern. 

h . *83'2'22 . 3 h Hp . R e e**/* . D : 

NeC‘Q.D.R ( {(; S‘N ) smor N\ e ( S‘N ) smor N : 8*D*R = R“p (1) 
V . (1). 3 V Hp(l). T=\ft[NeC t Q.\=(S , N)imor N ] . 3 : 

NeC‘Q.3. R‘T‘N e (S‘N) smor N : i‘D‘R = R“T“C‘Q : (2) 

[*164-42 3 : «‘D‘i2 e P sSor smor Q (3) 

h . (2) . *164-413 ^’.*151 11 .*35 71 .Dh:Hp(2).D.-S=(i‘D‘P)t [OQ (4) 
h . (3) . (4) . 3 h . Prop 

*164-431. b P, Q « Bel* excl : (gS ) .SeP imoi Q . 

g ! e*‘\ {(giV ) . N e C‘Q . \ = (S‘N) smor P] : 3 . P smor smor Q 
[*163-4311] 

*164-432. b : SeP smor Q n RPsmor . D . 

A ~ € \ {(giV) . Ne C‘Q . \ = (S‘N) smor 

Dem. 

h . *15111 . D h Hp . D : Ne C‘Q . D . Ne d‘S . 

. [*71-31] l.(S‘N)SN. 

[Hp] D.(S‘N) smor 

[*151*12] D . g ! (S'iV^smor N :.3K Prop 

*164*433. h Mult ax . D : e P smor Q n RPsmor . D . 

3 1 {faN ) . JV € C‘Q . X = (S'iV') smor N\ 

[*164*432. *88-37] 

All the remaining propositions of the number are important. 

*164*44. h Mult ax . D s P, Q e Rel* excl . a • P smor Q n Rl'smor . D . 

P smor smor Q [*1 64*433*431 ] 

*164*45. h :: Mult a x . D s. P, Q e Rel* excl . D : 

3 ! P smor Q n RPsmor . = . P smor smor Q [*164*44*17] 

*164*46. h Mult ax . D s P f Q e Rel* excl . a 1 P smor Q n R1‘ smor . D . 

2‘P smor 2‘Q [*164*44*151] 
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*164-47. I- : R, S e Nr‘Q . C‘R, C‘S e Ci‘Nr‘P .D.g!i2 sSor S n Rl'smor 


Dem. 

(-.*152-5-4. D h : Hp . D . Psmor 8 . 

[*15112] D . a ! R smor S (1) 

H.*60-2. 

[*152 - 5'4] D . M smor jV (2) 

h . *151-1131 . D b :. Te R sSor 8 . D : MTN . D . M eG‘R. N eC‘S (3) 

(-.(2). (3). D h Hp . D : Te R amor S . D .TO. smor (4) 

h .(1). (4). D h . Prop 


*164-48. I- : . Mult ax . D : R, S e Rel» excl n Nr‘Q . C<R, C‘S e Cl‘Nr‘P . D . 

R smor smor S . 2‘jR smor %‘S [*164 - 47-44 - 46] 


b. <k w. 11. 


25 
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*165. RELATIONS OF RELATIONS OF COUPLES. 


Summary of *165. 

In the present number, we shall give various propositions concerning the 
relation P1>Q, which has the same uses in relation-arithmetic as 

•J w 

has in cardinal arithmetic. The propositions of this number will be used 
in the next number to establish the properties of the arithmetical product 
of two relations Q and P, which is defined as %F >Q. Again in connection 

with exponentiation the propositions of the present number will be useful, 
since, after the product of a relation of relations has been defined (*172), we 
shall define exponentiation by means of the definition 

P exp Q = Prod'P ^ >Q Df. (Cf. *176.) 

There will also be occasional uses of the propositions of this number through- 
out the theory of series. The relation PJ,JQ is important because its 

structure is thoroughly known. It is a Rel*excl which consists of Nr‘Q 
relations, each like P (*165*27); and if P smor F . Q smor Q\ we can con- 
struct a double correlator of PifQ and P'^JQ' without invoking the 

multiplicative axiom. In fact we have 

*165362. h : R [C ( F e P shTor F . S [ C‘Q ' € Q s"mbr Q'.D. 

(R || S ) \C<VF y’VHPl >Q) smor smor (F i 5Q') 

This proposition should be compared with *113*127. In virtue of *164*31, 
together with various propositions of *165 and *166, it will appear that 
*165*362 includes *113*127 as part of what it asserts. 

In the present number, we begin with a set of propositions on fields. 
We have 

*165*12. \-.C‘Pl'>Q = Pl“C‘Q 

•9 m 9 

*16513. \-.C‘Plz= i z“CF = (CF) i z 
whence 
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*16514 h . C“C‘P 1 iQ = (C‘P) 1 “C‘Q 

•> W 

which connects the theory of PJ^JQ with that of (*113 and *116). 

Hence 

*16516. h . C<VP i 5Q = C<Q x C"P 

•i 

In *166, we shall define Q x P as 2 ‘Pi *Q; thus the above will become 

•j 

K C‘(QxP) = C‘QxC‘P. 

We next have a set of propositions concerned with P^ as a relation, 

and with the circumstances under which we can infer x = y or P = Q from 
data as to P 1 x and Q 1 y. We have 

•9 m 9 

*165-21. KPJ, IQeRel’excl 

•9 

*165-211. Vi' 3 _\C ( P^xnC t P\ i y.^.x=y 
*165-22. h:a!P.D.P^el->l 

We then have various propositions concerning A, of which the chief are 
*165-241. h:Q = A.D.P^»Q = A 

*165-242. h:P = A.a!(3.D.P^»Q = A|A 

We have next four propositions which are constantly used, proving that 
P15Q consists of Nr ‘Q relations each like P. These propositions are 

*165*25. h : g ! P . D . P ^ smor Q . (P l ) [ C‘Q e (P 4 ’Q) smor Q 

*165*251. h .P^x smor P . ( J, x) [ C‘P e (P ±x) smor P 

*165*26. K(7‘P!5QCNr‘P 

*165*27. h : a ! P . D . P £ 5Q e Rel* excl n Nr‘Q . C"P | € Cl'Nr'P 

From *165*3 to *165*372, we are concerned with constructing a double 
correlator of P X ’Q and P 7 ^ >Q' when we are given simple correlators of P 

with P 7 and of Q with Q'. The result (*165*362) has already been given. 
Hence we have 

*165*37. h s P smor P 7 . Q smor Q ’ . D . P ^ smor smor P 7 ^ JQ 7 

and by *164*48 and *165*27 we have 
*165*38. h Mult ax . D : 

R e Rel 2 excl n Nr‘Q ,C‘R C Nr ( P . D . P smor smor P ^ iQ 

Hence propositions concerning a series of fi series, each containing a terms 
(where a and & are relation-numbers), which in general require the multi- 
plicative axiom, can be deduced, assuming that axiom, from propositions 

25—2 
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(not requiring the axiom) concerning >Q, where Nr‘P — a and Nr ‘Q — P. 

Thus the use of P 4 >Q enables us to minimize the use of the multiplicative 

■5 

axiom. 

*16501. h. P 4 JT - 4 *sp [*150-6] 

*1651. Y : R (P ^ »Q) S . = . (gz, w ) . zQw . R = 4 *’?• S— 4 W ’P [*150-62] 

*16511. YiX(lz’P)Y. = .{’3x>y)-* p y- x = xlZ'Y=yl z [*150-55] 
*16512. V . C‘P 4 >Q = P 4 “G‘Q [*150-22] 

•) M 

*165-13. Y.C‘P^z = l z“C‘P = ( G‘P ) z [*16501 . *1 5022 . *382] 

*165131. I- . C“P 4 “P = (G*P) 4 “p [*16513 . *3811 . *37 68] 

*16514. I- . C“C‘P 4 ;Q = (G‘P) ^ “C‘Q [*16512131] 

*16515. Y . s‘C“C‘P 4 5Q = C‘Q x C‘P [*16514 . *1131] 

*16516. Y.C , 2‘P^’>Q = C‘QxC‘P [*165-15 . *162-22] 

*165161. I- : Jlf (PJP j, >Q) N . = . 

(gar, y,z, w).x,ye C‘P. zQw ,M=x^z. N= y 4 w 

Dem. 

h. *150-52. D 

I- : . M (F‘>P 4 JQ) N . = : (gfl, S ) . R (P ^ > Q) S . M e C‘R . N e C‘S . 

[*165"1] = : (rR,S,z,w).zQw . R = 4 •s’-P* & = 4 w>P. M e C‘R . Ne C‘S . 

[*165 0113] = : (g R, S, z, w ) . zQw . R = 4 z’P'S = 4 w>P. 

Melz“C‘P.Nelw“C‘P. 

[*21*151] = : (g z, w ) . zQw . Me 4 z“G‘P. Ne 4 w“C‘P . 

[*38131] = : (ga;, y, z, w ) . zQw .x,ye C‘P. M = x [z. N= y 4 w D Y . Prop 

*165162. h : M(8‘G‘P ^ >Q)N. = -(ga;,y, «) .xPy ,zeC‘Q.M=xl z. N=y\z 
Dem. 

Y. *16512. *4111. D 

Y : itf(i‘C‘P4 >Q)N . = . (g R ) . ReP £ “<7‘Q . MRN. 

[*38-13] =.(’&z).zeC t Q.M(P\^z)N. 

[*165 01 11] = . ( , j±x,y,z).xPy.zeC‘Q.M=x l z.N=y 4 z:D h. Prop 
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*16617. h :• M (2*P > Q) N . = s (ga;, y, z, w ) : 

x, ye C‘P . z, we C‘Q: zQw . v .z = w . xPy m .M = x^z.N = y l w 

Dem. 

K *166-161162. *16211. D 

H -flf (2‘P ^ >Q)iV. = : (ga?,y,s, w) . x,y eC‘P.zQw . M — x^z.N—y \,w .v. 

(ga;, y, 2 ) • xPy • ^ € C‘Q .M = x^z.N = ylw\ 
[*13’195] = : (ga:, y,z, w)*x,ye C‘P. zQw *M=x \,z . N= y ! w . v . 

(ga?,y, z , w).xPy.z,W€C‘Q.z=w.M=x J, z.N-y | ws 
[*33*17.*4 , 71] = :(ga?,y,^,^) . x,y e ^P.z.weC^.zQw.M—x | z.N=y ! w. v. 

(a#>y>^w).a^yeC^P.2,w€C r 'Q.aPy..2r=w.if=a;^ ^.iV^y ^ w: 
[♦11'41.*4'4] = : (g#, y, z,w):x,ye C‘P *z $ we C‘Q : . v ,z = w . a?Py : 

i/ = a;|^.i\T = y^w;s. Dh. Prop 

*16618. h . Cnv'P i m >Q = P ! 5Q [*15012] 

•> 

*165181. h.Cnv‘P|^ = P^ [*16501. *15012] 

*165182. I- . CnvJP i >Q = P i »Q [*165181 . *150-35] 

•5 jj 

*16519. h . Cnv‘Cnv»P i »Q = P 1 »Q = Cnv»Cnv‘P 1 >Q [*16518182] 

•9 m 9 M 

*165-2. h . P 4 e 1 — ► Cls [*7214] 

*165-201. I- . C‘(P J, = (C‘P 1 1 ‘z)Si‘z 

Dem. 

h . *35103 . D I- : y ( C‘P f *«*) z. = .yeC‘P: 

[*85-51] D h . (C‘P t t‘*V t‘s = J, P‘C‘P 

[*165-13] = C\P Prop 

*165-202. h . C“C‘P 4 >Q = ((7‘P f 0 ‘Q)a“i“ 6'‘Q [*16514 .*113103] 
*165-203. h . C“C‘P yQe Cls 1 excl [*8455 . *165202] 

*165-204. \-iC‘P^x = C f P^y. = .P^x = Piy 

Dem. 

I-. *16513. *55-232. D 

I- : C‘P j, x = C‘P ^ y . g 1 G‘P ^ x . D . x = y . 

[*30-37]’ ’ ’ D.P^ = P; y (1) 

*33-241. Df-:C' < Pla; = (7‘Piy.C , ‘Pi<r = a’. D . P J, a;=A.P; y=A (2) 
K(l).(2 ).’}V:C*P±x = C t P^y.'}.P±x = P^y (3) 

(-.(3). *30-37. 3 h. Prop 
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*165-205. Y . (7f'D‘PJ, e 1— >1 [*165-204. *7158] 

*165-206. I- : (a:) . E ! P J, ‘x : (a) . o C CPP J, [*3812 . *33 431] 

*165-21. h.Pl>QeRel‘excl 

•J 

Bern. 

h . *165-205 . *150-203 . D h . G[ G‘P ± e 1-*1 (1) 

h . (1) . *165-203 . *163-17 . D h . Prop 
*165-211. h : g lC‘P^xnC‘Pj,y.D.x = y [*1651 3 . *55 232] 

*165*212. hsglP.H.gSP^ 

Bern. 

Y . *1651101 .Dl-rglP^ar.s. (g-Z, F, x, y) . xPy ,X = x^z.Y=y^z. 
[#1319] = . (ga-, y) . xPy : D h . Prop 

*165-22. hialP.^.P^el-^l 

Bern. 

Y . *165*212 . D h Hp . D : g ! P ^ x : 

[*30-37.*24-571.*33-24] D : P J, a: = P J y .D .g! C‘P x n C‘P . 
[*165-211] 3.x = y (1) 

h . (1) . *71-54 . *165-2 . D h . Prop 

*165*221. H:.glP.D:g!Pia:nPI«. = .Pia; = Ply. = .a: = y 

•> •> ’> v 

Bern. 

Y. *33-252. DhrglP^nPJ.y.D.gSC'PJ.ar a C‘P±y. 

[*165-211] D.x = y (1) 

V . #165-212 .*25*571 .Dh:.g!P. D:a: = y.D.g!P^a;nP^y (2) 

I- . (1) . (2) . *165-212 . *30-37 . D V . Prop 
*165-222. h :. g ! P. D : g ! C‘P ^x nC‘P ^y . = . C‘P ^x= C‘P ^y • = 'X = y 
[Proof as in *165 221] 

*165-223. h:.g!P.D:P I ‘>Q = P i>R. = .Q = R 

Bern. 

h.*151-31. *165-22. Dh:.Hp.D:PJ.>Q = P^;P.D.Q = P (1) 

I-. *34-29. *1501. Dl -:Q = P.D.PiJQ = P^;P (2) 

h . (1) . (2) . D h . Prop 

*165-23. b:Plx = Qly.3.P = Q 
•> ■> 

Bern. 

h . *72184 . *150153 . D Y : { x>P = | x>Q . D . P= Q (1) 
h . (1) . *165 01 .31-. Prop 
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*165231. h:P£e-QJ«.s.P-Q [*165-23 . *3037] 

*165-232. \-:.'3 L lP.v.'zlQi3:P^x = Qly. = .P = Q.x = y 

Devi. 

V. *165-23. Dh:.P^=QJ,y.D:P = Q : (1) 

[*1312. Hp (1)] D iP^x=P^y.Q^x = Q^y : 

[*165-221] D:g!P.D.a; = y:a!Q.D.a; = y (2) 

h.(l).(2).Dh:.g[!P.v.a!QO:P^a; = Q J [y.D.P = Q.x = y (3) 
K. (3). *131215. DI-. Prop 

*165-233. I- : a ! C‘P ±,x n C‘Q £ y . = . a: = y . a ! C‘P n C‘Q 
[*55-232 . *16513] 

*165-24 h:P = A.D.Pj,<c = A.PJ,= t‘A f V 
Dem. 

V . *165*212 . Tranap. Dh:P = A.D.P J [a; = A (1) 

K(l).*381. DH:.P = A.D:P(P|)ar. = .P = A. 

[*5115.*24104] * = . R e t‘A . a eV . 

[*35 103] =.P(t‘AtV)« (2) 

I- .(1) .(2) . D I- . Prop 

*165-241. h : Q = A . D . PJ, 5Q = A [*15042] 

*165-242. h:P = A.a!Q.D.P I 5Q = A I A 
Dem. 

f- . *1651-24 . D h P = A . D : P (P J, >Q) iS . = . (qz, w ) . zQw . P = A . £? = A . 

[*1035] =.a!Q.P = A.<Sf = A (1) 

H . (1) . *5513 . D h . Prop 

*165-243. l-:a!Q.s.a!P^;Q 

Dem. 

V . *1 65-1 . D V : a ! P £ * Q . = . (a®, y, P, 5) . xQy . R - P 0 . S - P 4, y . 
[#1319] = . (a®, y) • «Qy : D h . Prop 

*165-244 h:A6(7‘PJ.;Q. = .P = A.a!Q. = .PJ,5Q = A4.A 
Dem. 

I-. *165-21212. D h : A e C‘P ^ > Q. 3 . P = A (1) 

h. *10-24. *33-24. DhrA^O'p/jQ.D. a !PJ.»Q. 

[*165-243] ’ D-aSQ* (2) 
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h . *165 242 .*55-15 . D h : P = A . a.! Q . D . Ae C‘P± >Q (3) 

l-.(l).(2).(3). Dh:AeC‘Py>Q. = .P = A.^!Q (4) 

h. *55-15. Df-:PJ,»Q = A4 A.D.AeC'PpQ. 

[(4)] ” D.P = A.^!Q (5) 

K (5). *165-242. D h : P = A . a ! Q . = . P >Q = A 4 A (6) 

h . (4) . (6) . D h . Prop 

*165-245. h:.g!P.v.Q = A: = . A ~eC‘P i >Q . = . A (0‘P) 1 “C‘Q 

•> # » 

[*165-244 . Transp . *33241 . *16514] 

*165*25. h : g ! P . D . P ^ >Q smor Q . (P ^ ) f" G‘Q e(P ^ >Q) smor Q 

[*165-22 206. *151-231] 

*165-251. h.Pjt x smor P . ( x) [" C‘P e (P ^ x) smor P 
[*72184 . *55-21 .*15122] 

*165-26. h . C‘P J, >Q C Nr‘P [*165-25112 . *15211] 

*165-27. h : g ! P. D . P 5Q e Rel> excl a Nr‘Q . C‘P 5Q e 01‘Nr‘P 
[*165-21-25 . *15211 . *16526] 

The following propositions are concerned in proving that, if R is a 

correlator of P and P\ and S is a correlator of Q and O', then R || S (with 
its converse domain limited) is a double correlator of and P'^JQ'. 

This proposition is required subsequently in establishing likenesses. 

*165*3. h : E ! R i y . D . ^ z ( R ( y = R \‘ z*y 
Dem. 

H . *341 . *38*11 . D h : a {i2 \‘ z l y] w . = . (gv) . uRv .v (y ^ z)w . 

[*55*13] = . uRy .w = z (1) 

h . (1) . *30*4 . D h Hp . D : u {i2 j* ^ z i y\ w . = ,u = R‘y ,w= z . 
[*55*13.*38*11] = . u( 4 z‘R‘y)w:* D h . Prop 

*165*301. hsPel->Cls.D4^|P = ( J R|)|(J r ^)| k a i P 
Dem . 

h . *1G5*3 . D h E ! R ( y . D : M {( ^z) | R) y . = . M{(R |) | ^z] y 
[*71*16.*34*36] D h Hp . D : M {( J, *) | R] y . = . 

M{(R\) | iz}y .yed‘R D h . Prop 
*165 302. h s E !! R“C‘P . D . J, zWP = R |i | z>P 
Dem. 

V . *165*3 . D h Hp . D lye&P . D . I z*R*y = R | * \z*y (1) 

h.(l). *150*35*13. Dh. Prop 
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*165-31. h : E !! R“C‘P. D . (R‘>P) i z = R\iP | z.{R>P) £ 5 Q - (R |)f5P I >Q 

Bern. 

h . *165-302 01 . 0 1- : Hp . D . ( R>P ) \,z = R\iP^z (1) 

[*1501] ’ =(P|)f‘Pp (2) 

h. (1). (2). *150-35. Dh. Prop 

*165-311. V : R [ C‘P e 1 -*■ Cls . C‘P C O'P . D . 

(P5P) ^ = P |JP l m . (R’P) y’Q = (R\)t'’Py>Q 
[*165-31. *71-571] 

*165-32. h : E ! S‘z . D . J, (S‘z) - (| 5 ) 1 1 * 4 (S ( z)>P = |<S4 z>P 
Bern. 

\- . *341 . *43101 . *38101 . D 

I- : M {(| S) | i z] x . = . ( a P) . M= JV| 8. N = «4 z . 

[*13195] =.4f=(a4*)|,S (1) 

h.(l). *55-581. D 

I- :. Hp . D : M {(| S) j i z] *• . = . M = x i (S‘z ) . 

[*38-101] =.M{l(S*z)}x (2) 

l-.(2).*21-43.Dh:Hp.D4(5 < F) = (|^)|4,F. 

[*150-13] D . J, (S‘*)>P = | z>P : D I- . Prop 

*165-321. I- : E ! S‘z .D.PJ, ( S‘z ) = | S>P }, z [*165-3201] 

*165-33. h : E !! S“(7‘Q . D . P J, i&Q = (| -S) f>P ± JQ 

Bern. 

V . *165-321 . *38-11 . *1501 . D 

H:.Hp.D:*eC‘Q.D.P^SS‘* = (|S)t‘PJ‘* (1) 

K(l). *150*35. Dh. Prop’ 

*165-331. H:Sr(7‘Qel->Cls.(7‘QCa‘ ( S.D.Pp-S;Q=(|$t 5 i > pQ 
[*165-33. *71-571] 

*165-34 h : E !! R“C‘P .EH S“C<Q . O . (P?P) J, ;(£5Q) - (P || S) f>(P J, ?Q) 

Bern. 

V . *165-31 . D h : Hp . D . (P5P) j 5(<SJQ) = (P | )f5P ; >(S>Q) 

[*165-33] =(P|)t5(|S)t ; PJ. ; Q 

[*150-13-14.(*43 01)] = (P || ^)f5(P ; 5Q) : D h . Prop 
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*165 341. I- : P [ C‘P, S [ C‘Q e 1 -*■ Cls . C‘P C d‘R . C‘Q C (ISS . 3 . 

(PJP) 4 >(S’Q) = (R II -S)f;p J, >Q [*165-34 . *71571] 

*165-35. h : P f C‘P e Cls -> 1 . C*P C CI‘P . 3 . (P |) f C‘2‘P ‘>Q e 1-»1 
Dem. 

I- . *113118 . *16516 .31-. «‘D“C‘S‘P 4 C C‘P (1) 

C‘l‘Py>Q,C‘P 

h . (1) . *74-751 . 3 h . Prop 

A*) ft 

*165-351. h : S |“ C‘Q e Cls -> 1 . C‘Q C CTO . 3 . ( | S) [ 0‘2‘P J, 5 Q e 1 -» 1 

Dem. 

h . *113118 . *16516 . 3 Y . «‘<I“C7‘2‘P 1 >Q C G‘Q . 

•j 

[*74-75|J 3 h : Hp . 3 . ( | S) f (7‘2‘P 4 »Qel-»l : 3 h . Prop 

*165 352. h : R f C‘P, S [ C‘Q e Cls -> 1 . C‘P C d‘P . 0‘Q C d‘S . 3 . 

(P || iS) [" C‘1‘P ^ »Q e 1 — » 1 

Dem. 

V. *113-118. *16516. 3 

V : Hp . 3 . «‘D“C‘2‘P ^ iQ C C'P . s‘d“C‘2‘P £ 5Q C C‘Q . 

[*74-773] 3 . (i2 1| 5) T 0‘2‘P ^ 5Q e 1 -> 1 : 3 V . Prop 

*165-36. V : R [ C‘Pe P smor P. 3 . 

(P|)[ C'S'P'^ >Qe(PJ, »Q) smor smor (P' ^ >Q) 

Dem. 

V. *151-22. *165-35 . 3 1- : Hp . 3 . (P |)f C‘2‘P'^ ‘>Qe 1-»1 (1) 

h . *43-3 . 3 h . 0‘2‘P' 4JQCa‘P| (2) 

(- . *151-22 . *165-311 . 3 h : Hp . 3 . P J, >Q = (| P)f»F J, (3) 

I- . (1) . (2) . (3) . *16418 . 3 h . Prop 
*165-361. h : S [ C‘Qfe Q smor Qf. 3 . 

(|S)r C‘VP 1 ’>Q'e (P i >Q) s'fior BlSor (P £ ’>Q) 

[* 165-351-331] 

The proof proceeds as in *165*36. 

*165-362. I- : P [ C‘Pe P sTrior F.Sf G‘Q'e Q smor Qr. 3 . 

(P || S) [ G ( VF yQ'e (P J, ’>Q) sSof smor (F 4 5 Q) 

[*165-352-341] 

The above three propositions are of great utility in relation-arithmetic. 
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*165*37. H : P smor P\ Q smor O'. D . P >Q amor amor P 1 j,‘> O' 

[*165*362 . *164*11 . *151*12] 

*165*38. h Mult ax . D : R e Re! a excl n Nr‘Q . C‘R C Nr ‘P. D . 

R amor amor P ^ >Q 

Dem. 

I- .*164*48 .*165*27 . D h : Hp . g IP. D. R smor amor P^ >Q (1) 

h. *153*17. *165*241.3 

h : Q = A . R e Rel* excl a N r‘Q .D.P = A.P^»Q = A. 

[*164*32] 3 . R 8mor amor P ^ >Q (2) 

l-.*165*242.DI-:P = A.a!Q.D.P^;Q = A4,A (3) 

I- . *153*17 . *51*4 . *151*32 . 3 

I- : P e Nr‘Q . C‘R C Nr‘P . P = A . g ! Q . 3 . C { R = t‘A . 

[*56*381] D.P = A4,A (4) 

I- . (3) . (4) . *153*101 . *164*34 . 3 

h : PeNr'Q . G‘R CNr'P. P = A . a ! Q. 3 . R smor amor P^ >Q (5) 

I- . (1) . (2) . (5) . D h . Prop 
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*166. THE PRODUCT OF TWO RELATIONS. 

Summary of *166. 

The product Q x P is defined as 2‘P^, 5Q. This is a relation which has 

for its field all the couples that can be formed by choosing the referent in 
C‘P and the relatum in C‘Q. These couples are arranged by Q x P on the 
following principle : If the relatum of the one couple has the relation Q to 
the relatum of the other, we put the one before the other, and if the relata 
of the two couples are equal while the referent of the one has the relation P 
to the referent of the other, we put the one before the other. Thus in 
advancing from any term x ^ y in the field of Q x P, we first keep y fixed and 
alter x into later terms as long as possible ; then we alter y into a later term, 
move x back to the beginning, and so on. Thus with a given y, we get 
a series which is like P, and this series is wholly followed or wholly preceded 
by the series with the referent y 7 , where y 7 follows or precedes y . 

The propositions of this number are for the most part immediate conse- 
quences of those of *165. The most important of them are : 

*16612. h . C\P x Q) = C‘P x C‘Q 

*16613. h:.Px Q = A. = :P = A.v.Q = A 

Hence it follows that an ordinal product of a finite number of factors 
vanishes when, and only when, one of its factors vanishes. 

*16616. h . 1?‘(P x Q) = B‘P x ~B‘Q . l?‘Cn v‘(P x Q) = P<P x li‘Q 

*166-23. h : P smor P 7 . Q smor Q 7 . D . Q x P smor Q' x P' 

This proposition shows that the relation-number of a product Q x P 
depends only upon the relation-numbers of its factors. 

*166*24. h Mult ax . D s R e Rel 9 excl n Nr‘Q . G € R C Nr'P . D . 

2 ( R smor Q x P 

This proposition connects addition and multiplication (cf. note to *166*24, 
below). 

*166*42. h . (P x Q) x R smor P x (Q x R) 

This is the associative law. The distributive law has two forms : 
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*166-44. H.2‘xP;Q = (2‘Q)xP 
*166-46. I- . (Q4-P) x P = (Q x P)4(P x P) 

We do not have in general (cf. note before *166"44, below) 

P x (Q4-P) = (P x Q)4-(P x R ). 

We have also a distributive law for the addition of a single term, i.e. 
*166-63. I- : a ! Q . D . (Q +y) x P = (Q X P) *(P£ y) 

*166-631. h : a ! Q . D . (y Q) x P = (P J, y) 4 . (Q x P) 

Here again the law does not hold in general for P x (Q y) or 
Px(y«f Q). 


*16601. Qx P — 2‘P 1 >Q Df 
*1661. h . Q x P = 2‘P I JQ [(*166-01)] 

*166*11. h M (Q x P) JIT. = : (^x,y,z,w):x,yeG‘P.z,weG‘Q : aQw . v . 

z = w . xPy :M=x^z.N=y^w [#16517 . *166"1] 

*166*111. h M (P x Q) N . = s (a®, y. z,w)ix,ye C‘P .z,we C‘Q : xPy . v . 

x = y . zQw iM=z^x.N = wly [#165"17 . *1661] 

*166*112. I - (x ^ z) (Q x P) (y ^ w) . = : x, y e G‘P ,z,we G‘Q : zQw . v . 

z = w.xPy [*16611. *55-202. *13-22] 


*166*113. I - ::x,ye G‘P .z,we C*Q . D :. 

(x l z) (Q x P) (y X w ) . = : zQw . v ,z = w. xPy [#166*112] 

*166*12. h . C‘(P xQ) = C‘P x C‘Q [*165*16 . *1661] 

*16613. I-:. PxQ = A. = :P = A.v.Q = A [*166*12 . *113114 . *33241] 
*166*14. h:a!Px Q. = .a!P.3 ! Q [*166*13] 

*166*16. I- . Cnv‘(P x Q) — P xQ [*165*19 . *162*2] 

*166*16. h . ~B\P x Q) =~B‘P x P*Q . P‘Cnv‘(P x Q) - ~B‘P x ~B‘Q 

Dem. 


h . *166111 . *93103 . D 

h :.MeB‘(P x Q) . = : (g®, z):xeG‘P . z e G‘Q . M = z ^x: 

~ (ay) • yPx : ~(gw) . wQz : 

[#93"103] = : (a®, z).xe B‘P . y e B‘Q ,.M = z^x: 

[*113*101] = : Me~B‘P x~B‘Q (1) 

h . (1) . *166*15 . D I- .' P‘Cnv‘(P x Q) =~B‘P x ~B‘Q (2) 

H . (1) . (2) . D h . Prop 

The above proposition is used in the ordinal theory of progressions 
(*263-62-65). 
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*166'2. h:i?[ G‘P'e Pimoi P'.0.(R\){ C‘(Q x P') e(QxP) ISor ( QxF) 

[*165-36 . *1661 . *16414] 

*166-21. I S[ C‘V e Q smor Q\D.(|S)[ C‘(Q' xP)e(QxP) sSof (ff x P) 
[*165-361 . *1661 . *16414] 

*16622. V i R\ C‘ P' e P smor P' .S\C‘Q'eQs5Mi Q'.D. 

(R\\S)[ G\Q' x P') e(QxP) sTSor (Q 7 x P^ 
[*165-362 . *166-1 . *16414] 

This proposition gives the correlator for the product when correlators are 
given for the factors. 

*166-23. I- s P smor P' . Q smor Q f . D . Q x P smor Q' x P' 

[*166*22 . *151*12] 

This proposition enables us to use Q x P to define the product of the 
relation-numbers of Q and P, for it shows that the relation-number of Q x P 
is determinate when the relation-numbers of Q and P are given. We shall 
therefore (in Section D of this part) define the product of two relation- 
numbers v and as the relation-number of Q x P when N 0 r ‘Q = v and 
N 0 r*P = fj* 

*166 24. h Mult ax . D : R e Rel 2 excl n Nr*Q . C ‘R C Nr'P . D . 

2'P smor Q x P [*165*38 . *164*151 . *166*1] 

This proposition exhibits the connection of addition and multiplication. 
If we put Nr*P = fi and N v ( Q = v, then 2‘P in the above proposition is the 
sum of v relations of which each is a p. In virtue of the above proposition, 
it follows that (if the multiplicative axiom is assumed) Nr'2'P = v x ^ In 
other words, assuming the multiplicative axiom, the sum of v series (or other 
relations), each of which has p terms, has v x p terms. 

*166*3. V : a ! C‘(P x Q) n C\P' xQ'). = . a ! C‘P n C‘P ' . a ! C‘QrsC‘Q' 
[*166*12. *113*19] 

The analogous proposition 
3 ! (P x Q) n (P' x Q') . = : 

a!(PnP').3!(7 f Qn^Q / .v.a!(QnQ')-a!^PnC ,f F 
is only true in general if PGJ.P'GJ 
*166*31. h . 8‘C‘(Q x P) = C‘P t C‘Q [*113*115 . *166*12] 

*166*311. h : 3 ! Q . D . *‘D“C"(Q xP) = C f P:a!P.D. s‘<l“C‘(Q x P) = C‘Q 
[*113*116. *166*12. *33*24] 

*166*312. h . 8<D“C‘(Q x P) C C‘P . s‘d“C"(Q x P) C 
[*113*118. *166*12] 

The following propositions are lemmas for the associative law (*166*42). 


Digitized by Google 



SECTION B] THE PRODUCT OF TWO RELATIONS 399 

*166*4. V M {(P x Q) x R\ M' . = •. (ga:, y, z, x', y', /) : 

x, x' e C‘P .y,y'e C‘Q .z,z'e (PR : 

xPx . v . x = x ' . yQy ' . v . x = x ' . y — yf . zRz ' : 

M = zl(ylx).M' = z'l(y'la ;') 

Dem. 

h . *116*111 .0\-:.M{(PxQ)xR}M'. = : (gtf, N\ z, /) : 

N, N'eC‘(P x Q ) . z,/eC‘R : N(P x Q) N ' . v . N = N ' . *ik': 

M = zlN. M'-zflN': 

[*116*12.*113*101] = : (g N, N\ x, x\ y, y 1 , z, zT ) : 

x,x , eC‘P.y,tf e C‘Q.z,z'€C*R.N=y x.N'=y' 4, x'i 
N(P x Q)N\ v . N= N\ zRz'i M = a 4, N.M'= z' J, N': 
[#13*22.*116*113] = : (ga;, x, y, /, z, z ') : x, x' e C‘P . y, y‘ e C‘Q .z,z' e C‘R : 

xPx ' . v . x = x . yQt / . v . y ^ x = y’ 4 x . zRz ' : 

M = zl(ylx).M' = z’l(y' .[a^: 

[*55*202] = : (ga:, x', y, y', z, z') :x,x'e C‘P . y, y' e C‘Q . z, z e C‘R : 

xPx . v . x = x ' . yQy ' . v . x = x ' . y = y' . zRz ' : 

M = a i (y i x ) . M ‘ ' = z' i {y' 4, a0 s . D H . Prop 

*166*401. h N {P x (Q x P)] N ' . = : (ga:, a:', y, z, /) : 

a;, a;' e (7‘P . y, y' e C‘Q . z,/ e C ( R : 

xPx ' . v . a: = x . yQy ' . v . x = a:' . y = y . aP/ : 

[Proof as in *166*4] 

*166*41. h : T = il/JV {(ga:, y,z).xe C‘P . y e C‘Q . z e C‘R . M = z l(y \,x). 

N- (zly)lx ) . D . Te {(P x Q) x R] sliior {P x (Q x R)} 

Dem. 

I- .*21*33. D h :: Hp . 3 MTN . M'TN . D : 

(ga:, x\ y, /, z, z') :x,x'e C‘P .y.y'e C‘Q .z,z'e C‘R : 

M=z\,(y\ f x).M' = zf\ f (y'ix r )i 

K = (*ly)lx.N=*(z' \,y 04- a:': 

[*55*202] D : (ga;, x', y, y,z,z).M = z\ f (y^x).M' = z'] r (y'lx r ). 


x = x .y = y' . z = z' : 

[*13*22] 3:M = M' (1) 

Similarly h :. Hp . D : MTN. MTN ' . D .iV= N' (2) 

h . (1) . (2) . Dh :Hp.D. Pel-*1 (3) 

1- . *21*33 .*13*19 . D h : Hp . D . 

d‘T= N {(ga:, y,z).xe C‘P . y e C‘Q . z e C‘R . N = (z ^ y) ^ a:} 
[*113*101] = C‘P x (&Q x C‘R) 

[*166*12] = C‘{P x(Qx R)j (4) 
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I- . #166*401 . D I- ::Hp.D:. M {T>(P x (Q x P))} M' . = : (ga;, x , y, y , z, z , N , N') : 
x, x e C‘P . y, y' e C‘Q . z,z' e C‘R . N = (z X y) X & • N' = (z' X y) X & . 
M = zl(yix).M' = z'\,{yix')-. 
xPx ' . v . x = a ! . yQtf .v.x = x'.y = y > . zRz ' : 

[*13*19.*166*4] s : M {(P x Q) x R} M' (5) 

I- . (3) . (4) . (5) . #15111 . D h . Prop 

#166*42. h . (P x Q) x R smor P x (Q x R) [*166*41] 

This is the associative law for the kind of multiplication concerned in this 
number. 

*166*421 . PxQxR = (PxQ)xR Df 

This definition serves merely for the avoidance of brackets. 

The two following propositions give the distributive law. In relation- 
arithmetic, this is in general only true in one of its two forms, i.e. we have 

(Q4tP)xP = (QxP)4:(PxP), 
but not P x (Q$.R) = (P x Q)$.(P x R). 

The latter is true for finite series, but not for infinite series or (except in 
exceptional cases) for relations which are not serial. 

*166*44. I-.2‘xP;Q = (2‘Q)xP 
Derru 

I- . *166*1 . *38*11 . *150*1 . D I- . V x P>Q - 2‘2>(P 
[*162*34*35] =2‘P^52‘Q 

[*166*1] = (2‘Q) xP.Dh. Prop 

*166*45. M<24.P)xP = (QxP)4.(PxP) 

Dem. 

i- . *166*1 . d i- . (Q x P) 4 . (R x P) = t‘P j, ;q 4 . vp i ;p 
[*162*31] = 2‘(PJ, 5Q 4- P £ Ir) 

[*162*36] =t‘Py>(Q$R) 

[*166*1] = (Q 4 . R) x P . D I- . Prop 

The following propositions (#166*46 — *472) exhibit the failure of the 
distributive law in the form P x (Q$.R) = (P x Q)$.(P x R), and give 
certain results for special cases. They are not referred to except in this 
number. 

*166*46. h.(PvQ)lz = PlzvQXz [*165*01 . *150*3] 

•! 

*166*461. I- . s‘C‘(P vQ)l’>R = s‘C‘P X >R o s‘C‘Q X iR 
[*41*6. *165*12. *166*46] 
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*166*462. I- . F’{P v Q) 1 >R = F’P ^ >R « F’Q ^ >R ia HP {(g®, y, z, w ) : 

zRw : x e C‘P . y e C‘Q .v.xe C‘Q . y e C‘P i M = x^z.N = y^w] 

Dem. 

h . *165161 .31-. P>(P v> Q) >R 

= HP {(a®, y, z,w).x,ye C‘P u C‘Q . zRw ,M = x^z.N = ylw\ 
[*22*34] =M{( g®, y, z,w):x,ye C‘P . v . x, y e C‘Q . v . 

x e C‘P . ye C‘Q .v.xe G‘Q . ye C‘P : zRw.M= x^z .N = y 
[*11*41.*165’161] = F’P ^ >R va F’Q ^ ’R ia HP {(g®, y, z , w ) : 

x e C‘P . y e C‘Q .v.xe C‘Q . y e C ( P : 
zRw ,M = x^z.N=y^w).'2\-. Prop 

*166-463. V : C‘P C C‘Q . 3 . F’P j, 5 R C F’Q J, ’R [*165161] 

*166-464. h : C‘P C C‘Q . 3 . ^(Po Q) £ 5 R = F’Q i >R = F’P ^ ’’RvF‘>Q £ >R 

Dem. 

I- . *166-463 . 3 h : Hp . 3 . F’P ^ ’R d F’Q ^ >R (1) 

I- . *33-262 . 3 h : Hp . 3 . C<(Po Q) = C*q\ 

[*166-463] 2.F’’(PvQ)y’R = F‘’Qy’R (2) 

I- . (1) . (2) . 3 I- . Prop 

*166*47. b .Rx(P\j Q) = (Rx P)yj(RxQ)yj HP {(g®, y, z, w) : 

x e G‘P . y e C‘Q .v.xe C‘Q . y e C‘P : zRw .M^x^z.N — y^w} 
[*166-461-4621 .*1621] 

*166-471. I- : C‘P C G‘Q . 3 . R x (P u Q) = (fl x P) v (R x Q) 
[*166-461-464] 

*166-472. . R x (P $Q) = (R x P)v (R x Q)v Rx ( C‘P i C‘Q ) 

Dem. 

K *166-471. *35-85. 3 

H :. g ! Q . 3 : P x (P 4 . Q) = (P x P) c» ii x (Q c» (0*-P t : 

[*166-471. *35-86] 

3:g!P.3.Px(P4Q) = (PxP)o(PxQ)oPx((7‘Pt c, ‘Q) (!) 

h. *160-21. *16613. 3 

P:Q = A.3.P4:(2 = P.PxQ = A.Px(C‘PtC ,< Q) = A. 

[*25-24] 3.Px(P4Q) = (PxP)c»(Px<2)wPx(C'‘P4,(7‘Q) (2) 

Similarly 

l-:P = A.3.Px(P4Q) = (PxP)w(PxQ)»aPx(C‘Pt(PQ) (3) 

h . (1) . (2) . (3) . 3 I- . Prop 

R.<frw. ii. 26 
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The following propositions are concerned with the distributive law for 
the addition of a single term to a relation. This law, in the form in which it 
holds, is given in *166'53'531 (remembering Nr‘P i y — Nr‘P). *166 "54 '5 41 

exhibit the failure of the other form. 

*1665. \-.(QvR) xP = (<JxP)o(ExP) 

Be m. 

V . *1661 . D I- . (Q v R) x P = 2‘P J, >(Q »» R) 

[*162-27] =2‘PpQc»2 < Pi;P 

[*166-1] =(Qx P)o(Hx P) . D h . Prop 

*166-51. \-.(Q-\*y)xP = (QxP)v(C‘Q\i‘y)xP [*1665 . *1611] 
*166-511. I- . (y <f Q) x P = (t ‘y 1 C*P) xPo(QxP) 

*166-52. l-.P^Q-fryJ-P^iQ-frP^y [*1614. *1652] 

*166-521. KP^;(y«f Q) = Pj } y**-Pj i '>Q 

*166-53. h:a!Q.D.(Q-l4y)xP = (QxP)4L(P^y) 

Bern. 

I- . *162-43 . *165-243 . D h : Hp . D . 2‘(-P^ >Q-t*P± f y) = 2‘P ^ >Q$P±y. 
[*166-52] D . 2‘P l, 5(<3 -h y) = 2‘P J, 5Q * P ^ y '* (1) 

1- . (1) . *1661 . D I- . Prop 

*166-531. I- : a ! Q . D . (y Q) x P = (P ^ y)$ (Q x P) 

*166-54 I- . Q x (P -t+x) = (Q x P) c» Q x (C"P f i‘x) 

Bern. 

V . *161-1 .DI-.Qx(P4>a:) = Qx{Pc; (C‘P f i‘x)\ 

[*35 - 85.*166-471] = (Q x P) a Q x (C‘P f l‘x ) . D h . Prop 

*166-541. h . Q x (x «f P) = Q x ( i‘x f C‘P) w(QxP) 
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SECTION C. 


THE PRINCIPLE OF FIRST DIFFERENCES, AND THE MULTIPLICATION 
AND EXPONENTIATION OF RELATIONS. 

Summary of Section C. 

In the present section, we have to consider various forms of a principle 
which is of the utmost utility in relation-arithmetic. This principle may be 
called “ the principle of first differences.” It has been explained and used 
by Hausdorff in brilliant articles*. The results there obtained by its use 
give some measure of its importance in relation-arithmetic. It has, however, 
other uses besides those that are concerned with the multiplication and 
exponentiation of relation-numbers, as, for example, in the ordering of 
segments and stretches in a series, or of any other set of classes which are 
contained in the field of a given relation. In the present section, after the 
first two numbers, we shall be concerned with its arithmetical uses, but other 
uses will occur later. 

The principle of first differences has various forms which, though analogous, 
cannot, in the general case, be reduced to one common genus. The simplest 
of these is the relation P d , by which the sub-classes of C‘P are ordered. 
This is defined as follows. If a and ft are both contained in C*P, we say that 
ccP^ft if there are terms belonging to a but not to ft such that no terms 
belonging to ft and not to a precede them ; i.e. if, after taking away the terms 
(if any) which are common to a and ft, there are terms left in a which do not 

come after any of the terms left in ft, i.e. if g ! a — ft — P“(ft — a). Thus the 
definition is 

-Pci ® { a > 0 € CYC € P . g ! a — $ — P“(ft — «)} Df. 

It will be seen that this relation holds if ft C a . ft =j= a. Thus it holds between 
any existent member of CYC *P and A, and between C‘P and any member of 
CVC‘P other than C ( P itself. When P is a serial relation (which is the 
important case for all the relations in this section), P cl is transitive (P 2 d G P d ) 

and asymmetrical (P d nP d = A), but not necessarily connected, i.e . there may 

* “ Untereuchungen iiber Ordnungsfcypen,” Berichte der mathematischphysischen Klasse der 
Kdniglich S&chsuchen Qetellschaft der Wisseruchaften zu Leipzig , Feb. 1906 and Feb. 1907. Cf. 
also his “Grundziige einer Theorie der geordneten Mengen,” Math. Annalen, 65 (1908). 

26—2 
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be two members of its field of which neither has the relation P d to the other. 
This happens whenever P is not well-ordered ; but when P is well-ordered, 
P d is connected, and therefore generates a series. 

To illustrate the order generated by P cl in a simple case, consider a series 
of three terms, x, y t z . Let us for the moment write (x 4 y 4 z ) f° r the 
relation 

xlyK>x\,z\jy lz, i.e. (x l y) ■+* z, 

and similarly we will write (x ^ y 4 z \ w) for x 4 y 4 z +► w, and so on. Then 
assuming x^y .x=^z *y^z f 

( x 4 V 4 *)d = yj i l y yj i‘z) (i i‘x u i‘y) 

^ (i‘x yj i‘z) ^ i‘x ^ (i‘y yj i‘z) 4 i s y 4 i*z 4 A. 

In this series, a class containing x is always earlier than one not con- 
taining x\ and of two classes of which both or neither contain x t one con- 
taining y is earlier than one not containing y ; and of two classes of which 
both or neither contain x , and both or neither contain y, one containing z is 
earlier than one not containing z. Thus our relation may be generated as 
follows: Begin with (i‘z)^A, which is (z^z) d . Add before these terms 
what results from adding i‘y to each; then we have (y 4 ^) d , which is 

(i‘y yj 9,‘z) l i‘y 4 i'z 4 A. 

Now add at the beginning what results from adding i‘x to each of the above 
four classes, and we have (x ^ y J, 2 r) d . Thus generally, if x ~ € G i P t 

(x «f P) cl = (i‘x yj)>P c 1 4- P el . 

Thus by adding one term to P, we double the number of terms in P cl . 

Again, if P and Q are two relations which have no common terms in their 
fields, we shall have 

«P c i/9 . 7 , 8 e Cl ‘C‘Q . D . (a u y) (P 4 Q) cl ( 0 v, 8 ) 
and a e Cl ‘C‘P . yQ cl 8 . D . (a w y) (P 4 Q)a (« w 8), 

while conversely 

a, fi e Cl *G t P .y,8e Cl ‘C'Q . (a w y) (P 4 Q) el (0 v 8 ) . D : 

aP c i/3 . v . a = $ . <yQ d 8 . 

Hence (« o 7 ) (P 4 Q) a (fi w 8) . = . ( 7 i a) (P d x QJ (8 i /3) 

= .(«u 7 ){ s ;c;(P d xQ d )}(/3v8), 
so that Nr*(P 4 Q)ci — Nr‘P d x Nr‘Q cl . 

These propositions illustrate the connection of P cl with multiplication. 

Besides Pd, we often require (though not in this Part) the relation which 
is the converse of (P) d . This relation we call P lc , so that 

P lc =Cnv‘(P) d Df. 

This begins with A, and ends with C‘P. 
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Thus we shall have, for example, 

(* i V i = A i l‘x 4 l ( y J, (i‘x u i‘y) 

^ i‘z ^ (Px u i‘z) 4 {i € y u i*z) 4 (t*# v i ( y v i ( z). 
Here, if we start from i‘x y which is (aj^a?)i c , the series grows by adding 
terms at the end : we add i‘y to each member of A ^ i*#, and put the resulting 
terms i‘y, i‘x u i‘y after A and i‘x ; we then add t,‘z to each of the four terms 
we already have, and add the resulting terms at the end ; and so we can 
proceed indefinitely. 

The relation P lc with its field limited arranges the segments of P in 
ascending order of magnitude ; if the class of segments is <r, P lc £ <r generates 
what may be called the natural order among the segments (cf. *212). 

A variant of P d is afforded by the relation Pdf (*171), which is to hold 
between two members a, ft of CVC‘P when the first term of either which does 
not belong to both belongs to a, i.e. the “ first difference ” belongs to a. This 
relation implies P d , and coincides with it if P is well-ordered; but when P is 
not well-ordered, P d may hold between two classes which have no first point of 
difference, e.g. (if P is “ less than ” among rationals) if a consists of rationals 
between 0 and 1 (both excluded) and ft of rationals between 1 and 2 (both 
excluded). The definition of P df is 

Pdf = {«> ft ^ Cl‘C‘P : (a*) . z e a - ft . P‘z r\a-i‘z = P‘z n Df. 

The relation Pdf has the interesting property that its relation-number is 
found by raising 2y to the power Nr*P (cf. *177). As the field of P^ is 
C1‘(7‘P, this theorem is the ordinal analogue of Nc*Cl*a= 2 Nc ‘ a (*116*72). 

A somewhat more complicated form of the relation of first differences 
arises when we have a series of series. Let us suppose, to begin with, that 
P is a serial relation whose field consists of mutually exclusive serial relations. 
Thus in the accompanying figure, each 
row represents a series, the generating 
relations of these series being Q, . . . R y . . .. 

But the series themselves form a series, 
which may be regarded as generated by 
a relation P whose field consists of the re- 
lations Q y . . . R, . . . . (It might be thought 
more natural to take C‘Q y C‘R y ... as 
the field of P ; but this would lead to confusion in the case when two or more 
of the series have the same field.) Suppose we now wish to find a relation 
which will order the multiplicative class of the fields of Q y R y ..., i.e. the class 
Prod‘C“C‘P. In the case illustrated in the figure, in which P generates a 
well-ordered series, and all the members of C‘P are serial, and P e Rel* excl, 
we might use (2*P) d ; this relation, with its field limited to Prod*(7“(7‘P, 
will then give us what we want. This relation will, in the case supposed, put 


□ . o . • • 

• © □ • • * 


Digitized by Google 



406 


RELATION-ARITHMETIC 


[PART IV 


a selected class /i before another selected class v if, where they first differ, /* 
chooses an earlier term than v . But if the series P is not well-ordered — if 
it is (say) of the type Cnv“o> (c£ *263) — there may be no first member of 
the field of P where and v differ. This will happen, for example, if /i 
consists of all the first terms, and v of all the second terms. Our ordering 
relation can be so defined as to put before v in this case also, but if it is so 
defined, the associative law of multiplication only holds if P is well-ordered. 
For this reason, we define our ordering relation so that, in such a case, ft 
comes neither before nor after v. Again, if P is not a Rel* excl, a member of 
a selected class may occur twice, once as the representative of C‘Q , and once 
as that of C‘R , if C‘Q and C‘R have terms in common. We wish to dis- 
tinguish these two occurrences. Hence we proceed as follows : If /t and v are 
two selected classes of <7“(7*P, let there be one or more members of C‘P in 
which the /^-representative precedes the ^-representative, and which are such 
that, among all earlier* members of C‘P, the /^-representative is identical 
with the ^-representative. 

But a further modification is desirable in order to meet the case in which 
two or more of the members of C‘P have the same field. Suppose, for 
example, we had to deal with a series consisting of all the series that can be 
formed out of a given set of terms : in this case, we should have to distinguish 
occurrences of any given term not by the field, but by the generating relation. 
This requires that we should make an F-selection from C*P, not an c-selection 
from C“C‘P . Hence we take two members of F±‘C‘P, say M and N f and 
we arrange them or their domains on the following principle : We put 
M before N (or T)‘M before T)‘N) if there is a relation Q in the field of P 
such that the Jlf-representative of Q, i.e. M‘Q t has the relation Q to the 
-^-representative of Q, and such that, if R is any earlier member of C‘P , then 
M‘R is identical with N‘R. That is, M precedes N if 

(3 Q) : ( M‘Q ) Q (N‘Q) : RPQ .R^Q . D* . M‘R = N‘R. 

The relation between M and N so defined has the properties required of 
an arithmetical product ; hence we put 

n*P = MN [M, NeFSC‘P 

(aQ) : (M‘Q) Q (N‘Q) : RPQ .R*Q.3 r .M‘R = N‘R } Df. 

This relation is the ordinal analogue of €*‘k. The ordinal analogue of 
Prod'* is the corresponding relation of the domains of M and N , i.e. D^II'P; 
hence we put 

Prod‘P = Dm‘P Df. 

In case P is a RePexcl, we have Nr*Prod‘P = Nr*n*P. But when P is 
not a RePexcl, Prod ‘P and n^P are in general not ordinally similar. We 
can, however, always make a RePexcl by replacing the members x, y, etc. of 

* Here Q is said to be earlier than R if Q has the relation P to R and is not identical with R. 
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C‘Q (where Q e C‘P) by x 4 Q, y 4 Q, etc. In this way, if x occurs twice in 
C‘2*P, once as a member of C‘Q> and once as a member of C‘R, the two 
occurrences are made to correspond to x ^ Q and x ^ R respectively, and thus 
we get a new relation which is a Rel 2 excl. 

If every member of C‘P has a first term, B [ G t P will be the first term of 
IFP, and B (( G ( P will be the first term of Prod'P. If further there is a last 

member of C‘P, i.e. if E ! B‘P , and if this last member has a second term, the 
second member of II ‘P is obtained by taking this second term as the repre- 

sentative of B‘P, and leaving all the other representatives unchanged. In 
any case, if B*P exists, the earliest successors of any member of IFP are 

those obtained by only varying the representative in B‘P. Thus, if B‘P 
exists, those members of IPP which have a given set of representatives in all 
members of D*P form a consecutive stretch of the series, and this stretch is 

like B‘P . If B ( P has an immediate predecessor, the stretches obtained by 
varying only the representative in this predecessor are again consecutive, and 
form a series like the said predecessor ; and so on. This makes it plain why 
IPP has the properties of a product. 

As in the case of cardinals, the definition of exponentiation is derived 
from that of multiplication. We put 

PexpQ = Prod‘PJ,;Q Df. 

We put also P Q = a>(P exp Q) Df. 

This is an important relation, which deserves consideration apart from the 
fact that it is useful in connection with exponentiation. It will be found 
that 

PQ = M{M,N e (C‘P t C‘QyC‘Q 

(a y) : y € C‘Q . (M‘y) P (N‘y ) : xQy .x^y.D x . M s x = N‘x). 

This is a form of the principle of first differences which is appropriate 
when two relations are concerned, instead of only one as in P cl . The principle, 
in this case, is as follows : Let if, N be any two one-many relations which 
relate part (or the whole) of C‘P to the whole of C‘Q. That is, each of the 
two relations assigns a representative in G t P to every term of C*Q, but 
different terms of C‘Q may have the same representative. Then in travelling 
along the series Q, there is to be, sooner or later, a term y whose if-repre- 
sentative is earlier than its ^-representative, and terms which come earlier 
than y in Q are all to have their if-representatives identical with their 
JV-represen tati ves. 

The relation P Q may be subjected to various restrictions which give 
important results. This subject haa been treated by Hausdorff. For 
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example, if P=x^y (where x^y), and Q is of the ordinal type which 
Cantor calls a>, i.e. the type of progressions (generated by transitive rela- 
tions), then if z is any member of M*z is always either x or y. If we 
impose the condition that M‘z is to be x except for a finite number of values 
of z , the resulting series is of the type of the rationals in order of magnitude, 
i.e. the type called rj. If we impose the condition that there are to be an infinite 
number of values of z for which M‘z = y, the resulting series is a continuum, 
i.e. it is of the ordinal type called 0 ; in this case, the contained “ rational ” 
series consists of those M's for which there are only a finite number of z's 
having M‘z = x. If we impose no limitation, P Q is of the type presented by 
the real numbers when decimals ending in 9 recurring are counted separately 
from the terminating decimals having the same value. 

We may generalize P Q , instead of restricting it. To begin with, we may 
allow our M and N to have only part of C‘Q for their converse domain, and 
remove the assumption that there is a first member of C‘Q for which M*y 
and N‘y differ ; this leads to the relation 

M [M, Ne(l-> Cls) a R1‘(C‘P t G ‘Q ) ! - 

(ay) ( M ‘y) p ( N ‘y) ‘.xQy.xe a<N . d x . (M<x) (Pvi) (N<x)}. 

Further, we may drop the restriction to one-many relations. It will be 

observed that if (M‘y) P (i\T‘y), we have y ( M | P | N) y. Thus we may consider 
the relation 

MN[&, Ne R1‘(C‘P t C‘Q) 

(ay) : y (M I P I N) y : x Qy . . x {M \ (P I) | iV} x]. 

This relation has for its field all relations contained in G ( P f C‘Q. We may, 
if we like, drop even this restriction, and consider 

^[(ay):yeC‘Q.y(^|P|^)y:^y.^.®(^|(i , «/r^)l^}4 

This represents the most general form of the principle of first differences 
as applied to a couple of relations P and Q. In ordinal arithmetic, however, 
P Q is sufficiently general for the uses we wish to make of it. 

The formal laws, as far as they are true, can be proved without excessive 
difficulty. We have 

h : P + Q . D . Nr‘II‘(P J,Q) = Nr‘(P x Q), 
which connects the two kinds of multiplication ; 

b s P smor smor Q . D . Nr'IPP = Nr'II'Q, 
b s P e Rel* excl .PGJ.D. Nr'IPIUP = Nr‘II‘2‘P, 
which is one form of the associative law, of which another form is 
b s P * Q . D . Nr‘(II ‘P x Tl‘Q) = Nr‘11 <(P $ Q). 
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Also 

h : P, VP € Rel 2 excl . P C J. D . Nr'Prod ‘ProdiP - Nr'Prod ‘VP = Nr‘ U‘VP, 
which is the associative law for “ Prod/ 1 We have 

h : C‘Q n C‘R = A . D . Nr‘(P<2 x P*) = Nr‘P<***, 
t .TXr‘(P<*)* = Nr‘(P*xQ). 

But we do not have in general 

Nr‘(P* x Q*) = Nr‘(P x Q)«, 

which obviously would require the commutative law for multiplication, and 
therefore does not hold in general in spite of the fact that its cardinal 
analogue does always hold. 

As regards the connection with cardinals, we have 

H : P € Rel 2 excl . D . (7‘Prod‘P = Prod ‘(7“C"P, 
h s a ! Q . D . C%P exp Q) = (C*P) exp (<7‘Q), 
and we have already had 

\-.C‘(PxQ) = C‘PxC‘Q. 

Moreover the correlators by which similarity is established in cardinals 
generally suffice to establish likeness in the analogous cases in relation- 
arithmetic. Thus we have 

H : e P smor Q . D . £ e f C1*(7‘Q e P cl smor Q olt 
h : P, Q e Rel 2 excl . S [ (7*2*Q e P smor smor Q . D . 

S e C‘Prod‘Q e (Prod ‘P) smor (Prod'Q), 
h : fif T C'P'e Pslnbr P\ P [CQ* Qs'mbrQ'.D. 

(S || P) [ G\F exp Q') e (P exp Q) smor (P / exp Q 7 ), 
which are all closely analogous to propositions which were proved in cardinals. 

The applications of the propositions of this section are almost wholly to 
series, and it is convenient to imagine our relations to be serial. But the 
hypothesis that they are serial is not necessary to the truth of any of the 
propositions of the present section, and it is a remarkable fact that so many 
of the formal laws of ordinal arithmetic hold for relations in general. 

It should be observed that II ‘P is not always a series when P is a series 
and all the relations in the field of P are series. A series (cf. *204) is a 
relation P which is (1) contained in diversity, (2) transitive, (3) connected, 

i.e . such that every term of the field of P has the relation P or the relation P 
to every other term of the field. It is the third condition which may fail for 
IFP, and which in fact does fail whenever P is not well-ordered. Thus 
suppose, for the sake of simplicity, that P is of the type Cnv“o>, which 
we will call a regression , i.e: the converse of a progression (cf. *263) ; and 
suppose that the field of P consists entirely of couples. Take a selection M 
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which chooses the first term of every odd couple, and the second term of 
every even couple ; and take another selection N which chooses the second 
term of every odd couple, and the first term of every even couple. Neither of 
these two selections has the relation II to the other, for whatever term Q 
of C‘P we choose, if M is the selection which chooses the first term of Q, 
there is an earlier term of C‘P (namely the immediate predecessor of Q) in 
which N chooses the first term while M chooses the second. Hence there is 
no such Q as is required for M (Tl‘P) N] and a similar argument holds 
against N(Tl‘P)M. In such a case, II ( P generates a number of different 
series, and by suitable restrictions of the field, one of these series can be 
extracted. Exactly similar remarks apply to PQ. 




*170. ON THE RELATION OF FIRST DIFFERENCES AMONG THE 
SUB-CLASSES OF A GIVEN CLASS. 

Summary of *170. 

The definition to be given in this number of the relation of first differences 
among the sub-classes of a given class is by no means the only one possible, 
in fact a different definition will be considered in *171. In the present 
number, the definition we choose is this : a is said to precede ft according to 
this definition when a has at least one member which neither belongs to ft 
nor follows any term belonging to ft and not to a (a and ft being both sub- 
classes of C‘P). In other words, if we consider the two classes a — ft and 
ft — a, there are members of a — ft which are not preceded by any members of 
ft — a. Pictorially, we may conceive the relation as follows (P being supposed 
serial): a and ft each pick out terms from C‘P y and these terms have an 
order conferred by P ; we suppose that the earlier terms selected by a and ft 
are perhaps the same, but sooner or later, if a =j= ft, we must come to terms 
which belong to one but not to the other. We assume that the earliest 
terms of this sort belong to a, not to ft ; in this case, a has to ft the relation 
P d . That is, where a and ft begin to differ, it is terms of a that we come to, 
not terms of ft. We do not assume that there is a first term which belongs 
to a and not to ft , since this would introduce undesirable restrictions in case 
P is not well-ordered. 

A few of the propositions of the present number will be used in the next 
number, which deals with a slightly different form of the relation of first 
differences, but with this exception the propositions of this number will not 
be referred to again until we come to series. Their chief use occurs in the 
section on compact series, rational series, and continuous series (Part V, 
Section F), especially in *274 and *276, which respectively establish the 
existence of rational series (assuming the axiom of infinity) and the fact that 
the cardinal number of terms in a continuous series is the same as the number 
of classes contained in the field of a progression, i.e . 2*t«. The definitions and 
a few of the simpler propositions are also used in connection with the series 
of segments of a series, since, as explained above, the segments of a series P 
are arranged in the series generated by P lc . 
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The propositions of this number which will be used in dealing with series 
are the following : 

*170*1. h : aP d £ . = .«,£« Cl‘C‘P . g ! a - fi - P“(£ - a) 

*170101. KP lc = Cnv‘(P) d 

*170102. h : aP lc £ . = .a,0€ Cl'C'P . g ! 0 - a - P“(a - £) 

(These propositions merely embody the definitions.) 

*17011. h aP d # . = : a, /3 e Cl'C'P : (gy) . y € a — # . P‘y n y9 C a 
This form is often more convenient than *170*1. 

*17016. h:«CC^P.£Ca.£ + a.3.aP d £ 

I.e. every sub-class of C‘P has the relation P cl to every proper part of itself. 
*17017. KP d G/.P lc G/ 

*170*2. h a, # e C1*(7‘P : (gy) . y e a — ft . P*y n a = P'y n £ : 3 . aP d # 

This proposition deals with the case where there is a definite first term y 
which belongs to a and not to and whose predecessors all belong to both 
or neither. 

*170*23. h a C C‘P .yea — (3 — P“(f3 — a) - 3 s 

— ► — ► 

y rain P (« — /9) . = . P‘y n a = P‘y r\ /9 
This proposition is useful iu case P is well-ordered, since then a — /3 must 
have a minimum if it exists (o and /8 being supposed sub-classes of C‘P ). 
*170-31. h:/9C C‘P.p$C‘P. = .(C‘P)P' l l3 

This follows from *17016, as does the following proposition : 

*170-32. I- : a C G‘P . g ! a . = . aP cl A 
*17035. h.A cl = A 

*170-38. h : g ! P . D . B‘P cl = C‘P . B‘ Cnv‘P cl = A 
*170-6. h : AP lc y9 . = . /S C C‘P . a ! /8 

Besides the above, the following propositions should be noted : 

*170-36. I- . D‘P cl = Cl ex‘C‘P . (I‘P CI = C1‘ C‘P - i‘G‘P 

*170-37. 1- : a ! P . D . C‘P cl = C1‘C‘P 

*170-44. I- : P smor Q . 3 . P cl sraor Q d 

*170 64. h : x ™ e C‘P . 3 . (a; <4- P) d = (t‘# v)5P d -Pci 

This proposition shows that every term added to P doubles the number 
of terms in P d ; hence it is not surprising that P d (when P is well-ordered) 
has a power of 2 r for its relation-number (cf. *177). 

*170*67. h : a ! P . g ! Q . C<P n C‘Q = A . 3 . (P 41 Q) d = 5 ;C5(P d x Q d ) 
whence 

*170*69. h : g ! P . g ! Q . C‘P n = A . 3 . (P Q) d smor (P d x Q d ) 
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*17001. P d - ap (a, p e C\‘C‘P . g ! a - ,8 - P“(p - a)} Df 
*17002. P l0 =Cnv‘(P) d Df 

*1701. t- ! aP d /9.= .a,/9«Cl‘C ,< P.g!a-y9-P“( i 9-a) [(*17001)] 

*170101. I- . Pjo = Cnv‘(P) d [(*170 02)] 

*170102. I- : aP lc y9 . s . a. p e Cl ‘C‘P . g ! £ - a - P“(a - p) [*1701101] 
Thus aP ]c /9 means, roughly speaking, that P~ a goes on longer than 
a — /3, just as aP cl /9 means that a — y9 begins sooner. Thus if P is the 
relation of earlier and later in time, and a and /? are the times when A and 
B respectively are out of bed, “ aP d /3 ” will mean that A gets up earlier than 
B, and "otP lc y9” will mean that B goes to bed later than A. 


*170103. I- : y P“(/8 - a) . = . P‘y n / 3 C a 

Dem. 

I- . *37105 .Dh.y~« P“(y9 — «). = : ~ (3#) . e / 9 — a . a:Py : 
[*10*51] = : ae# . xPy . D* . a : 

[*32*18] = : P*y a # C a D h . Prop 

*170*11. h aPcj/9 . = : a, y9 e C1‘C‘P : (gy) . y e a - y8 . P‘y n /9 C a 
[*1701103] 

*17012. I- : aP dy 8 . s . a, £ e C1‘C‘P . g ! a - (a n p) - P“{p - (an yS)} 

[*1701 . *22*93] 

*170*121. I- aP d p . = . a, p e Cl ‘C‘P . g ! (a u P) - p - P“{(a u P) - a} 
[*1701 . *22*9] 

*170*13. I- aP cX p . = : (g p, a, y).p,<r,ye Cl‘C‘P . 

V 

pn 7 = A.<rn 7 = A./>n<r = A.a = 7 up.# = ryu<r.g!/> — P“<r 


Dem . 

I- . *2424 . *2269 .Dh:pn<r = A.a = 7up.$ = 7u<r.D.any9 = 7 (1) 

h.*24*4. Dhs.a = 7up.D:pn7 = A- = -a — 7 = p (2) 

h . *24*4 . Dh:.y9 = 7u<r.D:<rn7 = A. = .j9 — 7=<r (3) 

H . (1) . (2) .(3). Dh:.pn<r = A.a = 7up.j9 = 7U<r.D: 

pr\y = A.(rr\y = A, = .a — (ar\/3) = p.j3 — (ctr\f3) = <r, 
[*22*93] =.a — # = p . # — a = <r (4) 


h . ( 1 ) . (4) . D I- : (gp, <r, 7 ) . p, <r, 7 e CVC € P . pn 7 = A.<rn 7 = A.pno- = A . 

V 

a = 7up.j9 = 7 ua.g!p — P“<r . = . 
(gp, <r, 7 ) . p, <r, 7 e C1*C‘P .pn<r = A.a = 7 Up.y 9 = 7 U<r. 

V 

a r\ p = y .a — P = p . p — a=a. g \ p — P tt a . 
[*13*22] =.a~P,p~<x,ar\Pe Cl *C‘P . g ! a - £ - P “(/8 - a) . 

[*60*43.*24*41] = . a, /9 e Cl‘C‘P . g ! a - /3 - P“(/3 - a) . 

[*170*1] = . aP d # : D h . Prop 
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*17014 I- «, p e Cl ‘C‘P .D:a-s- P d £ . = . a - /3 C P“(/9 - a) 
[*1701 . *24-55] 


*170141. b a, /9e C1‘C‘P . D : a P Ic /3 . = ./9-aC P“(a - /3) 
[*170-14101] 

*17015. 1- : aP d /9 . D . /9 a p‘P“(a - £) C a 
Dem. 


b . *40-12 . Db:yea-£.D .p‘P“(a-£) CP‘y . 

[*22-48] D.£np‘P“(a-£)C/8nP‘y: 

[*22-44] Db:yea-/8.,8nP‘yCa.D./Sn/>‘P“(a-£)Ca: 

[#10-11-23] Dh:(ay).yea-£./8nP‘yCa.D./Sn p‘P“(o - £) C a (1) 
b . (1) . *17011 . D b . Prop 


*17016. b : a C C‘P . /8 C a . $ + a . D . aP c i/8 

Dem. 

b . *24*6 . D b : Hp . D . g ! a - /S (1) 

b . #24*3 . D b : Hp . D . /3 — a = A . 

[*37-29] D.P“(/8-a) = A. 

[*24101-26] D.a-£ — P“(/9- «) = «-£ (2) 

b . (1) . (2) . *1701 . D b . Prop 

*170161. b:oC(7‘P./9Co./8 + o.D. £P lc a 

Dem. 

b . *17016 . D b : Hp . D . a (P) d /9 . 

[*170101] D . /SP lc a : D b . Prop 

*17017. b.P cl G J.P lc G J 

Dem. 

b . *1701 . D b : aP d /8 . D . g ! a — $ . 

[*24*55. *22*42] D.a + ,8. 

[#5011] D . aj# : D b . Prop 

In order that P d should be serial, we need further that it should be transitive 
and connected. P cl is transitive if P is transitive and connected. But P d may 
still not be connected : there may be many distinct families in its field, though 
all of them must begin with C‘P and end with A. For example, if P is a 
regression, the class which takes every odd member does not have either of 

the relations P d , P d to the class which takes every even member. In order 
that P d should be serial, we require that P should be not only serial, but 
well-ordered, i.e. that every existent sub-class of C‘P should have a first term. 
When P is serial but not well-ordered, P d will, however, generate various 
series contained in it by imposing suitable limitations on the field. 
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*170*2. Y i.a, fie Cl ‘C‘P : (gy) . y ea—fi . P‘y a a = P f y a /9 : D . aP d /9 

[*17011. *22-43] 

*170*21. b a C 0‘P .Dry min P (« — fi) .-.yea —fi. P‘y a aC/9 
Dem. 

b. *93*11 . D b :. Hp . D :y ininp(a — fi) . = .yea— fi—P“(a—fi ) . 

[*170*103] = .yea—fi. P‘y a aC/9 :. D b . Prop 


*170*22. b :. a C C‘P . y mia P (a — /9) . D : P‘y a fi C a . = . P‘y a a = P‘y a fi 

Dem. 

b.*170*21.*4*73.Db:.Hp.D:P‘yA/8Ca. = .P‘yAaC/9.P‘yA/9Ca. 
[*22*74] • = . P‘yAa = P‘yA /9:.Db.Prop 


*170*23. b :. a C C ( P . y ea-fi-P“(fi - a) . D : 

— ► — ► 

ymin P (a — fi). = .P f y n a — P‘yr\fi 

Dem. 

b . *170*103*21 . D b :. Hp D : 

— > — > 

y minp (a — fi). = .yea — fi . P‘y nfiCa. P‘y naCfi. 
[*22*74.#4*73] = .y ea — fi . P‘y a fi C a . P‘y a a = P‘y a fi . 

[*170*103] =.yea-/9-P“(/9-a).P‘yAa = P‘y a/9 (1) 

b . (1) . *5*32 . D b . Prop 


*170*3. b:aeCl‘(7‘P./9Ca.g!«-/9.D.aP d /9 [*170*16] 

*170*31. Y:fiCC‘P.fi$C‘P. = . (C‘P)P cl fi [*170*16] 

*170*32. b : a C C‘P . g ! a . = . oP cl A [*170*3] 

*170*33. b : g ! P . = . (C7*P) P d A 

Dem. 

b . *33*24 . *170*32 . D b : g ! P . D . (C‘P) P d A (1) 

b . *170*1 . D b : (C‘P) P d A .D.g! (C‘P)~ A . 

[*33*24] D.g!P (2) 

b . (1) . (2) . D b . Prop 
*170*34. b : g ! P . = . g ! P cl 
Dem. 

b . *170*33 . D b : g ! P . D . g ! P d (1) 

b. *170*1. Db:g!P d .D.(ga,/8).a,/9eCl‘C‘P.g!a-/8. 
[*24*561] D . (ga) . a e C1‘C‘P . g ! a . 

[*60*361] D.g! C‘P . 

[*33*24] D . g ! P (2) 

b . (1) . (2) . D b . Prop 
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*170*36. b . = A [*170*34 . Transp] 

*170*36. b . D‘P cl = Cl ex‘C‘P . a‘P a = Cl‘C‘P - i‘C‘P 
Dem. 

b . *170*32 . D b . Cl ex‘C‘P C D‘P cI (1) 

b . *170*31 . D b . C1‘C‘P - PC *P C d‘P ol (2) 

b . *170*1 . D b : a e D‘P C , . D . (g£) . a, /3 e Cl‘C‘P . g ! a - 0 . 

[*24*561] D . a e Cl'C'P . g ! a (3) 

b. *170*1. Db:aea < P cl .D.(g/8).a,/3eCl‘C‘P.g!y9-a. 

• [*60*2] D . a e Cl'C'P . g ! C‘P — a . 

[*24*6] D . a e C1‘C‘P — l‘C‘P (4) 

b . (1) . (2) . (3) . (4) . D b . Prop 

*170*37. b:g!P.D.C‘P cl = Cl‘C‘P [*170*36] 

*170*371. b . C‘P cl C C1‘C‘P [*170*37*35 . *33*241] 

*17038. b : g ! P . D . fi‘P cl = C‘P . P‘Cnv‘P cl = A [*170*36] 

The following propositions lead up to *170*44. 

*170*4. b : S e 1 -* 1 . C‘Q = d'S . D . (S>Q) cl = S e iQ el 

Dem. 

b . *170*1 . *150*4 . *37*11 . D b :a(S t > Q cl )0 . s . 

(3.y,S).y,BeCl ( C‘Q.a = S“y.0 = S“B.^ly-S-Q ( ‘(S-y) (1) 
b . (1) . D b Hp . 3 : 

a (& ; Qd)£ • h . (g 7l 8) . 7 , 8 e C1‘<3‘S . a = S“y . 0 = S“B . 

g! 7 -8-Q“(8- 7 ). 

[*37*43] = . (g 7 , 8) . 7, 8 e C1‘<3‘S . a = S“ 7 . 0 - S“8 . 

XlS“\y-S-Q“(8- 7)}. 

[*71*381] = . (g 7 , 8). 7,86 Cl'dSS . a = S“y . 0 = S“8 . 

g ! S“y - S“8 - /S“Q“(8 - y) . 

[*72*511.*71*38] = . (g7, 8) . y, 8 e Cl‘d‘S . a = S“y . 0 = S“8 . 

g ! S“y - S“S - S“Q“S“(0 - a) . 
[*13*193.*37*33] = . (g 7 , 8) . 7, 8 e Cl‘d‘S .a = S“y.0 = S“S . 

g ! a — $ — (S’Q)“(0 — a) . 

[*7l*48.*37*23] = . a, 0 e 01‘D‘S . g ! a - 0 - (S‘>Q)“(0 - a) . 

[*150*23] = . a, 0 e C\‘C‘(S'>Q ) . g ! a - 0 - (S’>Q)“(0 - a) . 

[*150*12.*170*1] = . a(S>Q) cl 0:. D b . Prop 
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*17041. h . (8 T C‘Q)jQ a = SjQ el [*150-95 . *170371] 

*170-42. h : 8 [ C‘Q e 1 -♦ 1 . C‘Q C d‘S . 3 . (*SiQ) cl = SjQ* 

Bern. 

I- . *150-32 . 3 1- . (SiQ) a = {( S f (7‘Q)5Q} OI (1) 

Ml) ■ *170-4 .3h:Hp.3. (&Q) ci = (S [ C‘Q)<>Q cl 
[*170 41] = SeJQ,., : D h . Prop 

*170-43. \-:S[C‘QeP sSof Q.3.& f C‘Q a e P d amor Q d 

Dem. 

h. *151-22. *170-42. 3 : Hp . 3 . P 0 , = S«5Q 0 , (1) 

h. *74131. *170-371.3h:Hp.3.& fC^el-*! (2) 
h. *37-231. 3h.C‘Q d C(I‘S, (3) 

h . (1) . (2) . (3) . *151-22 .3K Prop 

*170'44. h : P smor Q . 3 . P d smor Q d [*170 43 . *151-2312] 


*170-5. h . (a; ^ ®) d = (t‘*) 4 A 

Dem. 

h . *170-36 . *5515 . 3 1- . D‘(a; J, «) d - Cl ex‘t‘a; 

[*60-37] = i‘i‘x (1) 

h . *170-36 . *55-15 .31- . d‘(a; J, «)«i = Cl ‘i‘x-i‘i‘x 
[*60-362] = i‘A (2) 

1- . (1) . (2) . *55-16 . 3 1- . Prop 


*170*51. h:ar^=y.D.(aj^y) d =(t‘a! w i‘y) ^ i‘x vi (l‘x v l‘y) ^ l‘y vy (i‘xui‘y) ^ A 

t‘a: 4 1 ‘y o t*a; | A o l l y | A 

Dem. 

. *55*13 .3b: Hp . 3 . x ^ y‘x = A . x ^ y‘y = i f x (1) 

h .*170*11 . *55*15 . 3 h :: Hp . 3 :. a (x 4 y)a ft . = : 


a, ft e CP(t‘a: v i‘y ) : (gar) . z e a — /9 . x ^ y‘z r\ ft C a 
[*60-39] = : a = i‘x w l‘y . v . a =» . v . a = i‘y : $ C i‘x w t f y : 

(gs) . a e a — $ . x ^ y‘z r\ C a (2) 

1- . *51*235 . 3 1- :: a = i‘x w i‘y . 3 :. (gs) .rea- /9. a;,|y‘a:n /9Ca. = : 

xea — /3.x ly‘xn/3Ca.v.yea-/3.xly‘ynl3Cai 


[(1)] =:®ea- #.v.yea— j8.t‘«oj8Ca: 

[Hp.*22"43"58] = :a;ea — /S.v.yea — /9: 

[*51"232.*4-73] = : a;~e/ 3 . v . y oj 6/9 (3) 

h . *54 4 . D h ss Hp . D # C i‘x v i‘y . . = : y8 = - v . £ = A (4) 

h .*54*4 . D h s: Hp . D v i‘y .y<^e /3 . = s /8 = v . /8=* A (5) 

b. 4 w, ii. 27 
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K(2).(3).(4).(5).D 

h :: a = i‘x v i‘y . D :. a (x 4 y\ \ft • = : £ = i'# • v . ft = i*y . v - /8 = A (6) 

h . (1) . (2) . D h Hp . D :: a = i'x - D :-.a (a? 4 y)d /8 . = : £ C l‘x\j i‘y . x~€ ft - 
[(4)] =:£=i‘y.v.£ = A (7) 

h . (1) . (2) . D h :: Hp . D a = Py . D : a(# 4 y)d£ - = • 

j8Ct^u i*y . y roe ft .l‘xr\ftCa. 

[*51*211] =.y8C i‘x\j i‘y .y~e ft .x~e ft . 

[*54*4] =,£ = A (8) 

h . (2) . (6) . (7) • (8) . 3 h . Prop 

*170*52. h : a? 4= y • ^ 4 y)d = ^ t'y) 4 P# 4* lt V 4 A 

Bern. 

h . *55*15 . 3 h . C"{(i‘a: v £'y) 4 l'#} t 0‘Wy 4 A} = 

{i‘(i*x yj i‘y) sj i‘i‘x] f {i Vy v t‘A} 

[*55*52] = (l‘x \j i‘y) 4 i‘y ci (i‘x v i‘y) 4 t*A ci 4 w i‘x ^ A (1) 

h . (1) . *170*51 . *160*1 . 3 h . Prop 

*170*6. h : AP lc /8. = .ftCG ‘P.Rlft [*170*32*101] 

*170*601. h s aP lc (C"P) . = . a C C‘P . a * C‘P [*170*31*101] 

*170*61. h x~eC‘P . g ! P ,xear\ $ .3 : 

a (a? 4f P) cl ft. = .a {(i‘x u)5P d } £ . = . (a - P d (£ - 

This and the following propositions are lemmas for 

x~eC‘P . 3 . (x 4f P) d = (i‘m u);p cl 4P cl (*170*64). 

Dem. 

h .*161*111 . 3 h :: Hp. 3:.ye/8.y(#4fP)2.3 y .yea: = : 

ye ft • yPz . 3 y .y€a:ye$.y = #.£e C‘P . D y . y € a s 
[*13*191. *33*17] = : y e y8 — i‘x . yPz .^y.yea-i'xzxeft.ze C*P . 3 . e a s 
[Hp] =zyeft- l‘x .yPz ."Dy .y eci — l‘x (1) 

h . *51"34 . D h : Hp . D . — & — — i‘xr\ — ft. 

[*22-481] D.a-/9 = a- 

[*24‘21] — a — i f xr\ (i‘x u — y9) 

[*22-86] = a - 1‘* - (/8 - t f «) (2) 

h . *17011 . *161101-14 . D h :: Hp . D a (<r *f P) d £ . = : 

a,/8eCl < ((7 < P w t‘a?) : (gz ) : z e a — fi z y e ft . y (x P) z . . y e a z 

[(1).(2)] = : a, y9 e C\‘(C‘P v i‘x):faz):zea— i‘x— (y9— i‘x):ye/3— ^x.yPz.'Sy. 

ye a — i‘x: 

[*24 43] = : a — i‘x, (3-i‘xe Cl‘C‘P : (gs) .zea — i ( x — (ft — i‘x ) . 

— > 

P‘z r>(/3 — l‘x) C a — l‘xz 

[*170-11] = : (a - i‘x ) P d (£ - i‘x ) : 

[*51-221] = : a {(t'a; w);P d | /S :: D h . Prop 
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*170*62. Fr.a^eC'P.glP.irea — 0.D: 

a (x «F P) d 0 . = . a C i l x w C‘P . 0 C C‘P 

Dem. 

F . *161*13 . 3 F Hp . 3 : *~e a‘(x P) : 

[*10*63] 3 : y e 0 . y (x 4f P) x . y e a : 

[Hp] 3:a;ea — 0:ye0.y(x*\- P)<c.3 y .yea: 

[*170*11] 3 : a, /9 e C1‘C»(* «f P) . 3 . a (<r *f P) d £ : 

[*161*14.Hp.*24*49] 3 : a C i‘<r w C*P .0C C‘P. 3 . a(a>4f P) d /9 (1) 

(-.*170*11. *161*14. 3 

I- :. Hp. 3 : a (x 4f P) d 0 . 3 . a, 0 e Cl‘(t‘« w C‘P) . 

[*24*49.Hp] 3.aCt‘a;uC'P./9CC‘P (2) 

F . (1) . (2) . 3 F . Prop 

*170*63. F :.x~e(a v 0) . 3 : a (x P) d 0 . = . aP el 0 

Dem. 

F . *24*49 . *1 61*14 . 3 F :. Hp . 3 : a, 0 6 Q\‘C*{x «F P) . = . a, £ e C\‘C‘P (1) 

F. *13*14. 3 h :: Hp . 3 :.y e/9 . 3 : y =1=® : 

[*161*111] 3 :y(xH-P)z. = .yPz (2) 

F .*170*11 . 3 F :: Hp . 3 :.a(<r«f P) d /8. = : 

a,/9eCl‘(<c«f P) :(gs) :zea-0:ye0.y(x<{-P)z.'2 1l .yea : 
[(1).(2)] = :ct,0e Cl ‘C‘P : (gs) :zea- 0:ye0 . yPz . 3„ . y ea : 

[*170*11] = : aP d /9 :: 3 F . Prop 

*170*64. F : e G‘P . 3 . (x «f P) d = (i‘x u)5P d 4:P cl 

Dem. 

F . *1 70*61 *62*63*37 . 3 
F :: Hp .g !P. 3 :. a(xM-P) a 0 . = : 

xean 0 .a {(t‘a: v)»P d } 0 ,y .xea — ft .a e C*( l‘x v)>P d . 0 e C‘P d . v . 


ar~e(o w/8).«P d /8 (1) 

F. *150*4. 3 F : a {(i‘x u)>P} 0 . 3 ,xear> 0 (2) 

F . *1 50*22 . *1 70*37 . 3 F : . Hp . 3 : a <? C\i ( x v>;P d . 0 e C‘P a . 3 . <c e a - £ (3) 
F. *170*1. 3 F Hp . 3 : aP d /9. 3 . <r~e(a r\ 0) (4) 

F . (1) . (2) . (3) . (4) . 3 F :: Hp . g ! P. 3 :. 

a(x«f P) d 0 . = : a {( i‘x v)>P d ) 0 . v . a e CP^x u)>P d . 0 e O f P d . v . aP d /9 : 
[*160*11] = : a{(t‘<r v>)5P d P d } 0 (5) 

F . *161*201 .3F:P = A.3.®*fP = A. 

[*1 70*35] 3 . (x 4f P) d = A (6) 

F . *150*42 . *160*22 . *170*35 . 3 F : P = A . 3 . ( i‘x u)5P d £ P d = A (7) 

F . (6) . (7) . 3 F : P = A . 3 . (<c 4F P) d = (i‘x w)5P d 4- P d (8) 

F . (5) . (8) . 3 F . Prop 

27—2 
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The following propositions are lemmas for *170 67, i.e. 

a ! P. a ! Q. C‘P n C‘Q = A . 3 . (P^Q)d = « ; ^(P 0l x Q cl ), 
which itself leads to *170'69, i.e. 

a 1 P . a ! Q . C‘P r\ C‘Q = A . 3 . (P4Q) cl smor (P cl x Qd)- 

*170-66. h p (P4.Q) d <r . = : (a«, A y, 8):«,/9e C1W . y, 8 e C1‘C‘Q . 

P = awy.ff=sy3u8: (ay)-y«( a w 7) _ 0 w 8).P-4Q‘y n O w S)Ca wy 
Dem. 

I- . *13193 . 3 h :. (a«, A y, 8 ) : a, £ e C1‘C‘P . y, 8 eCl‘C‘Q . p = a w y.<r=£ v 8 : 

(ay ) • y « ( a w 7 ) - (i 8 w 8 ) • A 0 3 w 8 ) c a : 

= : (a«, ft y, 8 ) : a, e C 1 ‘C‘P . y, 8 e C1‘(7‘Q .p=awy.<r=#v 8 : 

(ay) • y « p - «■ • -P 4- Q‘y : 

[*60 45] = : p, a e Cl \C‘P v C‘Q ) : (ay) • y « P - «j_P 4- Q‘y n a c P 
[*16014] = : p, O- e C1‘C‘(P4Q) : (ay) . y e p - <r . P4Q‘y n <r C p : 

[*17011] s : p (P4Q)c <r :. 3 h . Prop 

*170-661. h:.C‘PnC‘Q = A.a,£ e C1‘C‘P . y, 8 e C1‘C‘Q .yea. 3: 


y e (a v y) - (/8 v 8 ) . P$-Q‘y n(( 8 v 8 )Cavy. = .yea-£. P‘y o^Ca 
Dm. 


1- . *24-402-313 

.3h:Hp.3.(auy)-09v8) = (a — £)v(y — 8 ) 

a) 

h. *16011. 

^ ^ 

3 h : Hp . 3 . P4Q‘y = P‘y 

(2) 

1- . *24-402 . 

3 h :. Hp . 3 : y~ey : 


[(1)] 

3 : y e (a v y) — (J3\j 8). = . ye« — fi 

(3) 

I-. *3315161. 

y 

3 1- . P ( y C C‘P . 


[*24-402] 

3 h : Hp . 3 . P l y n 8 = A . 


[(2)] 

D.P^Q‘y n (^»8) = P‘y n ^. 

(4) 

[*24-402] 

y 

D . P^Q € y a (# v 8 ) a 7 = A 

(5) 

h . (4) . (5) . *24-49 . 3 h :. Hp . 3 : P$-Q‘y n(£v 8 )Cavy. = . 



P‘y«/9 Ca (6) 

h . (3) . (6) . 3 1- . Prop 

*170-662. h:.C‘PnC‘Q = A.a,/9e C1‘C‘P . y, 8 e C1‘(7‘Q .yey.D: 

y e (a v y) — (/9 v 8) . P^-Q‘y n(y8v 8) Cavy. = . 

y9Ca . y € 7 — S . Q‘y a 8 C 7 

Dem. 

V . *24-402-313 . 3 h : Hp . 3 . (a v y) - (£ v 8) = (a — ft w (y - 8) (1) 

I- . *24-402 . 3 1- : Hp . 3 .y~ea (2) 
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b . (1) . (2) . 31- Hp . 3 s y e (a v 7) — (J3 w 8) . = .y e y — 8 (3) 

b . *16011 . 3 b : Hp . 3 . P$Q‘y = C‘P v~Q‘y . 

[*22-621. *24-402] 3 . P$Q‘y a (J3 v S) = /9 « S) (4) 

b • *24-49 . 3 1- Hp . 3 : /9 C a u 7 . = . /S C a : 

Q‘y e\ SC a \jy. = .Q‘y r\SCy (5) 

b . (4) . (5) . 3 b Hp . 3 : 

P4^Q‘yn08wS)Cau7. = .)8C«.Q‘yA5C7 (6) 

b.(3).(6).3b.Prop 

*170-663. b :: C‘P a (7‘Q . A . a, /9 e C1‘C‘P .7 ,Se C\‘C‘Q . 3 

(ou 7>(P4:Q) 0 ,(/8 wS). = :aPoi/9.v.a=^ .7QcjS 

Dem. 

h . *170-11 . 3 h :: Hp . 3 (a w 7) (P4.Q) cl 09 w 3) . = : 

(ay) • y «(« w 7)- (£ w $) • -P4-0‘y a w S) c a u 7 : 

[*170-651-652] = : (gy) . y e a — /8 . P ( y a £ C a : v : 

£Ca:(gy).ye7-8.Q‘yA SC/9: : 
[*170-11] = : aPo, /9. v. /SC a. 7Q d S: 

[*17016] = :oP cl /9. v.aPd/S^Q^S. v.« = /8.7 Q o 1 S: 

[*4-44] =:aP cl y9.v.o = /8.7Q ol S::3h.Prop 

*170-66. I- :.g ! P.g ! Q. C‘P a C‘Q = A . 3 : 

P (-P4- Q) <r • = • (3«. A 7. &) • (7 4 «) (Pol x Ooi) ($ 4 £) • p = « v 7 . <r - £ v 8 

Dem. 

b. *170-6511. 3 

I- : p (P*Q) cl <r . = . (ga, fi, y,S).a,fie Cl‘C‘P .7 , 8 e C1‘C‘Q . 

p = «W7.o- = ^wS.(au7)(P4.Q) cl (/3wS) (1) 
b . (1) . *170-653 . 3 b :: Hp . 3 :. 

p(P4-Q)oi«r . = : (a«,/9,7. 6) : «,y9eCl‘(7‘P . 7, 8c Cl‘(7‘Q.p = au 7 . <r = /9 w 8 : 

aPo,/9.v.a = /9.7Q c ,S: 

[*170-37] = :(aa,/3,7,S):a,/86(7 , P 0l .7,SeC‘Q 0l .p = aw7.<r = /9wS: 

aP d /8. v.a = y9. 7QoiS: 

[*166112] =:(a«>/9,7,S).(7ia)(P cl xQ d )(S4/9).p«au7.<r = /9uS:: 

3 b . Prop 

*170-67.’ b : g ! P . g ! Q . C‘P a C*Q = A . 3 . (P£Q) 0l = s>C‘>(Pci x Q d ) 

Dem. 

b .*170-66 .*13-22 . 3 b :: Hp . 3 :.p(P$Q) <r . = : 

(a«, fi.VtS, R,S) .R = y la . S = S 1/3 . p = avy .0 = fi v S . 

R (P d x Q d ) 8 : 
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[*5515.*5311] s : (go, fi, y, 8, P, S ) . P = y i « . 8= 8 i /3 . 

p - «‘C‘P . a = 8‘C‘S . P (P d x Qei) S : 
[*166-111] = : (giJ, 5) . p = a'tfP . <r - *‘C‘S . P (P d x QcO S : 

[*150-4] = : p {*>(7>(P d x Q d )) <r :: 3 I- . Prop 

*170-68. H : a ! P . a ! Q . C‘Pr\C‘Q — A . 3. 

(«|<7>r C"(Poi X Qci) e (P GXi emor (P d x Q d ) 

Bern. 

h .*55*15 .*53*11 . 3 

h:.P = 7 4a.S=$4/9.«'C‘P = *‘(7‘<S.3.au7 = /9u8 (1) 

>.(l).*24-48.3 

V ::Hp . 3:. a,0eCl‘(7‘P . 7 ,$eCl‘C‘Q.P = 74, a. 5- S J, / 3 . s'C'P = s'C^S . 3 . 

a = /? . 7 = 8 . 

[*55-202] 3.P = S (2) 

K (2). *16612. *17037. 3 

I- :. Hp . 3 : P, S e C‘(P d x Q d ) . s'OP = s‘C‘S . 3 . P = 5 (3) 

h . (3) . *151-24 . *170-67 .31-. Prop 

*170-69. I- : a ! P . a 1 Q ■ C‘P n (7‘Q = A . 3 . (P ^ Q)d amor (P d x Q d ) 
[*170*68] 


Digitized by Google 



*171. THE PRINCIPLE OF FIRST DIFFERENCES (continued). 
Summary of * 171 . 

In this number, we shall consider a more restricted form of # the principle 
of first differences, which is applicable when there is a definite first member 
of one class not belonging to the other class. In this case, if z is the first 
differing member, the part of a which precedes z is to be the same as the 
part of ft which precedes z . If z belongs to a and not to ft, we put a before ft ; 
in the converse case, we put ft before a. In case zPz t z itself is not to be 
counted among its own predecessors; thus the predecessors of z are to be 

P f z — i ( z ’. Hence the relation in question will hold between two sub-classes 

(a and ft) of G l P when there is a z such that 

— > — > 

z e a — $ . P ( z — i*z a a = P‘z — i ( z a ft, 
or, what comes to the same thing (owing to z^eft), 

zea — ft. P*z a«-A = P‘z a ft . 

This relation between a and ft we denote by “ P$i” where “df” stands for 
“ difference.” 

Thus our definition is 

-Pdf = {«, ft e CVC'P : (qz) .zea—ft . P*z r\a — i t z — P i z a #} Df. 

On the analogy of P lc , we put also 

P fd = Cnv‘(P) df . 

When P is well-ordered, and coincide respectively with P cl and 
Pfc. Their properties are closely analogous to those of P cl and P lc . Thus 
e.g. the following propositions remain true when P df is substituted for P d : 
* 17017 * 35 * 36 , 37 , 38 * 44 , 5 , 51 * 52 , 64 * 67 , 68 * 69 . 

The only new propositions to be noted in this number are 
*171-2. hPC/.D. 

P df = cift {a, ft e C\‘C‘P s faz) .zea — ft. P‘z a a = P'z a £} 
*171*21. KPdfGPd 

and the following formulae suggesting an inductive identification of P 0 1 and 
P* in cases to which such induction is applicable : 
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*1717. h : P df = Pci . X ~ e C‘P . D . (x 4f P)^ = (a:4f P) d 

*17171. \-iC‘PnC‘Q=A.P at = P, l .Q dI = Q el .1.(P$ Q) df = (P* Q) d 

These propositions are however superseded (at a later stage) by the proof 
that P cl and P M coincide if P is well-ordered (*251 "37). 

The chief property of P df is that its relation-number is 2 r to the power 
Nr‘P. This will be proved in *177 and *186"4. 


*171*01. Pdi = (a, /9 e Cl f (7‘P: (g^) . zea — j3 . P‘z n a — i‘z = P‘z n /Sj Df 

*171-02. P fd = Cnv‘(P) dl Df 

*171*1. I- itaPufi , = :a,fie Cl t C i P : (g«) .zea— fi. P‘z r\a — i‘z — P‘z a yS 

[(*17101)] 

*171101. h . P fd = Cnv'tPXu [(*17102)] 

*171*102. h aP fd y8 . = : a, fi e Cl ‘C‘P : ( 32 ) .zefi—a. P‘z a yS — i‘z — P‘z a a 
[*171-1-101] 


*17111. h::.aP df £. = ::a ) £eCl‘C , ‘P:: 

(a«):.£ea-y8:.yPA. y + :yca. = .ye/3 [*1711] 
*17112. h aP.u/3 . = : a, yS e C1‘C‘P : 

(3*) .zea-p.P‘zr\a-i‘z = P‘zrs/3-i , z [*1711 . *51222] 
*17113. h . C‘P d , C C1‘C‘P [*1711] 

*171*14. h : a C C‘P .zea.D. aP M (a — i‘z) 

Lem. 

h . *5121 .31-: Hp . 3 . z e a — (a — i‘z) . 

[#13*15] 3 . z e a — (a — i‘z ) . P‘z a a — i ( z = P‘z a (a — i‘z) . 

[*171-12] 3 . aP df (a — t‘z) : 3 h . Prop 

*17115. h:/9CC‘P.*e C‘P- y9 . 3 . (£ u t‘*) P,u /9 

Devi. 

I- .*5116. 3h:Hp.3.*e(y9vt*x)-/3 (1) 

h . *51-211-22 . 3 h : Hp . 3 . (y9 u i ( z) - i‘z = /9 . 

[*22-481] 3. P*x a (y3 v t‘s) -i‘s = P‘s a y9 (2) 

K (1). (2). *1711. 3K Prop 

*17116. I- . D ‘P M = Cl ex‘C‘P . (FP^ = Cl'C'P - FC'P 
Pm. 

h . *17114 . 3 h : a e Cl ex‘C‘P . 3 . a e D'P* (1) 

h. *1711. 3h:«eD‘P df .3.«t€Clex‘(7‘P (2) 
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l-.(l).(2). 3I-. D'P* - Cl ex‘C‘P (3) 

h . *17115 . 3 1- : /9 e C1‘C‘P . a ! <7‘P - £ . 3 . /9 e (FP* : 

[*24-6] Dh:y9eCl < C‘P-t‘C‘P.D./9ea‘P df (4) 

I-. *171-1. Dl-: ) 86a‘P df .D./8eCl‘a‘P.a!C‘P-/8. 

[*24-6] 3 . /8 e C1‘C‘P - i*C‘P (5) 

h . (4) . (5) . 3 h . a‘P df = Cl'C'P - i‘C‘P (6) 

I- . (3) . (6) . 3 b . Prop 

*17117. h : a ! P . 3 . (7‘P df = Cl'C'P 

Dem. 

h . *17116 . 3 h : a e G\‘C‘P . a ^ A . 3 . a e D‘P df (1) 

1-. *17116. Dl-raeCl'C'P.a+C'P.D.ae^Pd, (2) 

P . (1) . (2) . 3b:a«Cl‘C^P.~(a = A.a = C^P).3.aeC‘P df : 
[*13171] Dh:a e Cl‘C w P.C‘P + A.D.aeC‘P df (3) 


H . (3) . *33 24 . 3 h . Prop 

*17118. b : g ! P . 3 . P'P.,, = C‘P . 5‘Cnv‘P.u = A 

Dem. 

b .#17116 . 3b. P'P,,, = Cl ex‘C‘P - (C1‘C"P - i‘C‘P) 

[*24-3] = Cl ex‘C7‘P n i‘C‘P (1) 

1- . (1) . #60'35 . 3 b : a ! P . 3 = i‘C‘P * (2) 

b . *17116 . 3 b .P‘Cnv‘P df = C1‘C‘P - t‘<7‘P - Cl ex‘C‘P 

[*60-24] =t‘A -i‘C‘P (3) 

1- . (3) . *33-24 . 3 I- : a ! P • 3 . P‘Cnv*P df = t‘A (4) 

I- . (2) . (4) . 3 1- . Prop 

*17119. h:P = A.3.P dI = A 

Dem. 

b . *60-33 . *17116 . 3 b : Hp . 3 . D‘P df = A . 

[*33-241] 3 . P d , = A : 3 I- . Prop 

*171"2. b:PG«7. 3 . P df = a/3 {a, /3 e C1‘C‘P : (a &) .zea — /3. P‘z n a = P‘z a y9} 

Dem. 

b .*5011 .*3219 . 3 b : Hp . 3 . ~P l z C - i‘z . 

[*22’621] ^ 3 . P ( z r\a — i‘z = P t z a a (1) 

1- . (1) . #171"1 .31-. Prop 


Digitized by AjOOQle 



426 


RELATION-ARITHMETIC 


[PART IV 


*171-21. I" . Ptf d 
Den i. 

h. *1711. *2243. D 

h :. aPj! /S . D : a, fi e Cl ‘C‘P : (a«) ,zea — /3. P‘z r\ /3 C a : 

[*170-11] D : clP c1 /3 :. D h . Prop 
*17122. h. Pa d J [*17017 . *171-21] 

*171-4. h : Se 1 -* 1 . C‘Q = d'S . D . (S5Q) df = &5Q df [Proof as in *1704] 
*171-41. I- : (StWQy’Qu = S'iQu [Proof as in *170*41] 

*171-42. \-:S[C t Qel-*l.C‘QCa‘S.O.(S’’Q) il = S' m ’Q iU [*171-4-41] 
*171-43. \-iS[C‘QeP sSor Q . D . & [ C‘Q M e P M s"5ior Q* 

[Proof as in *170 - 43] 

*171-44 h : P smor Q . D . P^ smor Q ^ [*171*43] 

*171*5. h - (o? 4 o?) df = (*'#) 4 A = (07 4 ff) c i 
Dem. 

h . *171*1 . *55*15 . D 

h : . a (x | #) df fi . = : a, /8 e C1‘ Po? : (gs) .sea — # . o? 4 — Pz = a? 4 A : 

[*171*16] = : a e Cl exV# . /8 € CIV# — PPo; : 

(3*) . <0 e a — /8 - x ^ o?‘s a a — p$ = x 4 o?'* a £ : 

[*60*362 37] = : a = i € x. £ = A:(a^) • £€ i‘x* x ^ x‘z a a — Ps = x 4 a?^ a£ : 

[*13*195] =:a=t‘a;.j8 = A.i r a;Aa-i^ = t^Aj3: 

[*24*21*23] = :a=Por.£ = A. A = A: 

[*1315-*55*13] = : a {(p«) 4 A} £ (1) 

h - (1) - *170*5 . D h . Prop 

*171-61. H.(«4-y)df = ( a; 4y)oi 

Pern. 

h . *171*1 . D h a (o; 4 y)df £ - = : a, /8 € Cl'(Po7 v py) s 

( 3 s) . z e a — / 8 . x 4 y*z a a — P# = x 4 y *2 a # : 

[*171*16] = : a e Cl ex‘(Pa? v py) . £ € CP(Po? v py) — P(po? u py) : 

(3^) • * e a — fi . 0 c l y‘z n a — i‘z = w l y‘z r\ ft i 
[*60*39] = : a = i € x u py . v . a = l‘x . v . a = Py : /8 = i € x . v . /8 = Py . v . £ = A : 

(3*) . £ e a — /8 . # 4 y' z A a — Ps = x 4 y‘z a fi (1) 

h . *55*13 -Dh:.o?4=y.D:o;4 y*y = P# ■ « 4 y‘o? * A : (2) 

[*51*222] D : a = Pa? v py . # = . D . 

y e a - /8 . a? 4 y a g - 1 ' y = t ^ = a? 4 /y a y8 . 

[(1)] :>.«P df 0 (8) 
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H . (2) . D h : x + y . a = i‘x u i‘y . = i*y . D . 

x e a — /3 . x \ y‘x r\a— t‘x = A = x ^ y‘x a /S 
[(1)] Pdf/3 (4) 

H • (2) . D h : x ^ y . a = i‘x w i‘y . ft — A . D . 

x e a — . x ^ y‘x n#-(‘« = A=ic| y‘x a # . 

Ed)] (5) 

K (2) . D I- : . a; + y . a = i‘a: : £ = A . v . /9 = t‘y : D . 

a; e a — /9 . x 4 y ( x n«-t‘«=A = *| y‘x a /3 . 
D.oPdfiS (6) 

H • (2) . *24 '23 .Dh:a;^y.a = t < y.y9 = A.D. 

y e a — /8 . x ^ y‘x a a — i‘y = A = a; 4 y‘y a y9 (7) 
h.(8).(4).(5).(6).(7).*170-51.Dh:« + y.D.(«4y) - €(*4y) ai . 
[*171-21] 3.(«4y)«-(*4y)d (8) 

h . (8) . *171-5 . 3 h . Prop 

*171-52. h : a; 4= y . D . (a; 4 y) dt = (i‘x w i‘y) 4 (t‘«) 4- (t‘y) 4 A 
[*171-51 . *170-52] 

*171-64. H : x ~ e C‘P . D . (a: «f P)^ = (i‘x w)>Paf 4- -Pdf 

The proof proceeds by the same stages as the proof of *170"64. 

*171-67. h : a ! P . a ! Q . C*P a C‘Q = A . D . (P * Q) df « sWiPa x Qdi) 
[Proof as in *170-67] 

*171-68. I- : a ! P . a ! Q . C‘P a C‘Q = A . D . 

8 1 ^[(Pdf x Qdf)e(-P 4- Q)dt smor (P^ x Q df ) 

[Proof as in *170"68] 

*171-69. 1- : a ! P • 3 1 Q • G‘P a C‘Q = A . D . (P 4- Q)di smor (P^ x Q*) 
[*171-68] 

*1717. I- : Pdf = P c i • « ~ « C‘P . D . (a4f P)^ = (aj<f P) d 

[*171-64. *170-64] 

*17171. l-:C‘PAC‘Q = A.P dl = P 0 l .Q df = Q cl .D.(P4. Q) df - (P 4 . Q) d 
[*170-67 . *171-67 . *160-21-22] 


Digitized by Google 



*172. THE PRODUCT OF THE RELATIONS OF A FIELD. 


Summary of *172. 

In this number we have to consider the form of product which is applicable 
to any relation of relations, whether mutually exclusive or not If our relation 
were a RePexcl, we could take C ££ C £ P , and order selected classes from C ££ C £ P 
by first differences. This would give us a relation whose field would be 
Prod‘£7“(7‘P. But if any two fields overlap, this method fails. We might 
substitute e^ £ G ££ G £ P for Prod £ C ££ C £ P y and order the members of e^ £ C ££ C £ P 
by first differences ; but this method will not give what we want if two or 
more members of C £ P have the same field. In order to avoid any confusion 
due to repetition, we must, if Q e C £ P and x e consider x in connection 
with Q y not merely with C £ Q . That is, the relations in the field of the 
product of P must be such as concern themselves with the ordered couple 
x ^ Q, not merely with x. The simplest way of effecting this is to consider 
F±C‘P, A member of F± £ C £ P t say M> is a relation which picks out a 
representative of Q from the field of every Q which is a member of C £ P; 
that is, whenever QeC‘P t M £ QeC £ Q. Since we have M‘Q , not M £ C £ Q> two 
relations may have the same field and yet we can distinguish the occurrence 
of a given term as the representative of the one from its occurrence as the 
representative of the other. Thus no degree of overlapping will cause 
confusion. 

The relations which compose F& £ G £ P are to be ordered by first differences, 
but in order to distinguish different occurrences of a given term, we must 
give a slightly different form to the principle of first differences from that 
employed in *170 or *171. The new form of the principle is as follows: 
Consider two relations M and N which are members of F& £ C ( P. Let Q be 
a member of G‘P in which M chooses a representative which precedes that 
of N, i.e. in which (M‘Q) Q(N £ Q) ; and let all earlier relations than Q , i.e. all 
relations R such that RPQ and R 4 s Q, have M £ R = N‘R. Then we say that 
M precedes N. This principle may also be stated as follows: We may 
divide the members of C £ P into four classes, not in general mutually exclusive, 
namely : 
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(1) those in which (. M‘Q)Q{N‘Q) y i.e. in which the Jf-representative 
precedes the -^-representative ; 

(2) those in which (N‘Q)Q(M‘Q) > 

(3) those in which M‘Q = N‘Q> 

(4) those in which no one of the above three relations of M‘Q and N‘Q 
occurs. 

Then we shall say that M precedes J N if there is a member of class (1) whose 
predecessors all belong to class (3). 

In case all the members of C‘P are serial, the fourth of the above classes 
is null, and the other three are mutually exclusive. If, further, P is well- 
ordered, any two different members of F&C‘P must be such that one precedes 
the other in the above-defined order. Thus in this case the product of a series 
of series is a series (cf. *251). 

The definition of the product II ‘P is 

n‘P - M [M, N € FSC'P : . 

(aQ) : (M‘Q) Q (N‘Q ) : RPQ .R$Q.3 B .M‘R = N‘R] Df. 
Owing to the complication of this definition, the proofs of propositions of the 
present number are apt to be long. 

Various other definitions might be adopted for IPP, but we have found 
the above definition on the whole the best. 

We might, for example, drop the condition 22 =4= Q in the definition ; we 
could then write our definition in the simpler form : 

n ‘P = M { M , N e F a ‘C‘P : ( a Q) . (M‘Q) Q (N‘Q) .M\'P‘Q = N\lP‘Q], 

which, with our definition, is only available when PdJ ’ But if we adopt 
this simplification, we no longer have 

IP(PJ,P) = P^P (*172*2), 

which is a very useful proposition, required in the proofs of *183*13, *185*21 
and other important propositions. 

On the other hand, we might frame our definition on the analogy of P d 
rather than, as above, on the analogy of P df . The definition would then be : 

U‘P = M {M, N e FSC‘P 

(aQ) : (M‘Q) Q ( N‘Q ) : RPQ . D* . (M‘R) (R o I) {. N‘R )} . 

This definition does not assume tfyat there is a first relation Q for which 
the ^/-representative precedes the -V-representative. Thus it might be 
thought that it would give better results in cases where P is not well-ordered. 
But in fact this is not the case. If P is not well-ordered, it may happen that 
every Q for which (M‘Q) Q(N‘Q) is preceded by one for which ( N t Q)Q(M t Q\ 
and vice versa ; in this case, we shall have neither M (IPP) N nor N (IPP) M . 
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Thus our suggested new definition does not secure that IPP shall be a series 
whenever P and all the members of C‘P are series, and therefore has no 
substantial advantage over the simpler definition which we have adopted, and 
has the disadvantage of greater complication. 

In the present number, we first prove that II‘A = A (* 172 * 13 ) and that 
A e C‘P . D . Tl‘P = A (* 172 - 14 ), so that a product is null if any one of its 

factors is null. We then proceed to propositions about C'IPP, P'IPP, ete. 
We have 

*172*162. h : a ! P . D JBWP = B A ‘C‘P .~B‘Cnv‘Il‘P = P A ‘Cnv“C‘P 
*17217. h s a ! P . 3 - C*TL € P = FSC<P 

Hence we derive propositions as to the existence of 1PP. We have 

*172181. h Mult ax . D s A ~ e C‘P . a • P • = • a l IPP 

Thus assuming the multiplicative axiom, a product which has factors none 
of which are null is not null. 

We then consider IP(P 4 P), and IP(P 4 Q) where P 4= Q- We have 
*172*2. h.II‘(P4P) = P^P 
which is a useful proposition, and 
*172*23. h:P*Q.D.n‘(P4Q)smorPxQ 

which connects the two definitions of multiplication, showing that they lead 
to equivalent results for any finite number of factors, i.e. whenever the 
definition of *166 is applicable. 

We next consider IP(P -\>Z) and IP(P.£Q), proving 
*172*32. h s Z ~ e C‘P . D . IP(P +► Z) smor IPP x Z 

with a similar proposition for Z 4\-P (* 172 * 321 ), and 
*172*36. h : a ! P . a 1 Q • &P n C‘Q= A . D . n‘(P-£Q)smor n*P x IPQ 
which is a form of the associative law using both kinds of multiplication. 
The kind which uses only II will be proved in * 174 . 

We have next the proof (with its immediate consequences) that if 
P and Q have double likeness, IPP smor IPQ. We prove 

*172*43. h s T [ C‘2‘Q e P smor smor Q . D . 

(T || Cnv'Tt) T C‘11 ‘Q e (IPP) smor (IPQ) 
This proposition should be compared with * 114 * 51 , which is its cardinal 
analogue. It will be seen that the correlator only differs by the substitution 
of Tf for T e . From * 172*43 we obtain 

*172*44. I- : P smor smor Q . D . IPP smor r VQ 
whence 
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*172*46. t- Mult ax . 3 : P, Q e Rel* excl . a ! P smor Q n Rl'smor . 3 . 

n'Psmorll'Q 

Other propositions about 11‘P will be given in *174. 


*172*01. I7‘P = M [M,NeFSC‘P :. 

(aQ) : (M‘Q) Q ( N‘Q ) : RPQ . R * Q . 3* . M‘R = N‘R] Df 

*172*1. I-:: M(U‘P)N.~ :.M,N eFSC‘P 

(aQ) : (M‘Q) Q (N‘Q ) : RPQ .R$Q.3 r .M‘R = N‘R 
[(*172*01)] 

*172*11. I- :: M(WP) N. = :. M,NeF A ‘C‘P :. 

(a<2) : Q e C‘P . ( M‘Q ) Q (N‘Q ) : PPQ .R±Q.3 r .M‘R = N‘R 

Dem. 

h . *14*21 . 3 1- : ( M‘Q ) Q ( N‘Q ) 3 . E ! . 

[*33*43] D.QeO'Jlf (1) 

h . (1) . *80*14 . 3 1- M e F A ‘C‘P . 3 : (M‘Q) Q (N‘Q ) . 3 . Q e C‘P : 

[*4*73] 3 : (M‘Q) Q (N‘Q) . = .QeC‘P. (M‘Q) Q (N‘Q) (2) 

h . (2) . *172*1 .31*. Prop 

*17212. V.CWPZFS&P 

Dem. 

I- . *1721 .31-: M(U‘P)ir. 3 . M,NeF A ‘C‘P (1) 

I- . (1) . *33*352 .31-. Prop 

*172*13. h.TI‘A = A 

Dem. 

K *172*11. 3 1- : ilf (11‘P) A". 3 . g ! C‘P . 

[*33*24] 3 . a ! P (1) 

1- . (1) . Transp . 3 1* : P = A . 3 . (M, N ) . ~ [M (II‘P) N } : 3 I- . Prop 

*172*14. h: AeC‘P.3. II‘P = A 

Dem. 

1* . #33*24*5 .31*. ^\A = A . 

[*3341] 3KA~€(I‘P. 

[*80*21] 3 1* : A e C‘P . 3 . F^C'P = A . 

[*172*12.*33*24] 3 . II‘P = A : 3 1- . Prop 

*172*141. h a ! II ‘P . 3 : Q e C‘P . 3<, . a ! Q [*17214 . Transp] 

The following propositions are concerned with C‘II‘P, P‘II‘P, etc. 
*172*15*151*16*161 are lemmas for *172*162*17. 
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*17215. h : if e FSC‘P .QeC‘P. (if‘Q) Qy . 3 . if (n‘P) {if [ - t‘Q oy 4 , Q} 

Dem. 

h . *8041 . 3 h : Hp . 3 . if [ — i‘Q vy^Qe F^C'P (1) 

K *35101. *55 13. 3 

I- :. z (if f — i‘Q <y y ^ Q} R . = : R + Q . zMR . v .R — Q.z = y (2) 

K (2). *80-3.3 

h :. Hp . 3 : R = Q . 3 . {if [— t‘Q oy ^ Q}‘R = y. 

i2eC"P.i2 + Q.3.{if[-t‘Qwy4,Q}‘i2 = if < iJ: 
[Hp] 3 '.{M t Q)Q{M\ — i t QK>y [ Q)‘Q: 

ReC , P.R$Q.5.lMt-i*QvylQ}‘R = M‘R: 

[*3317] 3 : ( M‘Q ) Q{if[-i‘Quy4,Q}‘Q: 

RPQ.R$Q.3 B .M‘R={Mt-i‘QvylQ}‘Rz 

[*1721.(1)] 3 : if (n*P) {if [- t‘Q w y J, Q} :. 31- . Prop 


*172151. h : NeFS&P . QeC'P.yQ (N‘Q) . 3 . 

{iV[ - i‘Q o y 4, Q} (n*P) JV [Proof as in *172-15] 


*172 16. I- : MeFSC'P . g ! M^-B .3 .Me <3‘n‘P 
Dem. 

I- . *72-93 . *80-14 . 3 h :: Hp . 3 :. if G P . = : Q e C'P . 3 C . (if‘Q) BQ :. 
[Transp] 3 :. g ! M-B . = :(g Q).QeC‘P.~{(M‘Q)BQ } : 

[*931 .*80-3] 3 : (gQ) .QeC‘P. M‘Q e d‘Q : 

[*33-131] 3 : (gQ, y).QeC ( P. yQ ( M‘Q ) : 

[*172151] 3 : M e<3‘n‘P:: 3 1- . Prop 


*172161. I- : if e F a ‘C‘P . g ! M-B\ Cnv . 3 . if e D'n'P 
j Dem. 


h . *72-93 . *80-14 . 3 h :: Hp . 3 :. 

if G B\ Cnv . = : Q e C‘P . 3 e . (M‘Q) (B\ Cnv) Q : 
[*71-7] ^-.QeVP.OQ.iM^BQ:. 


[Transp] 

[*931.*80-3] 

[*33-13] 

[*17215] 


3 :. g ! if P | Cnv . = : (gQ) . Q <■ C‘P . ~ {(if ‘Q) PQ} : 

3:(aQ)-Q«C‘P.if‘Q e D‘Q: 

3 = (a Q,y) ■ QcC‘P . (M‘Q) Qy : 

D s Me D*n ( P :: D h - Prop 


The following proposition is important. It shows that, if G i P consists 
of series, if any member of C*P has no first term, I1‘P has no first term, 
but if every member of C‘P has a first term, the selection of all these first 
terms is the first term of IFP. 
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*172162. h : a ! P . 3 . P‘II‘P = P 4 ‘C‘P . fi‘Cnv‘II‘P = P 4 ‘Cnv“0‘P 
Bern. 

I- . *93103 . *1721216 . Transp . D I- . P‘II‘P C F^C'P a R1‘jB (1) 

K *72*93. 3 

Y:.MeF A ‘C , P.MQB.QeC , P.'D:(M , Q)BQ: 

[*931] 3 : (M‘Q) e D‘Q : 

[*3313] 3: (3 y).(M‘Q)Qy: 

[*17215] 3:ifeD‘II‘P (2) 

K (2) . *1011-23-35 . D h g ! P . 3 : MeFSC'P a R1‘P . 3 . if e D‘II‘P (3) 
3 Y : i7e (FII'P . D . (aQ, if) . Q € C‘P . (if‘Q) Q (if‘Q) . 

2-(zQ)-Q*C‘P.~{{N‘Q)BQ}. 
3.~(i7GP): 

3 h : if GP. 3 . if ~ea‘II‘P (4) 

3h:Hp.3.P‘II‘P = P 4 ‘C , ‘PARl‘P 

= P 4 ‘C‘P (5) 

I- : Hp . 3 . fi‘Cnv‘n‘P = P 4 ‘Cnv“C‘P (6) 

I- . (5) . (6) . 3 I- . Prop 

The following proposition is much used. 

*17217. Y : a ! P . 3 . C‘II‘P = P 4 ‘(7‘P 
Pent. 

K *17216162.3 

H Hp . if eP 4 ‘(7‘P . 3 : a ! M—B . 3 . if e CI'II'P : if G P . 3 . if e P'lI'P : 
[*9311.*25-55] 3 : if eC‘II‘P (1) 

K(l). *17212. 3I-. Prop 


K *17211. 
[*931] 

[*72-93] 

[Transp. 

h.(l).(3).(4). 

[*8017] 

Similarly 


*172171. Y : a ! P . 3 . D‘II‘P = P 4 ‘C‘P - P 4 ‘Cnv“C‘P . 

<3‘II‘P = P 4 ‘C‘P - P 4 ‘C‘P [*17216217] 

*172-18. i-s.asP.^sain'P.s.ai-^'C'P [*17217] 

*172*181. Y :. Mult ax . 3 : A ~ e C‘P . a ! P . = . a ! II ‘P 

Bern. 

h. *88-361. *17218. Dh::Hp.D:.a!P. 3 :ain‘P. = .C‘PCa‘P. 
[*33-41-5] = . G ( P C 0(a ! C‘Q ) . 

[*33-241] = .A~eC‘P (1) 

h . *172*13 . DHallPP.D.al-P (2) 

I- .(1) . (2). 3 h . Prop 

a. & w. ii. 28 
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*172182. l-::Multax.D:.AeC‘P.v.P = A: = .II‘P = A 
[*172-181 . Transp] 

*17219. h : a ! II ‘P . D . «‘C‘II‘P = F\C‘P [*17217 . *8042] 

Note that we cannot proceed to 2‘II‘P, because P>II‘P is meaningless, 
owing to the fact that the field of II ‘P consists of non-homogeneous relations. 

*172191. K«‘C‘II‘PGPrC‘P 

Bern. 

h . *17219 . *23 42 . D 1- : g ! II ‘P . D . «‘C‘II‘P CPf C‘P (1) 

h. *41-21. Dh:n‘P = A.D.s‘C‘II‘P = A. 

[*2512] D.s‘C‘n‘PCP[C‘P ( 2 ) 

h . (1) . (2) . D h . Prop 

*172192. h . a‘(P[- / 3) = /3 - t‘A 

Bern. 

Y . *35101 . D Y : Q e a‘(Pf /9) . = . (g*) . xFQ . Q e £ . 

[*33-5] =.R\C‘Q.Qe/3. 

[*33"24] =.g!Q.Qfy9:DI-. Prop 

The following proposition is sometimes useful. (It is used in *173*22 . 
*182-2 . *185-21.) 

*172-2. h.n‘(P|P) = P^P 

Bern. 

h. *17211. *5515.3 
Y :: M [II‘(P | P)} N. = :. M,NeFSi‘P :. 

(gQ) : Q e t*P . (M‘Q) Q (N‘Q ) : P = P . P + Q . D* . M‘R = N*R :. 
[*13195191] s :.M,NeF lk , i , P:.(M t P)P(N , P):. 

[*85-51.*33-5] = :.M,Nel P“C‘P . (M‘P) P ( N‘P ) :. 

[*38131] =-..( 3 x,y).x,yeC‘P.M = xlP.N=ylP. (M‘P) P ( N‘P ) :. 

[*5513] = :. (ga;, y).x,ye C‘P ,M = x^P . N= y P . xPy :. 

[*15011] = :. M{^P>P)N :. 

[*150-6] = :. M (P^ P)N:i D h . Prop 

The following propositions are concerned with the nature of the connection 
between II ‘(P 4 Q ) and P x Q. The connection is such as might be desired, 
except when P = Q, in whicli case, as shown above, II‘(P ^ P) is like P, and 
is therefore not like P x P. 
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*172-21. h : P * Q . I> . P x Q= f(Q 4 -P) ; n‘(P 4 Q) 

' Lem. 

K *17211. *5515. D 

b M {II‘(P | Q)} N. = s: M.NeF^FP u i‘Q) 

(gP) : R e i‘P v i‘Q . (M‘R)R(N‘R ) : S(P 4 Q)R . S+P . D s . :: 

[*51-235] = :: M,N eF^FP u i‘Q ) :: 

(iPP) P (P‘P) : S (P | Q) P . S * P . Z> s . M‘S = N‘S v 
( M‘Q ) Q (iV‘Q) : S(P | Q) Q . S* Q . D s . M‘S=N‘S (1) 

I- .(l).*5513.Dh::Hp.3:. 

Jf (n‘(P | Q)j iV . = : M, N e P A ‘(t‘P u t‘Q ) : 

(M‘P) P (N‘P ) . v . (M‘Q) Q (N‘Q ) . M‘P = iV‘P : 
[*80"9"91] = : (a®, x \ y, y ) 'x,x'e C‘P . y,i/ e C‘Q . 

M=x ^ P wy ^ Q.N=x' ^ P uy' ^Q: 
xPx ' . v . x = x' . yQy 1 (2) 

b. *150-72 .Dh:3f=a;4,Pc»y4,Q.D.i/;(Q4,P)=y4, a! . 

[*150-1] (3) 

b. *150-4. Dh:P{t(Q4P)iII‘(P4,Q)}/S. = . 

(rAT, N) • M { n‘(P 4 Q)} N . R - 1 (Q 4 P)‘M . S = t(Q 4 P)‘N C4) 
h.(2).(3).(4).Dh::Hp.D:. 

R {t(Q 4 P>; H‘(PiQ)}S. = : (a M, N, x, x\ y , /) : 

x, x ' e G‘P . y, y' e C‘Q .M=x^Pwy^Q.N*=x'^P'yy'^Qi 
R = y\x . 8= y : xPx . v . x = x' . yQy ' : 

[*1 319] = : (a®. <*>', y, y') : x, x' e C ( P .y,y' eC‘Q.R = y \x.S = y' [x' : 

xPx . v . x = x . yQy ' : 

[*166-111] = : R (P x Q) S :: D h . Prop 

*172-22. h:P + Q.D. (f(Q 4 ^)! t W‘P w *‘Q) *{P*Q ) *mof n‘(P 4 Q) 

Lem. 

b . *80-9 . *150-71 . D b Hp . D : 

M € P A ‘(t‘P V i‘Q ) . D . M>(QIP) = ( M‘Q ) 4 (AFP) (1) 

h.(l). *1501. Dh:.Hp.D: 

M,NeFS(i‘P u i‘Q ) . f(<2 4 P)‘M = f(Q 4 P)‘N . D . 

(M‘Q) l(M‘P) = (N‘Q)l(N‘P). 
[*55-202] l.M‘P = N‘P.At‘Q = N‘Q. 

[*80-91] 2.M=*N (2) 

b . (2) . *151-241 . *172-2117 . D I- . Prop 

*172-23. l-:P+Q.D.n‘(P4Q)8morPx(2 [*17222] 

The following propositions are lemmas for *17232. 

28—2 
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*172-3. h a ! P. (7‘P. 3 :ilf{n‘(P +►£)}#. = . 

(a$ T, u, v) . (u I S) (n‘P x Z) (V i T) . M = 8 v u Z . N= To v 4, Z 

Dem. 

t- . *80-66-44 . *16114 . 3 h Hp . 3 : MeFSG‘(P -\>Z). = . 

(%S,u).SeF A ‘C‘P.ueC‘Z.M=SvulZ (1) 
h . *5513 . *33-14 . *4 73 . 3 h = S « 4, Z. 3 

xMQ . = : xSQ . Q e d ‘S . v .x = u. Q = Z (2) 

h . (2) . *8014 . 3 1- :: Hp . Hp (2) . S e FSC'P . u e C‘Z . 3 

xMQ . = : xSQ . Q e C‘P .v ,x — u .Q = Z 
[*24"37] D :.Qe C‘P . 3 : xMQ . = . xSQ :. Q = Z .0 : xMQ . = .x = u:. 
[*30-341 .*80-3.*30-3] 3 : . Q e C‘P . 3 . M‘Q = S‘Q:Q = Z.O. M‘Q = u (3) 

K (1) . *17211 . *16114 . *17217 . 3 
h Hp . 3 :: M [W{P Zj\ N . = 

(3# T, u, v) 8, T e P 4 ‘ C‘P . u, v e C‘Z . M « 8 v u 4 Z . N = T v v J, Z 
(nQ):QeC l Pui‘Z.(M‘Q)Q(N‘Q):R(P-{>Z)Q.R$Q.3 B .M‘R = N‘R:. 
[*51-239.(3).*161-11] 

- "(a'®. T, u,v) S,TeF A ( C‘P . u,v e G‘Z . M = S o u 4 Z . N = T ov l Z 
(gQ):Qe C‘P . (S‘Q) Q (T‘Q ) : RPQ . R * Q . 3* . S‘R = T‘R : v : 

uZv : R e G‘P . Djj . S‘R = T‘R 

[*172-11-17.*71-35.*8014] 

= (a^. T, u, v) 8, Te C‘Tl‘P ,u,ve C‘Z. M = 8 c» u 4 Z . N=Tw ±Z: 

S(WP)T.v.8=T.uZv:. 

[*166-112] = (a-S, T, u , «):(«; S) (U‘P x Z) (v j T) . 

M = Svu^ Z ,N*=T w l Zu.'SV . Prop 

*172-31. h:a!P.£~eC‘P. 

{('&S,u).SeF A ‘C‘P.ueC l Z.R = ulS.M=SoulZ\.D. 
W e n ‘(P +► Z) smor (n‘P x Z) 

Dem. 

h . *172-3 . 3 I- : Hp . 3 . n*(P Z) = W'>(\1‘P x Z) (1) 

V . *21-33 . 3 V Hp . 3 : MWR . M’ WR . = . 

(3-S, S', u, u') .8,8' e FSC‘P . u, u' e C‘Z . R = u S = v! 4, S' . 

M = SvulZ. M' = S' vu'lZ. 

[*55-202] 3 . (a<S, S', u, u’) . S, S’ e F A ‘G‘P .u,u'eC‘Z.S=S’ .u = u' . 

M = Sw u l Z . M' = & ki u' ^ Z . 

[*13-22172] 3 . M— M' (2) 
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b . *21-33 . 3b:. Hp.3: MWR . MWR ' . = . 

( 3 S, S', u, u') . S, S' e FSC‘P . u, «' eC‘Z.R=ul S. R’=u' J, S'. 

M=SvulZ.M = S'vu’lZ. 

[*80-45-661] 3 . (a-Sf, S', u, u ’) . R = u i S . R' = u' J, S ' . 

S^M[C , P.uiZ = AI[i t Z.S' = M[G ( P.u'iZ = M[C t P. 


[*13172] 

3 . (aS,s',M,u') . p = u i s. P'=«' 4 , s' 

.S = S\ 

u±Z= 

u'lZ. 

[*55202] 

3.P = P' 



(3) 

b.(2).(3). 

3 b : Hp . 3 . IT e 1 — ► 1 



(4) 

b. *16612 

. *113101 . *17217 . 3 b : Hp . 3 . d‘ W= 

:<7‘(n‘P 

xZ) 

( 5 ) 

b.(l).(4). 

. (5) . *151*11 ,3b. Prop 





*172-32. b :Z~eC‘P . 3 . n‘(P 4* Z ) smor II ‘P x Z 

Bern. 

h. *17231. 3 b : Hp . a ! P . 3 . n*(P ■+> Z) smor II ‘P x Z 

h . *17213 . * 161 - 2 . 3 b : ~ a ! P . 3 . n*(P -\*Z) = A 
h. *17213. *16613. 3b:~a!P.3.n‘Px.Z = A 
b . (2) . (3) . *153101 . 3 b : ~a ! P. 3 . n^P-J+^smorll'P x Z 
b . (1) . (4) . 3 b . Prop 

*172-321. \-:Z~eC , P.'5.n\Z<\- C‘P)smorZx n‘P 

[Proof by similar stages to those in proof of *172"32] 

The following proposition is a lemma for *172"34, which is required in 
proving *172-35 (as well as *17 6 4). 

*172-33. b :: a ! P . a ! Q . G‘P n G‘Q = A . 3 :. 

M {n‘(P^Q)} N. = : (aS, T, S', T) :8,S'e F^C‘P . T, T e F A ‘G‘Q : 

S(n*P)S' . V . S= S ' . T(WQ) T : M = So T. M' = S' o T 

Bern. 

b . *80-66 . 3 b :. Hp . 3 : AT e F A ‘(C‘P 6 C‘Q) . = . 

( a S, T).Se FSC‘P . T e F A ‘C‘Q .M = SvT (1) 

I- . *80 661 . *35-7 . 3 b :. Hp . S e P 4 ‘0‘P . TeFSC'Q . M = S w T . 3 : 

PeC'PO.APP-S'PtPeC'Q.S.ilPP-PP (2) 
b . (1) . *17211-17 . *16014 . 3 1- Hp . 3 :: Af {n‘(P£Q)} N. = i. 

( a S, P.S', P) :. S, S' e P 4 ‘(7‘P . T,TeFSC‘Q . Jf = S e» P . IV = S' c T :. 

( a P) :ReG‘Pyj G‘Q . (APP) P(IV‘P) : P'(P*Q)P.P=|=P'. 3*. M‘R'=N‘Ri. 
[(2).*16011] = :. ( a S, T, S', T) uS.S'e F^G'P .T,Te F A ‘C‘Q . 

M= SvT . N=S' o T t. 

(3 R ) : R e G‘P . (S‘P) P (S'*P) : P'PP . P' * P • ^ir ■ S‘P' = S'‘P' : v : 


( 1 ) 

( 2 ) 

( 3 ) 

(4) 
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(a-R) : P e C‘Q . ( T‘R ) P ( T‘R ) : P'QP . 22' + P . D* . T‘R' m T‘R ' : 

R'eC‘P.D ie .S‘K=S' , R'i. 

[*10-35] = (a-S, T,S', T):.S,8' e FSC‘P.T,TeFL‘C‘Q.M=SvT.N=8'vTz. 
(a-R) : Re G‘P. ( 8‘R ) R ( S'‘R ) : P'PP . R' * P . 3* . S‘P' = £'‘P' : v : 
P'eG‘P.3 ir .S‘P' = ,S , ‘P': 

(aP) :ReC‘Q. (T‘R) R (T‘R ) : P'QP .P' + P.3* . PP' = F‘P' 

[*1 7 2’1 1 .*7 1 -35.*801 4] 

= (a 8, T, S', r):.S,S'e P 4 ‘G‘P .T,Te F A ‘C‘Q . M = S o T, M' = S' v T :. 
S(II‘P) S'.w.S = S'. T(U‘Q) T 3 1- . Prop 

*172-34 h:a!P.a!Q.G‘PnG‘Q = A.3. 

(s | G) e (n‘(P4Q)} imof {n‘P x n‘Q} 

Pm. 

h. *17233. *5515. *5313. 3 

‘ t- :: Hp . 3 M [I1*(P*Q)} N. = : (a 8, T, S', T', R, R ') : 

S, S'eFSC‘P. T, T'eFSC‘Q ,R = T iS.R'=T' IS'.M= s‘C‘R . N = i‘G‘P': 
8 (n‘P) S ’ . v . 8 = S ' . T(T1‘Q) T ' : 

[*1661 1. *17217] = : ( a P, P') . P {n‘P x II‘Q} P' . if = s‘G‘P . N= s‘C‘R ' : 
[*150-4] s : M {«JG;(n‘P x II‘Q)} N (1) 

h . *113153. *17 21 9. *16612 . 3 I- : Hp . 3 . (s| G) f C*(II‘P x n‘Q)el-*l (2) 
h. (1). (2). *151-231. Dh. Prop 

*172-35. h : a ! P • 3 ! Q ■ C‘P a G‘Q = A . D . n‘(P4-Q) smor n‘P x n‘Q 
[*172-34] 

The above proposition is important, being a form of the associative law. 

The following propositions are extensions of *172*23. It is obvious that 
they may be extended to any finite number of factors. 

*172-36. h:X*F.X*X. F*X.3.n‘{(X4 P) F} smor X x YxZ 
Bern. 

K*172-32.3l-:Hp.3.II‘{(X4 F) -f* Z) smor IF(X ±Y)xZ (1) 
I-. *172-23. *166-23. Db:Hp.D.n‘(X J, F)x^smorXx YxZ (2) 
h . (1) . (2) . 3 1- . Prop 

*172-361. h:X4 =F.X + Z. Y % Z ."5 .U‘{X (Y Z)) smorX xYxZ 
[Proof as in *17 2 ’3 6] 

*172-37. h:X+F.X*Z.X=t=F. P+Z. F+F..Z+JP.3. 

n«{(X 4, F)4-(X 4 W)} smor X X F x Z x W 

Bern. 

I- .*172 35 . 3 

I- : Hp . 3 . n‘{(X 4 Y)$(Z 4, W ) j smor n«(X 4 , P) x B\Z ], F) (1) 
I-. *172-23. *166-23. D 

K : Hp . 3 . II‘(X 4 F)xn‘(^4 F)smor(Xx Y)x(Zx W) (2) 

1- , (1) . (2) . *166-42 .31-. Prop 


Digitized by Google 



SECTION C] THE PRODUCT OF THE RELATIONS OF A FIELD 


439 


The following propositions are concerned with the construction of a corre- 
lator of n‘P with n‘Q when we are given a double correlator of P with Q. 
If the double correlator is T or T[C‘2‘Q, the correlator of II *P with TL‘Q is 

{T||Cnv‘Tt} rO'II'Q. 


*1724. b : TeP s^mor smor Q.D.{7’|| Cnv'Tf} f C ( U‘Q e 1 -» 1 

Bern. 

b. *16415. D 


1- : Hp . D . T T 0‘2‘Q, Tf \ C*Q e l-> 1 . C‘2‘Q = d‘T. C‘Q C (TTf 
I- . *41-43 . D b . «‘D “C‘ n ‘Q = D‘s‘C‘n ‘Q . 

[*172-191] D I- . s‘D“C‘II‘Q C D‘(P [ C‘Q) 

[*37-401. *162-23] C C‘2‘Q 

I- . *41-44 . Db. 8‘a“C‘n‘Q = dWC'WQ . 

[*172191] D I- . s‘(l“C‘Il‘Q C <I‘(P [ C‘Q ) 

[*35-64] CC‘Q 


I- . (1) . (2) . (3) . *74-773 


T, Tf, C‘2‘Q, C‘Q, C‘U‘Q 

Q, R, a, A \ 


Ob. Prop 


( 1 ) 

( 2 ) 

( 3 ) 


*172*401. b : TeP smor smor Q.Ne F A ‘G‘Q . 8 e C‘Q O . 

{(2 T ||Cnv‘2 , t)‘^)‘2’ ; 'S= PN'S 

Dem. 

I- . *43-112 . *150-1 . D V . {(TH Cnv , TfyNyr>S = (T\ N\ Cnv'T^yT^S (1) 
I- . (i) . *35-7-48 . *80-14 . D 

b : Hp . D . {(TH Cnv‘Tt)‘iV}‘T;^= {T| N\ Cnv‘(Tf [ C‘Q))‘(Tf [ C‘Q)‘S 
[*34-41.*72-601. *164-13] =(T\N)‘S 

[*34-41] = T‘N‘S Ob. Prop 


*172-402. b : TePsliior smof Q . N, N'e F^G‘Q . SeC‘Q .M-(T\\ Cnv‘TfyN. 

M' = (T || Cnv‘I’t)‘i\P . R = T>S O : 

N‘S= N'‘S . = . M‘R - M’‘R : (N‘S)S(N'‘S ) . = . (M‘R) R ( M'‘R ) 

Dem. 

b. *172-401. D b : Hp O . M‘R = T‘N ( S . M'‘R = T‘N’‘S (1) 

b . *162-22 . *4013 O b : Hp O . G‘S C C‘2‘Q . 

[*1641] D.(7‘fifCa‘T (2) 

b . *80-31 . *335. D b :. Hp O : N‘S, N'<S e C‘S : 

[(2)] 0:N‘S,N' ( Se<I‘T: 

[*71-56] 3:N‘S = N'‘S . = . T‘N‘S = T‘N'‘S . 

[(1)] =.M‘R = M‘R (3) 

b . (1) O b s. Hp O : ( M‘R ) R ( M'‘R ) . = . (T‘N‘S) (T‘>S) (FN^S) . 

[*150-41] =.(N‘S)(T‘>r>S)(N /( S). 

[*151-252.(2)] =.(N‘8)S(N' , 8) (4) 

b . (3) . (4) O b . Prop 
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( 3 ) 

W 


*172*403. I - :TeP smor smor Q . 3 . (T || Cuv‘ Tf)“F A ‘G‘Q C F A ‘C‘P 
Bern. 

h . *80*14 . *35*48 . 3 

I- Hp . 3 : N e F A ‘C‘Q . 3 . T | N | Cnv'Ff = T \ N | Cnv‘(7t f C‘Q) . 
[*80’14.*164*13] D.(T|iV|Cnv‘rt)«l-»C]s (1) 

I- • *37*32 . 3 h Hp . 3 : N e F A ‘C‘Q . 3 . d‘(T | N | Cnv'Tf) = T\“N“d ( T 
[*37*27l.*1641.*80*33.*l 62*23] = Tf“d‘N 

[*80*14] = T\“C‘Q 

[*1641. *150*22] = C‘P (2) 

I- . *80*14 . 3 1- :. Hp . 3 : NeF A ‘C‘Q .x(T\N\ Cnv'Ff) R . 3 . 

(ay. <S) . xTy . yFS . R = T’S . SeC‘Q . 
[*33*51. *37*1] 3 . ( a S) .xeT“C‘S . R = T‘yS.SeC‘Q . 

[*150*22.*164*1] 3 . x e C ( R : 

[*33*51] 3 : N e F A ‘C‘Q . 3 . T\ iV| Cnv'Ft <i F 

H • (1) . (2) . ( 3 ) . *80*14 . 3 

I- :. Hp . 3 : N e F A ‘C‘Q . 3 . (T \ N | Cn \‘T\) e F A ‘C‘P 
I- . (4) . *43*112 .31-. Prop 

*172*404. h :. Te Psmoi siilor Q . 3 : Ne F A ‘C‘Q ,M~T\N\ Cnv'Ff . = . 

Me F a ‘C‘P . N = T | M | Cnv‘?t 

Bern. 

I- . *1641 . *162*23 . *80*33 . 3 h :. Hp . 3 : Ne F A ‘C‘Q . 3 . D‘N C d‘T . 
[*71191.*50*63] 3.r|7 , |iV=i\r: 

[*34*28] 3 :NeF A ‘C‘Q ,M=T\N\ Cnv'Pf . 3 . T\ M= N | Cnv'Ff • 

[*34*27] 3.P|Af|Cnv‘Tt=iV|Cnv‘2 , t|Cnv‘rt (1) 

h . *80*14 . 3 h : NeF A ‘C‘Q . Se d‘N. 3 . Se G‘Q . 

[*40*13] 3.C‘SCs‘C“C‘Q 

I- . (2) . *164*1 . 3 h :. Hp . 3 : Ne F A ‘C‘Q . S e d‘N. O.C'SC d ( T 
I- . (1) . *150*1 . 3 1- :. Hp . Ne F A ‘C‘Q . M = T\ W| Cnv'Tf . 3 : 
y(T\M\ Cnv'Tf) F. = . ( a S, R ) . yNS. R = T’>S. F= T>R . 

[(3).*151*25] = . ( a S, R ) . yNS . R = T>S .Y=S. 

[*13*19*195] = .yNS 

I- . (4) . *172*403 . 3 1- :. Hp . 3 : NeF A ‘C‘Q . M= T\ N\ Cnv'Tf . 3 . 

M e F a ‘C‘P ,N~T\M\ Cnv'Tf 


( 2 ) 

( 3 ) 


( 4 ) 

( 5 ) 


T,Q,P 


h * ( 5 > ¥T~Q ’ * 164 ' 21 • 3 H :■ H P • 3 : Me F A ‘C‘P . N= T\ M | Cnv'Ff . 3 . 

NeF A ‘C , Q.M=T\N\Cnv‘Ti ( 6 ) 

h . (5) . (6) . 3 h . Prop 
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*172-41. V-.TeP smof smor Q.O. F A ‘C‘P = (r|| Cvlv‘T^)“FSC‘Q 

Lem. 

h . *172-404 . *43112 . 3 I- :. Hp . 3 : M eF A ‘C‘P . 3 . 

T\ M | WT\eFSC‘Q . M=(T\\ Cnv‘Pt)‘(r| M | Cnv'Pf) . 
[*37-6] 3 . M e {T || Cny‘ T^)“F A ‘C‘Q (1) 

H • (1) • *172-403 . 3 I- . Prop 

The following proposition is important, since it gives the required 
correlator of II ( P with 11‘Q. 

*172*42. 1 • iTeP smor smor Q . 3 . (T || Cnv'Ff) [ C‘H‘Q e (II‘P) Bmor (11‘Q) 
Lem. 

h . *1641 . *160-22 . 3 h :. Hp . 3 : C‘P = T\“C‘Q : 

[*37-6.*1501] 5:ReC‘P. = .(nS).SeC‘Q.R = T'>S (1) 

I- . *164-1 . 3 1- :. Hp. 3 : RPR . = . (gS', Y).R'= T’>S’ .R = T’>Y. S’QY (2) 
K *161-31. *1641. 3\-::Rp.5i.S,YeC‘Q.R=T>S.R = T>Y.5.S = Y:. (3) 
[*13-13]3:.SeC‘Q..R = nS.3: YeC‘Q .R=T’>Y . = .S=Y (4) 

K (2). (4). *3317. 3 

h :. Hp . /S e C‘Q . R = T>S . 3 : R'PR . = . (gS', Y).R'= T>S' .S=Y. S'QY . 
[*13195] = . (gS') . R' = T>S ' . S'QS (6) 

I- . *160-4 . *17211 . 3 1- Hp . 3 :: M {(PH Cnv'P-Jfn'Q} M ' . = 

(gJV, N')t.M = (T || Cn v‘Tf)‘N . M' = (T || Cnv‘Pt)‘^ ' . N, N'e F A ‘C‘Q : . 
(g-8) : S e C‘Q . (N‘S)S(N'‘S ) : S'QS . S'+ S . 3 y . i\T‘S' = i\P‘S' :. 
[*172-41-402] = :. M, M'e P 4 ‘C‘P:. (g S,R):SeC‘Q . R = T>S.(M‘R)R(M' ( R): 

S'QS .R'=T>S.S'^S. Is',* • M‘R' = M U R ' :. 
[*10-23.(3).(6)] = i.M^'eFSC'Pi.^Ry.SeVQ.R = T>S.{M t R)R(M , ‘R ) : 

P' * P . P'PP . 3*, . JPP' = M'‘R ' :. 

[(1).*1 72*11] (6) 

H . (6) . *43-302 . *172-4 . *151-22 .31-. Prop 

The following proposition is a lemma for *172-43. 

*172*421. 1- : S = T f 0*2‘Q . Se P smor smor Q . 3 . 

(S || Cnv'Sf) [ FSC‘Q = (T || Cnv'Pf) [ FSC‘Q 

Lem. 

. *80-33 . *16418 . *162-23 . 3 1- :. Hp . NeF A ‘C‘Q . 3 . D‘iVC C‘t‘Q . 
[*35-481] 5 ,T\N=S\N (1) 

h . *8014 . 3 1* :. Hp . N e F^C‘Q . Ye d‘N . 3 : Fe C‘Q : 

[*150-33.*162-22] 3 : X = T’>Y. = . X = S>Y. 

[*150-1] 3 : Y (Cnv'Pf) X . s . F(Cnv‘Sf) X (2) 

I- . (2) . *3314 . 3 h :. Hp . Ne FSC‘Q . 3 : 

(gF).yPT. Y(Cnv‘Tf)X . = .(%Y).yNY. F(Cnv‘S-f-)X: 
[*34-1] 3 : N | Cnv'Pf = N \ Cn v‘Sf (3) 

h . (1) . (3) . 3 h :. Hp . 3 iNeF&‘C‘Q . 3 . T | N | Cnv'Ff = S \ N\ Cnv'Sf : 
[*43112.*35-71] 3 : (PH Cnv'Pf) [ FSC‘Q = ( S |j Cnv'/Sf) [ F A ‘C‘Q :. 3 h . Prop 
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*172-43. h : T[C‘2‘QeP s5iof smor Q . D . 

<ar|| Cnv'T-f) r 0‘n‘Qe(n‘P) s5iof (n j Q) 

[*172-42-421] 

*172*44. h : Psmor smor Q . D . II ‘P smor II ‘Q [*172 42] 

*172*46. h Mult ax . D : P, Q e Rel a excl . 3 ! P smor Q n Rl'smor . D . 

n‘P smor T1‘Q 

[*164-44 . *172-44] 

The following proposition shows that if two relations have the same field, 
and if the parts of them that are contained in diversity are the same, they 
have the same product. Thus e.g. II'P^ = II‘P # , in virtue of *91*641. 

*172-6. I- : C‘P = G‘Q.PnJ=QnJ.^. II‘P = IFQ 

Bern. 

h. *5011 .DI-:.Hp.D: RPS . R$ S . = . RQS . R$ S (1) 

1- . (1) . *17211 . D 1- . Prop 
The following proposition is used in *182-42. 

*17261. h . I7‘P = IF(P u I [ C‘P) [*172-6] 

*172-62. h Q e a‘P . . ( 3 P) . RPQ . R * Q : D . II‘P = n‘(P A J) 

Bern. 

h . *6011 . DI-:Hp.D.<I‘PCa‘(PAP) (1) 

1- . *3314 . *93101 . Transp . D h : QPQ . D . Q ~ e P*P : 

[Transp.*3313] D (- : Q e B‘P . D . ( 3 P) • QPR . R^Q. 

[*50T1] D . QeC‘(P f*J) (2) 

h . (1) . (2) . *93103 . D 1- : Hp . Z> . C‘P C C‘(P <S J ) . 

[*33 265] D.C‘P = C‘(P«P). (3) 

I- . (3) . *172-5 . D H . Prop 

Thus we shall always have 11‘P = II‘(P a J) unless there are members of 
G‘P which have no referent except themselves. 
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*173. THE PRODUCT OF THE RELATIONS OF A FIELD {continued). 
Summary of *173. 

In this number, we shall consider the relation between the domains of 
relations related by IPP, i.e> we shall consider D>IPP. This relation bears 
to IPP a relation analogous to that which Prod *tc bears to e±K. We shall 
denote it by “ Prod'P.” When PeRePexcl, Prod *P is like IPP, and is often 
more convenient than II € P, When Pe RePexcl, Prod *P arranges the multi- 
plicative class of C“C‘P by first differences, taking first differences to mean 
that the earliest member Q of C‘P for which /x n C‘Q =|= v r\ C‘Q has the 
/x- member earlier than the i/-member in the Q-series. 

The properties of Prod *P all result immediately from those of IPP, and 
offer no difficulty of any kind. The most important of them are : 

*17314. h s a ! P . C T C‘P e 1 1 . D . C"Prod‘P = Prod <C“C‘P 

I.e. if P is not null, and no two members of C‘P have the same field, 
then the field of Prod *P is the product of the fields of C‘P. Observe that 
C f C‘P e 1 — ► 1 if P e Rel* ex cl. 

*17316. h : P € Rel* excl . D - 

Prod‘P smor IPP . D [ C'IPP e (Prod'P) s"mdr (IPP) 
*173*2. KProd‘A = A . 

*173*22. h . Prod ‘(P | P) _ OP 

*173*23. hsP + Q.D. Prod ‘(P J, Q) = C‘>(P x Q) 

*173*3. h : T f (7*2*Q e P smor smor Q . D . 

T € [ G * PnxPQ e (Prod'P) smor (PnxPQ) 

*173*31. h s P smor smor Q . D . PnxPP smor PnxPQ 

*173*01. Prod‘P = D>IPP Df 
*1731. I- . Prod ‘P = D5IPP [(*175*01)] 

*17311. h : /x (Prod <P) i/. = . (gilf, AT) . AT (IPP) AT . /x = D'Jf . i> = D'AT 
[*173*1. *150*51] 

*17312. h . C"Prod‘P C D “F^C'P [*172*12 . *150 202] 
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*173121. I- . (7‘Prod‘P = D“C"n‘P [*1731 . *150 22] 

*17313. h:a!PO.C‘Prod‘P = D“P A ‘0‘P [*17217 .*173121] 

*17314. h : g ! P . G f C‘P e 1 -> 1 . D . C‘Prod‘P = Prod‘C'“C‘P 
Bern. 

h . *85 12 . *33 5 . 3 h : Hp . D . D“P A ‘(7‘P = D“e A ‘(7“(7‘P . 
[*17313.*1151] D . C"Prod‘P = Prod‘0“C‘P Oh. Prop 

*17315. h : D [P A ‘C‘P e 1 -> 1 O . D [ C‘n‘P c (Prod'P) sTSor (n‘P) 
[*1731. *17212. *151-231] 

*173161. h : D[ F A ‘C‘P e 1 -♦ 1 . D . Prod'P smor Yl‘P [*17315] 

*17316. h : P e Rel J excl . D . 

Prod'P smor n‘P . D [ C‘U‘P e (Prod ‘P> smor (n‘P) 

Bern. 

h . *16312 . D h : Hp . D . F [ C‘P e Cls -> 1 . 

[*81-21] D . D [ F a ‘C‘P e 1 — » 1 (1) 

h. (1) . *1 7315115. Dh. Prop 

*173161. h : P e Rel> excl . a ! P O . (7‘Prod‘P = Prod‘0“C"P 
[*173 14 . *16314] 

*17317. h : g ! Prod ‘P . D . s'C'PnxPP = 0‘2‘P 

Bern. 

h . *17313 O h : Hp O . s‘C , ‘Prod‘P = s‘D“FSC‘P 
[*41 43 .*80*42] = D‘P [ C‘P 

[*37-401.*162-23] = C‘1‘P Oh. Prop 

*173-2. h . Prod‘A = A [*17213 . *150 42] 

*173 21. h : a ! Prod‘P . = . a ! n‘P [*1731 . *150 24 . *3312] 

*173-22. h . Prod ‘(P J,P) = uP 
Bern. 

h . *172-2 Oh. Prod ‘(P | P) = D5 i P’>P 

[*1 50-4] =p.v {(a®, y) . xPy . fi = D‘(a; P) . v = D‘(y P)} 

[*55"1 6] {(a*, y) • %Py . = t‘x . v = t‘y] 

[*150"4] = t>P Oh. Prop 

*173 23. h : P + Q O . Prod‘(P | Q) = 05(P x Q) 

Bern. 

h. *172-21. Dh:Hp0.a;(PxQ) = C;t(Q4P>;n‘(P4,Q) (1) 

h . *80-14 . *150-23 Oh: MeF A ‘C‘(Q ± P) O . C‘M'>(Q i P) = D‘if : 
[*5515.*1501] D h :MeF A ‘C‘(PlQ) . D . C"t(Q i P)‘M= D‘M: 
[*172-12] D h : M e C*n*(P J, Q) O . C"t(Q i P)‘M = D‘Af : 

[*i50-35] Dh.c;t(Q4-P) ;n ‘(-P4Q) = i > ;n‘(P4Q) (2) 

h.(l). (2). *1731 Oh. Prop 
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*17324. h : C‘P n C‘Q = A . 3 . C [ C‘(P x Q) e (Prod‘(P i Q)} amor (P x Q ) . 

Prod‘(P 4 Q) smor P x Q 

Bern. 

1- .*16612 . 3 1- . 0 [C‘(P xQ) = C [(P'P x C‘Q) (1) 

h . (1) . *113'148 .31-: Hp . 3 . C[C ( (P xQ)el-»l (2) 

h. (2). *173-23.31-. Prop 

*17325. I- : P e ReP excl . Z ~ eC‘P .C‘Z r\ C‘X‘P = A.3. 

Prod‘(P Z) smor (Prod‘P x Z ) . Prod‘(Z«f P) smor (Z x Prod'P) 

Dem. 

I- . *163-451 . 3 V : Hp . 3 . P 44 Ze ReP excl . 

[*17316] 3 . Prod‘(P 44 Z) smor II ‘(P 44 Z) . 

[*172-32] 3 . Prod‘(P 4* Z) smor n‘P x Z . 

[*173-16.*166"23] 3 . Prod‘(P 44 Z) smor Prod'P x Z (1) 

Similarly I- : Hp . 3 . Prod‘(Z <4- P) smor Z x Prod'P (2) 

P . (1) . (2) . D h . Prop 

*173-26. h : P, Qe RePexcl . g ! P. g ! Q. C‘P n = A . C‘%‘P n C‘2‘Q= A . 3 . 

Prod‘(P4-Q) smor Prod‘P x Prod'Q 

Dem. 

I- . *163-441 . *17316 . 3 I- : Hp . 3 . Prod‘(P4.Q)smor n‘(P4-Q) . 
[*172-35] 3 . Prod‘(P4-Q) smor li‘P x n‘Q . 

[*173"16.*166-23] 3 . Prod‘(P.£Q) smor Prod'P x Prod'Q :3b. Prop 

*173-27. I- : C‘P n G‘Q = A . C‘P n C‘R = A . C‘Q n C‘R = A . 3 . 

Prod‘{(P l Q)4+ P} smor P x Q x R 

Dem. 

V . *173-25 . 3 h : Hp . P + P. P* Q. 3 . 

Prod‘{(P ^ Q) 44 R] smor {Prod‘(P j, Q)} x R . 
[*173-24] 3 . Prod‘{(P | Q) 4* P} smor PxQxR (1) 

I-. *33-241. 3 I- : Hp. P = P.3.P = A. P = A. 

[*172-14.*16613] 3 . n‘{(P ;Q) 4 »P}=A.PxQxP = A. 

[*1 73" 1. *15042] 3 . Prod‘[(P ],Q)4» J R} = A.PxQxP = A. 

[*153-101] 3 . Prod ‘{(P ; Q) 44 P} smor (P x Q x R) (2) 

Similarly b:Hp.P = Q. 3. Prod‘{(P J, Q) 44 R] smor ( PxQxR ) (3) 

1- . (1) . (2) . (3) . 3 1- . Prop 

The following proposition gives a correlator of Prod'P and Prod‘Q when 
we are given a double correlator of P and Q. 
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*173"3. h : T [■ (7‘2‘Q e P smor smor Q . 3 . 

T e [ (7‘Prod‘Qf (Prod'P) smor (Prod'Q) 

Dem. 

K *17311. *17243. 3 

h :. Hp . 3 : /* (Prod ‘P) y ' . = . (gtf, N ') . i7(Il‘Q) iV' . y . D‘(rj iV j Cnv'T-f) ■ 

^^D^ri^'iCnv'rt)- 

[*37-32-321] = . (giV, J7') . jV(II‘Q) #'./* = T“D‘iV . y = T“D‘N ' . 

[*17311] = . (gv, v') . v (Prod'Q) v .y = T“v . y = T*V . 


[*37-101] s./t(2VProd*Q)p' (1) 

Y . *173 17 .3 b. «‘C‘Prod‘Q C (7‘2‘Q (2) 

[*11112] 3 h . (T f C‘l‘Q) t r 0‘Prod‘Q = [ C‘Prod‘Q (3) 

I- . (2) . (3) . *72-461 . 3 h : Hp . 3 . TV f C‘Prod‘Q e 1 -» 1 (4) 

h . (1) . (4) . *151-231 .31-. Prop 


*173*31. b : P smor smor Q . 3 . Prod'/ 1 smor Prod'Q [*1 73 3 ] 

*173-32. b : R [ C‘1‘Q el-* 1 . C"2‘Q C <3‘.R . 3 . Prod'iJfJQ = iJ^Prod'Q 

Dem. 

Y . *16418 . 3 b : Hp . 3 . R f C‘X‘Q e (iJf’Q) smor smor Q . 

[*1 733 ] 3 . R e T C‘Prod‘Q e (Prod'iJfJQ) smor (Prod'Q) . 

[*151 -22] 3 . Prod'iJfiQ = i2 e 'Prod‘Q : 3 I- . Prop 

3d- 

The above proposition is used in proving the associative law for “Prod ” 
(*174-401). 


*173-33. Y : D [ C‘1‘Q e 1 -> 1 . 3 . Prod'DfiQ = D e 5Prod‘Q *173 32 
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*174. THE ASSOCIATIVE LAW OF RELATIONAL MULTIPLICATION. 


Summary of * 174. 

In the present number, we have to prove the associative law for II and 
for Prod, i.e. we have to prove (with a suitable hypothesis) 

IPIUPsinor 11‘2‘P 

and Prod*Prod>P smor Prod *2*P. 

The first of these requires P e Rel* excl and either PGJ or 

QPQ.D q .C‘Q€0sj1 ; 

the second requires not only this, but also 2*P e Rel 2 excl. When both P 
and 2‘P are relations of mutually exclusive relations, we call P an arith- 
metical relation, which we denote by “ Rel 3 arithm.” Arithmetical relations 
serve exactly analogous purposes to those served by arithmetical classes in 
cardinal arithmetic. 

The proof of the associative law for II consists in showing that, under 
a suitable hypothesis, s | D (with its converse domain limited) is a correlator 
of II‘2*P and IPFMP (*174 221 *23). To prove this, we first prove 

*17417. h s P € Rel 2 excl . D . 8“D“C‘Il‘WP = C<n<2‘P 
and 

*17419. h : P € Rel* excl . D . (s | D) [ OTP n >P € 1 1 

This gives what we may call the cardinal part of the proof, i.e. it shows that 
(js | D)f C^FPEUP is a cardinal correlator of the fields of II*2*P and EPIUP. 
We then prove that if M and N belong to the field of IPIUP, they have the 
relation IPII5P when the relational sums of their domains have the relation 
I1*2*P. Here, in addition to the hypothesis Pe Rel 2 excl, we require that if 
any relation Q has the relation P to itself, then C"Q is not to have more than 
one term. Thus we have 

*174*215. h s. P e Rel* excl s QPQ . Dq . C‘Q eOvlO: 

M (ll‘WP)N. = . M,N€FSn“C‘P.(8‘B‘M)(ll‘2‘P)(s‘D‘N) 

The hypothesis QPQ . Dq - C‘Q e 0 \j 1 is verified if P G J (*174 216) ; thus 
for most purposes it is more convenient to substitute the simpler hypothesis 
PGJ for QPQ - 3q. C'QeO v 1. We shall, however, have occasion to use 
the hypothesis QPQ . Dq . C‘Q eOvl in *182*42*43*431, where our P is a 
relation whose field consists entirely of relations of the form QIQ, whose 
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fields are always unit classes, so that our P satisfies the above hypothesis even 
if P is not contained in J. 

The proof of *174*215 (above) is effected by first proving 
*174*2. h : P e Rel* excl .QeC'P. M € C‘U‘WP . D . M‘U‘Q = (PD <M) [ C‘Q 
From *174*17*19*215 we deduce 
*174*221. h P € Rel* excl : QPQ . D Q . C‘Q € 0 v 1 : D . 

Tl‘X‘P = s’W’n'WP . (s I D) [ C'lPIPP e (n ‘2‘P) slnor (II'IPP) 
whence we obtain the more convenient proposition 

*174*23. h s P e Rel* excl .PGJ . D . 

nw = ®n f n;p . (5|D)p^n 4 n5Pe(n^P)s-mdr(n f n;p) 

Thus if the hypothesis of *174*221 or of *174 23 holds, the associative law 
holds for n (*174*241*25). 

To prove the associative law for Prod, i.e. 

P € Rel 8 arithm .PGt/.D. Prod ‘2‘P smor Prod ‘Prod JP, 
we observe that, since IF2‘P= **D5IFIPP (*174*23) 

= PProd'lPP, by the definition of Prod, 
we have (*174*41) Prod‘2‘P = D*PProd‘lPP 

= PD € >Prod‘lPP, by *41*33, 

= PProd‘D*|->IDP, by *173*33, 

= PProd‘Prod>P, by the definition of Prod. 

Also s f ( 7 ‘Prod‘Prod*P € 1 — > 1 , by *115*46. Hence the associative law 
follows (*174*43). It will be observed that in this case the correlator is 
simply 8 with its converse domain limited (*174*42). 

As in the case of II, “PGJ” is a stronger hypothesis than we really 
need : what we need is QPQ . Dq . C*Q eOvl. 

*174*01. Rel 3 arithm = P (P, 2‘P € Rel* excl) Df 

*174 12. h s C[ C‘Pe 1 -> 1 . D . lPP € Rel*excl 

Dem . 

V . *150*202 . D 

h : M, Ne C‘WP . a ! C‘M n C‘N.D.M,N € Il“C ‘P. 3 ! C‘M n C ( N . 

[*37-6] D . (aQ, R).Q,R€C‘P.M=n‘Q.N=n‘R.Rl C ‘ Jf n C<N. 
[*172*12] D . ( a Q, R ) . Q, R e C"P . if = U‘Q . N = U‘R . a ! P A ‘C"Q n . 

[*80*82. Transp] D . (aQ, R) . Q, R € C‘P . M =n<Q . U ( R . (7‘Q = C‘R (1) 
h . (1) . *71*59 . D h Hp.Ds 

M y N€C‘n->P.nlC‘MnC‘N.D.(nQ } R).Q = R.M=n‘Q.N=n‘R. 

[*13*195*172] D.M = N ( 2 ) 

h . ( 2 ) . *163*11 . D h . Prop 

*174*13. h : P e Rel* excl . D . IPP e Rel* excl [*174*12 . *163*14] 
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*17416. P : a ! P . D . tf'Il'nJP = P 4 ‘II“C"P 
Dem. 

P . *150 25 . D P : Hp . D . a ! TUP. 

[*17217] D.C‘n‘n>P = FSC‘WP 

[*150-22] = P 4 ‘n“C‘P :DP. Prop 

*174161. P : a ! P . P e Rel» excl . D . 


C‘Prod‘n»p = D“C‘n‘n‘’P=FTod‘Ft“C“C‘P 


Dem. 



P . *173121 . 

d p . (7‘Prod‘n;p = D“(7‘n‘n;p 

(1) 

P. *173-161. 

D P : Hp . D . (7‘Prod‘n;p = Prod‘C“C"Ii;P 


[*150-22] 

= Prod‘(7“n“C‘P 

(2) 

P. *17217. 

D P : A~ e C‘P . D . 0“n“C"P = P 4 “0“C‘P 

(3) 

P. *172-14. *173-21 

. D P : A e C"P . D . (7'Prod'niP = A 

(4) 

P . *80-26 . *8311 . 

D P : A e C‘P . D . Prod‘P 4 “C"‘C"P = A 

(5) 


P . (2) . (3) . D P : Hp . A~ e C‘P . D . C'Prod'nJP = Prod' F*“C“C‘P (6) 

P . (4) . (5) . D P : Hp . A e C‘P . D . C‘Prod‘II>P = Prod‘P 4 “(7“(7‘P (7) 

I- . (1) . (6) . (7) . D P . Prop 

*174162. I- : a ! P . P e Rel* excl . D . s“V“C‘n‘WP = C'ri'S'P = F A ‘C‘X‘P 

Dem. 

P . *174161 . *1151 . D P : Hp . D . «“D“C‘n‘n;p = s“D“e A ‘P 4 “C“0‘P 


[*85-27 .*16316] = P 4 VC"‘C‘P 

[*162-22] = Pa'C'S'P (1) 

P . (1) . *172-17 . D h : Hp . a ! 2‘P . D . «“D“C"n‘n;P = C'lI'S'P (2) 

P. *162-45. DP:Hp.2‘P = A.D.P = A|A. 

[*17213.*150-71] D.n»P=A4A. 

[*172-14] D.n‘n;p=A. 

[*33-241] D . i“D“C"n'n;P = A (3) 

I- . *172-13 . *33*241 .DP: 2‘P = A . D.C‘n‘S‘P = A (4) 

P . (3) . (4) . D P : Hp . 2‘P = A . D . «“D“C‘n‘n;p = C'Wt'P (5) 

P . (1) . (2) . (5) . D P . Prop 

*17417. P : P e Rel» excl . D . «“D“C"n‘n5P = C'n'S'P 

Dem. 

I- . *150-42 . *17213 . D P : P = A . D . 4“D“0 , n*nSP = A (1) 
P . *162-4 . *17213 . DP:P = A.D.C‘n‘2‘P = A (2) 

P . (1) . (2) . *174-162 .DP. Prop 

raw ii. 29 
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*17418. h : P e Rel J excl .D.Df C‘n‘n>P c 1 -> 1 
Bern. 

h . *17412 . *163‘14*12 . D h : Hp . D . F \ C‘WP e Cls -♦ 1 . 

[*81-21] D . D f FS&WP c 1 -* 1 . 

[*172-12] D . D f (7‘n‘nJP e 1 — * 1:31-. Prop 

*17419. h : P e Rel* excl . Z> . (s | D) [ CWWP el-»l 

Bern. 

I- . *163-1 . *35'14 . D V Hp . D : 

Q, R e C‘P . Q * R . Dq. B . F [ C‘Q <S F [ C‘R = A . 
[*172-191] 0 Q ' B .s‘&n‘Q*8‘C‘n‘R = A. (1) 

I- . (1) . *33-5 . *85-31 p ,n “^ - . D 

Jr , fl 

I- : . Hp . D : M, N e P 4 ‘n“C‘P . = s , I)‘N.O.M=Ni 
[*l72-12.*150-22] D : M,N e CHI'niP . s‘I)‘M= i‘D‘N. D .M=N:.D h . Prop 

*174*191. I- : P e Rel* excl . D . «[ (7‘Prod‘n»P e 1 — » 1 

Bern. 

b . *17419 . D h Hp . D : M, N e C‘Il‘WP . PD'Jtf = i‘D‘iV . D . M = N . 
[*30-37] D . T> t M—T>‘Ni 

[*37*63] Difi,ve J)“C , Il , n.>P . s‘/i = s ( v . D . jx = v : 

[*173-121] D:p,ve C‘Prod‘n»P . «'/* = Pv . D . /* = v D h . Prop 

*174-2. h : PeRel’ excl .QeC'P.Me C‘Il‘WP . D . 4f‘n‘Q = (PD'Jlf) [ C‘Q 


Bern. 

b . *172-12 . *150-22 . D b : Hp . D . M e P A ‘n“C‘P . (1) 

[*80-31 .*33-5] D . M‘H‘Q e C‘U‘Q . 

[*17212] Z> . M‘U‘Q e FJC‘Q . 

[*80-14] D . (FJMPQ _ C‘Q (2) 

h . (1) . *80-3 . *41-13 . D h : Hp . D . C (3) 

I- . *17417 . D h : Hp . D . PD'ilf e <7‘n‘2‘P . 

[*172-12.*8014] D . 8‘D‘M e 1 -» Cls (4) 


b . (3) . (4) . *72-92 . D b : Hp . Z> . M‘WQ = (s'D'Jf) [ a‘M‘Il‘Q 
[(2)] = (8‘D‘M) [C‘Q:DK Prop 

*174-21. b :: P e Rel* excl .QeC‘P.M,Ne C‘D‘WP . D :. 

Jf*H*Q =N‘n‘Q. = :ReC‘Q.D R . (s‘D‘MyR = («‘D‘i7)‘P 

Bern. 

V . *71-35 . *8014 . *17212 . D h :: Hp . D 

JPn'Q = N‘U‘Q . = :ReC‘Q.O B . (M‘n‘Q)‘R - (iV'n'QyP : 

[*174-2] =: Re C‘Q . D s . {(s‘D‘M) [ C‘Q}‘R = ((s‘D‘iV) f C‘Q}‘P : 

[*35-7] = :ReG‘Q.D B . (s‘D‘M)‘R = («‘D ‘N)‘R :: D h . Prop 
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*174-211. h P e Rel» excl . D :: M (ITIUP) N. = u 
M,NeFSn“C‘P :. (gQ, 8 ) : Q e C‘P . 8 e G‘Q . {(. MWQyS } S {( N‘Tl‘Qy8 } : 
TQS. T^S.O T .(M‘n‘QyT=(N‘n‘Q)‘T: 

RPQ . R + Q . Te C‘R . D Rr . (M‘U‘RyT= (N‘U‘RyT 
Dem. 

K .*17211 .*150-22 . D h :: Jf(II‘n;P)iV.= :. 

M,N e F±Il“C‘P (g Q) iQeC‘P. (M‘U‘Q) (II‘Q) (N‘Tl‘Q) : 

RPQ . II ‘P + II'Q . . M‘WR = N<n<R (1) 


I- . *80-31 . D V M e F A ‘Il“C‘P . D : Q e G‘P . Z>„ . M ( U‘Q e C‘Tl‘Q . (2) 

[*33-24] Dg.gjn'Q. (3) 

[*172-19] 0 Q .s‘C ( U‘Q = F[C t Q (4) 

h . (3) . (4) . D h : M e P 4 ‘II“(7‘P .Q,ReC‘P .U‘Q=n‘R .0 . 

F\- C‘Q = F[ C‘R . a ! U‘Q . g ! II‘P . 

[*172141-192] D . C‘Q => C‘R (5) 

I- . ( 5 ) . *16314 . D V :: Hp . D :. M e P 4 ‘II“(7‘P .Q.ReC‘P.0: 

n‘Q=n , R.1.Q = R: 

[*30-37.Transp] D: n‘Q + II‘P. = .Q + P (6) 

h . *71-35 . (2) . *17212 . *8014 . D 
I- :: M, N e F A ‘W‘C‘P . R e C‘P . D 

JfU'P « N‘U‘R .~:TeC‘R.D T . (M‘n‘R)‘T= (N‘n‘R)‘T (7) 


h . *17211 . D h (Af'IFQ) (II‘Q) (P‘II‘Q) . s :. M‘WQ, P‘I1‘Q e FJC'Q :. 
(g-S) : S e C‘Q . {(M‘n‘Q)‘S} S {(. N‘U f Qy8 } : 

TQS . T+ 5 . D r . (M‘Il‘QyT = (N‘U‘QyT (8) 

h . (1) . (2) . (6) . (7) . (8) . D H . Prop 


*174*212. h P e Rel* excl . D :: Jlf(mi>P) N . = :. 

M,ITeFsn“C‘P :. (gQ, S)tQeC‘P .SeC‘Q. {(s'V'MyS] 8 {(s‘D‘NyS } : 
PQS . P+ S . D r . (8‘D‘MyT= (A‘D‘NyT : 

PPQ . R * Q . Pe C‘R . D Ar . (#‘D‘iV)‘P 

[*174-2-211 . *35-7] 

*174-213. h :. RPQ . S e C‘Q . T e G‘R . <8* T . ***. . P*Q :PeRel*excl : D : 

RPQ . S e C<Q . Te (7‘P . P * Q . = . RPQ . Se C"Q . Te G ( R . 5+ T 

Dem. 

I- . *1631 .31-:. Hp . D : RPQ .R^Q.Se C‘Q . TeC‘R .D .S^T (1) 
h .*111 . D h Hp . D : RPQ . 8 e C‘Q . Te C‘R ./!?=[= P . D . P Q (2) 
h . (1) . (2) . D H . Prop 

29—2 
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*174*214. b :: P e Rel* excl : QPQ . 3q . C'Q e 0 v 1 : 3 
(a<2) S Q € C"P : TQ8 . T* S . v . ( a P) . BPQ . R * Q . 8 e C'Q . Te C‘R : s . 
T(S,*P)S.T+S 

Bern. 

K*52*4l.3l-:.Hp .0:S,TeC‘Q.S*T.D.~(QPQ)z 

[*13*12.Transp] 3 : RPQ . Se C'Q. Te C'R . 5+ T. 3 . Q^R (1) 

l-.(l). *174-213. 3 

b :: Hp . 3 RPQ . 8 e C'Q . T e C'R . R * Q . = . RPQ . Se C'Q . Te G‘B . S* T:. 
[*4-37.*ll-341] 3 :. 

(aQ) • Q « G'-P • TO ■ r + s • V . (aQ, B) . i2PQ . S € . T e . 12 + Q : = : 

(aQ) . Qe C‘P . TO- T+S- v . CaQ.-ff) ■ RPQ -SeC'Q.Te C'R . T+S: 
[*16213] = : T(VP) S.T^S (2) 

I-. (2). *33-17. 3I-. Prop 

*174*215. K :. P e Rel* excl : QPQ . 3 C . C'Q e 0 v 1 : 3 : 

M (II'IUP) N.= .M, NeF^'U"C'P . (s'D'M) (U'VP) (s'D'N) 

Dem. 

I- . *174*212*214 . 3 b Hp . 3 i:M(U'WP)N. = :. 

M, N e F A 'U"C'P :. (aQ, S):Qe C'P . S e C'Q . 8 {(s'D'NyS ) : 

T(VP)S. T$S .D t .(8'B'M)'T=(s'T>'N)'T (1) 

b . *172*13 . *152-42 . 3 b : M (n'lUP) N . 3 . a 1 P ■ 

[*172162] 3 . a'D'M, s'D'N e F^'C'VP (2) 

b . *162-22 . 3 I- : (aQ) .QeC'P .SeC'Q.= .Se C'VP (3) 

V . (1) . (2) . (3) . *17211 .31-. Prop 

*174-216. hi.PCJ.D: QPQ . 3, . C'Q e 0 u 1 

Dem. 

b . *50-24 .31-:. Hp . 3 : (Q) . ~ (QPQ ) : 

[*10-53] 3 : QPQ . 3 g . C'Q e 0 v 1 :. 3 b . Prop 

*174-22. h:.Pe Rel* excl. PQ.J. 3: 

.Jf (II'IUP) N. = . M,Ne F a 'U"C'P . (s'D'M ) (II'S'P) (s'D'N) 
[*174-215-216] 

*174-221. b :. P e Rel* excl : QPQ . 3„ . C'Q e 0 v 1 : 3 . 

n 'vp = #» d» nqi;p.(i|D)|‘ c"n‘n; p e (n ‘S'P) amor (n* n; p> 

Dem. 

I-. *174-215. *150-41 .3 

i- : Hp . (« | D) a'n *n; p . 3 . n*n; p = ?; n‘2‘P (i) 

b. *17419. 3 1- : Hp (1) . 3 . Te 1 -* 1 (2) 

1- . *17417 . 3 1- : Hp(l). 3 . D'T— C'D't'P (3) 

b . (1) . (2) . (3) . *15111 . 3 1- : Hp(l) . 3 . Te (mUP) smof (n'2'P) . 
[*151131] 3.2 , e(n‘2‘P)sI5of (n'nJP) (4) 

h . (4) . *151*22 .31-. Prop 
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*17423. h : P e Rel* excl .PC/. 3. II ‘t‘P = D» I1‘II> P . 

(« I D) r* (7‘n‘IHP € (n‘2‘P) imor (IFIBP) [*174-221-216] 
*174-231. h P e Rel* excl : QPQ . 3„ . C‘Q e 0 v 1 : 3 . 

8 r (7‘Prod‘n; P e (II‘2‘P) shior (Prod'lU P) 

Dem. 

V . #174-221 . #1731 . 3 V : Hp . 3 . n‘2‘P = «»Prod‘n;P (1) 
h . (1) . #174191 . #151-231 .31-. Prop 
*174*24. V : P e Rel’ excl . P G «/ . 3 . 

8 [ (7‘Prod‘IIi P e (11‘2‘P) smor (Prod‘II5 P) [*174-231-216] 
*174-241. h P e Rel* excl : QPQ . 3«, . C‘QeO u 1 : 3 . 

ITS'Psmor IMUP . IFS'Psmor Prod'IUP [*174-221-231] 
*174*26. I- : Pe Rel* excl . PGJ. 3 . 

II ‘2 ‘Pernor IPIIiP . II‘2‘Psmor Prod'nJP [*l74-2324] 
This proposition gives the associative law for II. It remains to prove the 
associative law for Prod. 

The following propositions are concerned with various properties of 
“arithmetical” relations, down to *174*4, where the proof of the associative 
law for Prod begins. 

#174-3. hPe Rel* arithm . = . P, 2‘P e Rel* excl [(#174-01)] 

*174-31. H.PeRel* arithm . s : Q, QT e C‘P . Q * O' . 3^ . C‘Q n G‘Qf = A : 

R, R' e C‘2‘P .P + U'.3 w .C‘Bo G‘R' = A [*1743 . *1631] 
*174-311. V :. P e Rel* arithm . = : Q, O' e C‘P . a 1 C‘Q n C'Q' . 3 c , tf . Q = Q [ : 

R, R' e C ( t‘P . a ! C‘R « C‘R ' . 3** . R = R [*174 3 . *16311] 

*174-32. V : P e Rel* arithm . = . P[ C‘P,F\ C<2‘P e Cls -> 1 

[*174-3 . *16312] 

*174-321. h : P e Rel’ arithm . 3 . C f G‘P, C [ (7‘2‘P e 1 —» 1 [*174 3 . *16314] 
*174-322. h : Pe Rel* arithm . Q, Q e C‘P . a ! G“G‘Q n C“C‘Q ' .3 .Q = Q! 

Dem. 

h.*37-6.3h:Hp.3. (gP, R'). Re C‘Q . R' e C ‘& . C‘R = C‘R . 
[*174-321] 3 . (a-R, R') . R e C‘Q . R' e C‘Q ' . R = R ' . 

[*13195] 3. a l C t QnC‘Q'. 

[*174-311] 3 . Q = O ' : 3 h . Prop 

*174-33. h : Pe Rel* arithm . 3 . C ( “G“G‘P e Cls* arithm 
Dem. 

K *174-322. 3 

I- Hp . 3 : Q, Q e C‘P . a 1 C“C‘Q n C“C‘QT .3<^. C"G‘Q = C“C‘Q! s 
[*37-63] 3 : 7 , S e C‘“C“C"P . a ! 7 « S • :>*,« -7=3: 

[*84-11] 3 : C‘“C“C‘P e Cls* excl (1) 

I- . *174-3 . *16316 . *162-22 . 3 1- : Hp . 3 . C“s‘C'“C‘P e Cls* excl . 

[*40-38] 3 . s‘C“‘C“C‘P e Cls* excl (2) 

K (1). (2). *115-2. 3 K Prop 
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*174 34. h : P e Rel* arithm . = . 

C‘“C“C‘P e Cls* arithm . C [ C‘P, C [ C‘VP e 1 1 

Bern. 

K *174-321-33. 3 

h : P e Rel* arithm . 3 . C ,,< C“C‘P eCls* arithm . (7[ C‘P, C f (7‘2‘P e 1 — > 1 (1) 
h . *115-2 .3b: C“‘C“C‘P e Cls* arithm . C [ C'S'P el-*l . 3 . 

«‘C“‘C“C‘P e Cls 1 excl . C [ C‘VP e 1 -> 1 . 
[*40 38.*1 62-22] 3 . C“C‘X‘P e Cls 1 excl . C [ C‘%‘P e 1 -» 1 • 

[*16317] 3 . 2‘P e Rel 1 excl (2) 

I- . *37-62 . 3 b : Q, Q e C‘P . R e C‘Q ft C'Q' . 3 . C‘R e C“C‘Q ft C“C‘Q' (3) 

b. (3). *115-2. *8411. 3 

I- : C“‘C“C‘P e Cls* arithm .Q,Q'eC‘P.Rl C‘Q ft C‘Q . 3 . 

C“C‘Q — C“C‘Qf (4) 

b. (4). *72-481. *37-421. 3 

1- : C‘“C ,( C‘P e Cls* arithm . C [ C‘X‘P e 1 -» 1 . 

Q, O' e C‘P . a ! C‘Q ft C'Q' . 3 . = C‘Q? (5) 

h. (5). *71-59. 3 

I- : . C‘“C“C‘P e Cls> arithm . C [ C‘2‘P e 1 1 . C [ C‘P e 1 -*■ 1 . 3 : 

<2, O' e C‘P . a ! C*Q ft C‘Q' . . Q = O' : 

[*16311] 3 : P e Rel 1 excl (6) 

I-. (2). (6). *174-3.3 

b : C‘“C“C‘P e Cls« arithm . Cf C‘2‘P e 1 -*• 1 . C[ C*P e 1 -* 1 . 3 . 

P f Rel* arithm (7) 

b . (1) . (7) . 3 b . Prop 

*174-35. b : P e Rel* arithm . Q, Q[ e C ( P . Q * . 3 . C‘t‘Q ft C'S'Q' = A 

Bern. 

b. *174 3. *1631. 3h:.Hp.3:P€C , Q.P , eC f Q'.3 J! , B ..P + P' (1) 

I- . *162-22 . 3 1- :. Hp . 3 : B e C‘Q . R e G‘Q . 3 A * . R,R'eC‘VP (2) 

1- . (1) . (2) . *174-31 . 3 b :. Hp . 3 : R e C‘Q . R' e C ‘<? . 3* g . C‘R ft C‘R' = A : 
[*40-27] 3i8 t C“C‘Qr\8‘C“C , Qf = A: 

[*162-22] 3 : C‘t‘Q ft C‘VQ = A :. 3 1 - . Prop 

*174-36. b : P e Rel* arithm . 3 . 2> P e Rel* excl 

Bern. 

b . *174-35 . *37-63 . *150 22 . 3 

b :. Hp . 3 : P, P' e C‘X>P . P =|= P' . 3 . C‘R ft C‘R' = A (1) 

b . (1) . *1631 .3b. Prop 
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*174*361. hP« Rel* arithm . 3 . C‘P C Rel* excl 
Dem. 

h.*1621.Dh:QeC‘P.D.Q<-2‘P ( 1 ) 

I- . *174*3 . 3 h : Hp . 3 . 2‘P e Rel* excl (2) 

I- . (1) . (2) . *163*43 . 3 h . Prop 

*174*362. h : P e Rel 5 arithm .Q,QfeC e P. C“C‘Q = C^Q * . 3 . Q - O' 

Dem. 


K *174*322. 

Dh: 

Hp-alC^Q, 

.3. 

q-v 

a) 

h . *37*45 . 

Dh: 

C“C‘Q = A . 3 . 

C‘Q 

= A. 


[*33*241] 


3. 

Q= 

A 

(2) 

h. (2). *13*172, 

.Dh: 

Hp . G“C‘Q = A 

.3 

■Q=<y 

(3) 

h.(l).(3).3h, 

. Prop 






*174*363. I- : P e Rel* arithm . 3 . Prod> P e Rel* excl 

Dem. 

H . *173*161 . *174*361 . *173*2 . Transp . 3 
H Hp . 3 : Q, O' e C‘P . g 1 0‘Prod‘Q a C'Prod'Q' . 3 . 

a t Prod‘C“C‘Q n Prod‘C“C‘Q' . 
[*1 15*23.*174*33] 3 . C“C‘Q = C“C‘Q' . 

[*174*362] 3.Q = Q'. 

[*30*37] 3 . Prod'Q = Prod'Q' (1) 

h . (1) . *163*11 . *150*22 . 3 h . Prop 


*174*4. h : P e Rel’ excl . P G «/ . 3 . 

Prod'S'Psa D»«»Prod‘II>P=*»De> Prod'IUP 

Dem. 

h . *173*1 . 3K Prod ‘2‘P - D5 11‘2‘P (1) 

h . (1) . *174*24 . 3 h : P e Rel« excU PGP. 3 . Prod ‘2‘P = D»i5 Prod'Ii; P 
[*41*43] = «; D,5Prod‘n;P : 3 h . Prop 


*174*401. h : Pe Rel* arithm . 3 . Prod'ProdiP* D e » Prod'Ii; P 

Dem. 

h . *80*33 . *162*23 . 3 1- : R e F A ‘C‘Q . 3 . D‘P C C‘2‘Q (1) 

l-.(l).3h iReFSC‘Q .KeFSC'Q’ . a ! D‘Pn D‘P' . 3 . 

3 !C‘2‘Q«C‘2‘Q' (2) 

h . (2) . *174*35 .31-:. Hp . 3 : 

Q, O' e C‘P . R e F A ‘C‘Q . R' e FSCHf . D‘P = D‘R . a l D‘P . 3 . 

Q = Q' . 

[*81*21 .*1 7 4*36 1 .*163*1 2] 3 . R - R (3) 

K (3). *33*241. 3 

h :. Hp . 3 : Q, Q e C‘P . R e FSC‘Q . R e F A ‘C‘Q ' . D‘P = D'# . 3 . R = R ' : 
[*1 7 2*1 2.*1 50*22] 3 : D |V(7“n“C‘Pe 1 — *1 : 

[*162*22] 3:DrC‘2‘Ii;Pel->l: 

[*173*33] 3 : D e » Prod' II 5P = Prod'DfJ WP 

[*173*1] = Prod'Prod’P :. 3 h . Prop 
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*174-41. h:Pe Rel’ arithm . P G J . 3 . Prod‘S‘P = «5 Prod' Prod? P 
[*174-4-401] 

*174*42. V : P e Rel’ arithm . P G J . 3 . 

s [ (C"Prod < Prod» P) e (Prod‘2‘P) smor (Prod‘Prod> P) 

Pm. 

K *1731 61-2. *174-363.3 
V : Hp . 3 . C'Prod'Prod; P C Prod'tWProd; P 
[*150-22] CProd‘C“Prod“C‘P 

[*173161.*174-361] C Prod'Prod “C‘“C“C‘P (1) 

h . (1) . *174-33 . *115-46 . 3 h : Hp . 3 . *[ 0‘Prod‘ProdiP e 1 -> 1 (2) 

I- . (2) . *174-41 . *151-231 . 3 I- . Prop 

*174*43. h : P e Rel’ arithm . P G J . 3 . Prod‘2‘P smor Prod‘Prod> P 
[*174-42] 

This is the associative law for Prod. 

*174-44. I- : P e Rel’ arithm . 3 . Prod‘Prod> P = D e » D> II ‘115 P 
[*174-401 . *1731] 

*174*46. h : P e Rel’ arithm . 3 . 

(Df I D) [ CHIHIS P e (Prod ‘Prod; P) sTSof (n‘n> P) 

Bern. 

h . *174-18 . 3 h : Hp . 3 . D f* (7‘II‘n; P e 1 — » 1 (1) 

I-. *80-33. *162-23. 3 

I -:Re t\‘C‘Q . R' e FS&Q: . g l D‘iJ a D ‘R . 3 . g ! C‘2‘Q n C‘X‘Q' (2) 

I-. (2). *174-35. 3 

I- :. Hp . 3 : Q, Q' eC‘P .Re F A ‘C‘Q . R'eF A ‘C‘Q ' . a ! B‘R . D‘P = D‘P' . 3 . 

* Q=Q'‘ 

[*8121 .*1 74*361 .*1 63*1 2] 3 . R = R' (3) 

I- . (3) . *33-241 . 3 

h :. Hp . 3 : Q, Q' e C‘P . R e F A ‘C‘Q . Rf e F A ‘C‘Q' . D‘R = D‘i?' .3 .R = K: 
[*17212] 3 :Q,Q'eC‘P.Re C‘Tl‘Q . R' e C‘Il‘Q ' . D‘P = D‘P' . 3 . R = R (4) 
I- . *173161 . *37-6 . *173-2 . Transp . 3 
H :: Hp . fi,v e (7‘Prod‘n;P . D“/a = D“v . 3 :. 
Pe/*.3:(aQ):Q«C‘P.P€C‘n‘Q: 

(aQ', R ') . Q' € C‘P . R' e C‘U‘Q' .R'ev.H‘R = B‘R ' : 

[(4)] 3: (a R).R’ev.R*=R': 

[*13195] 3: Rev (5) 

Similarly I- :. Hp(5) . 3 : Rev. 3 . Reft (6) 

h . (5) . (6) .31-:. Hp . 3 : /*, v e C‘Prod‘n >P . D“/* = D“i/ .3 . ft.— v\ 

[*71-55] 3:D e | k C‘Prod‘n;Pel— >1: 

[*150-22.*173 1] 3 : D e [ D“(7‘n‘n;P e 1 -» 1 (7) 

I- . (1) . (7) . *35-481 . 3 h : Hp . 3 . (De | D) p OHI'n^P e 1 -♦ 1 (8) 

h . (8) .*174 44 . 3 h . Prop 
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*174*46. h : P e Rel* arithm . D . Prod‘Prod>P smor 11‘II’P [*174*45] 

*174*461. f- : P e Rel* arithm . PdJ.O . Prod‘Prod» P smor 11‘2‘P 
[*174*46*25] 

*174*462. I- : P e Rel* arithm . D . 11‘Prod’P smor Prod ‘ Prod ’P 
[*174*363 . *173*16] 

The two following propositions merely sum up previous results. 

*174*47. h : P e Rel* arithm . P d J.D . 

Prod‘2‘P - s’ Prod‘Prod» P = s> D e > D5 n‘n J P = D» Prod'IU P . 

8 [ (7‘Prod‘ProdJP, «|D,|DrC*n«IIiP, D|«f(7‘Prod‘n;Pel->l 
[*174*42*45*24 . *41*43] 

*174*48. h : P e Rel s arithm . P G J . D . 

Nr‘Prod‘Prod» P = Nr‘Prod‘2‘P = Nr‘II‘2‘P = Nr‘II‘n> P 

= Nr'Prod'nJP = Nr'II'ProdJP 

[*174*43*46*25*462 . *152*321] 
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* 176 . EXPONENTIATION. 


Summary of *176. 

The definition of exponentiation is framed on the analogy of the definition 
in cardinals, i.e. we put 

PexpQ = Prod‘PJ,5Q Df. 

We put also, what is often a more convenient form, 

P Q = 8> (P exp Q) Df. 

The relation P^ has for its field (unless Q = A) the class of Cantor’s 
“ Belegungen,” i.e . the class ( C‘P f C‘Q)*‘C‘Q. It arranges these by a form 
of the principle of first differences, namely as follows : Suppose M and N 
are two members of (C‘P f C"QV(7*Q, and suppose there is in C‘Q a term y 
for which the if-representative (M‘y) precedes the -^-representative {N‘y), 
i.e. for which (M‘y) P (N‘y) t and suppose further that all terms in C‘Q which 
are earlier than y , i.e. for which zQy *z^y, have their Jf-representative and 
their ^-representative identical ; in this case we say that M has to N the 
relation P®. This may be stated as follows, provided we assume that P and Q 
are series: Let M and N be two one- valued functions whose possible arguments 
are all the members of (7*Q, while their values are some or all of the members 
of C‘P. Then we say that M has to N the relation P Q if the first argument 
for which the two functions do not have the same value gives an earlier value 
to M than to N. Thus for example let P be the „ 

senes a a*, a,, a 4 , a Z) and let Q be the senes • • • • • — » p 

bi 9 b 3 , 6„ b 4 . Then M and N are to be such that 
M ‘b or N‘b is defined when, and only when, 6 is • • • • -* 0 

bi or £> a or b 9 or b 4i and the value of M*b or N‘b is ^ ^ 

or a, or Oj or a 4 or a 8 . Then if and c^, M precedes N; if 

M € b 1 = N%^a 1 , and Jf 4 6 2 = o 1 .P’ 4 6 a 4 s a 1 , M precedes N; and so on. Thus 
in this case the first term of the series generated by P Q is the one for which 
= when b has any of the values 6 lf 6 a , 6 „ b 4 . Thus the first term of 
the series is i‘Oi f C*Q, i.e . 1‘B‘P f C‘Q . The next term will be 

1‘Oj f (L% U 1% \J 1%) Cl t'Oj | l%t 

i.e. i‘B‘P1V‘Qv2 p IB‘Q. 
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The next is e*P*P f D*Q ci 3 P l B‘Q 9 

and so on. This makes it evident that our series has the structure required 
of a series which is to represent the Qth power of P. 

The two relations P exp Q and P Q are ordinally similar, since 8 is one-one 
when its field is limited to C%Pexp Q). This follows from *116*131, together 
with 

3 ! Q ■ D . C<(P exp Q) = (C"P) exp (C‘Q). 

If S is a correlator of P and P', and T is a correlator of Q and Q', then 

(S || T)t and (#||3P), with their converse domains limited, are respectively 
correlators of (P exp Q) with (P' exp Q') and of P Q with P ,Q/ . This shows that 
the relation-number of (P exp Q) depends only upon those of P and Q, which 
is of course essential if (Pexp Q) is to afford a definition of exponentiation. 

If the multiplicative axiom is assumed, then if R is a relation which is 
like Q, and whose field consists of relations which are like P, and R eltel* excl, 
the product of R is like (PexpQ). That is, if we put /* = Nr‘P. j/ = Nr‘Q, 
so that R consists of v terms each of which has p terms, the product of R has 
fjf terms. This gives the connection of multiplication with exponentiation. 

There are two formal laws of exponentiation which hold for relation- 
numbers, namely 

pq x pB smor pQ^B 

and (p^)E smor P Ex 

They both need a hypothesis : the first needs 

3 ! Q . a ! R . C‘Q a C‘R = A, 
while the second needs RGJ 

because it is proved by means of the associative law (*174*43). 

The first of the above formal laws can be generalized, by putting %‘S in 
place of an ^ taking the product of the various powers 

PexpQ, PexpQ', ..., 

where Q, Q 7 , ... e C‘S , and the products are taken in the order determined by 
S . The resulting generalization is 

S e Rel 9 excl . S G J . D . {Prod‘(P exp)5 $} smor {P exp (2*/S)}. 

The proof of this proposition results immediately from *174*43 and 
*162*35. 

The proof of the second of the formal laws is more difficult. We observe, 
to begin with, that 

P exp (R x Q) « Prod'P R . 
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Assuming suitable hypotheses, this, by *162*35, 

= Prod^(P^)t5QJ,5E, 

which is like Prod‘Prod>(P )f> Q ^ 5 R t by *174*43. 

But (P exp Q) exp R = Prod‘{Prod‘P J, 5 Q} ^ 5 i£. 

Thus our result will follow if we can prove 

{Prod5(P ^ )f * Q 4 * P} sin or sraor {(Prod'P ^ > Q) > J2}. 

Now one member of the field of Prod>(P^ ^ >R will be 
Prod'P 5 Q ^ z, where z € C‘R. 

This is like Prod'P 1 5 Q, because Qlz smor Q. Hence Prod* (P 4 )t’Q i *-B 
is a series of terms each of which is like Prod'P ^ > Q t and the whole series of 

such terms is like R. If we assumed the multiplicative axiom, this would 
suffice to prove the result. But it is possible to obtain our result without 
assuming the multiplicative axiom. 

For this purpose, we proceed as follows. The correlator of 
Prod'P^’Qi* and Prod'P^’Q 

is { | (Cnv* l z )} € , by *165*361 and *172*3. Call this M £ z. Then 

Mel-+1 zz€C‘R.O t . (M‘z) e (Prod ‘P^ >Qi,z) (Prod ‘P J, 5 Q) s 

z y w € C‘R . a ! T> t M t z n D i M i w . . z = w . 

This, by the help of two or three lemmas, suffices to prove that 

{Prod>(P ^ )f ’ Q JL’ P} smor sraor {(Prod'P l >Q ), ^5 P}, 
whence the result follows. 

The principal propositions of the present number are the following : 

*176*1. KPexpQ = Prod ‘P = II ‘P ^ 5 Q 

*17611. h . P Q = s > (P exp Q) = *5 Prod ‘P i 5 Q = & D5 n‘P J, 5 Q 

These propositions merely embody the definitions. 

*17614. h : a ! Q . D . C\P expQ)=(C^P)exp(C‘Q). C‘P<>=(C‘P t C‘Q) A ‘C‘Q 

*176161. h:.P = A.v.Q = A: = .P exp Q = A . = . P Q = A 

It will be observed that in relation-arithmetic, /x° = 0, whereas in cardinal 
arithmetic /x° = 1. The difference is due to the fact that there is no ordinal 
number 1 (cf. *153). 

*176181. h . PO smor (P exp Q) 
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*176182. F. (P exp Q) smor (II ‘P y>Q) 

*17619. F :: S (P«) T. = :.S, Te(C‘P f C‘QyC‘Q :. 

(a y ) : y e C‘Q . (S‘y) P ( T‘y ) : y'Qy .y'^y.\. S‘y' = T ( y 
*176-2. F: £7fO‘i2eP8Si6f^. IT CSS e Q slhor S . D . 

( IT || IT)* |" C‘(R exp 8) e ( P exp Q) smor (R exp S) 

*176*21. With the same hypothesis, (I7|| IF) f C^R 8 ) correlates P Q and R 8 
*176-22. F : P smor R . Q smor S . D . (P exp Q) smor (R exp S ) . P Q smor P 5 
*176-24. F Mult ax . D: 

R 6 Rel’ excl « Ni‘Q . C‘R C Nr‘P . D . II‘P smor (P exp Q) 
This proposition connects multiplication and exponentiation. 

*176-31. F : a ! Q . D . ~B‘(P exp Q) = (B‘P) exp (C‘Q) 

*176-311-32*321. Similar propositions for P‘Cnv‘(PexpQ), B‘(P Q ), B‘( Cnv‘P®) 
*176-34. F : a ! Q . E ! B‘P . D . 

B‘(P exp Q) = ( B‘P ) J, “C‘Q . P‘(P«) = (i‘B‘P) f C‘Q 
We come next to the formal laws. We have 
*176-42. h:a!Q.a!P.O‘QrtO‘P = A.D.P«xP i smorP«l s . 

(P exp Q) x (P exp R) smor P exp 

*176"44. 1- : 8 e Rel’ excl . 8 G J . D . {Prod‘(P exp)><S} smor {P exp (S‘*S)j 
This is an extension of *176*42. 

*176 67. F : R G J . D . {(P exp Q) exp R} smor [P exp (R x Q)) . 

(pQ)fi S morP Bx Q 

*176-01. P exp Q = Prod‘ PpQ Df 
*17602. P« = i»(PexpQ) Df 

*1761. F.Pexp Q = Prod‘P £ >Q = D5II‘P 1 ‘>Q [(*17601)] 

*176*11. F . P Q = s»(P exp Q) = s»Prod‘P ^ >Q =s>D>n‘P l >Q [(*176-02)] 

*176*12. F :: fi(P exp Q) v . = v e ( C‘P ) exp (C‘Q) 

(ay > ®» x ') • x i y e /* ■ * 4 y e v . xPx :zQy .z^y .w \,ze . D W| * . w l zev 

Dem. 

F . *165-21-12 . *16312 .DF. P|\P J, “C‘Q e Cls -* 1 . (1) 

[*85-l.*1151.*33-5] D F . D “F&‘P i “C‘Q = Prod'C“P J, “C‘Q 

[*165*1 2-14.(*l 1601)] ’ = (C‘P) exp (C‘Q) (2) 

F . *176-1 . *17311 . *17211 . *16512 . D 
F ::./*(P exp Q)v. = :: faM,N,y ) :. M,N eF^P 

yeC‘Q. ( M‘P J, y) (P J, y) (N‘P J y ) : 

zQy .z^y.'Df. M‘P ^ z = N‘P ^ z : /* = D ‘M . i> = D ‘N :: 
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[*8115.(l).*150-6] = :: (gif, N,y ) :. M, Ne F^P ^ ( C‘Q . /* = V'M . v = DW : 

yeC'Q. 7‘0* o 4y"0‘P) ( | y’Pfi\v a j, y“(7‘P) : 
*Qy . Z + y . D* . t‘0* A 4 , y“0*P) = t‘(i/ a J, y“C‘P ) : : 
[(2).#150-55] = :: (gy) i:/i,ve (C‘P) exp (C‘Q ) . y e C‘Q :. (g<c, x) 

x 4 y = i*(ji a 4 y“C‘P ) . x' 4 y = i‘(v a 4 y“(7‘P) . xPa ! : 
zQy ■ z=j= y . to 4 « = *'(/* 1 z“C‘P ) . 

«/' 4 * = 1 \v a 4 z^C'P ) . D*, Wiie > .w — v/:: 

[*11611] = :: (gy) :: /t, v e (C‘P) exp (C‘Q) 

(g«, af)i x^ye/i.x'^yev. xPaf : 

zQy .z^y .w Ize fi. D w>z .w^zevii.^Y . Prop 

The above proposition is used in *176‘19. It has the merit of giving 
a direct formula for P exp Q, instead of one which proceeds by way of 

n <py>Q. 

*17613. I- : g ! (P exp Q ) . = . g ! P« . = . g ! n*P £ '>Q [*150 25 . *176*1-11] 
*176131. h:Q = A.D.PexpQ = A.P« = A [*165241 . *1732 . *15042] 
Owing to this proposition, propositions stating analogies between ordinal 
and cardinal powers mostly require the hypothesis g ! Q or its equivalent, 
because an ordinal power whose index is zero is itself zero, whereas a cardinal 
power whose index is zero is 1. 

*176132. h:P*A.g!Q.D.PexpQ = A.P«=A 
[*165-244 . *17214 . *17613 . *15042] 

*176133. I- . 0*P« - s“C‘{P exp Q) [*17611 . *15022] 

*17614. h:g!Q.D.C‘(Pexp Q)=(C‘P)exv(C‘Q).C‘P ( >=(C‘P f C‘Q) A ‘C‘Q 

Dein. 

I-. *165-243. DHHp.D.g IP J.5Q. 

[*173-161.*1 65-21] D . C‘ Prod’‘P | ‘>Q = Prod t C ,< C , P 4 iQ . 

[*176-1 .*165-14] D . C\P exp Q) = Prod‘((7‘P) 4 “(C‘Q) 

[(*11601)] = (C‘P) exp (G‘Q) (1) 

Y . (1) . *176133 . D Y 1 Hp . D . C‘P« = i“|((7‘P) exp (0‘^)} 

[*11613] =(C‘Pt<?‘Q) A ‘C‘Q (2) 

h . (1) . (2) . D h . Prop 

*176-15. h:g!P.glQ. = .g!(P exp Q) . = . g ! PQ 
Dem. 

Y. *176-131-132. Dh:g!(PexpQ).D.g!P.g!Q (1) 

Y . *11618 .*17614 .DI-:glP.glQ.D.g! C‘(Pex p Q ) . 

[*33-24] D.gl(PexpQ) (2) 

Y. (1). (2). *17613. Dh. Prop 
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*176161. l-:.P = A.v.Q = A: = .PexpQ = A. = .P« = A [*17615] 

*17616. b . G‘(P exp Q) C (C‘P) exp (C‘Q) . C‘P« C (C‘P f C‘Q) A ‘0‘Q 
[*17614151] 

*17618. h . a [ C‘(P exp Q) e (P Q ) smor (P exp Q) 

Lem. 

b. *116131. *17614. D 

I- : a ! Q . D . i [ C%P exp Q) e (<7‘P«) sm C‘(P exp Q) (1) 

b . (1) . *17611 . *151191 . D 

b : g ! Q . D . i [ G‘(P exp Q) e (P Q ) smor (P exp Q) (2) 

I- . *176151 . *150-42 . *721 . D 

b : Q = A . D . « [ C‘(P exp Q) e (P Q ) smor (P exp Q) (3) 

b.(2).(3).Db. Prop 

*176181. I- . P Q smor (P exp Q) [#17618] 

*176182. b . (P exp Q) smor (II‘P £ 5Q) [*1761 . *17316 . *165 21] 

*17619. b :: <S(P«) T. = :.S, Te(C‘P f 0‘Q) A ‘C‘Q 

(gy) :yeG‘Q. (S‘y) P (T‘y ) : y'Qy • y'+y.^y-. £‘y' * 2*y' 

Pem. 

b. *1761112. D 

b :: S (P‘2 ) T . = •.. (a/*, v):. fi,ve ( G*P ) exp (C'Q) . = i‘/* .T=s‘v :. 

(ay, x,af)iye C‘Q .x lye ft,. of lyev. xPx' : 

y'Qy-y'+y* w >ty , e/*- : V.«.-«'ly' e,,: ‘ 

[*56*4] = (a/*, *) i.fi.ve (C‘P) exp (G‘Q) .S=s < ft .T= s‘v :. 

(ay, x, x ') : y e C‘Q . xSy . x'Ty . asPa;' : y'Qy . y' + y ■ w<Sy' . . wTy' :. 

[*116-13.*80-3] = 8, Te(C‘P | C‘Q)a‘C‘Q ( ay) : y e 0‘Q . (S‘y) P (P‘y) : 

y'Qy • y'+y • ^ • S^-Py ' :: D b . Prop 

The above proposition is often useful, since it gives a direct formula for 
P‘2, not one which passes by way of P exp Q or II ‘P 4 ’Q. 

*176*2. b: C‘ReP amor R. W [ CSS e Q smor 8 .D . 

(I/’ll TT) e [ C ( (R exp 8) e (P exp Q ) smor (R exp S) 

Lem. 

b . *165-362 . 3 b : Hp . D .(U\\ W^CI'R J, >Se(P J, ;Q)smorsmor (R^ >S). 

[*173-3] D . ( U || F)« [ 0‘Prod‘P £ >S e (Prod'P £ >Q) smor (Prod'P ^ >S) (1) 
b. (1). *1761. Ob. Prop 
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#176 21. 1- : U[ C‘P ePs^r R . TF[ C‘Se QsHor S . 3 . 

(17 II IF) r C‘(RB) € (P«) siHor (R*) 

Dem. 

h . *176-218 . *151-401 . 3 I- : Hp . 3 . «?( U jj JF> [ C‘(R exp S)e(PQ) smor ( R I s ) 

[*150-961] 3.(7711 F)[W(P exp S)e(P«)85of(ie«) (1) 

|-.(1). *17611. *15022. 3 K Prop 

*17622. t- : P smor R . Q smor S.D.(P exp Q) smor (R exp S) . PQ smor R s 
[*176-2-21] 

*176*23. I- : R smor smor P >Q . 3 . II‘P smor (P exp Q) 

Dem. _ , 

h . #172-44 . 3 V : Hp . 3 . II ‘P smor II‘P J, >Q (1) 

I-. (1). *176182. 3 K Prop 


*176 24. h Mult ax . 3 : 

R e Rel* excl a Nr‘Q . C‘R C Nr*P . 3 . II ‘P smor (P exp Q) 
[*165-38 . *176-23] 

*1763. t- . Cnv‘(P Q ) = (P) Q 

Dem. 

K *17619.3 

h :: T(P) q S. = :.S, Te(G‘P t C‘Q) A ‘WQ :. 

(ay) yeC‘Q. (T ( y) P ( S‘y ) : y'Qy .y'^y.Oy. S‘tf = T‘y 

[*17619] =:.S(P«)P::DI-.Prop 

*176-31. HglQ.D -~B‘(P exp Q) = (P‘P) exp (O'Q) 

Dem. 

h . *165-21 . *16312 . *71221 . *93-1 . 3 h . B [ C‘P J, ‘>Q e Cls -* 1 (1) 

f- . #165-12-01 . *37-67 . 3 1- ,ll“C‘P >Q = & {(a*) . z e C‘Q . a = B‘ z’P) 
[*165-251.*151-5.*38-3] =(B‘P)l“C‘Q (2) 


I- . *172162 . *165-243 . 3 h : g ! Q . 3 . P‘II‘P i = B*C‘P ^ . 

[*17316.*165-21.*151-5] 3 -~B‘(P exp Q) = D“B A ‘C‘P l >Q 

[*851.(1).*1151] = Prod ‘P“(7‘P i 5 Q 


[(2 )] =Prod \B‘P)^C‘Q 

[(*1 1 6 01)] = (^P) exp (C‘Q ) : 3 h . Prop 

*176-311. 1- : a 1 Q • 3 .B‘Cav*(P exp Q) = (P‘P) exp ( C‘Q ) 

[Proof as in #176*31] 
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*176-32. h:g!Q.D. P‘(P«) = (B‘P f WQyC'Q 
Dem. 

K *176-3118. #151-5. D 

1- : Hp . D . i?(P Q ) = 8“(B‘P) exp (C‘Q) 

[*11613] = (B‘P t C‘QV<7‘Q : D h . Prop 


*176-321. h : g ! Q . D . J3‘Cn v‘(P«) = (P‘P f C‘Qh‘C‘Q [*1 76-32-3] 

*176-33. l-:.g!<3.D:g!P‘(PexpQ). = .g!P‘(P«). = .g!P‘P: 

g ! P‘Cnv‘(P exp Q) . = . g l P‘Cnv‘(P®) . = . g ! B‘P 
[♦176-31-311-32-321 . *116*18*15] 

*176-34 h : g ! Q . E ! B‘P . D . 

B\P exp Q) = (B‘P) i “C‘Q . P‘(P«) = (t‘B‘P) | C‘Q 


Dem. 


h . *176-31 . D V : Hp . D . B ( (P exp Q) = (i‘B‘P) exp (C‘Q) 

[(*1 16 01)] = Prod‘(i‘P‘P) l “C‘Q 

[*38-3.*53-31] = Prod*t“(P‘P)i “C‘Q 

[*115143] = i‘{(B‘P) i “C<Q} 

I- . *176-32 . D h : Hp . D . P*(P Q ) = (i‘P‘P f C‘Q)SC‘Q 
[*11612.*51-4] =i‘{(i‘B ( P)XC‘Q} 

I- . (1) . (2) . 3 h . Prop 


( 1 ) 

( 2 ) 


*176-341. h : g ! Q . E ! B'P . D . 

P‘Cnv‘(P exp Q) = (B‘P) i “C‘Q . P‘Cnv‘(P«) = (i‘B‘P) f C‘Q 
[Proof as in #176"34] 

*176-35. h-.PGQ.D.P^CQ® 

Dem 


I- . *11612 . 3 h : Hp . 3 . (C‘P f C‘R)SC‘R C (C‘Q t G‘RyC‘R (1) 
h.(l). *17619. Dh. Prop 

The above proposition is used in the theory of finite ordinals (*261*64). 

The following propositions are concerned in proving (with a suitable 
hypothesis) 

pQ x pu 8mor p<4 a 


and its extension 

}Prod‘(P exp)»$} smor [P exp (2‘/S)}. 
a * w. ii. 30 
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*176 4. Y : a ! Q . a ! R . P“C‘Q a P“C‘P = A . C‘Q w C‘B C d‘P . 3 . 

« I of o‘{(n‘p;Q) x (ii‘p;p)} <■ (n‘p;(Q4-P)| smor {(n‘p;Q) x (ippjp)) 

Bern. 

Y . *172 34 . *150-22-24 . 3 Y : Hp . 3 . 

«lc|‘C‘Kn < p;Q)x(n‘p;p)} e {n‘(p;Q4.p;p>j 8 mor {(n‘p;Q)x(ri‘p;R)i (i) 
Y . *162-36 . 3 Y : Hp . 3 . P>Q±PiR = P^Q-^-B) (2) 

Y . (1) . (2) . 3 h . Prop 


*176-41. Y : a ! Q . g ! R . P“C‘Q a P“C*P = A . C‘Q w C‘R C d‘P . 3 . 

n‘P5(<2^P) smor (IPPJQ) x (II'PJP) [*1764] 


*176-42. 

Pent. 


I- : a ! Q.a ! R . C'Q a C‘P = A . 3. P« x P*smorP«t* . 

(P exp Q) x (P exp iJ) smor P exp (Q 4- B) 


h. *72-411. *165-22. D 

h : jr ! P . C"Q a (7‘P = A . 3 . P 1 “C‘Q a P 1 = A 

•> •> 

p; 

Y . (1) . *176-41 -p . *38-12 . *33-431 . 3 

h : Hp . a ! P . D . n‘P >«2^P)smor (n‘P £ ’Q) x (n‘P ^ >R) . 
[*176-182.*166-23] 3 . P exp (Q4-.K) smor (P exp Q ) x (P exp iJ) . 
[*176181.*1 66 23] 3 . P«** smor P« x P B 
Y .*176-151 . *16613 .*153101 . 3 
I- : P = A . 3 . P exp (Q$-R) smor (P exp Q) x (P exp R ) . 

P«t* smor P^ x P* 


Y . (2) . (3) . (4) . 3 Y . Prop 


( 1 ) 


( 2 ) 

( 3 ) 

W 


*176-43. I- : <S e Rel a excl .SQJ.D. 

8 [“ (7‘Prod‘(P exp)>(Si e {P exp (S‘/S)} smor Prod‘(P exp)»S 

Dem. 

h . *165*22 . *163*3 . 3 h : Hp . a l P. 3 . (P ^ )t>/SeRel*excl (1) 

Y . *162-35 . *38-12 . *33-431 .3 Y. t‘(P ], J+Jfif = PJ, ‘>2‘S (2) 

Y . *165-21 . (2) . 3 Y . 2‘(P i )Y>S e Rel‘ excl (3) 

Y . (1) . (3) . *174-3 . 3 Y : Hp . a ! P • 3 . (P )f >S e ReP arithm (4) 

Y . *165*223 . Transp . 3h:.Hp.a !P.3 : Q + -B • 3 . P^ »Q + P X *R • 

[*150-4.*7214] 3 : (P ± )f ’>8 Q J (5) 

Y. *1761. 3h . Prod‘(P exp)>8 = Prod‘Prod»(P ^ )+5S (6) 

Y. (4). (5). (6). *174-42. 3 
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H : Hp . a ! P . 3 • 

8 \ (7‘Prod‘(P exp )>S e (Prod‘2‘(P ^ smor {Prod‘(P exp)>/S} . 

[(2)] 3.s[ C‘Prod‘(P exp)5«S e {Prod'P j, '>2,‘S\ siSor {Prod‘(P exp)^ . 

[*176‘1] 3 . « f C‘(P exp)>S e {P exp (2‘/S)) sSor {Prod‘(Pexp)»S{ (7) 

h . *176151 . *173 21 . *172 1314 . 3 

h : P = A . 3 . Prod‘(P exp)»S = A . P exp(2‘S) = A (8) 

h . (7) . ( 8 ) . *173-2 . *164-32 . 3 I- . Prop 

*176"44. h : S e Rel 3 excl . S Q. J . D . (Prod‘(P exp)J/S} smor {P exp (2‘/S)} 
[*176-43] 

The following propositions are lemmas for 

R G J . 3 . (P^) 8 smor P 8x Q. 


*176-6. h M f C‘R e 1 -* 1 . C‘R C d'Jlf . C‘Q C tfa“M“0*R . 

Af“C‘PCl-*l ix.z'eC'P.glDMPsn D'i/'x'.S,,,.*-*': 


T = atX {(gw, z) . u e C‘Q . x e C‘P . a: = ( M‘zyu . Z = u ,[ (M‘z)} : 

3 . 7 ’el-+l 


Dem. 

\- . *21-33 . 3 1- Hp . 3 : xTX . dTX . 3 . 

(gu, u, z, J) .u,ue C‘Q ,z,z?e C‘R . x = (M‘z)‘u . a! * (M'z'Yu . 
X = u l (M‘z) . X = «' ; ( J/V) . 

[*55-202] 

[*13-22] 3.® = ®' (1) 

h . *21-33 . 3h:.Hp.3 : xTX . xTX ' . 3 . 

(gu, w', z, z) .u,ue C‘Q . z, z' e C‘R . x = ( M‘z)‘u . x — (M‘z')‘u ' . 
X = u J, (M‘z) .Z' = u'4, (JfV) . 

[*33‘43.Hp] 3 . (g«,«',x,x / ) . u,u eC‘Q . x e C"i ? . z = z ,x — (M‘z)‘u = (M'z'yu . 

X = a i (M‘z) .X’ = u l (M‘z') . 

[*13"195] 3 . (gu, u, z) .u.u’e C‘Q . z e C‘R . x — (M‘z)‘u = (M‘z)‘u' . 

X = ul(M‘z) .X' = u'l ( M‘z ) . 

[*71"59.Hp] 3 . (gu, u, z) . a = u . X = u ^ ( M‘z ) . X' = u' ^ (M‘z) . 

[*13195] 3.Z = Z' (2) 

I- . (1) . (2) . 3 1- . Prop 


*176-601. h : Hp *176 5 . 3 . d‘T = C"2‘Q J, 

Dem. 

I- . *71‘16 . 3 h Hp . 3 : z e C‘R . u e C‘Q . 3 . E ! ( M‘z)‘u . 

[*21-33] 3.«4(Jlf‘x)ea‘P (1) 

30—2 
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(- . *21-33 . D 

I- Hp . D : X e Q‘T . D . (32, u) . z e C‘R . u e C‘Q . X = u ^ (M‘z) (2) 

f- . (1).(2).D(- :.Hp. D : X ed‘T . = . ( Qz,u).zeC‘R .ueC‘Q . X = u^(M‘z) . 
[*71-4] = . (g£, u) . Z e M' “C‘R .ueC'Q . X = u± Z. 

[*1 50-22] = . (g Z, u).Ze C‘M'>R . u e C‘Q . X = u Z. 

[*16516.*113101] =.Xe C‘VQ £ ’>M‘>R D h . Prop 

*176-502. I- : Hp *176 5 . z e C‘R . D . T>Q J, ‘M‘z = \Q‘M‘z 
Dem. 

K. *150-4 . *165 01 . *176-5 . D 

h : Hp . D . T’Q ‘M‘z = xfj {(a«, v ) . uQv . x = T‘ ^ ( M‘z)‘u .y=T‘^ (M‘z)‘v] 
[Hp.*l76"5"501] = {(a«, v) . uQv . x = ( M‘z)‘u . y = {M‘z)‘v} 

[*150-4] = (M‘zY’Q 

[*1501] = f Q‘M‘z : D I- . Prop 

*176*503. h : Hp*l76 - 5 . D . Te(fQ’Af’R)smor smor (Q ], >M>R) 

Dem. 

I- . *176-502 . *1501-35 . D 1- : Hp . D . Tf’Q ^ ’>M m >R = f Q}M>R (1) 

I- . (1) . *176-5-501 . *1641 . D I- . Prop 

*176-51. (- :. Jl/ f C‘R e 1 — > 1 . Af“(7‘i2 C 1 — > 1 . 

C‘R C d‘M . C‘Q C p‘(I“M“C‘R : 
z, z' e C‘R . a ! D ‘M‘z n D ‘M‘z ' . D*, ^ . z = z ' : D . f Q>M’R smor smor Q ^ >R 

Dem. 

V . #165-361 . D f- : Hp . D . Q 1 >M>R smor smor Q i >R (1) 

•J V 

h . (1) . *176*503 . *164*221 . D h . Prop 

*176*52. h z e (7*12 . D* . M‘z e (P‘z) smor Q : D . P>R = \Q>M>R 
Dem . 

h . *15111 . D h Hp . D : z e (7*12 . . P*£ = (M^^Q 

[*1501] =fQ‘M‘z (1) 

h . (1) . *150*35 . D h . Prop 


*176-53. h s. iff C‘R e 1 -» 1 : * e (7*12 . D* . M‘z e (P‘z) slnor Q s 

z, / e (7*12 . a ! (?*P*£ n C‘P‘z' .D ZtZ ’.z = z':D. P>R smor smor Q J, 512 
Dem. 


(-.*14-21. 

Dh:.Hp. D : ^ e C‘R . D z . E ! M‘z : 

(1) 

[*83-43] 

D-.WRC&M 

(2) 

1- . *15111 . 

D 1- :. Hp . D : z e C‘R . D z . M‘z e 1 — * 1 : 


[*37-61. (1)] 

D : M“C‘R Cl-*1 

(3) 
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I- . *15111131 .31-:. Hp . 3 : a e C‘R . 3* . D • Jf«* = C‘P‘z s 

[Hp] D:z,z'e C‘R . a ! D‘M‘z n D‘i/V .^,.z = z (4) 

H .*15111 . 3h:.Hp.3:*eC‘.R.3.CI‘Jf‘s = |7 < Q: 

[*37-63] 3 : M“C‘R . 3 . <T£= : 

[*4015] 3:C‘QC (5) 

h . (2) . (3) . (4) . (5) . *176 - 51 .31-: Hp . 3 . fQ’M’R smor smor Q ^ >i? (6) 

h • (6) . *176-52 . 3 h . Prop 

*176-54 Vi.&\P .’&\Q.M=fo[zeC‘R . Z={\(Cn\‘ \,z))'\ C\P exp Q)J.3: 

M e 1 -» 1 : z e C‘R . 3* . M‘z e (Prod'P ^ >Q ^ z) smor (Prod'P >Q) 

Lem. 

h . *116-606 . *176-14 . 3 h : Hp . 3 . M e 1 -* 1 (1) 

h .*21-33. *30-3 .31-: Hp . x e C‘R . 3 . M‘z = { | (Cnv‘ | *)}, [ C*(P exp Q) (2) 
I- . *151-65 . *165-361 . *166-1 . *16501 . 3 

h . { | (Cnv‘ J, *)} [ C‘(Q x P) e(P 5Q J, *)smor slSor (P J, iQ ) . 
[(2).*l73-3] 3 h : Hp . « e C‘R . 3 . 

M‘z e (Prod ‘P smor (Prod'P J, 5Q) (3) 

K(l).(3).3KProp 

*176-541. I- . (P £ )t;Q J, 5P e Rel s arithm . 2‘(P | )f ; Q 4 ; P = P £ 4 5P 

Lem. 

V . *163-3 . *165-21-22 . 3 I- : 3 ! P. 3 . (P J, )t>'Q 1 JP e Rel» excl (1) 

■5 

h.*165-242.DI-:P = A.a!-S.a!S'.D.P J [;S = A4 r A.P4 r ;S' = A4A: 

[Transp] 3 V :. P= A . P ^ W+PJ Jflf' . 3 : S = A . v . S' = A : 

[*165-241] D:P15,S=A.v.Pi;-S , = Ar 

■> •> 

[*33-241] D:C‘Pi;SnC‘Pi;<Sr' = A (2) 

■J ^ 

h. *150-221. Dt-:.P = A. D: 

t, r e C‘(P ^ )t?Q 4,;p.p+r.D. 

(a^x').^+«'. ^/ea‘P.p=(P4,);Q4 r ^.r=(Pi);Qi^. 


[(2)] D.C"PnC‘r= A (3) 

h . (1) . (3) . *1631 . D h . (P 4 )f5Q 1 5P e Rel 1 excl (4) 

*9 M 

I- .*162-35 . DK2‘(P4)t;<2i;P = P152‘Qi;P. (5) 

•9 *9 m 9 ■> 

[*165-21] 3 I- . £‘(P )f>Q Rel 2 excl (6) 

h . (4) . (5) . (6) . *174-3 . 3 I- . Prop 
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*17655. I- : jr ! P . g ! Q.D. Prod>(P I )|SQ i >P8morsmor(Prod‘P 1 »Q) 1 >P 

•J •> m f ■> 

Dem. 

h . *17 613315 . *37-44-21 . D 
h : a I C'Prod'P jl >Q * a C‘Prod‘P 4 ’>Q ± w . D . 

3 ! (T'Av A CP*)," . a ! . 

[*17616.*8014.*1 65-212] D . (aP) . CT‘P = C‘Q 1 a . d‘P = C‘Q ^ w . a ! Q • 
[*1317l.*150-22] D . J, z“C *Q = 4 w“C‘Q . a ! Q . 

[*55*232] D.x = w (1) 

Prod‘P i’Q^z, Prod ‘PI >Q 

f - . (1) . *176-54 . *176-53 ^ — ^ — . D h . Prop 

*176*56. HalP.alQ.PG/.D. 

Prod‘2 ‘(P^ )f»Q 4, JP smor Prod‘(Prod‘P J, iQ) ^ 5P 

Dem. 

h . *165-223 ."^V i.'vlP . P V>Q V z — P i’Qiz! iQ Lz = Q L z' •. 

•f V •> m 9 *J •> 

[*165-22] D:a!Q.D.* = x' (1) 


h.(l).Transp. Dh:. Hp .zR/. D.P^5QJ,x + P4’Q^s' (2) 

h. (2). *150-4. Dh:Hp.D.(P^)t;Qi;PGP * * (3) 

V . (3) . *176-541 . *1 74-43 . D 

V : Hp . D . Prod‘2‘(P 4 )t’Q 4 >P smor Prod‘Prod’(P 4, )f»Q 4 ’P (4) 

h. *176-55. *173-31. D 

h : Hp . D . Prod‘Prod>(P 4 )f’ Q 4 »P smor Prod‘(Prod‘P 4 ’Q) 4 »P (5) 

h . (4) . (5) . D I- . Prop 


*176’57. h: PG/. D. {(PexpQ)expP)sraor(Pexp(P x Q)} . (PQ) R smorP Rx< ? 

Dem. 

h. *176-151. D h :. P = A . v . Q = A : D . (P exp Q) exp R = A (1) 

h . *176-151 . *16613 . D h :. P = A . v . Q = A : D . P exp (P x Q) = A (2) 

K(l). (2). *153-101 . Dh:.P = A. v.Q = A: D. 

{(P exp Q) exp P) smor {P exp (P x Q){ (3) 

h . *176-56-541-1 .*1661 .3\- P . &lQ . RGJ .3 . 

{(P exp Q) exp PJ smor (P exp (P x Q)} (4) 

h .(3). (4) . D h : Hp . D. {(P exp Q) exp P| smor |Pexp(P x Q)J (5) 

[*176181-22] D.(P«) R smorP Rx <* (6) 

h . (5) . (6) . D I- . Prop 

This completes the proof of the second formal law of exponentiation. 
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*177. PROPOSITIONS CONNECTING Pu WITH PRODUCTS AND POWERS. 
Summary of *177. 

The principal proposition on this subject is 
*177*13. h s x 4 y - D . P d f smor {(a? yY) 

which is the analogue of *116*72, or rather leads to the analogue of *116*72 
as soon as powers of relation-numbers have been defined; for then it becomes 

Pdf *2*^. 

Another proposition is an extension of *171*69, namely 
*177*22. h : P e Rel* excl . P G J . D . Prod'df 5P smor (! 2‘P)* 
where we put = Q&. 

The remaining propositions of this number are lemmas for the above two. 

*177*13 shows, for example, that all classes of finite integers can be 
arranged in a series of which the relation-number is 2 where is the 
relation-number of the series of finite integers. 2 r " is not the relation- 
number of the continuum, but is closely allied to it. 

*177*1. Yix^y . P = jLcP[P€{(e‘a?ve*y)fa} A *a./i=P‘#] -3- 

P6(CPa)sm{(t^u ta} A f a [*116*712*713*715] 

In the propositions of *116 referred to, A and V appear in place of x and 
y, but no property of A and V is used in the proof except A=f= V. 

*177 11. h : Hp *177*1 . a= C‘P . D . T>(w | y) p = P df 
Bern . * 

K *176*19.3 

V Hp . D :: M {T5(* | y) p \ v . = (gP, flf) : P, flf e ((t‘# u t‘y) | C*P} A ‘C*P : 

(g-z) : ,z € C‘P . R‘z (x ^ y) S ( z : 

4 — 4 — 

wPz . w =p z . . R‘w = S*w : (i = . i» = S'# 

[*5513] = (%R, S):R,Se {(t«* v i'y) f C‘P) X ‘C‘P 

4 — 4 — 

(g-z) s. z € C‘P . R‘z = a? . S‘z = y /a = P‘# . v = S'# 
wPz . w + s • s «Pw . = . : yRw . = . 
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[*71-36] = (gP, 8) :R,Se [(i‘x u i‘y) | C'PU'C'P 

4 — 

a ■ Z € C‘P a Z € fit ~~ V m fit — Ft X a V == S SO S ■ 

wPz . w ^ z . Dv : w e fi , = . w e v 
[*177*1] = :* fi,p e Cl t C t P (g*) :• z e C‘P . z e fi — v 

wPz.w^z , Du,:w€fi. = .W€v:. 

[*171 11]= s./i(P df )i/ss. D h . Prop 

*17712. h s Hp *177*11 . D . TeP dt smor {(^iy)*} [*177*111 . *151*191] 
*17713. h : x y . D . P*, smor {(x | yY*\ [*177*12] 

*177*2. df f Q=Q df Dft [*177] 

*177*21. h : P € Rel* excl .PGJ.D.s |^ProdW5Pe(2^ 

The proof proceeds as the proof of *174*24 proceeds. If Q e C‘P , we shall 
have, if Jf€P A ‘df“(7‘P, 

Hence we easily obtain 

M (n'dfJP) N . = . M, N e Ft‘df“C‘P . (s‘D‘M) (2‘P) df (s‘D‘N), 

whence 

fi (Prod'dfJP) v. = .ji t v€ Prod'Cl “<WP . (s» (S'P)* (A), 
whence the result follows easily. 

*177*22. h : P e Rel* excl .PG/.D. Prod'dfJP smor (2*P)df [*177*21] 
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ARITHMETIC OF RELATION-NUMBERS. 

Summary of Section D. 

In the present section, we shall be concerned with the arithmetical 
operations on relation-numbers. Their purely logical properties have been 
dealt with in Section A; in the present section, it is their arithmetical 
properties that are to be established. These properties result immediately 
from the arithmetical properties of relations which have been established 
in Sections B and C. The subjects treated of in the present section are 
analogous to those treated of in Section B of Part III, with the exception 
of such as have already had their analogues discussed in Sections B and C 
of Part IV. The analogy is sufficiently close to render it often unnecessary 
to give proofs, since these are often step by step analogous to the proofs of 
corresponding propositions in Part III, Section B. 

The* two chief requisites in defining the arithmetical operations with 
relation-numbers are (1) to take due account of types, (2) to construct 
what may be called separated relations, i.e. relations of mutually exclusive 
relations derived from and ordinally similar to given relations. Each of 
these points calls for some preliminary explanations. 

The sum of two relation-numbers p , v will be denoted by “ p 4* v>” in 
order to distinguish this kind of addition from p + v (the arithmetical 
addition of classes) and p + 0 v (the addition of cardinals). In defining p 4* v, 
we have to take account of the following considerations. 

Suppose P and Q are two relations which are of the same type, and have 
mutually exclusive fields. Then obviously we shall want to frame our 
definition of the sum of two relation-numbers in such a way that the sum 
of Nr‘P and Nr‘Q shall be Nr But if P and Q are not of the same 
type, P.£Q is meaningless ; and if C C P and C‘Q overlap, P^Q may be too 
small to have as its relation-number the sum of the relation-numbers of P 
and Q. Both these difficulties can be met by observing that, if Nr*P = Nr^P 
and Nr‘Q = NrSS, we must make such definitions as to have 

Nr‘P + Nr ‘Q = Nr‘P + NrtS. 
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Hence, in defining the sum of the relation-numbers of P and Q, we may 
replace P and Q by any two relations R and S which are respectively like 
P and Q. Therefore what we require for our definition is to find two 
relations R and S which (1) are respectively like P and Q, (2) are of the 
same type, (3) have mutually exclusive fields. All these three requisites 
are satisfied if we put 

R = i (A A C*Q)h>P ,S=(An C‘P) i u>Q. 

We then define P + Q as meaning R^S, and we define the sum of the 
relation-numbers of P and Q as the relation-number of P + Q. This pro- 
cedure is exactly analogous to that of *110; in fact, we have 

C‘(P + Q) = C^P + (7‘<£ 

In defining the sum of the relation-numbers of a field, we do not have 
to consider types, because the members of a field are necessarily all of the 
same type. But we do have to consider the question of overlapping. If a 
term x occurs both in C‘Q and in (PP, where Q, R e C‘P , we want a method 
of counting x twice over in forming the arithmetical sum. Thus Nr*2‘P 
cannot be taken as the sum of the relation-numbers of members of (7‘P, 
unless PeRel a excl. Suppose, for instance, we have three series 

(a, 6, c), (6, c, a), (c, a, 6). 

These each have three terms; and we want the sum of their relation- 
numbers to be the relation-number of a series of nine terms. But if we put 

Q = a 4 b l c (where a l b 4 c is written for a 4 b c; a l c ci b 4 c), 

R = b 4 c l a, 

S=clalb , 

and if we further put 

P=QIRIS, 

so that P places the above three series in the above order, we have 
%‘P = (i‘a u i‘b u i‘c) f ( i‘a u i l b v i*c), 

which is not a series, and does not have the relation-number which we 
require as the sum of the relation-numbers of Q, P, S. 

What is wanted is a method of distinguishing the various occurrences 
of a and b and c. For this reason, when a occurs as a member of the field 
of Q, we replace it by a ^ Q ; when as a member of the field of R, by a 4 R ; 
and when as a member of the field of S, by a S. Thus the series (a, 6, c) 
is replaced by (a l Q, b^Q, c X Q) ; (b y c , a) is replaced by (b^R, c l R $ 
a ^ R) ; and (c, a, b) is replaced by (c l S, a ^ S, b l S ). The sum of these 
three series then has the relation-number which is required as the sum of 
the relation-numbers of Q, P, S. 
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The above process is symbolized as follows. The generating relation of 
the series {a Q, b Q, c 4 Q) is 4 Q*Q \ thus the three relations whose sum 
is to be taken are ^ Q’Qf i R>R, i S>S, i.e. using the notation of *182, 

| rs rs rs 

according to which we put ? ‘x = x ? x, our three relations are ^ ‘Q, ^ *R, ‘ S . 

AAA A 

But the generating relation of the series ( J, *Q, ‘R, ^ *S) is ^ >P, since 

A 

P = (Q 4 R' i &)• Thus 5P is the relation required for deGning the sum of 
the relation-numbers of members of the field of P; i.e. we put 

2Nr‘P = Nr‘2‘£5P Df. 

A A 

We will call ^ >P the separated relation corresponding to P. 1 5P is con- 
structed, as above, by replacing every member x of C‘Q , where Q e 0*P, by 
x 4Q; so that if x belongs both to C‘Q and to C ( R> it is duplicated by 
being transformed once into x^Q, and once again into x^R. 

A 

For the treatment of products, we do not require ^ 5P, because II ‘P has 
been so defined as to effect the requisite separation. We might, however, 
by the use of X >P, have dispensed with IPP as a fundamental notion, and 
contented ourselves with Prod'P; for we have 

n‘P = ^Prod‘15P. 

Thus we might have taken Prod as the fundamental notion, and defined II 
by means of it. 

The addition of unity to a relation-number has to be treated separately 
from the addition of two relation-numbers, for the same reasons which 
necessitate the treatment of P x and x P separately from P-£Q. There 
is no ordinal number 1, but we can define the addition of one to a relation- 
number. If Nr*P = p and x^e C‘P, we must have 

Nr‘(P+>ir) = /A+ i, 

where we write “ i ” for unity as an addendum. We do not write “ l r ,” 
because we shall, at a later stage, give a general definition of /v, in virtue 
of which, if p is an inductive cardinal, pr will be the corresponding ordinal. 
This definition entails l r =A, and therefore we use a different symbol “ i ” 
for 1 as addendum. The symbol i is only defined in its uses, and has no 
significance except in a use which has been specially defined. 

We define the product /jlXv as the relation -number of P x Q, when 
p = N 0 r‘P and v = N 0 r‘Q. The product so deGned obeys the associative 
law, and obeys the distributive law in the form 

(v + «r) X = (v X fJt) + («r X p) 
but not, in general, in the form 

/iX(4®) = (/iXi/) + (/iX zr). 
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The latter form holds when /a, i>, -bj are finite ordinals, as we shall prove at 
a later stage (*262). The commutative law also does not hold in general for 
ordinal addition and multiplication, but holds where finite ordinals are 
concerned. 

The product of the numbers of the members of C‘P, in the order gene- 
rated by P, is defined as being Nr'II'P, and is denoted by IINr'P. It will 
be seen that IINr‘P is not a function of C‘P, since the value of a product 
depends upon the order of the factors; it is also not a function of NpP, 
unless no two members of C‘P have the same relation-number. The pro- 
perties of IINr'P result from *172 and *174. 

u ft to the i>th power” is denoted by “ (iexp T v” and is defined as the 
relation-number of P exp Q, where fi = N 0 r*P and v = N 0 r‘Q. Its properties 
result from the propositions of *176 and *177. 
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*180. THE SUM OF TWO RELATION-NUMBERS. 


Summary of *180. 

In order to define the sum of two relation -numbers, we proceed (as in 
*110) to construct a relation whose relation-number shall be the required 
sum. For this purpose, we put 

P + Q = { i (A A C'QfOP} * {(A n C‘P ) 4 n>Q] Df. 

This definition has the following merits : (1) whatever may be the types of P 
andQ, 4 (An C‘<2 )h>P is of the same typeas(AnC"P) 4 ’t’Q ; (2) however the 
fields of P and Q may overlap, and even if P = Q, the fields of 4 (A n C‘Q)h>P 
and (A n C‘P ) 4 are mutually exclusive ; (3) these two relations are 
respectively similar to P and Q. Hence it is evident that, without placing 
any restriction upon P and Q, we may take the relation-number of P + Q as 
defining the sum of the relation-numbers of P and Q. Hence we put 

fi + v = R {(gP, 0 ) • = N 0 r‘P . v = N 0 r‘Q . R smor (P + Q)} Df. 

From this definition it follows that fi + v is null unless y, and v are homo- 
geneous relation-numbers, but that if they are the homogeneous relation- 
numbers of P and Q, then fi + v is the relation-number of P+Q. 

In order to be able to deal with typically ambiguous relation-numbers, 
we put, as in *110, 

Nr*P + i' = Nor*P + i' Df, 
fi -i- Nr‘<2 = /* + N 0 r‘Q Df. 

The principal propositions of the present number are 
*180111. \-.C‘(P + Q) = C‘P+C‘Q 
*180-3. I- . Nr'P + Nr ‘Q = N 0 r‘P + Nr‘Q = Nr‘P + N 0 r‘Q 

= N 0 r‘P + N 0 r‘Q = Nr‘(P + Q) 

*18031. h : P smor R . Q smor S.O. Nr‘P + Nr'Q = Nr‘P + Nr‘S 

This proposition is essential, since otherwise Nr*P + Nr*Q would not 
be a function of Nr*P and Nr*Q, but would depend upon the particular 
P and Q. 

*180-32. h s C‘P n C‘Q = A . D . Nr‘P + Nr‘Q = Nr‘(P£Q) 

*180*4. hsjI/i + p.D./^veNR - 1 6 A . jjl, v e N 0 R 
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*180*42. H . fi + v e NR 
*180*56. h.(/i + «') + «r = /t + (»' + «) 
which is the associative law. 

*180*61. h . Nr‘P + 0 r = Nr‘P = 0 r +N r‘P 

*180*71. I- : /*, i/ e NR . D . C"0* + i>) = C“p + 0 C“v 

This proposition gives the connection of ordinal and cardinal addition. 
It should be observed that, in virtue of *154*9, C“/t and C“v are cardinals 
when /i and v are relation-numbers. 


*180*01. P + Q = { | (A a C‘Q)n>P\ £{(An C‘P) 4 h>Q\ Df 

*180*02. /* + v = P {(gP, Q)./t = N„r , P.j/ = N„r‘Q.Psmor(P + Q)} Df 
*180*03. Nr‘P + 1 / = N 0 r‘P + v Df 
*180*031. ya + Nr‘Q = ya-i-N 0 r‘Q Df 

On the purpose of the definitions *180*03*031, see the remarks on the 
corresponding definitions in *110 and II T of the Prefatory Statement. 

*180*1. h . P + Q = { 4 ( A n C‘Q)h‘’P} £ {(A a C‘P) 4 uiQ) [(*180*01)] 

*180*101. I- . G‘ i (A a C‘Q)nU J = 4 (An C‘Q)“i“C‘P . 

C‘(A n C‘P) 4 h‘>Q = (A n C‘P) 4 “i“C‘Q [*150*22] 

*180*11. I" .(7‘4 (AnC , ‘Q)H»PnO‘(AnC‘P)4 ’t»Q = A [*180101 .*110*11] 

*180*111. \-.C‘(P + Q) = C‘P + C‘Q 

Dem. 

K *180*101. *160*14.3 

I- . C‘(P + Q) = 4 (A n C‘Q)“t“(7‘P v(A n C‘P) 4 “i“C‘Q 
[(*110*01)] = C‘P + C‘Q .31-. Prop 

*180*12. I* . 4 (A n C‘Q)n>P smor P. (A n C‘P ) 4 h>Q smor Q [*151*61*64*65] 

*180*13. h : R smor P . S smor Q . C‘R n C‘S = A .0 .R$. S smor P + Q 

Dem. 

h. *180*12 .31-: Hp . 3 . 12 smor 4 (Ar\C‘Q)h>P . Nsmor (A n(7‘P) 4 ’*’<2 (1) 
l-.(l). *180*11. *160*48. 3 

I- : Hp . 3 . R$S smor { 4 (A n C‘Q)h>P $( A n C‘P) 4 h’>Q j . 
[(*180*01)] 3 . P-£$ smor (P + Q ) : 3 I- . Prop 

*180*14. h : C‘P n C‘Q = A. 3 . P4-QsmorP + Q [*180*13 . *151*13] 

*180*15. I- : P smor P . S smor Q . 3 . P + S smor P + Q 

Dem. 

I- .*180*12. 3 I- : Hp . 3 . 4 (An C‘iS)h»P smor P . (A n C‘R ) 4 >t»iS smor Q . 
[*180*13] 3 . { 4 (A n C‘S)h‘>R$( A n C‘R ) 4 h’’S} smor P+Q. 

[(*180*01)] 3 . P + $smor P+ Q : 3 I- . Prop 
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*180-151. \-:.C‘PnC‘Q = A . D : Zsmor (P$Q) . = . 

(gP, 8) . R smor P . Ssmor Q . C‘R a C‘S=A. Z=R$-S 

Dem. 

H . *160-48 .31-:. Hp . 3 : (gP, S ) . R smor P . S smor Q . C‘R a C‘S = A . 

Z = R$S. 3.Z smor (P 4-Q) (1) 
h .*160 44 . 3 b : T e Z aUtii (P$Q) .0 . Z = T’>P$T’>Q (2) 

I- . *16014 . *15111 . 3 b : TeZamor (P$Q ) . 3 . C‘P C d‘T. C‘Q C d‘T (3) 
I- .(3). *151*21 . 3 1- : PeZsinor (P$.Q) . 3 . P'PsmorP. PJQsmorQ (4) 

h . *72-411 . *150-22 . 3 h Hp . 3 : 

T eZamot (P$Q ) . 3 . C‘T>P a C‘T>Q=A (5) 
I- . (2) . (4) . (5) . D h Hp . D : Te Zsffior (P^-Q) . D . 

TIP smor P . p;<2 smor Q . C'PJP a C‘T>Q = A . Z= T’>P$ T’>Q : 
[*151*12] 3 : Zsmor (P.£Q) . 3 . 

(gP, 5) . P smor P . P smor Q . C‘R r\G‘S = A. Z=R$S (6) 
h . (1) . (6) . D h . Prop 

*180*152. h : Z smor (P + Q ) . = . 

(gP, S ) . R smor P . S smor Q . G‘R a G‘S = A . Z= R£S 
[•180*151*11-12] 

*180-16. KNr‘(P + Q) = 

Z {(gP, 8). Re Nr ‘P . S e Nr ‘Q . C‘R a C‘8 = A . Z = R$S\ 
[*180-152 . *15211] 

*180*2. I- : Ze/i+v. = . (gP, Q)./i= N,>r‘P . v = N 0 r‘Q . Zsmor (P + Q) 
[(*18002)] 

*180*201. h :. Z e ft+p .= i /i, ve N 0 R : (gP, Q) . Pep.Qev . Z smor (P + Q) 
[*155-27 . *180-2] 

*180*202. b Ze fi+v . = : 

g ! ft . g ! v : (gP, Q ) . n = Nr‘P . »< = Nr‘Q . Zsmor (P + Q) 

Dem. 

V. *155-34-22. *180-201. 3 

h :.Z e -i- p . = : g ! /i . g ! p . /t, i/ e NR : (gP, Q) . P e ft .Qev . Z smor (P + Q ) : 
[*152*44]= :g !/i. g ! v . /t, ve NR:(gP Q)./*=Nr‘P.j>=Nr‘Q.Zsmor(P+Q): 
[*152-41] = : g ! ft . g ! v : (gP, Q). /x = Nr ‘P . p = Nr‘Q . Z smor (P + Q ) :. 

3 h . Prop 

In the following propositions proofs are omitted, since they are exactly 
analogous to proofs of propositions in *110 whose numbers have the same 
decimal part. 

*180*21. (■ i.fi, ve NR . 3 : Ze fi + v . s . (gP,Q) . Pe/* . Qe v . Z smor (P + Q) 
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*180‘211. H fi, v e NR . 3 : Ze fi + v . = . 

(gjR, S) . Re smor"/* . S e smor“i> . C‘R a C‘S = A . Z — R^-S 

*180 212. h ji, v e NR . 3 : Ze/i + v . = . 

(gP) . R e smor“/* . R G Z . Z £ (— C‘R) e smor“i> 

*180 22. h . N 0 r‘P + N„r‘Q = Nr‘(P + Q) 

*180*24. I- : R smor P . S amor Q .0 . N,r ‘R + N„r‘jS = N 0 r‘P + N 0 r‘Q 
[*18015-22] 

*180*3. 1- . Nr‘P + Nr‘Q = N,r‘P + Nr‘Q = Nr‘P + N„r‘Q 

= N 0 r‘P + N„r‘Q = Nr‘(P + Q) [*180'22 . (*18003 031 )] 

*180-31. I- : P smor R . Q smor S . 3 . Nr‘P -i- Nr‘Q = Nr‘P + Nr‘S 

*180-32. h : C‘P a C‘Q = A . 3 . Nr‘P + Nr‘Q = Nr‘(P^Q) [*180 143] 

*180*4. : 31 1 n + v . 2 . /t,ve NR — t‘A . n, v e N„R 

*180*42. (■ ./» + reNR 

*180*43. I" : fi+v — N 0 r‘Z . = . Ze/i+v 

*180*63. h . (P + Q) + R smor P + (Q+ R) 

Dem. 

K *160-44. (*180*01). 3 

I- : P' = 4, (A a C‘P)h5 4, (A a C‘Q)h’>P . Qf = 4, (A a C‘R)n >( A a C‘P) i h'>Q . 


R' = |A a C‘(P + Q)} 4, hiR . 3 . P' = | (A a C‘R)h\P + Q ) . (1 ) 

[(*180-01)] 3 . (P'4.Q')4:P' - (P + Q) + R . 

[*160-31] 3.P'1(Q$R’) = (P + Q) + R (2) 

1- . (1) . *180*11 P p®’^ • *16014 . 3 I- : Hp (1) . 3 . 

C‘P' a G‘R' =» A . C‘Q' a C‘R' = A (3) 
1- . *18011 . *72-411 . *150-22 . 3 1- : Hp (1) . 3 . C‘P' a C‘Q' = A (4) 

h . (3) . (4) . *16014 . 3 h : Hp (l) . 3 . C‘P ' a C‘(Q' 4.P) = A (5) 

1-. *180*12 . 3h : Hp (1 ). 3. P' smor P.Q' smor Q.P' smor P (6) 

I- . (3) . (6) . *180*13 .31-: Hp (1) . 3 . Q' 4.P' smor Q + P . 

[(5).(6).*180-13] 3 . P' £(Q' £P) smor P + (Q+ R) . 

[(2)] 3.(P + Q) + PsmorP + (Q-|-P) (7) 

K (7). *1319.31-. Prop 

*180*531. P+Q+R=(P + Q) + R Df 
*180*64 I- . (Nr‘P + Nr‘Q) + Nr‘P = Nr‘(P + Q + P) 

*180-641. h . Nr‘P + (Nr‘Q -i- Nr‘P) = Nr‘(P + Q + P) 

*180-55. h . (Nr‘P + Nr‘Q) + Nr‘P = Nr‘P + (Nr‘Q + Nr‘P) 
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*180-551. h . (N 0 r ‘P + N 0 r‘Q) + N 0 r‘P = N 0 r ‘P + (N 0 r <Q + N 0 r‘P) 

*180*56. •(ji + v) + 'sr == fi + (v + *j) 

*180*561. fi + v+iff = (fju + v) + 'GT Df 
*180*57. \ m *(fi + v) + (w + p) = fjL + v + 'Gr + p 

*180*6. h : fi € NR . D . /x, + 0 r = smor“/x, = 0 r -j -fi 

Observe that 4- 0 r = 0 r + /& is an equation depending upon the peculiar 
properties of 0 r . We do not in general have n + v = p + /i unless p and v are 
finite ordinals. 

*180*61. h . Nr'P + 0 r = Nr‘P = 0 r + Nr‘P 

*180*62. \-:fjL + v = 0 r . = .fi = 0 r .v = 0 r 

*180*64. h.0 r +0 r = 0 r 

*180642. h.2 r + 0 r = 0 r + 2 r =2 r 

Note that 1 +0 r , which will be defined in *181, is 0 r , not i. 

The following propositions, being concerned with the relations of relation- 
numbers and cardinal numbers, have no analogues in *110. 

*180*7. h . C“Nr‘(P + Q) = C“Nr‘P + c C“Nr‘Q = Nc‘(7‘P + c Nc‘(7‘Q 
Dem, 

h . *152*7 . D h . (7“Nr‘(P -4- Q) - Nc‘C‘(P + Q) 

[*180*111] = Nc <(C‘P + C‘Q) 

[*1103] = Nc‘C"P + c Nc‘C"Q (1) 

[*152*7] = (7“Nr‘P + 0 (7“Nr‘Q (2) 

I- . (1) . (2) . D I- . Prop 

*180*71. h/A,i/eNR.D. C“(p + p) = + c C“v 
Dem . 

h . *152*4 . D h : Hp . D . (gP, Q) m fi= Nr*P . v = Nr*Q . 

[*180*3] D . ( a P, Q)./* = Nr‘P.i/ = Nr‘Q . p -i- v = Nr‘(P + Q) . 

[*180*7] D . (gP, Q) . = Nr'P . „ = Nr'Q . 

(?“(/* + i/) = (7“Nr‘P + 0 G“Nr‘Q . 
[*13*193] D . C“(/t + *) = 0 *' V +o 0“v OK Prop 


R.&W. II. 


31 
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*181. ON THE ADDITION OF UNITY TO A RELATION-NUMBER. 
Summary of *181. 

The relation-number 1 has, according to our definitions, no meaning in 
isolation, because our definitions are framed with a view to series, and a series 
cannot consist of one term. But we can add one term to a series; hence 1 is 
required as an addendum. In order to get our definitions in the most manage- 
able form, we first construct a relation, which we call P -f* x, which is such 
that, whenever P exists, P -f* x has one more term in its field than P ; the 
relation-number of this relation is then defined as Nr*P + i. We add also a 
definition 

1 + 1 = 2 r Df 

which is purely formal, and serves to minimize exceptions to the associative 
law of addition. 

The definitions are closely analogous to those of *180. We put 
P a? = 4 A*h5P -1* (A a G ( P) 4 i‘x Df 

with a similar definition for x 4f P. x and P may be of any relative types, 
and we have always 

4 A*n>P smor P . (A n C<P) 4 i‘x ~ e C l 4 A^P (*1811112). 

We put 

y. + 1 = R {(gP, x) . Nqt'P = fjb.R smor (P +► x)\ Df 

with a similar definition for 1 +/i. We also introduce definitions analogous 
to *180 03 031. 

The principal propositions of this number are 
*181-3. h . Nr'P + 1 = Nor'P + 1 = Nr‘(P -}* x) 

*181*31. h s P smor Q.D. Nr'P + 1 = Nr‘Q -i- i 
*181-32. h : ~ e C‘P . D . Nr'P + 1 = Nr'(P-f* x) 

*181*33. h :• fi,v€ NR .g!/A + i.3:/* = i/. = ./A+i = i' + i. = .i+/A=i + i' 
*181*4. h:g!/Lt-i-l.D./Ae NR — i l A . y. e N 0 R 

*181*42. h.^ + leNR 
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The following propositions are formally forms of the associative law, but 
they need separate proof on account of the peculiarity of i. 

*181 '54. b : 0 r . 3 . (ji+v)+\ 

*181*56. l-:/t+0 r .D.0* + i) + i=/*+(i + i) = /t+2 r 
*181*58. 1*: /i=fO r .j> + O r . 3 . (/* 4- 1) 4- v = /* 4- (i 4- v) 

*181*59. l*:/i4 : 0r*»' = ^0 r .D.(/4 + i)-i-(i + v) = /*4-2 r -i-y 
The hypotheses in the above propositions are essential. 

*181*6. I- : a ! P . 3 . C“Nr‘(P 4**)= Nc <C‘P + 0 1 
*181*62. I- : /* e NR - t‘0 r . 3 . C“(/i + i) = C“(i +/x) = C> +, 1 
These propositions give the connection with cardinals. 

*18101. P-i»® = |A*it>P4»(AAC , P)| l ‘a Df 

*181011. s4P= (i‘x) l(An C‘P) <4- A* 4 hiP Df 

*18102. >* + 1 = ^ {(3-P. • N 0 r‘P = fi.R smor (P 4* c)} Df 

*181021. i +fi = R {(gP, x) . N 0 r‘P =/i.B smor ( x <4- P)} Df 
*181*03. Nr‘P 4- 1 = N„r‘P 4- i Df 
*181031. i + Nr‘P = i+N 0 r‘P Df 
*181*04. i + i = 2 r Df 

Propositions concerning x <4- P are omitted in what follows, since they 
are proved exactly as the analogous propositions concerning P 4> * are 
proved. 

*181*1. I- i2(P4*<c)<S. = : (a y,z)*yPz • R = (i‘y) 4 A* . S = (i‘z) 4 A, . v . 

(a y).yeC‘P.R = ( i‘y ) 4 A, . 8 = (A A C‘P) 4 i‘x [(*181*01)] 

*181*11. h . (A a C‘P) 4 1 ‘* ~ e C‘ 4 A x > i’P 

Dem. 

b . *150*22 . 3 1- . C' i A x h’P = i A *“i“C‘P . 

[*55-15] 3 1- : Q e C‘ 4 A a »t»P . 3 q . (L‘Q = t'A* (1) 

I- . *55-15 . 3 b . a‘(A a C‘P) J, i‘x = i‘i‘x (2) 

I- . (1) . (2) .*51*161 . 3b:Qe<7‘4 A x >i>P . 3 Q . CPQ* <3‘(A a C‘P) 4 i‘x . 
[*30*37 .Transp] Z>q. Q^{A r\ C‘P) 4 1 ‘% ’• 

[*13*196] 3 1- . (A a C‘P) 4 i‘x ~ c C‘ 4 AJliP .3h. Prop 

*181*12. I- . 4 A x hiP smor P [*151*61*65] 

*181*13. I- : QsmorP . y ~e C‘Q . 3 .Q-\+ y smor P -\+x 

Dem. 

b . *1 81*12 .3b: Hp . 3 . Q smor 4 A x >i>P (1) 

b . (1) . *161*31 . *181*11 .31-. Prop 

31—2 
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*1812. 1- : Z e + i . = . (gP, x) . fi = N 0 r *P . Z smor (P +> x) [(*181-02)] 

*18121. 1 - fi e NR . 3 : Z e n 4- i . = . (gP, x).P e/i .Z smor (P-[> x) 

[*181-2 . *155 26] 

*181-22, V . N 0 r‘P + 1 = Nr‘(P 4> x) 

Derm. 

V .*181-21 . 3 1- : Ze N 0 r‘P-j-l . = • (gQ, y) • Q e N„r‘P . Z smor (Q 4 +y) (1) 
I- . (1) . *15512 . *15211 .31*. Nr‘(P 4* x) C N 0 r‘P4- i (2) 

I- .*181-12-11 . *161*31.3 V : QeN,,r < P.Zsmor(Q4*y)' 3 .Zsmor (P4*®) (3) 
l-.(l). (3). *15211. 3h:£eN 0 r‘P4-i.3.ZeNr‘(P4**) (4) 

I" . (2) . (4) .31*. Prop 

*181-24. h:PsmorQ.3.N 0 r < P4-i = N 0 r‘Q4-l [*181*22*1211 . *16131] 
*181-3. h.Nr‘P4-i = N 0 r‘P4-i = Nr , (P4*a;) [*18122 .(*18103)] 

*181*31. V : P smor Q.3.Nr‘P4-i = Nr‘Q 4- 1 [*181 324] 

*181-32. I- : a: ~ e C‘P . 3 . Nr‘P 4- i = Nr‘(P 4* x) [*181-313] 

*181*33. I* :. n, veNR. g !/i4-i.3:/* = *'.s./t4-i = i'4-i. = .i4-/t = i4-i' 
[*161*33 . *181-31112] 

The above proposition is used in *253 23*571. 

*181-4. I* : g ! /*4- 1 • 3 • e NR — i‘A . /x e N„R [*1812 . *15522] 

*181-42. I*, p 4- ie NR 
Dem. 


I* . *181-3 . 3 1* : m e N 0 R . 3 . (gP, x ) . /i + i = Nr‘(P 4* x ) . 


[*152*4] 3 . /a 4- 1 e NR 

h . #181 - 4 . 3 1- : n ~ e N„R . 3 . /i 4- 1 = A . 

(1) 

[*154242] 3 .yu.4-1 eNR 

h . (1) . (2) . 3 h . Prop 

(2) 


*181-43. h : /* 4- 1 = N 0 r‘£ . = . Z e fi + 1 [*155 26 . *18142] 

The following propositions are concerned with the associative law when 
i is one of the addenda. 

*181*53. h:g!P.a;^y.3.(P4*^)4>y smor P + (<r 4 y) 

Dem. 

1*. *1315. (*18101). 3 

1* . (P 4» x) -[♦ y = 4 A„U’ | 4 A x u:P-b(An C‘P) 4 i‘x] +> (A n C\P 4* *)} 4 i‘y 
[*161-4] = 4 Ayh'> 4 A x h'>P-t> 4 A/t‘(A n C‘P ) 4 l‘x -\> {An C%P*M} 4 t‘y (1) 
1- . (1) . *161-22 . 3 1* : Hp . 3 . (P 4**) 4 * y 

= 4 Ayh> 4 A x h’>P $ { 4 A/t‘(A n C ( P) 4 i‘x) 4 [{A n C‘(P 4» «)} 4 i‘y ] (2) 
k. *18013. *181*11 .3 

1* : Hp .3.4 A y h> 4 A x h’P { 4 Ay‘l‘(Ar\C‘P ) 4 4 [{An(7‘(P4*®)} 4 *‘y] 

smor P + (x 4 V) (3) 

h. (2). (3). 31*. Prop 
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Bern. 

I- . *181-2 . *180-2 . 3 1- : Ye (a* + v) 4» 1 . = . 

(gP, Q, R, x) . Nor'P = fi . N 0 r‘Q = v.R smor P + Q . F smor R-\*x. 


[*181-22-31] = . (gP, Q, x) . N,r‘P = /* . N 0 r‘Q = v . Fsmor(P + Q)4»<r (1) 

V . *15314 . 3 1- :. Hp . 3 : N,r‘Q = v.3.g!Q (2) 

I- . *160-44 . (*180 01 . *181-01) . 3 

b :P' = 4 AjjH* Ac«qH»P . Q' = J, A*>i»A<j«i>^ ’i>Q.X= {Ar\C‘(P + Q)j J, i‘x . 

3 • P' IQ' = 4 A^O P +Q).(P'$Q')-\*X = (P + Q)i>x (3) 
I- . *180-12 . *181"12 ,3b: Hp (3) . 3 . P' smor P . Q' smor Q (4) 

I- . *18011 . *72-411 . *18111 . (3) . 3 

b : Hp (3) . 3 . C‘P' n C‘<7 = A . X ~ e C‘P ’ . X ~ e C‘Q' (5) 

b . *161-23 . (4) . 3 b : Hp (3) . g ! Q . 3 . (P' 4 . Q') -H- X = P' ( 6 ) 

b . *181-13 . (4) . (5) . 3 h : Hp (3) . 3 . Q' -+> X smor (Q 4*®) • 

[*180-13.(4).(5)] D . P'^(Q' -b X) smor P + (Q 4* a?) (7) 

h . (1) . (2) . (6) . (7) . 3 b :. Hp . Hp(3) . 3 : Fe^-M-b i . = . 


(gP, Q, x ) . N 0 r‘P = fi . N 0 r‘Q = v.Y smor P + (Q-\*x). 
[*180-3.*181-3] = . (gP, Q, x ) . N 0 r‘P = /* . N 0 r‘Q = v . FeN 0 r‘P+(N 0 r‘Q-}- 1). 
[*13T93.*155*2] =. ft, ve N„R . Fe /* + (v + 1) • 

[*181-4.*180-4] = . Fe/x+(»/ + i) (8) 

b. (8). *1319. 3 b. Prop 

*181*55. h:/i=(=O r .D.i-i-(/x-i-i/) = (l-i-/x)+i' [Proof as in *181-54] 

*181-66. h:/*4=O r .D.(/t+l) + i = M + (i + i) = M + 2r 

Dem. 

h. *153-2. *180-2.3 

I- : Zey, + 2 r . = . (g P,x,y ) . fi = N 0 r‘P .x^y.ZsmorP + (x^y) (1) 

b . (1) . *181-53 .3b:. Hp . 3 : 

Ze n + 2 r .= . (g P,x,y) . fi= N 0 r‘P. x^y . Zsmor (P4*^)4>y • 
[*181-22] = . (gP, x,y).^ N 0 r‘P .x^y.Ze (N„r‘P + i) -i- 1 . 

[*181-4] = .{$x,y) .x^y . Z e(jt+\)+\. 

[*24-1] =.Ze(ji- i-i)-i-i (2) 

I- . (2) . (*18104) . 3 1- . Prop 

The last line in the above proof, in which *24-1 is used, is legitimate 
because x and y may be of any type whatever, and therefore the fact that 
A 4= V is sufficient to establish (g#, y) .x^y in the sense wanted. 
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*181-661. /*+i+i=/*+(i+i) Df 

This definition adopts the opposite convention to that usually adopted. 
But it is convenient to have 0 r 4-l + 1 = 2 r , and also to have as much simi- 
larity as possible between the results of adding i at the beginning and end 
of a relation. Both reasons lead to the adoption of the above convention. 
(Cf. *181-57-671, below.) 

*181-67. h : + 0 P . D . i +(i +/x) = (i + i)+/* = 2 P -i-/t 
[Proof as in *181'56] 

*181-671. l + l+/* = (i + l)+/t Df 

*181*68. h:/t^O r .v^=O r .D.(/*+i) + i/ = ^t + (i + y) [#161*232] 

The proof proceeds in the same way as that of #181-54. 

*181-69. h:>* + O r .v + 0 r .D.0* + i)+(i + i') = M + 2r+>' [*161-25] 

The above propositions show that, except when one of the summands is 
zero, the associative law holds for i just as if it were a relation-number. 

The following propositions are concerned with relations to cardinal 
addition. 

*181-6. I- : a ! P . 3 . C“Nr‘(P 4* x ) = Nc‘C‘P +, 1 

Dem. 

h . *152-7 . 3h. C“Nr‘(P 4* x) = Nc ‘C\P 4* x) . 

V . (1) . *161-14 . 3 1- : Hp . 3 . C*‘Nr*(P 4* x) 

= Nc‘[ 4, A*“i “C"P w i‘((A a C‘P) 4 i‘x}] 
[*11013-3.*181-11.*11012] = Nc‘0‘P+e 1 : 3 h . Prop 

*181-61. h : a ! P . 3 . C“ Nr‘(* 4 P) = 1 +. Nc ‘C‘P = Nc'C^P +, 1 
[Proof as in #181"6] 

*181-62. \-: fie NR - t‘0 r . 3 . C“(ft + i) = <7“(i +fi) = C“fi + 0 1 

Dem. 

h . *15316 . *152-4 .31-: Hp.3.(gP).M=Nr‘P.a!P . 

[*181-3-6] 3 . (gP) ./t= Nr‘P. C“(Nr‘P + 1) = Nc‘C‘P+ 8 1 

[*152-7] =C“Nr‘P+ e l. 

[*13193] 3 . C“(fi+ i) = C“fi + 0 1 (1) 

Similarly 1- ; Hp . 3 . C“(l + /*) = 1 +. C“fi (2) 

l-.(l). (2). *110-51.31-. Prop 
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*182. ON SEPARATED RELATIONS. 


Summary of *182. 

In this number, we have to consider, as a preliminary to the addition of 

A 

the relation-numbers of a field, the properties of the relation 4 >P, which is 
defined as follows. If x ? y is any function of two arguments in the sense 
of *38, we put ? l x = x ? x Df. Thus 4 ‘Q = Q 4 Q, i.e. ^ ‘Q = 4 Q’Q* Hence 

^ P is the relation of 4 Q’Q to 4 R>R when QPR. Thus the symbol 4 *P 
is only significant when P is a relation of relations ; when this is the case, 

A 

4’P is the relation which results when, for every Q which is a member of 

C‘P, every member x of C ( Q is replaced by x 4 Q- The result is a Rel* excl, 
whose arithmetical properties serve to define the arithmetical properties of 
the sum of the relation-numbers of members of C‘P. In the next number, 
we shall put 

2Nr‘P = Nr‘2‘l>P Df. 

We shall put later 

nNr‘P = Nr‘II‘P 

and we shall find 

II'P - «5Prod‘15P . Nr'II'P = Nr‘Prod‘ 1 JP. 

•9 *9 

Thus we might have dispensed with H S P as a fundamental notion, using 
Prod instead, and putting 

n'P^Prod'^P Df. 

But this course is on the whole less convenient than that adopted in *172 
and *173. 

The notation $ is thus required in connection with ordinal addition, 
where it is almost indispensable. It has besides certain minor uses. The 
object of the notation is to enable us to exhibit as a function of x an ex- 
pression of the form x ? x, where ? is any descriptive double function which 
exists for all possible pairs of arguments. Thus for example x^x is a 
function of x , but the notations hitherto introduced do not enable us to 
exhibit it in the form R‘x. Hence if we wish (say) to deal with the class 

A 

P {(3®) .X€0L.P = X^X) 
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we cannot write it in the form R“a unless we introduce a new notation. 
We put 

r\ 

*X = X X 

whence P {(g#) . x e a . P = x 4, 00 } *= | “a. 

We introduce the notation generally for all descriptive double functions 
which exist for all possible pairs of arguments. Thus “ ? ” in this number 
corresponds to “ $ ” in *38. 

In the present number, we shall begin by a few propositions illustrating 

r\ 

possible uses of the notation $ . Thus for example if X is a class of relations, 
we have hitherto had no simple notation for expressing the class of their 

r\ r\ 

squares. But since R 2 = | *R, the class of the squares of X’s is ( “ X. The 
notation is, however, introduced chiefly in order to be applied to 4- and 

r\ 

. We therefore proceed almost at once to propositions on ^ , and especially 

A 

on 1 >P. We have 

•9 

*18216162. h . 1 >P e Rel 2 excl . 1 € 1 — ► 1 . 1 »P smor P 

•» *9 m f 

*182*2. I - . £ ‘Q = U‘(Q IQ)=U‘1‘Q 

*i82-2i. kI;p=ip J;p 

We next prove (*182*27) that if Pe Rel* excl, then P has double likeness 

A V 

to >P, the double correlator being 1 1 D with its converse domain limited 

to C‘2,‘y>P (*182*26). We then prove (*182*33) that if T\C‘VP is a 
double correlator of P with Q, then T!|Cnv*T*f (with its converse domain 
limited) is a double correlator of 1 >P and 1 whence we deduce 

•9 m 9 

*182*34. I- : P smor smor Q . D . 1 »P smor smor 1 

•9 m 9 

We next proceed to prove 

*182*42. h . Il‘P = a 5 Prod* 1 >P = siV’Il* 1 !P - IPS' 1 iP 

•9 

The proof of this is as follows : In virtue of *182*21 and the associative 
law for II, we have 


Now 

and 


«;D5n* : t;p = n*s*4 f ip. 

2‘l m >P = PvItC‘P (*182*413), 
n*(Pu/p(7*P) = n < P (*172*51). 
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Hence our proposition results. Hence we arrive at 
*182-44. h . Nr‘n‘P = Nr‘Prod‘ J >P = Nr‘n‘ J ?P 

r\ 

Finally we have some propositions showing how the notation ? can be 
applied in cardinals. It is then applied to 4 , instead of, as above, to ^ . 

We have (*182*5*51*52) e J « = £ . e J “* = J «* . 1‘k = s‘ J “k. Thus the 

notation of the present number might have been employed in dealing with 
cardinal addition (*112) instead of the notation e Ja. The general notation 
P J x was, however, required for other purposes (cf. *85) and could not have 
been dispensed with. 

In *183 we shall put 

2Nr‘P = Nr‘S‘T;P, 

•» 

and by *182*52 we have 

2Nc‘* = NcvJ“k. 

It will be seen that these formulae have the usual kind of analogy. 


*18201. ? =$%(y = x%x) Df 

*182*02. Y '.y % x . = .y = x % x 
*182-021. Y. §‘x = x$x 
*182-022. KE! %‘x 

*182-023. I- : ? e 1-* Cls : (a) . a C CT‘ ? 
*182-03. h.T‘P = P s 


[(*182-01)] 

[*182-02. *30-3] 

[*182021 .*14-21] 

[*182022 . *71166 . *33431] 
[*182021 . (*3402)] 


r\ 

Thus if \ is a class of relations, the class of their squares is | “A. 


*182-031. l-.t < a = «t a 
*182-032. Y.i‘x = xlx 
*182-033. h.2-2 r = D‘I = l 
*182-04. I- . J ‘a - 4 a“a 


[*182021] 

[*182-021] 

[*5613. *182032. *153-3] 
[*182-021 .*38-2] 


r\ 


Observe that in 1 , we first take 1 , and then put a circumflex over it. 

99 99 


r\ rs 

If we first took , we could not then place two commas under it, because 
is a relation, not a double descriptive function, and two commas can only 
significantly be placed under a double descriptive function. 


*182-05. \-'l‘Q = lQ m ’Q = QlQ [*182021 . *1506] 
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The relation for the sake of which the above notation is chiefly introduced 

A A 

is 1 >P, where P is a relation of relations. If P relates Q and R, then 1 »P 

■i •> 

relates 4 Q’Q and R’R. This is stated in the following proposition : 

*1821. 

*18211. 

*18212. 

*18213. 

*18214. 

Bern. 

h. *18212. 5\-:FlQ = FlR.0.lQ“C‘Q = lR“C‘R (1) 

h . (1) . *55-232 . *37-45 . D Y : F J Q = F J R . a ! Q . D . Q = R (2) 

Y . *37-45 . D h : J, Q“C‘Q=l R“C‘R . Q = A . D . IR“C‘R= A . 

[*37-45.*33-241] D.R = A (3) 

K(l).(2).(3). Dh:PIQ = PIP.D.Q = P:Dh.Prop 

*18215. h:a!PI<2APJP.D.Q = P 
Dem. 

Y . *18212 . D 1- : Hp . D . a 1 1 a J, P“C‘P . 

[*55-232] D . Q = R : D h . Prop 

*18216. Y . X ; P e Rel s excl [*1821215] 

*182161. h:4‘Q = l‘P. = .(2 = P 

Dem. 

h. *18205. D I- :J‘Q = J‘P. = .Qj r Q = PJ,P. 

[*165-23] ’ 5.Q=R ’ (1) 

K(l). *30-37. DK Prop 

*182162. h . 1 e 1— »1 . 1 »P smor P [*182161 . *7157 . *151243] 

m 9 V 

*18217. Y . <7‘2‘ y>P=S KaQ, x).QeC‘P.xeC , Q.S=xlQ\ 

Dem. 

Y . *18212 . *162-22 . *40 4 . D 
Y . C‘2‘ jj *P = 3 KaQ) .QeC‘P.Sei Q“C‘Q ) 

[*55-231] = S }(aQ, x).QeC‘P.xeO‘Q.S = xiQ}.DY. Prop 


h.J;p = i#{(aQ,P).QPP.X = Q^Q.F=P^P} 
[*182*02305. *150-4] 

Y . C‘ i ;p = i “C‘P [*150-22] 

■y v 

h . C‘ £ ‘Q = i Q“C‘Q = FIQ [*182-05 . *15022 . *335 . (*855)] 

I- . C“C‘l ;P = P J “C‘P [*1821112] 

KPJel->l 
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*18218. h . s‘C‘V pP = P [ C‘P 
Bern. 

I-. *18217.3 

h . 8‘C‘V = ^ {(aQ,«) .QeC‘P.xeC‘Q.y(xlQ)R} 

[*55*13] = §R {(gQ, x) . Q e C‘P . x e C‘Q .y — x.R — Q) 

[*13-22] = {P e C‘P . y e C‘R} 

[*33-51] =$&{Re C‘P . yFR] 

[*35101] = F [C‘P . 3 1- . Prop 


*18219. h . s‘D“C"2‘ 1 JP = C‘VP . 8 ( a“C‘2. t 4, ?P = CFP - t‘A 

V •> 

Bern. 

V . *41-43 . *18218 . 3 V . s‘D“C"X‘ J;p = D‘(P [C"P) 
[*162-23] = 0‘2‘P 

h . *41-44 . *18218 . 3 h . «‘(I“(7‘2‘ J >P = d‘(P f 0‘P) 

[*172192] r = C‘P-i‘A. 

h . (1) . (2) . 3 h . Prop 

*182-2. h.J‘Q=n‘(Q4,Q) = n‘I‘Q [*18205032. *17 2-2] 

*182-21. i- . J ;p = n; I ;p [*i82-2] 

The following propositions lead up to *182'26"27. 

*182-22. h . D> jj‘Q= Prod‘I‘<2 = t»Q [*1822 .*1731-22] 


*182-23. h. l ;D5 2 t‘Q = Q 
*182-24. ‘>1‘>P = P 


[*182-22 . *151-252] 
[*182-23] 


*182-25. Kt>D52‘^»P = 2‘P . C‘2‘ f>P C d‘(t | D) 

Bern. 

V . *5515 . 3 h PD* 4, Q*y = y . 

[*33-43] 3 h . 4, Q‘y e d‘(t | D) . 

[*18212] 3KC , ‘£‘QCd‘(7|D). 

[*i62-22] 3h.c‘2‘;;pca‘(i|D). 

[*162-35] 3 h . tJDJS* l >P = 2‘tfiDt 5 J JP 
[*182-24] * = 2‘P . 3 h . Prop 


( 1 ) 

( 2 ) 


Digitized by doodle 



492 


RELATION-ARITHMETIC 


[PART IV 


*182*26. h : P e Rel’ excl . D . 1 1 D £>PeP amor smor >P 

Bern. 

I- . *182*24*25 . D h . P = (t | D)f; J >P . (7‘2‘ C (pf | D) (1) 

h . *182*17 . *55*15 . D 

I -:S,Te C‘2‘ 1 i P .'t'D'S -'t ‘D‘2 1 . D . 

■» 

(gQ, R, x,y).Q,Re C‘P . x e C‘Q . y e C‘R .x = y.S = xXQ‘T sz yXR- 
[*13*195] D. ( a Q, R,x).Q,ReC < P. x e C‘Q a C‘R. S=x | Q.T^x^R (2) 
K (2). *163*11. D 

h : Hp . 8, T e C‘X‘ l ">P .'t'D ‘8 = t'D'T . D . 

(3Q» -B. «) • Q = -B ■ S = a; J, Q . T = a; 4 R . 

[*13*195172] D. 5 = T (3) 

h . (3) .*71*55 . D h : Hp . D .'ll D [*(7‘2‘ J’Pel— »1 (4) 

h. (1). (4). *164*18. Dh. Prop 


*182*27. H : P e Rel* excl . D . P smor smor 1 >P [#182*26] 

The following propositions lead up to *182*33*34. 

*182*3. 1- : TfCWQ e Psmor sThor Q . D . ( JT|| Cnv‘P+) [ C‘2‘ | ‘>Q e 1-*1 

Bern. 

T,T\,C‘Vl’Q 

I- . *74*775 . D 

V» B, A. 

1 - : T |VD“C‘2‘ l >Q, T\ [ a‘d“C‘t‘ | >Q e Cls->1 . 

«‘D“ 0 ‘ 2 ‘ J ;q c d‘T . s‘<I“C‘2,‘ 5 Q C (PTf . D . 


(TIlCnv^pO'S'^Qel-*! (1) 

1- . *182*19 . *164*18 . D 1- : Hp . D . T f“s*D«0*2* JjQcl— >1 (2) 

I- . *164*18*13 . D 1- : Hp . D . Tf [C‘Q e 1-»1 . 

[*182*19] D . T\ |V(I“C‘2‘ 1 5Q € 1 -♦l (3) 

1- . *164*18 . *182*19 . D I- : Hp . D . 8 , D ,, C , 1‘ 1 >Q C d‘T (4) 

•3 

1- . *150*1 . *33*431 . D I- . 8‘d“C‘X‘ J 5Q C (PTf (5) 

1- . (1) . (2) . (3) . (4) . (5) . D 1- . Prop 
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*18231. h : E!! T“C‘S .D.J, ‘T>S= (P|| Cnv'Pt)’ i *S 
Dem. 

h . *182-05 . 3 h . J ‘T>S= (T>S) J, ( T'>S ) (1) 

K(l). *165-31. 3 

h:Hp.3. =T\>S]>{T>S) 

[*1501 .*165-321] = r|5(| Cnv'Pt^S 

[*150-13.*1 82-05] = (T || Cnv'Pf); j, ‘S : 3 h . Prop 


*182-32. I- : E !! P“C‘2‘Q .3.^ >Tf>Q = (T || Cnv‘Tt)t5 ^ ’ Q 

Dem. 

h . *162-22 . 3 V Hp . 3 : 8 e C‘Q . 3 S . E !! T“C‘S . 

[*182-31] D g . J ‘T m >S= ( T || Cnv‘Tt)5 J « 8 : 

[*150-351] 3 : J '>TY>S = (T\\ Cnv'TfJt' J >Q :. 3 1- . Prop 

*182*33. (■ : T\C , h t P e P smor smor Q . 3 . 

(T || Cnv'Tf) smor ( J iQ) 

Dem. 


I- . *16418 .31-: Hp. 3 . (FTC C‘2‘Q . T [0*2‘P e 1-»1 . P = Tf’Q . 
[*7411] 3.E!!P“(7‘2‘Q.P = P+i<2. 

[*182-32] 3 . J >P = (T\\ Cnv‘rt)t; J ’>Q (1) 

h . (1) . *182-3 . *16418 .3K Prop 

*182*34. h : P smor smor Q . 3 . ^ >Psmor smor ^ >Q [*182*33] 

The converse of the above proposition is false. For example, if Q = ^ iP 9 

A 

we shall have ^ »P smor smor by *182-16 - 27, but we shall not have 

Psmor smor Q unless P e Rel 2 excl, as appears from *182*16 and *164*23. 

*182-411-412 are lemmas for *182*413. All the following propositions 
lead up to *182*42, which leads to *182*44. 


*182-411. \-.s‘C‘l>P = I[C‘P 

Dem. 


V . *150-22 .31-. s‘C‘ I >P = I (( C‘P 


[*182032] 

[*41-11] 

[*5513.*13195] 

[*50-l.*35101] 


= s‘R {(ay) . y e C‘P .R = yly) 
= £2 {(’Ry).yeC‘P.x(yly)z) 
= £2 {ze C ( P .x = z} 

= I[C‘P. 3h.Prop 
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*182412. Y.F>^P = P 

Bern. 

h . #150*11 . *182 032 . D h . P’ j, >P = a$ {(gar, w) . zPw . xF(z ^z) . yP(w ,[«;)} 
[*33*51 .*551 5] = a$ {(gar, w ) . zPw .x = z.y = w\ 

[*13*22] = P . D h . Prop 

*182*413. \-.Z‘'i‘>P = PuI[C , P [*182*411*412 . *162*1] 

*182*414 h . 2 ’P e Rel a excl 

Bern. 

H . *150*22 .DK(7‘I;P=I “C'P 

[*182*032] =Q{{Rx).xeC‘P.Q = x\,x) (1) 

h.(l).*55l5.DI-:Q,Pe(7‘I;P.g!(7‘QnC ,t P.D. 

(ga;, y) . x, y e C‘P . Q = x l x . R = y \,y . g ! i‘x r\ i‘y . 
[#51*231 .Transp] D . (ga;, y) .Q = x ^x ,R = y ^y ,x = y . 

[*13*195*172] D . Q = R : D Y . Prop 


*182*415. H:QeC‘4,;P.D.O‘Qel 
Dem. 

h . *150 22 . D h s Hp . D . (ga;) . x e C‘P . Q = x ^ x . 

[*5515] D . (ga) .x€C‘P. C‘Q = i‘x . 

[*52*1] D . C‘Q e 1 s D h . Prop 

The purpose of the above proposition is to enable us to apply *174*221-231 
to n<W J, 5P, as is done in *182*42*43*431 below. 

*182*42. h . II ‘P = *5p ro d‘ 15 P = «5D5II‘ 1 5P = IPS' 1 5P 

•t 

Bern. 

h .*182*21 . D h . s>D>II‘ ^ 5P = «>D>II < n5 ^ »P 


[*1 74*22 1 .*1 82*414*41 5] 

= n‘2‘|»P 

(i) 

[*182*413] 

= n‘(P u; I [ C‘P) 


[*172*51] 

= n‘P 

(2) 


Y. (1). (2). *173*1. DK Prop 

*182*43. Y . 8 [* (C'Prod' J, >P) e (II'P) smor (Prod' J, »P) 

Bern. 

h . *174*231 . *182*414*415 . D 

Y.i[ (O'Prod'n; l >P) a (11*2* I ;P)smof (Prod‘n» 1 5P) (1) 

h . (1) . *182*21*42 . D h . Prop 
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*182*431. K i | D f (<7‘II ‘ jl, 5.P) e (H'P) smor (IF J, >P) 

[*174*221 .*182*414*415*21*42] 

*182*44 h.Nr‘n‘P = Nr‘Prod‘J;P = Nr‘n‘^;P [*182*43*431 .*152*321] 

*182*46. H : P e Rel a excl . 3 . Nr‘Prod‘P = Nr'Prod' J ?P [*182*44. *173*16] 

The following propositions are concerned with cardinals. They show 
how to express the propositions and definitions of *112 in the notation of 
this number, and they thereby illustrate the analogy of cardinal and ordinal 
addition. 

*182*6. h.e Ja = £‘a [*182 04 . *85*601] 

*182*61. h.e J“« = J “* [*182*5] 

*182*62. h . = a‘ J “k . SNc‘/c = Nc‘«‘ £ “k [*182*51 . *112*1*101] 


*18263. 

Dem. 


*182*64 


I- : C'fC'Pel— >1 .3. 

(|0) [ (C‘X‘ 4 JP) e ( 4 “C“C‘P) sm sm (C“C‘ £ >P) 


1* . *182*18 .*41*44.31-. y>P = a^PfC'P) 
[*35*64] * C C*P (1) 

h . (1) . *74*75 . 3 h : Hp . 3 . (| C) [(7‘2‘ J ’Pc 1-»1 (2) 

1- . *55*581 j?. 3 h . (x 4 Q) | C=x 4 C‘Q . 

[*38*11] D\-.\C‘lQ‘x = l(C‘Qyx. 

[*182*12*04] 3 h . | C“C‘ J ( Q = 4 ( C‘Q . 

[*150*22] 3 h . | C‘“C“C‘ J 5P = J “C“C"P (31 

I- . (2) . (3) . *111*14 . *162*22 .31-. Prop 

I- : C [ C‘P e 1 -» 1 . 3 . Nc‘C‘2‘ $ >P = SNc'C^'P 
[*182*52*53. *11 1*44] 
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*183. THE SUM OF THE RELATION-NUMBERS OF A FIELD. 
Summary of *183. 

In this number we have to define and consider the sum of the relation- 
numbers of the members of C‘P, where P is a relation of relations. Since 
relational sums are not commutative, we cannot define the sum of the 
relation-numbers of members of a class of relations it is necessary that 
\ should be given as the field of a relation P, where P determines the order 
in which the summation is to be effected. 

r\ 

In order to avoid repetition, we replace P by ^>P, so that if Q is a 

A 

member of C‘P , Q is replaced by l ‘Q, ie. by l Q>Q. This relation is like 

Q, and its field has no members in common with the field of l R>R, unless 
Q = R. Hence we are led to the following definition: 

*18301. 2Nr‘P = Nr‘2‘l;P Df 

•t 

This definition is analogous to *112*01, as appears from *182*52, and the 
propositions of the present number are analogous to some of the propositions 
of *112. 

We have not merely 

*183*11. h s P smor smor Q . D . 2Nr‘P = 2Nr‘Q 
but also 

*183*15. h : 1 5P smor smor 1 5Q . D . 2NPP = 2Nr r Q 

•9 

which is a proposition with a weaker hypothesis than that of *183*11 (cf. 
note to *182*34). 

Important propositions in this number are 
*183*13. h s P e Rel* excl . D . Nr ‘2‘P = SNr'P 
*183-2. h : 2Nr‘P = 0 r . = . 2‘P = A 

I.e. a sum is only zero when there is no summand except (at most) zero. 
(Cf. *162-4-45.) 

*18325. K2Nr‘P^;<2 = Nr‘(gxP) 
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*183*26. H Mult ax . 3 : P e Nr‘P . C‘P C Nr ‘8 . 3 . 2Nr‘P = Nr‘(P x S) 
This proposition connects addition and multiplication. 

*183*31. h:P + Q.3. 2Nr‘(P J, Q) = Nr‘P + Nr‘Q 

This proposition connects the two kinds of addition. We have also 
*183*33. Y : a ! P . Z~ e C‘P . 3 . 2Nr‘(P-*Z) = 2Nr‘P + Nr‘Z 
The associative law of addition in a very general form is 

*183*43. h : Pe Rel» excl . 3 . 2Nr‘2’ 1 f ; P = 2Nr‘2‘P 

Finally the connection of ordinal and cardinal addition is given by 
*183*5. h : C r C‘P e 1 -* 1 . 3 . C“2Nr‘P = 2Nc‘C“(7‘P 


*183*01. 2Nr‘P = Nr‘2‘l’*P Df 

■> 

*183*1. K2Nr‘P = Nr‘2‘JiP [(*183*01)] 

*183*11. h : P smor smor Q.0 . 2Nr‘P = 2Nr‘Q 

Bern. 

h . *182*34 .3b: Hp . D . ( J, »P) smor smor ( ], >Q ) . 

[*164*151] D.(2‘J;P)smor(2‘ 

[*183*1.*152*321] 3 . 2Nr‘P = 2Nr‘Q :3b. Prop 

*183*12. I- : P smor smor J, . 3 . Nr‘2‘P = 2Nr‘Q [*164*151 . *183*1] 
*183*13. h : Pe Rel* excl . 3 . Nr‘2‘P = 2Nr‘P [*182*27 . *183*1 2] 

*183*14. KSNr‘P=2Nr‘I;P 

•> 

Bern. 

1* . *182*16 . *183*13 .31*. Nr‘2‘ 1 ‘>P = 2Nr‘ i ’>P (1) 

l-.(l). *183*1.31-. Prop 

*183*15. h:15P smor smor ?;Q.3.2Nr‘P=2Nr‘Q [*183*11*14] 

*183*2. f-:2Nr‘P = 0 r . = .2‘P = A 

Bern. 

Y. *183*1. *153*17. 3 

I- :. 2Nr‘P = 0 r . = : 2‘ J »P = A : 

[*162*42] =:C‘J;PCi‘A: 

[*182*05] =:QeC‘P.O Q .lQ>Q=Az 

[*151*65.*153‘101] = : Q e C‘P . 3 fl . Q - A : 

[*162*42] = : 2‘P = A :. 3 1- . Prop 

R.&W. ii. 32 
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[PART IV 


*183-22. I- Mult ax . 3 : g!( J [>P)smor( >Q)ARl < smor.D.2Nr‘P=2Nr t Q 

Dem. 

h. *164*46. *18216. 3 

h :. Mult ax . 3 : g ! ( ^ >P)smor( ^»Q)ARl‘8mor.D.2‘^'P8mor2‘^5Q. 
[*183-1 .*152-321] 3 . 2Nr‘P=2Nr‘Q: 3 V . Prop 

*183*23. H :. Mult ax . 3 : P, Q e Rel* excl . g ! P smor Q a RPsrnor . 3 . 

2Nr‘P=2Nr‘Q [*16446. *18313] 

*183-231. 1- : P e Nr‘P . C‘P C Nr ‘S . = . i >P e Nr ‘R . C‘ 1 >P C Nr ‘8 

•5 M 

Dem. 

I- . *182162 . *152-31 321 .31 - : P € Nr‘JS . = . J 5P e Nr‘P (1) 


QeC‘P.O Q .lQiQeT>!r‘S: 

Q e C‘P . . Q 6 Nr‘/S : 

C‘PCNr‘S 


I- . *182 0511 . D h : C" >P C Nr‘£ . = 

[*151-65] = 

[*221] = : C‘P C NrSS (2) 

1- .(1) . (2) . 3 I- . Prop 

*183-24. I- :. Mult ax . 3 : P,Q eNr‘P . C‘P,C‘Q e Cl‘Nr‘£. 3. 2Nr‘P=2Nr‘Q 

Dem. 

V . *183-231 . 3 1- :. P, Q e Nr ‘R . C‘P, C‘Q e Cl‘Nr‘S . 3 : 

i 5P, i >Q e Nr ‘P . C‘ 1 5P, C" i 5Q e Cl‘Nr‘5 : 

•» •> •> *5 

[*164"48.*18216] 3 : Mult ax . 3 . ^ »P smor smor ^ 5 Q . 

[*18315] 3.2Nr‘P = 2Nr‘Q (1) 

I- . (1) . Comm .31-. Prop 
*183-25. I- . 2Nr‘P = Nr‘(Q x P) 

Dem. 

I- . *165-21 . *18313 .31-. 2Nr‘P = Nr‘2‘P >Q 

[*1661] = Nr‘(Q x P) . 3 h . Prop 

*183-26. I- :. Mult ax . 3 : P e Nr‘P . C‘P C Nr‘5 . 3 . XNr'P = Nr‘(P x S ) 

Dem. 

h. *165 -27. *183-24. 3 

I- :. Mult ax . 3 : g iS.Pe Nr ‘R . C‘P C Nr ‘S . 3 . 2Nr‘P = 2Nr‘,S^ >R 

[*18313.*1661] =Nr‘(PxS) (1) 

I-. *15311101. 3 

I- : S - A . P e Nr‘P . C‘P C Nr‘S . 3 . C‘P C i‘A . 

[*162-42] 3 . 2‘P = A . 

[*183-2] 3.2Nr‘P = 0 r (2) 

K *16613. 3h:S=A. 3. RxS=X (3) 

h. (2). (3). *15317. 3 

1- : S= A . P e Nr‘P . C‘P C Nr‘S . 3 . 2Nr‘P = Nr‘(P x S ) (4) 

1- . (1) . (4) . 3 1- . Prop 
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*1833. h . 2Nr‘A = 0 r [*1832. *1624] 

*183301. h.2Nr‘(A;A) = 0 r [*1832 . *16241] 

*183-302. I- . SNr‘(P 4 P) = Nr*(C*P f C‘P) 

Bern. 

h . *183 13 . *163-41 . D h . 2Nr‘(P 4 P) = Nr‘2‘(P 4 P) 

[*162-3.*1 601] = Nr‘((7‘P | C‘P) .Dh. Prop 

*183-31. h : P * Q . D . SNr‘(P 4 Q) = Nr‘P + Nr‘Q 

Bern. n 

h . *183-1 .Dh. 2Nr‘(P 4 Q) = Nr‘2‘ ^ i(P 4 Q) 

[*150-71] = Nr‘S‘{( J ‘P) 4 ( 4 *Q)} 

[*162-3] = Nr‘( £ *P 4 . J { Q) (1) 

h . (1) . *180-32 . *1821215 . D h : Hp . D . 

2 Nr‘(P 4Q) = Nr* J *P + Nr* J ‘Q 
[*182-05.*151-65.*180-31] = Nr‘P + Nr‘Q : D h . Prop 

*183-32. h : G‘P n G‘Q = A . D . 2Nr‘(P 4Q) = 2Nr‘P + 2Nr‘Q 

Bern. 

h . *1831 . D h . 2Nr‘(P 4 . Q) = Nr‘2‘ 4 i(P 4 Q) 


= Nr‘( 2 ‘ 45 P 42 ‘ 4 ; Q) 


( 1 ) 


[*162-31 .*160-44] 
h. *18217. *55-202. D 

\-:nlC‘2 , y>Pr>C‘X‘y>Q. = .('&S,R,x).ReC‘Pr>C‘Q.xeC , R.S = xlR. 

[*10-5] ’ ’ D . a ! C‘P r\ C‘Q (2) 

h . (2). Transp . D h : Hp . D . C‘2‘ 4 ? P a C‘2‘ J = A . 

[*180-32] D . Nr‘(2‘ J >P 4 . 2‘ J 5Q) = Nr‘2‘ J?P+ Nr*2*liQ 

[*183-1] ’ ’ = 2Nr‘P+2Nr‘Q (3) 

h . ( 1 ) . (3) . D h . Prop 

*183-33. h : a ! P . e C‘P . D . 2Nr‘(P-*Z) = 2Nr‘P + Nr‘Z 

Bern. 

h . *1831 . D h . 2Nr‘(P 4 * Z) = Nr*2* £ ’(-P 44 £) 

[*161-4] =Nr‘2‘(45P-^4‘Z) (1) 

h . (1) . *162-43 . D h : Hp . D . 2Nr‘(P-^Z) = Nr‘(2‘ 4 »P 4- 4 * Z ) 


[* 182 - 1215 .* 180 - 32 ] 

[* 1831 .* 18205 .* 151 - 65 ] 


= Nr‘2‘i;P + Nr‘4‘Z 
= 2Nr‘P + Nr‘Z : D h . Prop 
32—2 
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*183-331. I- : a ! P . Z~ e C‘P . D . 2Nr‘(Z«f P) = Nr‘Z + 2Nr‘P 
[Proof as in *183*33] 

*183*42. h : P e Rel* excl . D . l*f*>P e Rel’arithm 
Bern. 

h . *163*3 . *182*162 . D I- : Hp . D . ; P e Rel* excl (1) 

I-. *162*35. Dh.2‘lt ; P = l ; 2‘P. 

•> •> 

[*182*16] Dh.2‘Jt ; -Pe Rel* excl (2) 

h. (1). (2). *174*3. DK Prop 

*183*43. h : P e Rel* excl . D . SNr'S? I +'■? = 2Nr‘2‘P 

•J 

This is a form of the associative law of addition. 

Dem. 

h . *183*42 . *174*36 .Dh :Hp.D.25 JfJPe Rel* excl . 

[*183*13] D . 2Nr‘25 J f»P = Nr'S'S? I +SP 

[*162*34] =Nr t 2‘2‘|t>P 

[*162*35] =Nr‘2‘p2‘P 

[*183*1] = 2Nr‘2‘P : D h . Prop 

*183*5. 1- : C [ G‘P e 1 -> 1 . D . 0“2Nr‘P = 2Nc •G t ‘C t P 

Dem. 

I- . *152*7 . *183*1 . D h : Hp . D . C“2Nr‘P = Nc‘(7‘2‘ I >P 

•f 

[*182*54] = 2Nc‘C“(7*P . D h . Prop 
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*184. THE PRODUCT OF TWO RELATION-NUMBERS. 


Summary of *184. 

The propositions of this number are for the most part analogous to those 
of the propositions of *113 which are concerned with fi x 0 v. Those of #113 
which are concerned with a x fi have their analogues in *166. We put 

*18401. fj,Xv = R {(gP, Q).fi = N„r‘P . v = N 0 r‘Q . R smor (P x Q)) Df 
*18402. Nr‘P X v = N„r‘P X v Df 
*18403. / *^Nr‘Q = M>cN 0 r‘Q Df 

We prove that fi"kv is only zero when one of its factors is zero (#184*16); 
we prove the associative law (#184*31), and the distributive law in the 
forms 

* 184 * 33 . I- : P e Rel» excl . D . 2 Nr‘P * Nr‘P = 2 Nr‘( x R)‘>P 
* 184 * 35 . I** . (v+ «r) X fi = (v X n) + («r X fi) 

and we prove 2 r X = /i + n (#184*4). Also we extend the distributive law 
to the case where one of the summands is i, i.e. we prove 

*184*41. h:v*O r .D.(i/ + i)X/* = (vX/*) + /<. 

*184*42. l-:v*O r .D.(i + v)X/* = M-K*'*/‘) 

and the connection of cardinal and ordinal multiplication is given by 
*184*5. I- : /*, v e NR . D . C“(ji X *) = x 0 C“v 


*18401. /i X {(gP, Q) ./u,=N 0 t‘P . i/ = N 0 r‘Q .Psmor(P x Q)) Df 
*18402. Nr'PX v = N»r‘P^v Df 
*184*03. X Nr‘Q = /a X Nor'Q Df 

*184*1. h : Re / j. X v . = . (gP, Q)./i = N 0 r‘P . v = N 0 r‘Q . R smor (P x Q) 

[(*184*01)] 

The proofs of the following propositions are omitted, since they are 
analogous to those of the corresponding propositions of *113. 
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*184*11. N 0 R • 3 1 • 3 I v 

*184*111. h : ~ (/*, ve N 0 R) . D . n X v = A 

*184*12. I- n, v e NR . D : P e /t kv . = . (gP, Q).Pe/jt.Qev.R smor (P x Q ) 
*18413. h . Nr'P X Nr'Q = N 0 r‘P X Nr'Q = Nr'P X N„r‘Q 

= N 0 r‘P X N 0 r‘Q = Nr‘(P x Q) 

*184*14. h : P smor R . Q smor P . D . Nr'P x Nr'Q = Nr'P X Nr'P 
*184*15. [■ .fiXve NR 

*184*16. \~ :. ft k v = 0 r . = t ix, v e NR — t'A : fi = 0 r . v . v = 0 r 
*184*2. I- Mult ax . D : P e Nr'P . G‘P C Nr ‘S . D . SNr'P = Nr'P * Nr'P 
[*183*26. *18413] 

*184*21. (■ Mult ax . D : ft, v e NR .r^A.Pe/i.O'PCv.D. SNr ‘P—ft X v 
Dem. 

K *1 52*45 . D h : e NR . P e /t . D . /* = N r'P (1) 

h . *152*45 . 3 h : i> e NR . C‘P Cv .Se C‘P . 3 . i> = Nr'P . C‘P C Nr'P (2) 
K (1) . (2) . *184*2 . 3 

h Mult ax.D: /x,ve NR .Pe/x. C‘P Cv .Se C‘P . 3 . 

SNr'P = Nr'P X Nr'P . fx = Nr'P ,v = Nr'P. 


[*13*13] 

3 . SNr'P = 

/xkv 





(3) 

(-.(3). *10 

1*11*21*23 . 3 







h Mult ax . D : /*, v e NR ,Pe^, 

G‘PCv 

• a» 

C'P 

. 3 . SNr'P 

= ftkv 

(4) 

I-. *183*2. 

*162*4. D h :P = A. 

3. SNr 

*p= 

o r 



(5) 

K *153*16 

. Transp . D h p e NR 

.Pefi. 

p= 

A.D:/i = O r : 



[*184*16] 

Du 

^NR- 

■t'A 

.3. 

ft Xv = O r 


(6) 

I- . (5) . (6) 

. D h : fiy v € NR . v =f= A 

. P e ft. 

C'P 

Cv. 

p=A.d. 








2Nr‘P = 

- ftkv 

(7) 

M4).(7). 

. D h . Prop 








*184*3. 1- . (Nr'P X Nr'Q) x Nr'P = Nr'P x (Nr'Q X Nr'P) = Nr‘(P xQxR) 

Dem. 


(- . *184*13 . 3 I- . (Nr'P X Nr'Q) X Nr'P = Nr‘(P xQ)k Nr'P 


[*184*13] 



= Nr‘(P 

xQxR) 


[*166*42] 



= Nr‘{P 

x(Qx R)} 


[*184*13] 



= Nr'P X (Nr'Q X Nr'P) . 3 K 

i Prop 

*184*31. K 

•(/** 

i/)X® = /AX(vX«r) 




Dem. 






h .*184*111 , 

.3h: 

~ (/a, i>, e N 0 R) . D . 

(jxkv)kv 

= A./Lt>C(i/X'cr) = A 

(1) 

K *155*2. 

3h: 

fi, v t tj € N 0 R . D . 






(a p,Q,i2). M = 

N 0 r‘P . v - 

: NoT^Q . = NqT ‘R 

(2) 
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K *18413. 3 

h : /i = N 0 r‘P . v = N 0 r‘Q . tsr = N 0 r‘i£ . 3 . (ji x p) X sr = Nr‘{(P x Q) x iJj 
[*184-3] = Nr‘{Px(QxP)) 

[*18413] =/ t x(i-X«r) (3) 

h . (2) . (3) .Dh:/t,i> I «re N 0 R . 3 . (/«. >C p) >C vs = /* X (v X ®) (4) 

f- . (1) . (4) . 3 h . Prop 

*184*32. fiXv'kvt = (ji'k.v)Xia Df 

*184-33. h : Pe Rel s excl . 3 . 2Nr‘P X Nr‘P = 2Nr‘( x P)5P 

Lem. 

h . *18313 . 3 h : Hp . 3 . 2Nr‘P * Nr ‘R = Nr‘2‘P X Nr‘P 
[*18413] = Nr‘(2‘P x R) 

[*166-44] = Nr‘2‘(x P)»P (1) 

h . *166"3 . 3 I- : Hp . 3 . ( x P)»P e Rel s excl . 

[*18313] 3 . Nr‘2‘(x R)'>P = 2Nr‘(x RY’P (2) 

I- . (1) . (2) . 3 (■ . Prop 

*184-34 h . (Nr‘P + Nr‘Q) X Nr‘P = (Nr‘P X Nr‘P) + (Nr‘Q X Nr‘P) 

Dem. 

K *180-3. *18413. 3 

I- . (Nr‘P + Nr'Q) x Nr'P = Nr‘((P + Q) x P) 

[*166-45.*180-1] = Nr‘[{ |(An C‘Q)n>P} x R 4 . {(A a C‘P) 4 wQ] x R] 

[*166-3.*18011-32] = Nr*[{ 4 (A a C‘Q)h>P) xB]+ N r‘[{(A n C‘P) 4 uJQj x P] 
[*18414.*18012] = Nr‘(P xB) + Nr‘(Q x R) 

[*18413] = (Nr'P X Nr‘Q) + (Nr‘Q X Nr‘P) . 3 h . Prop 

*184*35. K(h + b)>[/j = (iiX/*) + (<iX/j) [*184*34] 

The proof proceeds as in *184 31. 

*184*4 I-.2 r x fi= fi + /i 

Dem. 

h . *184*111 . *180*4 . D H : cNoR .3.2 r X/i = A./i + ^ = A (1) 

I-. *153-24. *18413.3 

h : 11 = NoPP . 3 . 2 r X /i = Nr‘{ A 4 (i‘x) x P) (2) 

h . *1661 . 3 h . A J, ( i‘x ) x P = 2‘P ^ »(A 4 t‘«) 

. [*150-71] = 2‘{(P 4 A) 4 (P 4 i‘x)\ 

[*1 62-3] = (P 4 A) 4 . (P 4 1 ‘«) (3) 

h . *180-31-32 . *165-251-211 . Transp . 3 

h . Nr‘ [(P 4 A) 4 . (P 4 P*)} = NPP + NPP (4) 

V . ( 2 ) . (3) . (4) . 3 h : = N„PP . 3 . 2 r * p = Nr‘P + Nr‘P 
[*180-3] =fi + /i (5) 

h . (1) . (5) . 3 h . Prop 
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*184*41. b : v + 0 r . 3 . (y -i- 1) * /* = (y X /i) + /* 

Dem. 

b . *166*53 . *180*32 . *165*251 . 3 

b : a ! Q . y ~ e . 3 . Nr‘{(Q 4»y)xP) = Nr‘(Q xP) + Nr‘P (1) 

K(l). *181*32. *184*13. 3 

b : fi = Nr‘P . v = Nr‘Q . y =[= 0 r . y ~ e C‘Q . 3 . (y 4- i) X = (y X /i) + /* (2) 
h . *181*11*12 . 3 1- : v e NR - i‘A . 3 . (gQ, y) . v = Nr‘Q . y ~ e C‘Q (3) 
h.(2).(3).3 

b : /i e NR . v e NR — t‘A . y 0 r . 3 . (y + 1) >C /* = (y /*) + ^* (4) 

I-. *184*111. *181 *4. 3 

h : ~(/*eNR . ye NR — t‘A) .3.(y+l)$C/* = A.(y>C|i.) + A* = A (5) 

h . (4) . (5) . 3 h . Prop 

*184*42. b :v^O r .O .(1 + v)X fi = fi + (v X ft) [Proof as in *184*41] 

*184*5. I- : /*, y e NR . 3 . <?“(/* x v) = C“ft x 0 C“v 

Dem. 

h . *184*13 . 3 h : Hp . P e /* . Q e y . 3 . C“(p X y) = (7“Nr‘(P x Q) 
[*152*7.*166*12] = Nc ( (C‘P x G‘Q) 

[*152*7.*1 13*25] = C“Nr‘P x 0 (7“Nr‘Q 

[*152*45] = C“fi x # (7“y (1) 

b. *184*11. *113*204. 3 

h:~(g!/*.a!y).3.(7“0**y) = A.(7‘Vx o <7“y = A (2) 

h . (1) . (2) . 3 H . Prop 
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* 186 . THE PRODUCT OF THE RELATION-NUMBERS OF A FIELD. 


Summary of *185. 

The subject of this number is analogous to part of the subject of *114. 
The propositions concerned are immediate consequences of previously proved 
properties of 11‘P, and offer no difficulty of any kind. 


* 18601 . 

* 1861 . 

* 18611 . 

* 18612 . 

* 186 - 2 . 

* 186 - 21 . 

* 186 - 22 . 

* 186 - 23 . 

* 18626 . 

* 186 - 27 . 


nNr‘P = Nr‘II‘P Df 


1- . IINr'P = Nr'II'P 

1- : Psmor smor Q . 3 . IINr'P = IINr'Q 

h . IINr'P = Nr'Prod* J 5P = Nr‘II‘ £ *P 

KIINr‘A = 0 r 

1- . nNr‘(P 4 P) = Nr‘P 

KIINr‘(A4,A) = 0, 

1- : A e C‘P . 3 . IINr'P = 0 r 


[(*18501)] 

[*172-44] 

[*182-44] 

[*17213] 

[*172-2. *165-251] 
[*185-21] 

[*17214] 


V :: Mult ax . 3 IINr'P = 0 r . = : A e C‘P . v . P - A [*172182] 


h Mult ax . 3 : P, Q e Rel* excl . g I P smor Q r\ Rl'smor . 3 . 

IINr‘P = UNr'Q [*172-45] 


*186-28. h Mult ax. 3: P, QeRel*excl . P, Q e Nr‘P . C'P.C'QeCl'Nr'S. 3 . 

IINr'P = IINr'Q [*164-48 . *18511] 

*186-29. h :. Mult ax . 3 : P e Rel* excl . P e Nr‘P . C‘P C Nr‘S . 3 . 

IINr'P = Nr‘(/S exp R) [*17624] 

*186-31. I- : a ! P . a ! Q . C‘P a C‘Q=A.3.IINr < (P.£Q)=nNr‘P * IINr'Q 
[*172-35] 

*186-32. h : Z~ e C‘P . 3 . IINr‘(P-^Z) = IINr'P x Nr f Z [*172 32] 
*186-321. h : e C f P . 3 . IINr‘(.Z«f-P) = Nr ‘Z * IINr‘P [*172 321] 

*186-36. h:P=f=Q.3. IINr‘(P J, Q) = Nr‘P X Nr‘Q [*17223] 
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*185-4. I- P e Rel* excl : QPQ . . C‘Q e 0 u 1 : D . IINr'IUP = IINr'S'P 

[*174-241] 

*18541. h:P«Rel‘excl.PCJ.D.nNr‘n;P = nNr‘2‘P [*17425] 

The following proposition gives the connection between ordinal and 
cardinal multiplication. 

*185-5. I- : P e Rel» excl .glP.D. C“IINr‘P = IINc‘C“(7‘P 

Lem. 

V . *173-16 . D h : Hp . D . C^IINr'P = C“Nr‘Prod‘P 


[*152-7] 

[*173161] 

[*16316.*115-12J 


= Nc'C'Prod'P 
= Nc‘Prod‘(7"(7‘P 
= nNc , C“C? < P : D 1- . Prop 
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*186. POWERS OF RELATION-NUMBERS. 

Summary of *186. 

For “ fi to the i/th power,” where ordinal powers are concerned, we use 
the notation “/i,exp r v.” We cannot use or “/Aexpv” because these 
have been already used for cardinals and classes (*116). We therefore put 
a suffix r to “ exp ” to show that it is relational powers that we are dealing 
with. We put 

fi exp r v = {(gP, = N 0 r'P . v = N 0 r‘Q . R smor (P exp Q)} Df. 

The following are the principal propositions of this number : 

*1862. V i fie N 0 R . D . 0 r exp r fi = 0 r . fi exp r 0 r = 0 r 

We do not have /i,exp r O r = 1, because there is no ordinal 1. 

*18621. h . fi exp r 2 r = fix fi 

*186*22. h . a exp r (fi + i) = (a exp r fi)xa 

*186*23. b . a exp r (1 + fi) = a X (a exp r fi) 

*186*14. h:v=J=0 r .tsr + 0 r .D./4 exp r (v + w) = (fi exp r v) X (fi exp r m) 
*186*16. h : tsr C R VJ . D . fi exp r (sr X v) = (fi exp r v) exp r tsr 

*186*31. b Mult ax . D : fi, v e NR — i‘A . P e Rel 2 excl a fi . C7‘P C v . D - 

IINr*P = fi exp r v 

which connects exponentiation with multiplication. 

*186*4. h . Nr'P* = 2 r exp r (Nr'P) (cf. *177) 

*186*6. b : fiy v e N 0 R . v 0 r . D . C“(fi exp r v) = ( C lt fi) c “ ¥ 
which connects ordinal and cardinal exponentiation. 

*186 01. fi exp r v = {(gP, Q) ■ A* = Nqt'P . v = N 0 r‘Q . R smor (P exp Q)} Df 
*186*02. (Nr'P)exp r v = (N 0 r‘P)exp r v Df 
*186*03. fi exp r (Nr‘Q) = fi exp r (N 0 r'Q) Df 

*186*1. b iRefi exp r v . = . (gP, Q) - /* = N 0 r‘P . v = N 0 r‘Q.P smor(P exp Q) 
[(*186*01)] 

*186*11. b . g ! fi exp r v . D . fi, v e N 0 R . fi,ve NR — i * A 
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#186111. b : ~ (ji, v e N 0 R) . 3 . ft exp r v = A 

#18612. b : R e fi exp r v . = . (gP, N 0 r‘P . v = N„r‘Q . R smor P 9 

[#176181. #1861] 

*18613. I- . (N r‘P) exp r (N r‘Q) = (N 0 r‘P) exp, (Nr‘Q) = (Nr‘P) exp r (N„r‘Q) 

=(N 0 r‘P)exp r (N 0 r , Q)=Nr‘(PexpQ)=Nr‘(P*) 

[Proof as in *180’3] 

*18614. b : v + 0 r . w + 0 r . D ./texp r (i> + or) = (/iexp r p) X (ft exp r vs) 

Dem. 

b. *180-4. *186111 .3 

b : ~ (ji, v, vs e N 0 R) . 3 . /* exp r (i> + ») = A . (/x exp r v) >C (/* exp r «r) = A (1) 
b. *18613. *180 3. 3 

b : /i = Nor‘P . v = N 0 r‘Q . «■ = .D./u. exp r (y + w) = N r‘P«+* (2) 

b. *176-42. *1801 1.3 

I- : Hp . Hp (2) . 3 . Nr‘P« +fi = Nr‘(P* x pa~<W * w») 

[*180'12.#176’22.*166‘23] = Nr‘(P Q x P*) 

[#18613.#18413] = (/* exp r i/) X (/x exp r vs) (3) 

b . (2) . (3) . *155-2 . 3 b : yx, v ,« eN 0 R . i/ + 0 r . «■ + 0 r . 3 . 

/xexp,^ + «■) = (/* ex p r v) X (yxexp r w) (4) 

b . (1) . (4) . 3 b . Prop 

*18616. hwC R1‘ J . 3 . /x exp r (vs * v) = (/* exp r »/) exp r «■ 

Dem. 

b. *186111 .*184111 .3 

b : ~ (/x, i>, «r e N,R) . 3 . /x exp r (w >t r) = A . (/* exp r j>) exp r w = A (1) 

b. *18613. *18413. 3 

I- : fi = N,r‘P . v = N 0 r‘Q . w = N 0 r‘P .3 . /x exp r ( 0 ^)= Nr‘(P* x «) (2) 

I- .*176-57 . 3 b:Hp.Hp(2).3.Nr‘(P* x «)=Nr‘(P Q ) B 

[*186-13] = {(N„r‘P)exp r (N 0 r‘Q)} exp r (N 0 r‘P) 

[Hp] = O exp r v) exp r vs (3) 

h. (2). (3). *155-2. 3 

b : /i, v, vs e N 0 R . vs C R1‘ J . 3 . fi exp r (vs X v) = (/x exp r r) exp r w (4) 

b . (1) . (4) . 3 b . Prop 

*186*2. b : /x e N 0 R .3.0,. exp r /x = 0 r . /x exp r 0 r = 0 r [*176151] 

#186'21. b . ft exp r 2 r = /x X /x 

Dem. 

b .*186111 .*184111 . 3 b : /x~eN 0 R . 3 . yxexp r 2 r = A . /x>C/x = A (1) 
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h . *186-13 . *1761 . 3 h : fi = N 0 r‘P .x^y. 3 . 

(i exp r 2 r = Nr‘Prod‘P ^ >(x ^ y) 

[*150-71] = Nr‘Prod‘{(P ^ 4 (P ,[ y)} 

[#1 73'24.*1 65*21 1 .Transp] = Nr‘{(P J, x) x (P J, y)} 

[*165-251.*1 66-23] = Nr‘(P x P) 

[*18413] =(iXn (2) 

h . (2) . *155*2 . *24*1 . 3 h : fi e N 0 R .0 ./i exp r 2 r = /tX/t (3) 

H . (1) . (3) . D (■ . Prop 

*186*22. h . a exp r (y9 -i- 1) = (a exp r /9) x a 

Bern. 

h. *186-111. *181-4.3 

h :~(a,/9eN 0 R) . 3 . aexp r (y8+ i) = A . (a exp r £) * a = A (1) 

h. *186-13. *181 -22. 3 

h : a = N„r‘P . (3 = N„r ‘Q . 3 . a exp r (/9+ i) = Nr‘{P exp (Q-\*z )} . 

(a exp r #) X a = Nr‘(P exp Q) x Nr‘P (2) 

I-. (2). *176151. *166-13. 3 

I- : Hp (2) . P= A . 3 . a exp r (/8 + i) = 0 r . (a exp r /8) X a = 0 r (3) 

h . *165-2 . *161-4 . *1761 . (*18101) . 3 

h . Nr‘{P exp (Q4*^)}=Nr < Prod < [P J [>^A*»t»Q-f*P^{(AAC l ‘P)^t‘a;}] (4) 

h . *165-221-222 . *181 11 . *162 22 . 3 

1- : g ! P . 3 . P ^ {(A n C‘P) 4 i‘x) ~ e C‘P ^ ’> i A*h>Q . 

c*p ^ |(a o c‘P> i i‘*i n c‘X‘P ^ ; | A*; t ;(2 = a (5) 

h . (4) . (5) . *165-21 . *173-25 . 3 1- : g ! P . 3 . 

Nr‘{P exp = Nr‘[(Prod‘P J, 5|A,u5Q) x PJ, {(An C‘P ) | »*«}] 

[*181-12.*165-251.*1761-22.*184*13] = Nr‘(P exp Q) * Nr‘P (6) 

h . (2) . (6) . 3 h : Hp (2) . g ! P . 3 . a exp r (y9 + i) = (a exp r /9) X a (7) 

h . (1) . (3) . (7) . 3 h . Prop 

*186*23. I- . a exp r (i + y8) = a >c (a exp r ^8) [Proof as in *186*22] 

*186-3. I- :. Mult ax . 3 : P e Rel» excl n Nr‘P . G‘P C Nr‘S . 3 . 

nNr‘P = (Nr‘P) exp r (Nr ‘S) [*185-29] 

*186*31. I- :. Mult ax . 3 : /*, v e NR — t‘A . P e Rel* excl n /* . C‘P C v . 3 . 

IINr‘P = /* exp r p [*186*3] 
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* 186 - 4 . h . Nr ‘P a = 2 r exp, (Nr‘P) [*17713] 

* 186 - 6 . h : v e N 0 R . «/ * 0 r . 3 . (?“(/* exp r v) = (C‘V) C “- 

Dem. 

V . *152-7 . *186-13 . D h : = N 0 r‘P . v = N 0 r‘Q . D . 

C“<ji exp, v) = Nc‘(7‘(P exp Q) (1) 
h .(1) .*176-14 . D h : Hp(l). v + 0, . D . C'“(/texp r v) = Nc < {(0 < P)exp((7 < Q)} 
[*116-222] = (N 0 c‘(7‘P) N * c ‘ <7 ‘ < 2 

[*155-6] = (0“N (( r < P) c “ N « r ' < 2 

[Hp] = : D h . Prop 
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SUMMARY OF PART V. 


A RELATION is said to be serial , or to generate a series, when it possesses 
three different properties, namely (1) being contained in diversity, (2) transi- 
tiveness, (3) connexity, i.e. the property that the relation or its converse 
holds between any two different members of its field. Thus P is a serial 
relation if (1) P G J f (2) P* G P, (3) x, y e C‘P . x + y . D XtV : xPy . v - yPx. The 
third characteristic, that of connexity, may be written more shortly 

x e G £ P . D* . P f x v i*x sj P‘x = C‘P, 

i.e. x e G ( P . . P*a? = G t P ) 

using the notation of *97 ; and this, in virtue of *97*23, is equivalent to 

*P U C € P 6 0 u 1. 

In virtue of *50*47, the first two characteristics are equivalent to 

PAP = A.P*GP. 

When P n P = A, we say that P is “ asymmetrical.” Thus serial relations are 
such as are asymmetrical, transitive, and connected. 

It might be thought that a serial relation need not be contained in 
diversity, since we commonly speak of series in which there are repetitions, 
i.e. in which an earlier term is identical with a later term. Thus, e.g . 

d, 5, c, d, 6, y, 5, g^ h 

would be called a series of letters, although the letters a and b recur. But in 
all such cases, there is some means (in the above case, position in space) by 
which one occurrence of a given term is distinguished from another occurrence, 
and this will be found to mean that there is some other series (in the above 
case, the series of positions in a line) free from repetitions, with which our 
pseudo-series has a one-many correlation. Thus, in the above instance, we 
have a series of nine positions, which we may call 

1, 2, 3, 4, 5, 6, 7, 8, 9, 

which form a true series without repetitions ; we have a one-many relation, 
that of occupying these positions, by means of which we distinguish occur- 
rences of a , the first occurrence being a as the correlate of 1, the second being 
B.&W. u. 33 
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a as the correlate of 4. All series in which there are repetitions (which we 
may call pseudo-series) are thus obtained by correlation with true series, t.& 
with series in which there is no repetition. That is to say, a pseudo-series 
has as its generating relation a relation of the form S’P , where P is a serial 
relation, and S is a one-many relation whose converse domain contains the 
field of P. Thus what we may call self-subsistent series must be series 
without repetitions, i.e. series whose generating relations are contained in 
diversity. 

For our purposes, there is no use in distinguishing a series from its 
generating relation. A series is not a class, since it has a definite order, 
while a class has no order, but is capable of many orders (unless it contains 
only one term or none). The generating relation determines the order, and 
also the class of terms ordered, since this class is the field of the generating 
relation. Hence the generating relation completely determines the series, 
and may, for all mathematical purposes, be taken to be the series. 

When P is transitive, we have 

Ppo-p.Pi-Pd/rc'p. 

Hence all the propositions of Part II, Section E become greatly simplified 
when applied to series. 

Also, since the field of a connected relation consists of a single family, a 
series has one first term or none, and one last term or none. 

In the case of a serial relation P, the relation P x (defined in * 121 * 02 ) 
becomes P — P* i.e. the relation “immediately preceding.” In a discrete 
series, the terms in general immediately precede other terms. A compact 
series, on the contrary, is defined as one in which there are terms between 
any two : in such a series, P 1 = A. 

It very frequently occurs that we wish to consider the relations of various 
series which are all contained in some one series ; for example, we may wish 
to consider various series of real numbers, all arranged in order of magnitude. 
In such a case, if P is the series in which all the others are contained, and 
«, j 8 , 7 , ... are the fields of the contained series, the contained series them- 
selves are P £ a, P £ fi, P £ y, .... Thus when series are given as contained 
in a given series, they are completely determined by their fields. 

In what follows, Section A deals with the elementary properties of series, 
including maximum and minimum points, sequent points and limits. 

Section B will deal with the theory of segments and kindred topics ; in 
this section we shall define “ Dedekindian ” series, and shall prove the 
important proposition that the series of segments of a series is al ways 
Dedekindian, i.e. that every class of segments has either a maximum or a 
limit. 


Digitized by Google 



SUMMARY OF PART V 


515 


Section C, which stands outside the main developments of the book, is 
concerned with convergence and the limits of functions and the definition of 
a continuous function. Its purpose is to show how these notions can be 
expressed, and many of their properties established, in a much more general 
way than is usually done, and without assuming that the arguments or 
values of the functions concerned are either numerical or numerically 
measurable. 

Section D will deal with “ well-ordered ” series, i.e. series in which every 
class containing members of the field has a first term. The properties of 
well-ordered series are many and important ; most of them depend upon the 
fact that an extended variety of mathematical induction is possible in dealing 
with well-ordered series. The term “ ordinal number ” is confined by usage 
to the relation-number of a well-ordered series ; ordinal numbers will also be 
considered in our fourth section. 

Section E will deal with finite and infinite. We shall show that the 
distinction between “ inductive ” and “ non-reflexive ** does not arise in 
well-ordered series. 

Section F will deal with “ compact ” series, i.e. series in which there is a 
term between any two, i.e. in which P* = P. In particular we shall consider 
“ rational ” series (i.e. series like the series of rationals in order of magnitude) 
and continuous series (i.e. series like the series of real numbers in order of 
magnitude). Our treatment of this subject will follow Cantor closely. 


33—2 
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GENERAL THEORY OF SERIES. 


Summary of Section A . 

In the present section, we shall be concerned with the properties common 
to all series. Such properties, for the most part, are very simple, and present 
no difficulties of any kind. Many of the properties of series do not require 
all the three characteristics by which serial relations are defined, but only 
one or two of these properties: we therefore begin with numbers in which, 
though the properties proved derive their chief importance from their 
applicability to series, the hypotheses are only that the relations in question 
have one or two of the properties of serial relations. Thence we proceed to 
the most elementary properties peculiar to series, and thence to the theory 
of minimum and maximum members of classes contained in a series, and of 
the successors and limits of classes. We then proceed to the correlation of a 
series with part of itself. The ground covered is familiar, and the difficulties 
encountered are less than in most previous sections. 


It will be observed that where series are concerned, if a is an existent 

4 — — > 

class contained in C‘P , p‘P“a is correlative to P u a (which is 8 s P“a) : P“a 

is “ predecessors of some a” and p‘P“a is “ successors of all aV* If a is an 
existent class contained in C*P, the whole of C‘P, with the exception of the 
last term of a (if there is such a term), belongs to one or other of the classes 

P“a, p f P u a, of which the first wholly precedes the second. The division 
of C*P into these two classes is the Dedekind “cut” defined by cl But 

when only part of a is contained in C‘P 9 we must replace p t P it a by 
p‘P“(a n C*P), since p l P il a = A if a has any member not belonging to C‘P. 

4 — 

Again, if a n C‘P = A, we have p‘P (i (a n C‘P) = V. But what we want is 
the complement to P“a, which in this case is null. Hence we must replace 

p‘P“(ar\ C‘P) by C‘P n p i P it (a n C‘P) : this is C‘P when P“«= A, i.e. 
when a n C ( P=* A. In any other event it is equal to p‘P“( a a C‘P). If a 
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is contained in C‘P and is not null, C‘P n p‘P“(a n C‘P) = p‘P“a. Thus 
the Dedekind “ cut ” defined by a class a, whether or not this class is 
contained in whole or part in C‘P, is always the two classes 

P“a, C‘P n p‘P“(a n C‘P). 

Throughout the elementary propositions of this section, we have been 
careful to avoid stronger hypotheses than are required : we have not assumed 
P to be serial, if our conclusion would follow ( e.g .) from the hypothesis that 
P is transitive and connected. It will be found that many properties of 
series depend upon the fact that, if x , y are two different terms of a series P, 
then xPy . = . ~ ( yPx ) (#204*3). Here the implication xPy . 3 . ^ (yPa?) 

requires that P should be asymmetrical, i.e. that we should have PnP = A, 
or P* G J. The implication ^ (yPx) . D . xPy requires that P should be 
connected. Thus the hypothesis required is not that P should be serial, but 
that P should be connected and asymmetrical (#202*5). 

Again, consider the proposition that if P is a series, P 1 = P-*-P i . This 
relation P Y is the very useful relation “immediately preceding”; thus the 
above proposition is important, as is the further proposition that if P is a 
series, P x is a one-one relation. It will be remembered that (by #121) 
“ xP Y y” means that P(a?HHy) consists of two terms. It was shown in 
#121*304*305 that if P^ is contained in diversity, " xP x y” implies “ xPy” 
and is equivalent to the statement that x and y constitute the whole interval 
P (x hh y) and are not identical. Also by #121*254, P x = (PpoV It is evident 
that, if Ppo is contained in diversity, and xP x y> we cannot have xP i y i because 
there is no term other than x and y in the interval P (x hh y), and we cannot 
have xPx or yPy. Hence if P^CJ, we have PjG— P* Hence by what 
was said above (#121*305), if P^GJ, we shall have P 2 GP— P®. On the 
other hand, if P is transitive, we have P—P 2 GP 1 (#201*61). Combining 
these two facts, and remembering that if P is transitive, P = Pj*, (#201*18), 
we find that P^P-^P® if P is transitive and contained in diversity. We 
find further (#202*7) that if P is connected, P— P* is one-one. Hence we 
need the full hypothesis that P is a series in order to prove that Pi is a 
one-one (#204*7). This is a good example of the way in which the various 
separate characteristics that make up the definition of series are relevant in 
proving the properties of series. 
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Summary of *200. 

Some of the propositions of this number are repetitions or immediate 
consequences of previous propositions, especially those of the propositions 
of *50 which deal with diversity. But we are chiefly concerned here with 
propositions which will be useful in the theory of series; this leads us to 

4 — 

introduce propositions on p‘P“a and on matters connected with relation- 
arithmetic and other topics. It will be seen that “P*Gt/” (i.e. “P is 
asymmetrical”) is an important hypothesis, as is also P^G /, of the use of 
which we have already had examples in *96 and *121. 

The following are among the most useful propositions in this number : 
*20012. h :PeRl‘J. 3 . C‘P~e 1 

This is the proposition which makes it impossible to define an ordinal 
number 1 which shall take its place among relation-numbers applicable to 
series. 

*200*36. h:PGJ.ael.3.P£a = A 
This is a consequence of *200*12. 

*200*36. h:P*GJ.3.PGJ 


*200*361. h s P 2 G /. 3 . P‘x n (i‘x v P ( x) = A . P ( x n ( P‘x v l*x) = A 

I.e. if P* G J y no term precedes itself or any of its predecessors, and no 
term succeeds itself or any of its successors. 

*200*38. h:P po GJ.D.P po = P # nJ 

*200*39. h s Ppo GJ.xe C‘P . 3 . P%x n P#x = i‘x 

We then have a collection of propositions concerned with relation- 
arithmetic. 

*200*211. hPGJ . P smor Q . 3 . Q G / 

I.e. the property of being contained in diversity is invariant for likeness- 
transformations ; 

*200*4. I - : P4-Q e R1‘ / . = . P, Q e R1 ‘J . C‘P nC‘Q = A 
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*200*41. h : P-J* ®G/. = .x«fPG/. = .PG/.a~6C‘P 

and other such propositions. 

We then have a set of propositions concerned with p { P“a and p , P ,t a. 
The most important are 

*200*5. F:PG/.D.an p‘P“ a = A . a n p l P u a = A 

*200*52. h s P G J . 3 . C‘P ~ € P“C‘P 

*200*53. h : P 2 G J . 3 . P“ a n p‘P“a = A . P“a n p‘P“ot = A 

I.e. if P is asymmetrical, the terms which precede part of a do not succeed 
the whole of a, and vice versa. 


*20011. h s P e Rl V . = . P € R1 ‘J [*50*23] 

*200*12. h : P € R1‘J . 3 . C‘P~ e 1 
Bern. 

b - *50*11 . *33*17 . 3 b Hp s a?Py . v . yPx s 3 . y ={= x . y e C‘P (1) 
Ml). *33132. 3 b :. Hp. 3 :#eC^P. 3. (gy).y + a?.y€0‘P: 

[*52*181] 3 s C‘P~ € 1 3 b . Prop 

*200*2. b : P e 1 1 . 3 . P>(P n J) = P$P n J 

Bern . 

b . *150*4 . 3 b Hp . 3 : 

x {T>(P nj)]y m = m (g*, w) ,x = T‘z . y = T*w . zPw .z^w* 
[*71*56] = . (gs, w) . x =|= y . x = T‘z . y = T { w . sPw . 

[*150*4] = . a? (DP n J] y :. 3 b . Prop 

*200*21. b : T e Cls -* 1 . 3 . T'>P G J 
Bern. 

b . *150*1 . *50*24 . 3 b :. Hp . 3 : a?(P>P) y . 3 . (gs, w) . a?P* . yTw .z^w . 
[*7l*17l.Transp] 3 . a? + y :. 3 h . Prop 

*200*211. b : P G P. P smor Q. 3 . Q G J [*200 21. *151*1] 

The properties of relations are very frequently common to all relations 
which are like a given relation, and this applies specially to the kinds of 
properties with which we are most concerned. The above proposition is an 
illustration of this fact : it shows that the property of being contained in 
diversity is invariant for likeness-transformations. 

*200*22. hPG/. = . N 0 r‘P C R VJ . = . g ! N 0 r‘P n Rl'J 
Bern. 

b . *15511 . *200*211 . 3 b : P G J . 3 . N 0 r‘P C Rl'J (1) 

b . *15512 . 3 b s N 0 r‘P C R1‘P .3 .PGP (2) 

b . *15512 . 3 b : PGJ . 3 . g ! N^P n R1‘P (3) 

b . *155*11 . *200*211 . 3 b : g ! N 0 r‘P n R VJ . 3 . P G J (4) 

b . (1) . (2) . (3) . (4) . 3 b . Prop 
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We have, without the need of typical definitenes, 
h-.PG J.3.Nr‘PCRl‘J 

and h : g ! Nr‘P n R1‘ / . 3 . P G J, 

both of which are immediate consequences of #200*211. The converse 
implications, however, fail if Nr‘P is taken in a type in which Nr*P = A. 


*200*3. KAeRl *J [*25*12] 

*200*31. h : x^y . = - x^ y eRl'J [*55*3] 

*200*32. h:af#G/. = .an£=A [*50 55] 

*200*33. hsPG/.D.PpaGJ [*35*442] 


*200*34 h;PpaGJ.= .PpaGJ. = .a1PG J [*50*58] 

*200*35. h:PG/.ael.D.Pta = A 

Bern. 

h . *52*16 . 3 h Hp . 3 s x, y e a . 3* t y ■ ~ • 

[#23*81] (#Py) s 

[#11*521] 3 : (a?, y) . ~ {#, y e a . a?Py} s. 3 h . Prop 


*200*36. 

*200361. 

Dem. 


*200 37. 

Dem. 


hrP’GJ.D.PGJ [*50*45] 

h : P* G 3 . P‘a? n (i‘x v P'a?) = A . P‘x n (P‘a? u i l x) = A 

h. *51*15. 3 h s y eP*x n t‘a? . 3 . xPx (1) 

h . *200*36 . 3 h : Hp . 3 . ~ (xPx) . 

[(l).Transp] 3 . P‘# nt^=A (2) 

h . *34*11 . 3 h s g ! P‘x n P'a? . = . xP*x (3) 

h . (3) • Transp . 3 h : Hp . 3 . P l x n P'a? = A (4) 

h . (2) . (4) . 3 h s Hp . 3 . P‘x n (t'a? u P‘x) = A (5) 

Similarly h : Hp . 3 . P'a? n (P‘a? u i‘x) = A (6) 

h . (5) . (6) . 3 h . Prop 
h:g!Pot‘PnRl‘./.3.PGJ' 


h. *91-373 

h :: xPx : S e Pot ‘P . xSx .^ s .x(8\P)x:D:Qe Pot ‘P . Dq . xQx (1) 
h ■ *3 2 • 3 h icP x • 3 • xSx ■ 3 • xSx ■ xJP x • 

[*34-1] 3.x(S\P)x (2) 

1- . (1) . (2) . D H xPx . D : Q e Pot ‘P . Dq . xQx . 

[*50-24] D q .~(QGJ) (3) 

h . (3) . Transp .Dh (gQ) . Q e Pot ‘P . Q G J. D . ~ (xPx) . 

[*50-24] D.PG/Oh.Prop 
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*200'381. I- : Ppo GJ . D . P^x a P+x = A . P^x a P#‘x = A 

Dem. 

.*91-56 . D I- : Hp. D . P„'G J . 

[*200-361] D . Ppo‘x a (l‘x u Ppo‘x) = A . Ppo'a: a (P^x w t*ar) = A . 

[*91*54] D . Ppo*® a P^*® = A . Ppo*® a P # ‘® = A : D f- . Prop 

*200*39. h : Ppo GJ.xe C‘P . D . P#‘® a P^*® = i‘x 

Dem. 

h . *91*54 . D h : Hp . D . P%‘x a P # ‘® = (Ppo‘® w t*®) a (Ppo‘® w i*®) 
[*22-69] =(Ppo‘®APpo‘®)wt‘® (1) 

h . *91-56 . D h : y e P^*® a Ppo‘® . D . jrPpoy (2) 

h . (2) . Transp . D h : Hp . D . P^x a Ppo*® = A (3) 

h . (1) . (3) . D h . Prop 

*200*391. H : P^ GJ .0 . P+’P smor P . P # f* (7‘P e (P#’P) smor P 

Dem. 

— ► — ► 

h . *9012 . D h s Hp . a?, y e C‘P . P*‘a? = P*‘y • 3 • #P#y • yP## • 
[*200-39] D.* = y (1) 

h . (1) . *151*24 . D h . Prop 

The above proposition is useful in the theory of segments. 

The following propositions are concerned with the ideas of relation- 
arithmetic. Analogous propositions will be proved for transitiveness and 
connection in *201 and *202, whence analogous propositions concerning series 
will be deduced in *204. 


*200*4. h : P$Q € R1 <J. = . P, Q e R1 <J. C<P n C‘Q = A 

Dem. 

h. *23*59. *160-1. D 

h : P 4 . Q e R1 1 1 J . = . P, Q e Rl‘J . C<P f V Q G J . 

[*200-32] = . P, Q e R1‘J . C‘P n C‘Q = A : D h . Prop 

This proposition is part of the proof that the sum of two mutually 
exclusive series is a series. 

*200-41. l-:P-t»®<S J. = .x4-PGJ. = .PGJ.x~eC‘P [*2359 . *20032] 

*200-42. I- : 2‘P GJ. = . C‘P C R1‘ J . F>P G J 

Dem. 

H . *23-59 . *1621 . Z> h : VP G J . = . *‘<7‘P G J . F’>P G J . 

[*61-52] = . C‘P C R1 V . F>P G : D h . Prop 
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The following propositions (*200421' 422*423) are lemmas for *204*53. 

*200*421. h : P e Rel* excl .PGJ .QeC‘P . D . Q = (£‘P) p C‘Q 

Bern. 

(-.*163*11 . *162*13. D 

(- :: Hp . D :. a: {(2‘P) PC‘Q} y . = 

(gP) . R e G‘P .x,ye C‘Q . xRy .R = Q.v. 

(zR,S).RPS.x,yeC‘Q.xeC‘R.yeC‘S.R=Q.S=Qi 

[*13*195*22] = : xQy . v . QPQ .x,yeC‘Q: 

[*50*24.Hp] = : xQy :: D h . Prop 

*200*422. h:2‘PCJ.D.Pp(-t‘A)CP 

Bern. 

V . *162*13 . *50*24 . D (■ :: Hp . D QPR . D : x e C‘Q . y e C‘R . D . x 4= y : 
[*24*37] D : C‘Q n G‘R = A : 

[*24 57] D:a!Q.D.(7‘Q=(=C‘P. 

[*30*37] D . Q * R :: D h . Prop 

*200 423. 1- P e Rel* excl . A~e C‘P .0 :2‘PGJ . = .PGJ .C‘P C R1‘/ 

Bern. 

(-.*200*422*42. Dl- : Hp.S'PCP. D.PC J.0‘PCR1‘P (1) 

I- .*6152 . D 1- : C‘P C R1‘P. D . s‘C‘P G J" (2) 

(-.*163*12. *200*21. DI-rHp.PCJ.D.PJPCP (3) 

I- . (2) . (3) . *162*1 . D I- : Hp. PGP. (7‘PCR1‘P. D . S‘PGP (4) 

(- . (1) . (4) . D h . Prop 

*200*43. h:PGP.D.n‘P = 

M{M,Ne F a ‘C‘P : (a Q). ( M‘Q ) Q (iV‘Q) . if f P‘Q = iV [ P‘Q} 

Bern. 

(-.*4*71. *172*1. DI-:Hp.D. 

n ‘P = M {if, iV e F a ‘C‘P : . (a Q): (M‘Q) Q ( N‘Q ) : PPQ . D* . if‘P = N‘R] 
[*35*71.*7l*35] 

= M {M, N e F a ‘C‘P : (a<2) . (if ‘<2) Q ( N‘Q ) .MfP'Q^Nf ,D(*. Prop 

The following propositions, with the exception of #200*52, are concerned 

with p‘P“ a and p‘P“a , i.e. the class of terras preceding (or succeeding) the 
whole of a. 
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*2005. 

h s P G J . 3 . a n p € P u a = A . a n p‘P“a = A 


Bern. 

— ► 

h .*40*51 . D h :.xear\p t P tt a .Oixeatyea.^y. xPy : 



[*10-26] D : xPx : 



[*50-24] D:~(PGJ) 

(1) 


h . (1) . Transp . D V : Hp . D . a a p‘P“a = A 

(2) 


Similarly h : Hp . D . a a p‘P “ a = A 

(3) 


h . (2) . (3) . D 1- . Prop 


*200-51. 

h : P G a ! P . D .p‘P“C‘P = A . p‘P“(7‘P = A 


Bern. 

h . *40-62 . D h : Hp . D . p‘P“(7‘P C C*P . 

[*22-621] D . jj‘P“C‘P = C‘P a p‘P“C‘P 



[*200-5] = A 

(1) 


Similarly f- : Hp . D . p‘P“G‘P = A 

(2) 


h . (1) . (2) . D 1- . Prop 


•200-52. 

1- : P G «/" . D . (7‘P ~ e~P tt C t P 


Bern. 

1- . *50*24 . D h Hp . D : x e C‘P . D* . x ~ e P'a; . 

[*1314] O x .C‘P$P‘x: 

[*37-7 .Transp] D : C‘P ~ eP'^P :.DK Prop 


This proposition is often used in the theory of well-ordered series. 


*20053. 

h : P> G J . D . P“a a p‘P“a = A . P“a a p<P“a = A 


Bern. 



4— 

h .*37*1 .*40-53.3 h :.ai6P“an^P“a. 3 : (gy) .yea.xPy s y ea . 3 y 

.yPx 

[*10o6] 

^ : (ay) • xP v • y-P® = 


[*34-5] 

D : xP*x : 


[*50-24] 

D:~(P“G J) 

(1) 

b . (1) . Transp . 3 h s Hp . 3 . (x ) . x ~ e P“cl n p i P ii tx 

(2) 

Similarly 

1- : Hp . D . (a;) . a: ~ e P“« n p‘P“a 

(3) 


h . (2) . (3) . 3 h . Prop 

The above proposition is frequently used. If a is an existent class con- 
tained in C*P, P“a and p‘P“a are the two parts of the Dedekind “cut” 
determined by a (excluding the maximum of a, if any). The above pro- 
position shows that these two parts are mutually exclusive. 
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*200-54. h:Pe/.g!P.D. p‘P“{G‘P n p‘P“«} = p‘P“p‘P“a 


h . *40 62 . D I- : g ! a . D . C‘P a p‘P“ a = p‘P“a (1) 

1- . *40 2 . D h : a = A . D . p‘P“a = V . (2) 

[*4016] D . p‘P“ p‘P“a C p'P^C'P (3) 

H . (3) . *200-51 . D H : Hp . a = A . D . p‘P“p‘P“a = A (4) 

(-.(2). *24-26. D h : a = A . D . C‘P n p‘P“a = C‘P (5) 


h . (5) . *200-51 .Dh:Hp.a = A.D. p‘P“((7‘P n p‘P“a) = A (6) 

H . (1) . (4) . (6) . D h . Prop 

This proposition is a lemma whose purpose is to avoid the necessity of 
introducing the hypothesis g ! a in proofs in which it is not really necessaiy. 
The first use of this proposition occurs in *206 551. 
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*201. TRANSITIVE RELATIONS. 


Summary of *201. 

There are two main varieties of transitive relations, namely those that 

are symmetrical (P = P), and those that are asymmetrical (PnP = A). 
Transitive symmetrical relations have the formal properties of equality ; 
examples of such relations have occurred above, e.g. identity, similarity, and 
likeness. The propositions of the present number, however, are rather such 
as will be useful in connection with transitive asymmetrical relations, since 
they are intended to be applied to series. 

We denote the class of transitive relations by “trans”; thus 
trans = P(P*GP) Df. 

Many propositions of this number are analogous to propositions whose 
numbers have the same decimal part in *200. Such are : If P is transitive, 
so is its converse (*201*11), and so is any relation which is like P (*201*211) ; 
A and x y are transitive (*201*3*31) ; if P is transitive, so is P £ a (*201*33). 
The propositions *201*4 — *42, which deal with the ideas of relation-arithmetic, 
are also analogous to *200*4 — *42. 

Most of the other propositions of this number, however, have no analogues 
in *200. Among the most important of these are the following : 

*201*14 h : P € trans . xPy . D . P‘x C P‘y 
*201*15. h . R#e trans 

*201*18. h : P 2 G P . D . P^ = P - P# = P o / f C*P 

This proposition is very important, since it effects an immense simplifica- 
tion in the use of all propositions involving P^ or P*, when these propositions 
are to be applied to transitive relations. Owing to the above proposition, 
Ppo drops out where transitive relations are concerned. P*, on the other 
hand, remains useful: If y e C‘P, “xP#y” will mean “x precedes or is y” 
which, if P generates^ a series of which x and y are members, is equivalent 
to u x does not follow y.” 

— * 

We have a series of propositions (*201*5 — *56) on P“a and p‘P u a. The 
chief of these are 
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*2015. h : P e trans . 3 . P“P“a C P“a 

*201*501. F:Pe trans . 3 . P“P‘# C P‘a? 

These two propositions express the fact that a predecessor of a predecessor 
is a predecessor. 

*201*52. h : P e trans . 3 . P#“a = P“cl u (a n C‘P) 

Thus if a C C"P, P*“ a consists of a together with the predecessors of its 
members. 

*201*521. h : P e trans . # 6 C*P . 3 . P%x = P*# u 
*201*55. h : P € trans . 3 . P“( a u P“a) = P“a 

We have next a set of important propositions on P — P 2 and Pi. The 
chief are 

*201*63. h : P e trans n Rl* / . 3 . Pj = P — P* 

*201-65. h Pe trans n R1 ‘J.D : P,= A . s . P* = P 

On these two propositions, see the notes appended to them below. 


*201*01. trans = P(P*GP) Df 

*201*1. h : P e trans . = . P 2 G P [(*201*01)] 

V 

*20111. h : P € trans . = . P e trans 
Dem. 

h . *201*1 . *31*4 . 3 h s P e trans . = . Cnv'P* G P . 

[*34*63.*201*1] =.Pe trans : 3 b . Prop 

*20112. I- P e trans .'2:P<lJ. = .P , GJ. = .PhP = A. [*5047] 

In virtue of this proposition, being contained in diversity is equivalent 
(where transitive relations are concerned) to asymmetry. This is not in 
general the case with relations which are not transitive; thus e.g. diversity 
itself is contained in diversity, but is symmetrical. 

*201*13. h . R VI C trans 
Dem. 

K*34*34.3h:PG/.3.P 8 GPj/. 

[*50*4] 3 . P* G R : 3 h . Prop 

*201*14. y :P e trans . xPy . 3 . P‘x C P‘y 
Dem. 

h .*201*1 . 3 h : Hp.sPa?. 3 *zPy (1) 

h . (1) . *32*18 - 3 h . Prop 

The following propositions (*201*15 — *19) are concerned with 12* and JS,*,. 
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*201*15. h . R * e trans [*90*17] 

*201*16. h . iJpo € trans [*91*56] 

This proposition is important, since it often happens that a series is given 
as defined by a one-one relation 22, as in *122 for example, and in such cases 
22po is a serial relation in our present sense. By the above proposition, R^ 
is always transitive ; by *96*421, 22^ is connected when confined to the 
posterity of a given term, provided 22 e Cls — * 1 ; by *96*23, if Pel— » Cls* 
and xBR t R^ is contained in diversity throughout the posterity of x . Thus 
if 22 is a one-one, 22^ confined to any family which has a beginning will be 
a serial relation. 

*201*17. h s 2* G P . Q e Pot ‘P .D.QGP 
Dem. 

h. *34*34. Dh:.Hp.D:SGP.D 5 .S| PGP (1) 

SGP 

K *91*171 -rf.3 

<po 

h:.Q€Pot‘P:SGP.Ds.S|PGP:PGP:D.QGP (2) 

h. (1). (2). *23*42. Dh. Prop 

*201*18. h:P a GP.D.P po = P.P* = Pc;/p^P 
Dem . 

h . *201*17 . *41151 . (*9105) . D h : Hp . D . P^ G P (1) 

h . (1) . *91*502 . D h : Hp . D . Ppo = P (2) 

h . (2) . *91*54 . D h . Prop 

This proposition is important, since it simplifies all propositions con- 
cerning P ^ and P# in case P is transitive. The following proposition is an 
instance of this simplification. 

*201 19. h : P e trans . D . P (x - y) = P‘* n P‘y [*201 18 . (*121*01)] 

The following propositions (*201*2 — *22) are concerned in proving that 
transitiveness is unaffected by likeness-transformations, and therefore belongs 
to every member of a relation-number or to none. 

*201*2. h : 8 e Cls -► 1 . <3‘Q C d‘S . D . ( S'>QY = S5Q a 
Dem . 

K *150*1. Dh.(S5Q) 2 = S|Q|S|S!Q|/S (1) 

h . *72*601 .Dh:Hp.D.Q|is|/S=Q (2) 

h . (1) . (2) . D h : Hp . D . (S’Q)* = $ | Q* | S : D I- . Prop 

*201*201. h : S e Cls 1 . D‘Q C <3‘S . D . (S5Q) 8 = S'’Q> 

[Proof as in *201*2] 
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♦201*21. b s S e Cls — ► 1 . Q e trans . 3 . S’Q e trans 
Dem. 

b . *150*36 . *35*452 . 3 b . flfi Q = S>Q £ CP 8 (1) 

b . (1) . *201*2 . 3 h : Hp . 3 . (S m >Q)' = S5(Q £ CPS) 8 . 

[*150*31 .*201*1] 3 . (S5Q) 8 G SJQ : 3 I- . Prop 

*201*211. h : P e trans . Q smor P . 3 . Q e trans [*201*21 . *151*1] 

This shows that transitiveness is a property which is unchanged by 
likeness-transformations. Hence 

*201*212. b s P e trans . 3 . Nr'P C trans [*201*211] 

*201*22. b : P e trans . = . N 0 r*P C trans . = . g ! N 0 r*P n trans 
[Proof as in *200*22] 

*201*3. b . A e trans 
Dem. 

b. *34*32. 3 h . A 8 = A (1) 

h . (1) . *23*42 . 3 h . A 8 G A . 3 b . Prop 

*201*31. b .x lye trans 
Dem. 

h . *55*13 . 3 b : z (x y) 2 w . = . (gu) ,z = x.u = y.u=x.w = y. 
[*10*35] D . z = x .w = y . 

[*55*13] 3 . z (x y) w : 3 b . Prop 

Unless x=y, (#iy) 2 = A. A relation whose square is A is transitive, 
because A is contained in every relation. 

*201*32. b . a f 0 e trans 
Dem. 

h . *35*103 . 3 b s x(a ^ j3) 2 z . = . (gy) .xea . y e fi . y ea. z e /3 . 
[*10*35] 3 . x e a . z e ft . 

[*35*103] 3 . x(a f 0) z s 3 I- . Prop 

*201*33. b s P e trans . 3 . P £ a e trans 
Dem. 

h . *36*13 . 3 b s x (P £ a) 2 s . = . (gy) .x,y t zea. xPy . yPz (1) 
h . (1) . 3 1" :. Hp . 3 : x(P £ a) 8 * . 3 . (gy) nX f y f zea .xPz . 

[*10*35.*36*13] 3 . m (P £ a) * :. 3 b . Prop 

The following propositions (*201*4 — *42) are concerned with the ideas of 
relation -arith me tic. 

*201*4. b : P, Q e trans . C*P n C*Q = A . 3 . P^.Q € trans 
Dem. 

h. *160*51.3 hsHp. 3. (P4.Q) 2 = P 8 ciQ 8 uD'Pt(7^ci^Pta^ (1) 
h. *201*1. 3hsHp. 3. P 2 GP.Q 8 GQ (2) 

b. *35*432*82. 3 b . D‘P f C"Q G (7‘P f . C‘P f CPQ G <7‘P f C‘Q (3) 
h . (1) . (2) . (3) . 3 h : Hp . 3 . (P.£Q) 8 G P a Q ci G*P f C‘Q : 3 h . Prop 
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*201 '401. I" C‘P r\ C‘Q trans . = . P,Q e trans 

Dem. 

h. *160-51. D 

1- Hp . D : P$-Q e trans .s.P’uQ 1 w D‘P f C‘Q c * C‘P f Q‘Q G P$-Q . 
[*1601] =.i*o<yeP4.Q. 

[*160-5] D . (P* c; Q 1 ) £ G‘P G P . (P* w Q>) £ 0‘Q G Q . 

[*36-4.*34-56] Z> . P* G P . Q* G Q (1) 

h . (1) . *201*4 . D h . Prop 


*201*41. I- s. c C*P . D : P e trans . = . P -f» x e trans . = . x +\- P e trans 

Dem. 

b . *34-301 . D h : Hp . D . (G'P t i‘x) j P = A . 

[*161-1] D . (P -f* xY = P* c» (0‘P j* i‘xf c* P | (G‘P 1* i‘x) 


[*35-881] = p* o (0‘P t t‘x)' o (D‘P 1 1‘«) 

[*35-895] = P* c» (D‘P f t‘«) (1) 

h.(l). *201-1. D 

h :. Hp. D : (P 4* *) e trans . = . P» c»(D‘P t t‘®) GPo (C‘P f t*«). 
[*35-432-82] = . P* G P c; (C"P f i‘«) (2) 

I- . *33-33 . *34-56 . *35 86 . D h : Hp . D . P* n (C‘P t i‘x) = A (3) 
H . (2) . (3) . *25*49 . D h Hp . D : P-f* x e trans . = . P* G P . 

[*2011] =.Pe trans (4) 

Similarly h :. Hp . D : a:«l-P€ trans . = . Pe trans (5) 

I- . (4) . (5) . D h . Prop 


*201*411. h : z^x . z^y . D . x^ y -j+z e trans [*201'41‘31] 

*201*42. I- : P c trans n Rel 1 excl . C‘P C trans . D . 2‘P e trans 

Dem. 

K *1621. D 

b . (2‘P)* = («‘C‘P)* c» (PSP) 1 c» (*‘C‘P) | (PJP) c; (P»P) | («‘C*P) (1 ) 

H . *41*11 .Dh x {8‘C‘Py z . = . (aQ, R,y).Q,Re C‘P . xQy . yRz . 

[*3317] = . (g<2. R,y).Q,Re G‘P . xQy .yRz C‘Q n C‘R (2) 

K (2). *16311. D 

H :. Hp . D : x{k t G , Pyz . D . (aQ, R,y).Q,Re C‘P . . yRz ,Q = R. 
[*13195] (3 Q).QeC‘P.xQ‘z. 

[*2011.Hp] D . (aQ) .QeC'P. xQz . 

[*4111] D . x (i‘C‘P) z (3) 

I- . *201-21 . *163-12 . D 1- : Hp . D . (P5P)» G P»P (4) 

r. & w. ii. 34 
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K *34-1. *4111. *150-52. D 

h : * {8‘C‘P)\(F’P) z . Z>.(g Q,R, S,y).Qe C'P.xQy . RP8.yeC‘R .z e C‘S (5) 
K (5). *163-11 .*13-195. D 

H Hp . D : x (PC'P) \ (F>P)z . D . (gQ, S,y).Qe C‘P . xQy . QPS . z e C‘S . 
[*33*17.*150*52] D . x (F’P) z (6) 

Similarly I- Hp . D : x(F’P)\ (s‘G , P)z. D ,x (F>P)z (7) 

h.(l).(3).(4).(6).(7).D 
h : Hp . D . (2‘P)* d PC'P v F>P :Dh. Prop 

The following propositions (*201*5 — *56) are concerned with P“a and 
— ► 

p‘P“a, i.e. with the predecessors of some part of a class and the predecessors 
of the whole of a class. 

*201*5. I- : P e trans . D . P“P“a C P“a [*37*33*201] 

*201*501. I- : P e trans . D . P“P‘<r C ~P‘x [*53*301 . *201 *5] 

*201*51. h : P e trans . D . P“p‘P“a Cp‘P“a 
Dem. 


1- . *37*1 . *40*51 .Dh:.xe P“p‘P“a . = : (gy) : z e a . D, . yPs : a?Py : 
[*5*31] D:zea.D I .xP t z (1) 

h . (1) . *201*1 . D h Hp . D : x e P“p‘P“a . D : z e a . D f . xPz : 

[*40*51] D : ® ep ( P u a D h . Prop 

*201*52. h : P e trans . D . P*“a = P“a v (a n (7‘P) [*91*543 . *201*18] 

*201*521. f- : P e trans . x e C‘P . D . P#‘x = P‘<c v t*a: [*201*52 . *53*301] 
*201*53. h:Pe trans . D . P*“P“« * P“a [*201*5*52 . *37*265] 

*201*54. h : P e trans . D . P^“p‘P“a C p‘P“a [*201*51*52] 

*201*55. h : Pe trans . D . P“(a w P“a) = P“a 

Dem. 

h . *201*5 . D h : Hp . D . P“a = P“a v P“P“a 
[*37*22] = P“( a u P“a) :Dh. Prop 


The following proposition is a lemma which is used in *205*192 and 
*206*24. 

*201*56. h : P « trans . /8 C P‘‘a . D . 

P“(« v/9) = P“a . p‘P“f (a v/9)a C‘PJ = p‘P“(a a C f P) 

Dem. 

I- . *37*22 . Dh.P“(aw/9) = P“awP“/9 (1) 

h . *37*2 . Dh:Hp.D.P“/9CP“P“a. 

[*201*5] D . P“/3 C P“a (2) 

h . (1) . (2) . D h : Hp . D . P‘‘(a v £) = P“a (3) 
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I-. #40-51. #37-265.3 
b :: Hp . Z> :. *ep‘P“(a a C‘P) .xe/3 n C‘P . D ! 


[*10-56] 
[*345. Hp] 


yean C‘P . D y . yPz : (gy) .yean C‘P . xPy \ 


3 : (ay) • %Py • y-P* * 

D : xPz 


(4) 


I- . (4) . *40-51 . D I- : Hp . D . p‘P“(a n C‘P ) C p‘P“(/9 a C‘P ) . 

[*22-621] D.p‘P“(aA C‘P) = p‘*P“(a n C‘P) n p‘*P“(P n C‘P) 


=p , P ,, {(a w /3)nC‘P] 


( 5 ) 


[*40'18.*37*22] 

H . (3) . (5) . D h . Prop 

The following propositions, to the end of the number, are concerned with 
the relation P 1 defined in *1 21. We may regard Pj as meaning “ immediately 
precedes.” *201*6*61*62 are lemmas for *201*63. 

*201*6. h : P e trans ( xPx ) . ^ (yPy).xP 1 y.D.x(P-i-P t )y 

Dem. 

I- .*121'32’242 . D (- : Hp . D . P(&wy)= t‘a:v t‘y vP(<c — y) 


[*201-19] 

(-.*121-321. *201 18. 
h. (2). *1314. 
l-.(l). (3). *54-53. *12111 
I-. *3218181. 

(-.(4). (5). 

[*3411] 

(- . (2) . (6) . D (- . Prop 


= l‘x w l‘y w P‘x n P‘y (1) 
D (- : Hp . D . xPy (2) 

D(-:Hp.D.<r*y (3) 

Of-; Hp . D . P‘x n P‘y C l‘x u l‘y (4) 
D I- : Hp. D .x~eP‘x. y~ eP‘y (5) 

D I- : Hp . D . P‘x n P‘y = A . 

D . ~ (xP*y) (6) 


*201-61. (- : Petrans . D . P-^P*GP, 

Dem. 

h . *121*242 . *90*151 . D (- : xPy . D . P (<n-i y) — i‘xui‘y\jP(x-y) (1) 

I- . (1) .*201*19 . D (- :. Hp . D :#Py.D. P(*Hy)=i‘a!u i‘y \j (P‘x n P‘y) (2) 

h. *34’11. D (- : ~ (xP t y) . D . P‘x n P‘y = A (3) 

H. *34*54. Dl - ‘.xPy ,'*>(xP i y).'2 .x^y (4) 

(• . (2) . (3) . (4) . D I- :. Hp . D : xPy.~(xP*y) . D . P(xi-iy) = i‘x w py.x^y. 
[*54*101] D . P (x n y) e 2 . 

[*121*11] D . xP t y:. D (- . Prop 

*201*62. h :. Petrans . ~ (xPx ) . ~ (yPy) . D : ^P,y . = ,x(P—P t )y 
[*201-6-61] 


*20163. (- : Pe trans a R1‘J . D . P, - P-s- P* [*201-62] 

The above proposition is of fundamental importance. The relation Pj 
(defined in *121) plays a great part in the theory of series. It is the relation 

34—2 
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“ immediately preceding.” Its domain consists of those terms which have 
immediate successors ; its converse domain, of those that have immediate 
predecessors. In well-ordered series, D^P^D^P, while Q'P X consists of all 
terms (except the first) which do not belong to the first derivative (c£ *216). 
In any series, G'P — G'Pj consists of all the terms which are limits of 
ascending series, and D'P — D‘P X consists of all the terms which are limits 
of descending series. 

*201*64. h:.P e trans . 3 : P— P* = A . = . P* = P 
Bern. 

h . *23*41 . D h Hp . D : P* = P. = . PCP*. 

[*25*3] = . P— P* = A 3 h . Prop 

*201*65. h P € trans n RPJ .3:P 1 = A. = .P* = P [*201*64*63] 

When P is a series, P* = P is the condition for its being a compact series, 
is. one in which there are terms between any two. In virtue of *201*65, 
this condition is equivalent to P, = A, which states that no term has an 
immediate predecessor. 

The following proposition is first used in *253*521. 


*201*66. I- : P e trans . E ! P‘x . P‘x^*x . 3 . ( P‘x)P 1 x 
Dem. 

h. *201*521 .*121*11. 3 

h Hp . 3 : (P‘x) P,x. = . (t'P'a? u P'P'a?) n (t‘a? v bx) e 2 (1) 

h . *53*31 . 3 I- : Hp . 3 . 

{l‘P ( x u P € P € x) n (L ( x u P‘x) = (l‘P‘x \j P‘P‘x) n (l‘x u i‘P*x) 
[*30*32.*22*68] = / ‘x u i‘P‘x (2) 

h . *54*26 . 3 h : Hp . 3 . {i‘x v i‘P‘x) e 2 (3) 

h.(l).(2).(3).3KProp 


*201*661. h : P e trans . G‘P e 1 . g ! D‘P - d‘P . 3 . d‘P C d t P 1 
Dem. 

h . *33*151*4 . *60*38 . 3 

h s Hp . y e D‘P — G'P . 3 . P‘y e 1 . y ~ e P‘y . P‘y = G'P . 
[*53 3] 3 . E ! P'y . y + • i‘P‘y = d'P . 

[*201 *66*1 1 .*1 2 1 *26] 3 . yP , {by ) . i‘P<y = d‘P s 3 h . Prop 

The above proposition is a lemma for the following. 

*201*662. h : P e trans . g ! P*P . g S G'P - G'P, . 3 . G'P ~ € 1 
[*201*661 . Transp] 

This proposition is first used in *253*521. 
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Summary of *202. 

A relation is said to be connected when either it or its converse holds 
between any two different members of its field, i.e . when, if x, y e C'P . x 4= y, 
we have xPy . v . yPx. Thus the field of a connected relation consists of a 
single family, unless the relation is null, in which case it has no families. 
Conversely, a relation which has one family or none is connected. Connection 
is necessary, in addition to transitiveness and asymmetry, in order that a 
relation may generate a single series. If X is a class of transitive or 
asymmetrical relations, £‘\ is transitive or asymmetrical ; but if X is a class 
of connected relations, s‘X is not in general connected. Hence if X is a class 
of series, «‘X is not one series, but many detached series. This is one reason 
why the arithmetical sum of a relation of relations is not defined as s‘(7*P, 
but as h i G i P ci P>P (cf. *162), because the latter, but not in general the former, 
is connected when P and all the members of G*P are connected (*202*42). 


When P is connected, if a is any class contained in C‘P, we have 
G tp _ P u a sja%j n p‘P"a), 

and there is at most one member of a belonging neither to P“a nor to 
C*P f%p‘P“<L This member of a, if it exists, is the maximum of a. If, 
further, P* G J {i.e. if P is asymmetrical), (P“a u a) n (C‘P e\p‘P“a) = A. 

Thus when P is both connected and asymmetrical, P“a v a and C‘P r\p‘P“a 
are each other’s complements, and the two together constitute the Dedekind 
cut defined by a, P“a v a being all the terms that do not follow the whole of 

4 — 

a, and C‘P a p‘P“a being all the terms that do follow the whole of «. 

More generally, if a is any class, not necessarily contained in C‘P, then 
when P is connected, we have 


C‘P —p‘P“(a a C‘P) C P“a w (a a C‘P), 
and when P is asymmetrical, we have 

P“a v (a a C‘P) C C‘P - p‘P“a. 

Thus when both conditions are fulfilled, we have (#202 503) 
C‘P - p‘P‘‘(a a G‘P) = P“a w (a a C‘P). 
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The above inclusions and the consequent equality will be constantly 
required throughout what follows. The division of C‘P into the two mutually 
exclusive parts 

P“a u (a n C‘P) and C‘P n p‘P“(a n C‘P) 

is the Dedekind “ cut ” defined by the class a. If a C C‘P t the two parts 
become, as above mentioned, 

P“a sj a and C‘P n p‘P“a. 

If, further, a is not null, they become 

P“a v a and p‘P“a. 

If a is contained in C‘P and contains all its own predecessors, they 
become 

a and C‘P r\p‘P“a. 

In this simplified form, Dedekind “cuts” will be considered later (*211). 

We take as our definition 

connex = P [x e C‘P . D* . P‘x = C‘P) Df. 

Some of the propositions of the present number are analogues of 
propositions in *200 and *201. Such are: If P is connected, so is 

P (*202*11); if P is connected, so is any similar relation (*202*21 1); A and 
x ^ y are connected (*202*3*31) ; if P is connected, so|is P £ a (*202*33) ; and 
various propositions connected with relation-arithmetic (*202*4 — *42). The 
majority of the propositions of this number, however, deal with properties 
peculiar to connexity. Among the most important of these are: 

*202*101. h P € connex . = : x e C‘P . D* . P‘x v i‘x v P‘x = C‘P 

*202*103. h::P 6 connex . = x.ye&P . D, |V : xPy . v .x = y . v .yPx 

These are merely alternative forms of the definition. 

*20213. I- : R# e connex . = . e connex 

*202*5. h P e connex . P l dJ . x,y e C‘P . D : x^y .~(xPy) . = . yPx 
*202*601. I :Pe connex . D . C‘P -a- P“a C />‘P“( a a C‘P) 

*202*503. h : P e connex . P* G J . D . C‘P a 0‘P) = (a a C‘P ) w P“a 
*202*505. I- : P e connex . D . C‘P = P“a w (a a C‘P) w [C‘P a p‘P“(a a C‘P)} 
*202 52. h : P e connex . D ■ P'P.P'P eOul 
*202*624. h : P e connex . g ! I?‘P . D . <3‘P = P‘P‘P 
*202*55. b : P £ a e connex . a C C‘P . a ~ e 1 - D . C‘P £ a = a 
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In virtue of this proposition (and others) if P is a series and a is a class 
(not a unit class) contained in 0‘P, P £ a is the generating relation of the 
series consisting of the class a in the order which it has in the series P. 

♦202*7. h : P € connex . D . P— P* € 1 1 

This proposition is to be taken in connection with *201 *63. The two 
together show that when P is a series, P 1 is one-one. 


*202*01. connex = P {a? € (7‘P . I>* . P‘x = C‘P } Df 
For the definition of P ( x, see *97*01. 

*2021. H :. P e connex . = :xe C‘P . D* . P‘x = C‘P [(*202 01)] 


*202101. H :. P 6 connex . = : x e C‘P . . P‘x \j i‘x v P‘x = G‘P 

[*2021 . *971] 

*202102. h : P e connex . = . P“C"P eOul [*97*231 . *202101] 

*202*103. I- :: P e connex .= :.x,ye C‘P . : xPy . v . x =y . v . yPx 

[*97*23. *202*102] 


*202*104. f* :: P e connex . = :.x,ye C‘P .x^y. : xPy . v . yPx 

[*202103. *5*6] 

*20211. t- : P e connex . = . P e connex [*202*104 . *33*22] 

*20212. I- :. a ! P . D : P e connex . s . P“C“P e 1 . = . %C‘P - i‘C‘P 


Pern. 

h . *202*1 . Dh:Pe connex . s .P“0‘P C i‘C‘P 
h . *37*45 . D h :. Hp . D : a ! P“(7‘P : 

[*64*102] D:P“(7‘P~e0: 

[*202*102] D : P e connex . D . P“C‘P e 1 

h . *202*102 . D I- : P“C‘P e 1 . D . P e connex 
H . (2) . (3) . D I- :. Hp . D : P e connex . = . P“G‘P e 1 

I- . (1) . (4) . *62*46 . D h :. Hp . D : P e connex . D . P“C‘P = t‘C‘P 

H . (1) . *22*42 . D h : P“C‘P = i‘C‘P . D . P e connex 
h . (4) . (5) . (6) . D h . Prop 


( 1 ) 


( 2 ) 

( 3 ) 

(4) 

(») 

( 6 ) 


The following propositions, down to *202*181 inclusive (excepting 
*202*16*161) are concerned with P$ and R^. It often happens that these 
are connected when R is not so, e.g. if R is the relation + 0 1 among inductive 
cardinals. 
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*20213. h : 22* e connex . = . e connex 
Dent. 

K *202104.3 

h :s 22* e connex . = s. x, y e C‘22* . x + y . : «22*y . v . yR#x 

[*91 # 542] = :.a?,ye (?‘22* . a? y . 3*^ : xR^y . v . yR^x :. 

[*9014.*91*504] = \.x,y€ O tf 22po . a: + y . : xR^y . v . yR^x :. 

[*202104] = 22po e connex :: D h . Prop 

*202131. h:Pe connex . C‘P = C*Q . P G Q .3 . Q e connex [*202103] 

*202 132. h : P e connex . D . Pp,,, P* e connex 
[*202131 . *90-14151 .*91-502-504] 

*202133. h::/[C‘PGP.D:.Pe connex . = : a: e C‘P . D x . C‘P = P‘a? w P‘a: 
Dem. 

h .*35101 . D t- :. Hp . D : a: e C‘P . D . i‘xCP‘x (1) 

h . (1) . *202101 . D h . Prop 

*202*134. h [ G‘P G P . D :: Pe connex . = :.x,y e C‘P . : xPy.v.yPx 

[*202103] 

*202135. h : P e connex . = . P ci / f C‘P e connex 
Dem . 

h . *202134 . 3 h :: P ci / f (7‘P € connex . = :. 

x,yeC t P.'} Xty ix{PK>I\C i P)y.*.y(PvIXC<P)xu 
[*202103] = P e connex :: 3 h . Prop 

*202136. h P* € connex . = : a: e 0‘P . D* . C‘P = P^'a; w P^'a: 

[*202133. *901415] 

*202137. h :: P# e connex . = :.x,ye C‘P . D X|V : xP^y . v . yP*% 

[*202134 .*9015] 

*202138. I- :. P e trans . D : P e connex . = . P# e connex [*202-13 . *201"18] 
*20214 h : P e Cls 1 . D . Ppo C *R*‘x <= connex [*96 303 . *202104] 

v 

^ D 

*202141. h : P e 1 -► Cls . D . P,*, £ P*‘* e connex [*20214 ^ . *202-1 1] 

*20215. h : P e 1 1 . 3 . Pp 0 D ^*^ 6 connex 

Dem . 

f4 — > 

h . *97*13 . D h y, z e Rq.‘x . : y, z e P#‘« . v . y, x e P# a; • v • 

y eR^‘x . zeR^x.v .y eR^x.z eR^ f x (1) 
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h . #202*141*104 .31-:: Hp . 3 y, z e R^x . y z . 3 s yR ^x . v . xR^y (2) 

h . *20214 104 . 3 I- :: Hp. 3 i.y,z eR^‘x .y %z. 3 '.yR^x. v . xR^y (3) 

h . #90*17 . 3 h : y e R#‘x . z e R$?x . y 4= z . 3 . yR^z ,y\z. 

[#91542] 3-yfipo* (4) 

Similarly I- : y eR#‘x . z eR*‘x . y + z .3 .zR^y (5) 

Ml). (2). (8). (4). (5). 3 
( ) 

h::Hp.3:.y,xeP#‘a;.y + x.3 l , > *:y.R I)0 *.v.x.R po y (6) 

H . (6) . #202-104 . 3 1- . Prop 

The above proposition is used in the ordinal theory of finite and infinite 
(#260-4). 

#202-16. I- : P € connex . x f y e G t P • ( xPx ) . (yPy ) . P f x =~P‘y . 3 . x = y 

Dem. 

h. *3218181. 3h:Hp .D.<v (xPy) • ^ (yPx) . 

[*202-103] 3 . x =» y : 3 h . Prop 

*202161. h : P e connex a Rl‘«/ . 3 . C‘P e 1 — > 1 . ?[* G‘P e (P>P) smor P 

Dem. 

h .*202-16 . 3 h :. Hp. 3 ix,y€C‘P.~P‘x=~P‘y.'}.x=y (1) 

Ml) . *71-55 . *151-24 . D I- . Prop 

#202162. I- : P e connex . P^ G J. 3 . P £ JP# >P smor P.P£ | P*|“C‘Pel->l 
Dem. 

I- . *3613 . 3 I- :. P£ ~P^x = P £ ~P*‘y . = : 

uPv .u,ve P*.‘x . . uPv ,u,ve P*‘w (1) 

Ml). *111. *9012.3 ’ > ** y > 

I ■:.x,yeC t P.P £ P*‘* = P £ ^‘y . 3 : aPy . yP*x . = .xPy. xP*y : 

yP* . yP#x . = . yPx . xP^y : 

[#90*151. #91-52] 3 : «Py . D . xP^x : yPx . 3 . yP^y (2) 

h . (2) • 3 h : Hp . x,y e C f P • P £ P# ( x = P £ P#*y • 3 . ~ (xPy ) . ~ (yPx ) . 
[*202*103] D . a; = y : 3 h . Prop 

#20217. h : Ppo e connex . yeP(xt-tz ) . 3 . P(*Hy) vP (y mx) = P(jjhj) 

Pm. 

K *2011415. *121103.3 

h : Hp .3.P(®Hy)CP(*Hr).P(yHr)CP(*Hr) ( 1 ) 

I- . *20213137 . *121-103 . 3 

I* :. Hp .weP (xt-tz ) . 3 : wP* y . v . yP # w : ap# w . wP # * : 
[*121-103] 3: w e P(xi-ty)\j P (yt-iz) (2) 

h . (1) . (2) . 3 h . Prop 
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*202171. l-:Ppo e connex .yeP(xt-tz).0. 

P(x—\z) = P(x—{y) \j P (y— i z) ,P(xt— z) = P (xt—y) v P(yt—z) 
[Proof as in *202'17] 

*202172. l-sPpo e connex . y eP {x — z ) . D . 

P(x-y)- P(x-ty)\j P(y-z) = P(x-y)\J P( y*-z) 
[Proof as in #202"17] 

*20218. I- sPpo e connex . E ! B‘P . D . C‘P =*P*‘B‘P 


Dem. 




h . *2021 . D h : Hp . D . G‘P — Ppo'P'P 
[*97-2.*91504] = P*‘P‘P Oh. Prop 

*202181. h : Ppo e connex . E ! B‘P . E ! B‘P . D . C‘P = P (P‘P w P‘P) 

Dem. 

h . *20218 . Z> h : Hp . D . C‘P = P*‘P‘P a P#‘P‘P 
[*121-103] = P (P‘P w S‘P) Oh. Prop 

The above proposition is used in the ordinal theory of finite and infinite 
(*261-2). 

The following proposition is a lemma for *202*211, which shows that if a 
relation is connected, so are all similar relations. 


*202-21. h : P e connex . S e 1 — » Cls . D . S’P e connex 
Dem. 

h .*150*202 Oh:: Hp . D :.x,yeG‘S>P . ic^y.3: x,y eS“C‘P ,x : 
[*7l-4.*30-37] D : (g z, w).z,we C‘P . x = S‘z . y = S‘w . z 4= w : 

[*202104] D : (ax, w ) : x = S‘z . y = : zPw . v . wPx : 

[*150-4] 2:x(SiP)y.v.y(S>P)x (1) 

h.(l). *202104 Oh. Prop 

The proofs of the three following propositions proceed like the proofs of 
the analogous propositions in *200 and *201. 

*202*211. h:P e connex . Q sraor P . D . Q e connex 

*202*212. h : P e connex- . D . Nr‘P C connex 


*202*22. h : P e connex . = . N 0 r‘P C connex . = . j ! N<>r‘P n connex 

*202*3. h.A € connex 
Dem. 

h . *37*29 . D h s P = A . D . P“C‘P = A . 

[*202*102] D . P e connex : D h . Prop 
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*20231. h .x^ye connex 
Dem. 

h . *551 5 . D h z y w e C‘(x ^ y ) . D s 

z y w € i‘x . v . z, w € i‘y . v . z € i l x . w e i‘y . v . z e i*y . w e i*x : 
[*51 , 15.*13*172] '2:z = w.v.z = x.w = y'V'Z = y.w = x: 

[*55*15] Diz = w.v .z(xly)w.v .w(xly)z (1) 

K(l). *202*103. Dh. Prop 

*202*33. h : P 6 connex . 3 . P £ oe connex 

Dem. 

I- . *37*41 . 3 I- :«,ye(7‘P £a. 3 .x,y ea.x,y eC f P (1) 

K (1) . *202*103 . 3 

h :: Hp. 3 :.x,y eC‘P[, a . 3 tx,y ea: xPy . v . x=y . v .yPx: 

[*3613] 3:x(P£a)y . v.x = y. v.y(P£a)x (2) 

h . (2) . *202*103 . 3 H . Prop 

The following propositions (*202*4 — *42) are concerned with applications 
of relation-arithmetic. 

*202*4. I- : P, Q e connex . 3 . P-£Q e connex 

Dem. 

V . *160*14 . 3 h x, y e C‘(P$Q ) . = : 

x, y e C‘P . v . x, y e C*Q . v . x e C‘P . y e C‘Q . v . x e C‘Q . ye C‘P (1) 

h . *202*103 . 3 h :: Hp . 3 :. x, y e C‘P . 3 : xPy . v . x = y . v . yPx : 

[*160*1] 2:x(P$Q)y.v.x = y.v.y(P$Q)x (2) 

Similarly h :: Hp . Ds.ar,y«0‘Q.D: x(P$.Q)y .v. x=y . v .y(P.£Q)x (3) 
h . *160*1 . *35*103 . 3 1- : x e C‘P . y e C‘Q .3.x (P$Q) y (4) 

h . *160*1 . *35*103 . 3 h j x e C‘Q . y e C‘P . 3 . y (P$Q ) x (5) 

h.(l).(2).(3).(4).(5).3 

V ::Hp .0:.x,yeC‘(P$.Q).'2:x(P$.Q)y.v .x=y .v ,y(P$.Q)x (6) 

I- . (6) . *202*103 .31-. Prop 

The above proposition illustrates the reasons for defining P$-Q as was 
done in *160. When P and Q are connected, PoQ is in general not 
connected: it is the additional term C‘P j* G‘Q which insures connection. 

*202*401. h :. C‘P a C‘Q = A . 3 : P$-Q e connex . = .P,Qe connex 

Dem. 

V . *202*33 .31- tP^-Qe connex . 3 ,(P£Q) £ C‘P, (P Q) £ C‘Q e connex (1) 
h . (1) . *160*5 . 3 h :. Hp . 3 : P^-Qe connex .3 . P, Q e connex (2) 

h. (2). *202*4.31-. Prop 
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*202*41. h : Pe connex . D . P-\¥z e connex . z 4f Pe connex 
Dem. 

h • *161*14*2 . D h s. x, y e C*{P-\>z) .x^y . D s x, y e (C‘P u t*z) . o?=J=y : 
[*51*236] D : x, y e C ( P . x y . v . x e C‘P . y = s . v . yeC‘P .x*=z (1) 
h.(l). *202*104.3 

h :: P e connex . D x, y e C\P-\*z ) . x y . D : 

a?Py . v . yP# . v . x e C‘P . y = 0 . v . y e C‘P .x = zi 
[*161*11] D : a: (P-f*s) y . v . y {P-\*z) x 

[*202*104] D P-\*z e connex (2) 

Similarly h : P e connex . D . z<± P e connex (3) 

h . (2) . (3) . D h . Prop 

*202*411. h . x ^ y-\*z e connex [*202*41*31] 

*202412. h :.«~e C‘P . 3 : P e connex . = . P-\*z e connex . = . S4(-P e connex 

Dem. 

f- .*16116 . 3 1- Hp . 3 : P = (P-\>z) £ C‘P : 

[*202*33] 3 : P-1* z e connex . 3 . P e connex (1) 

Similarly I- Hp . 3 . z P e connex . 3 . Pe connex (2) 

I- . (1) . (2) . *202 41 . 3 h . Prop 

*202*42. h : Pe connex . C‘P C connex . D . 2‘P e connex 

Dem. 

1- . *162 22 . 3 I- : a:, y e C‘2‘P . = . (gQ, R).Q, Re C‘P . x e C‘Q . y e C‘R (1) 

I- . (1) . *202103 . 3 
H :: Pe connex . 3 x, y e (7*2‘P . 3 : 

(nQ,R)iQPR.v.Q = R.Q,ReC‘P.v.RPQ:xeC‘Q.yeC‘R (2) 

1- . *162*13 .31-:. QPR . v . RPQ : x e C‘Q . y e C‘R : 3 : 

*(2‘P)y.v.y(2‘P)* (3) 

1- . *1 3*1 95 . 3 h : (a Q, R ) . Q = R . Q, R e C‘P . x e C‘Q . y e C ( R . 3 . 

(aQ) • Q « C‘P - ye C‘Q (4) 

H • *202*103 .31-:: (7‘P C connex . 3 :. (gQ) . Q e C‘P . x, y e C‘Q . 3 : 

(gQ) : Q e C‘P : xQy . v . x = y . v . yQx : 

[*162*13] 3 : x(2,‘P)y . v . x = y . v . y (2‘P)« (5) 

h . (4) . (5) . 3 

I- :: (7‘PCconnex . 3 (gQ,P). Q=R.Q,Re C‘P . x e C‘Q . y e C‘R, 3 : 

x (2‘P) y.v.x = y.v.y (2‘P) x (6) 

I- . (2) . (3) . (6) . 3 1- :: Hp . 3 

c, y e C'VP . 3 : x (2‘P) y . v . a; = y . v . y (2‘P) * (7) 
h . (7) . *202*103 . 3 1- . Prop 
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* 202 ' 5 . F :.Pe connex . P , GJ .x,y eC‘P :x^y .~(xPy). = .yPx 

Dem. 

F. *50*43. DF :.P*GJ.D:yPx.D.~(xPy) (1) 

F. *200*36. D F P*G /. D : yP« . D . <r+y (2) 

F . *202*104 . D F P e connex .x,ye C‘P . D : « + y • ~(*Py) . D . yPas (3) 

F . (1) . (2) . (3) . D F . Prop 

The following propositions (*202*501 — *51) are concerned with the relations 

4 — 

of P“a and p‘P“(a a C‘P). They are important, and *202*501*503*505 will 
be often used. 

* 202 * 601 . F : Pe connex . D . C‘P — a — P“a C p‘P“(a a C‘P ) 

Dem. 

F . *13*14 .*37*1 . D F y e C‘P — a— P“a.xea . D .x^y .t»(yPx) (1) 

F. (1). *202*103. DF:. Hp.D:ye(7‘P-a-P“a.a;eaA(7‘P.D.aPy: 

[*40*53] D : y <• C‘P - a - P“a .D.ye p‘P“(a a (7‘P) :. DF. Prop 


* 202 * 502 . F:Peconnex.P*GP.a!« a(7‘P.D. C‘P— a — P“a = p‘P“(a a (7‘P) 
Dem. 

F . *40*62 . DF:Hp.D. p‘P“(a a C‘P ) C C‘P (1) 

F. *200*5. DF:Hp.D.p‘P“(aA(7‘P)C-a (2) 

F . *200*53 . DF:Hp.D. p‘P“(a a (7‘P) C - P“« (3) 

F . (1) . (2) . (3) . *202*501 . D F . Prop 

* 202 * 503 . F : P e connex .P*G J.D.(7‘P- p‘P“(a a (7‘P) = (a a (7*P) v P“a 

Dem. 


F . *202*501 . *24*43 . D F : Hp . D . C‘P -p‘P“(a a (7‘P) Caw P“a (1) 


F.(l). *22*43. 
[*22*68.*37*15] 
F. *200*5*36. 

F. *200*53. 

F. *22*43. *37*15 


D F : Hp . D . (7‘P -p‘P“(a a (7‘P) C (a w P“a) a (7‘P 

C (a a (7‘P) w P“a (2) 
DF:Hp.D.«A(7‘PC-p‘P‘‘(aA(7‘P) (3) 

D F : Hp . D . P“a C -p‘P“(a a (7‘P) (4) 

D F . a a (7‘P C (?‘P . P“a C (7‘P (5) 

F . (3) . (4) . (5) . D F : Hp . D . (a a (7‘P) u P‘‘a C (7‘P - p‘P“(a a (7‘P) (6) 
F . (2) . (6) . D F . Prop 


*202*504. F:Pe connex . P* G J . D . (7‘P a p‘P“(a a (7‘P) = (7‘P - a - P‘‘a 

Dem. 

F. *200*5*36. D F : Hp . D .p‘P“(a a (7‘P) C - a (1) 

F. *200*53. DF:Hp.D.p‘P“(«A(7‘P)C-P‘‘a (2) 

F.(1).(2).*22*48.DF : Hp . D . (7‘P a p‘P“(a a (7‘P) C (7‘P - a - P“a (3) 
F. (3). *202*501. DF. Prop 


Digitized by Google 



SERIES 


542 


[PART V 


*202*505. b : Pe connex . D . C‘P — P“a w (« a (7‘P) w [C‘P n p , P t, (a n (7‘P)} 

Dem. 

b . *202*501 . D b : Hp . D . (7‘P - a - P“a C p‘P“(« a C‘P) . 

[*24*43] D . (7‘P Caw P“a w {p‘P“(a a (7‘P)} . 

[*22*621. *37*15] D .C‘P=(a A(7‘P)wP“aw{C‘PAp‘P“(a a (7‘P)} :Dh. Prop 


*202*51. b : P e connex . a C (7‘P . g ! a . D . 

(7‘P = P“a uiu p‘P“a = P“a uau p‘P“a 

Dem. 


b . *40*62 . D b : Hp . D . p‘P“a C C‘P (1) 

b . *22*621 . D b : Hp . D . a * a a (7‘P (2) 

b . (1) . (2) . *202*505 . D b : Hp . D . C‘P = P“a wow p‘P“a (3) 

H. (3) p. *202*11. Db:Hp.D.(7‘P = P“awawp‘P“a (4) 


b . (3) . (4) . D b . Prop 


The following propositions (*202*511 — *524) are concerned with B‘P. 
*202*52 shows that if P e connex, P cannot have more than one first term or 
more than one last term, and *202*523 shows that this still holds if only p 
is connected. *202*511 shows that if P is a connected relation which has 
first term, then if a is any class, there are predecessors of the whole of 
a a C‘P when and only when B‘P is such a predecessor, and when and only 
when P‘P~e a. *202*524 shows that if P is connected and has a first term, 
G‘P consists of the successors of the first term. These propositions are 
much used. 


*202*511. b P e connex . E ! B‘P . D : 

3 !p‘P“(« a (7‘P) . = . P‘P~e a . = . B‘P e p‘P“(« a C *P) 

Dem. 

b . *202*104 . *93*1 . Db:.Hp. P‘P~ea. D : xe(a a (7‘P) . D, . (B‘P) Px : 
[*40*61] D : B‘P e p‘~P“(a a (7‘P) : (1) 


[*10*24] D : a ! p‘P“(« a (7‘P) (2) 

b . *93*1 . D b : Hp . 5‘P e a . D . (a:) . ~ [xP (B‘P )\ . P‘P e a a (7‘P . 

[*40*51] D .p‘P“(a a (7‘P) = A. (3) 

[*24*105] D.P‘P~e p‘P“(a a (7‘P) (4) 

b . (2) . (3) . D b Hp . D : P‘P ~ e a . = . a ! p‘P“( a a (7‘P) (5) 

b .(1) . (4). D b :. Hp . D s P‘P~ea. = .P‘Pep‘P“(a a (7‘P) (6) 

b . (5) . ( 6 ) . D b . Prop 
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3 h : x, y e B*P . 3 . x, y e C‘P .x~e d*P . y ~ e <I‘P . 

(yPx) (1) 


( 2 ) 

(3) 


( 1 ) 

( 2 ) 


*202*52. h s P e connex . D . B‘P , B‘P e 0 v 1 
Dem. 

h. *93*103. 

[*33*14] D . x, y e C‘P . ~ ( xPy ) 

h . (1) .*202*103 . D h Hp . D : x,yeB‘P . D *x = y : 

[*52*4] D:2f‘Pe0 vl 

h. (2). *202*11. DHHp.D.P'PeOvl 
h . (2) . (3) . D h . Prop 

*202*521. h:P*€ connex. D . P^P Cp‘^“C‘P 
Dem . 

h. *202*13*103.3 
— > 

h :s Hp . 3 :. x e P‘P . y e C‘P . 3 : xP^y . v . x = y . v . yP^x 
b . *91*504 . 3 h : a? e B‘P • 3 . ~ (yP^) 

b . (1) • (2) . 3 h s: Hp . 3 s. x e B‘P . y e C‘P . 3 s xP w y . v . x = y : 
[*91-54] 3 : xP^y :: 3 h . Prop 

*202-522. H.5‘P = ^P po [*91504] 

*202-523. H:P*e connex . 3 . if‘P e 0 w 1 [*20213-52-522] 

*202*524 V : P e connex . g ! B‘P . 3 . (PP = P‘B‘P 

Dem. 

t- . *202-52 . 3 1- Hp . 3 : E ! B‘P : 

[*202*104.*93103] 3 : x e d‘P . 3 . (B‘P) Px (1) 

K (1). *33151 .3 h. Prop 

The following propositions (*202*53 — -55) are concerned with relations 
with limited fields. Such relations are constantly used in the theory of 
series. 

*202*53. Hi Qeconnex. P*G J .QQP .0 .Q = PIC‘Q 
Dem. 

I- . *33*17 . *3613 . 3 h Hp . 3 : xQy . 3 . * (P £ C'Q) y 

h . *50*43 . 3 V Hp . 3 : xPy . 3 . ~ (yP<r) . 

[*23*81] 3 .~(yQx). 

h. *200*36 . 3 h Hp . 3 : xPy . 3 . x^y 

f- . (2) . (3) . *202*104 . 3 h Hp .3 :x,ye C‘Q . xPy . 3 . xQy : 

[*3613] 3 :x(P £ C‘Q)y . 3 .xQy 

V . (1) . (4) . 3 H . Prop 

This proposition is important in series. If P and Q are serial relations, 
and Q dP, they verify the above hypothesis; hence if Q is a series contained 
in a given series P, Q is simply P with its field limited. Thus series con- 
tained in a given series are completely determined by their fields. 


( 1 ) 

( 2 ) 

(3) 

(4) 
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*202 54 I- : P £ a e connex . a n C‘P ~ e 1 . D . C‘P £ a = a n C‘P 

Dem. 

h. *52*181.3 

h :: Hp . 3 x e a n C‘P . 3* : (gy) .yean C‘P .y^x: 

[*202104] D x : (gy) : y e a n C‘P : xPy . v . yPx : 

[*3613] 3* : (gy) : x (P £ a)y . v . y (P £ a)x : 

[*33132] },:xeC‘Pta (1) 

t- . *37-4115-16 . 3 b . C‘P £ a C a n C‘P (2) 

t- . (1) . (2) . 3 h . Prop 


The above proposition is frequently used. 4(202*55, which is an imme- 
diate consequence of 4(202*5 4, is used incessantly. 

The following proposition is used in 4(232*1 4. 


4(202*541. I" : Pe trans n connex . a n OP ~ e 1 . D . (P £ a)# = P# £ a 
Dem . 

h. *201*18*33. Dh:Hp.D.(P£a)* = PCaciJf(OP £a) 
[*202*54] = P £ a a I f (OP n a) 

[*201*18.*36*23.*50*5] = P* £ a 

*202*55. h : P£ a e connex . a C OP . a~e 1 . D . OP £ a= a [*202*54] 

*202*56. h . Pe connex. P G J.x € OP./3 C OP. P“/3 C P'a?. C P'a? u c‘* 

Dem. 

h . 4(37*1 • D h : P u £ C P‘a? . y e /3 . apy . D . aP# (1) 

h • (1^ . Transp . D I s ■ Hp .ye j8 • D ■ ^ (xPy) (2) 

h . (2) . *32*18 . 3 H : Hp .ye ft— P‘x . 3 . *■>» ( xPy ) . ~ ( yPx ) . 

[*202*103] 3 . y = x : 3 h . Prop 

The above proposition is used in *212*652. 


*2026. I- :: P e connex . P G J . D #, y e OP . a? ^ y . = : apy . v . yPa? 

Dem. 

V . *202*104 . D h :: Hp . D :. a:, y e OP . a?=J= y . D : apy . v . yPx (1) 

V • *50*11 . *33*17 . D h :: Hp . D xPy . v . yPx : D . a?,y e OP . x^y (2) 

h . (1) . (2) . D h . Prop 

The following proposition is a lemma for *202 62, which is itself a lemma 
for *204*52. 


*202*61. h :: P e connex .PG/ : <f>(x t y). = x%y . <f> (y,a?) : D 

xPy .D Xt y.<f>(x f y):= : a?,yeOP.a? + y . D*,* . <f>(x t y) 

Dem . 

h . * 202*6 . D h Hp . D :: x,y eC*P . x=^y . • <J>(a?,y) s = :• 

aPy . v . yPa; : D*, y . <#>(a?,y) 

[*4*77] = apy . !>*, y . <\> (x, y) : yPa? . -<f>(x t y)i. 

[4(4*85. Hp] = s. xPy ^ x ,y<f> (#, y) : yP# - ^x,v <t> (y, *0 :• 

[4(4*24] = s. a?P y . . <f> (a?, y) D h . Prop 
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*202611. b:.Pe connex .PGJ.R = R.'2:P<lR. = .Jt C‘P G R 

*202*62. h P e connex . P G J . D : P e Rel* excl . = . F>P G J 
Dem. 

h . *202*61 . *163*1 . D h :: Hp . D 

P e Rel a excl . = : QPR - D q R . C‘Q n C‘R= A : 

[*24*37] = : QPR .xeC‘Q . y e . ^Q,n f x t y • # + y : 

[*150*62] = .x{F>P)y . + y :: D h . Prop 

The three following propositions (*202*7 — *7 2) are concerned with P— P*. 
Of these, *202*7 is important : it shows that if P is connected, no term can 
have more than one immediate predecessor or successor. *202*72 is used 
in *204*71, which is an important proposition. 

*202*7. h : P € connex .D.P — P*el— »1 

Dem . 

h . *34*5 . Transp . D h : zPx (yP*x) (yPz) (i) 

Similarly H : yPtc . ~ (zP*x) , D (zPy) (2) 

I- .(1).(2) . D I- :y(P P>)x.z(P P , )x.D . ~ ( yPz).~(zPy ) (3) 

I-. (3). *202103. Dhi.Hp. D:y(P- P t )x.z(P P>)x.^ ,y=z (4) 

Similarly I- Hp . D :sc(P — P*)y ,x(P — P*)x. D . y = z (5) 

!• . (4) . (5) . D I- . Prop 


*20271. I- : P e connex . x (P — P*) y . D . P^y = P#‘# 

Dem. 

h . *91*52 . D h : Hp . D . P^x C Pp</y (1) 

h . *91*57 . D h zP^y . D s zPy . v . sP^ | Py : 

[*25*41] D:^(P-P a )y.v.^(PnP a )y.v.^(P po |P)y: 

[*91-502] D : * (P^ P») y . v . z (P,* | P) y (2) 

I- . *202*7 . D 1- : Hp . z(P— P*) y . D . z=-x (3) 

I- . (2) . (3) . D I- : Hp . AP^y . a + . D . a(P w | P)y . 

[*34*1] D . (gw) . ^Ppo w . wPy (4) 

h.*34"5. D h : wPy. xPw .D . xP*y (5) 

h . (5) . Transp . D I- Hp . wPy . D : ~(aPw) : 

[*202-103] D : wP® ,v.w = x (6) 

I- .(4). (6). D h Hp.iPpoy D izP^x. v . (rw) . zP^w . wPa> : 
[*91-511] D:*Ppo* (7) 

h . (7) . *91"54 . D h : Hp . D . Ppo'y C P#‘® (8) 

h . (1) . (8) . 3 1* . Prop 

r. A w. ii. 35 
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*202*72. I - : P e trans n connex . x (P— P*) y . D . P‘y = P*x w i‘x 
[*202*71. *201 *18*521] 

*202*8. h : Q e connex .SeP smor Q . G‘Q r\ 1 . D . 

S[l3e(PtS“l3)£™rQtp 

Dem. 

h. *71*29. 3t-:Hp.3.SF£«l-»l (1) 

V . *35*64 . *151*11 . D h : Hp . D . d‘(S [ 0 ) = C‘Qn/3 
[*202*54] =C‘(Qt0) (2) 

H. *150*37. D h : Hp . D . (<S = P fc (3) 

I- . (1) . (2) . (3) . D h . Prop 

*202*81. I- : Q e connex . S ePsmor Q . 3 . (P £ S“fi) smor Q £/9 

Dem. 

V . *202*8 . D I- : Hp . C‘Q n #~e 1 . D . (P £ smor Q £ y3 (1) 


h. *36*13. *33*17. :»:C‘Qn/3 = i‘y.D.Qt/3Gy4,y (2) 

h. *36*13. Dh:. Hp(2). D:y(Q££)y. = .yQy (3) 

I- . (2) . (3) . *55*341 . D h : Hp (2) . yQy . D . Q £ 0 = y i y (4) 

V . *35*64 . *151*11 . D h : Hp . D . d‘(S [ff) = C‘Q*0 (5) 

h.(4).(5). Dh:Hp(4).D.a‘(Sry3) = C‘(Q^) (6) 

K *71*29. *150*37. D I- : Hp . D . S [ 0 e 1 -*1 . P£S“£ = <S;(Qt£) (7) 

I-. (6). (7). *151*1 . Dh:Hp(4).D.(P^“/3)smorQ^ (8) 

h . (2) . (3) . *55*341 . D h : Hp (2) . ~(y<&) . D . Q ££ = A . (9) 

[(7).*1 50*42] D.Pp S“/9 = A (10) 

I- . (9). (10). *153*101 . D h : Hp (9) . Z> . (P £ S“l 3) smor Q ££ (11) 

h. (8). (11). *52*1. D\-:}lp.C‘Qn/3el.D.(PtS“/3)smorQtl3 (12) 
I- . (1) . (12) . D h . Prop 


The above proposition shows that if Q is connected, and any class /3 is 
picked out of C‘Q, then Q arranges /3 in an order which is similar to that in 
which P arranges the correlates of /9. 
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*204. ELEMENTARY PROPERTIES OF SERIES. 


Summary of *204 . 

In this number we give the definition and a few of the simpler properties 
of series. Most of the propositions of this number result immediately from 
those of *200, *201, and *202. Our definition is 

Ser = R1 V n trans n connex Df. 

We have 

*20416. b s P e Ser . = . P e connex .P*(iJ.P*(lJ. = ,Pe connex . P ^ G J 
either of which might have been taken as the definition. 

After a few propositions giving other possible forms of the definition of 
series, we proceed to a set of propositions which follow immediately from 
those of *200, *201, and *202. Such are 

*204-2. b:Pe Ser . = . P € Ser 
*204*21. h : P e Ser . P smor Q . D . Q e Ser 
*204*24. h.AeSer 
*204*26. b ix^y . = .xlye Ser 

Another important proposition on couples is 
*204*272. b s. P € Ser . D : D'Pc 1 . = . Pe2 r . = . d'Pe 1 

so that couples are the only series having unit classes for their domains or 
converse domains. 

We then proceed to a set of propositions on P‘x, We have 
*204*33. h P € Ser . x t y e C‘P . D s x^y . P‘y C P‘x . = . yPx 

Also, if P c Ser, P [ C‘P is a one-one and P>P smor P (*204 34*35). 

We then have some propositions (*204*4 — *44) on relations with limited 
fields. The most important of these are 

*204*4. h s P e Ser . D . P £ a e Ser 

*204*41. b :P,Qe Ser .QGP.D.Q = P£ C*Q 

35—2 


Digitized by Google 



548 series [part y 

This proposition is important, since it shows that any series contained in 
a given series is wholly determined when its field is given. 

We have next a number of propositions (*204*45 — *59) applying relation- 
arithmetic to series. The first set of these (*204*45 — *483) are concerned 
with the proof that if a “ cut ” is made in a series, the series is the sum of 
the two parts into which the cut divides it, where the sum is taken in the 
sense of *160 or *161, according as one part of the cut does not or does 
consist of a single term. Most of these propositions do not require the 
full hypothesis that P is a series, but only some part of it. Thus we have 
for instance 

* 204 * 46 . h : P e connex . E ! B‘P . G‘P e 1 . D . 

P = B‘P 4f P l d‘P . Nr‘P = i + Nr‘(P £ d‘P) 

with a similar proposition for B‘P and D‘P (*204*461). 

We next prove that if P, Q are mutually exclusive series, their sum 
(P£Q) is a series, and vice versa (*204*5); that if P is a series to which x 
does not belong, P-\*x and #4f P are series, and vice versa (*204*51); that 
if P is a series of mutually exclusive series, its sum %‘P is a series (*204*52) ; 
that if P, Q are series, so is P x Q (*204*55) ; that if P is a series of series, 
IFP is contained in diversity and is transitive (*204*561), while if P is also 
well-ordered, t.e. such that every existent sub-class of C‘P has a first term, 
then II'P is a series (*204*57) ; and that if P and Q are series, and Q is well- 
ordered, then P Q and P exp Q are series (*204*59). These propositions are 
essential to ordinal arithmetic, but they will not be referred to again until 
we reach that stage (Sections D and E of this Part). 

We have next a collection of propositions (*204'6 — '65) on p‘P“a for 
various values of a, and finally three propositions on P,. Two of these are 
much used, namely 

* 20 * 7 . 

* 204 - 71 . 

* 20401 . 

* 2041 . 

* 20411 . 

* 20412 . 

*204121. h :: PeSer . = :. PGP. P*GP:. x ,yeC‘P.x^y. D* jV : 

xPy . v . yPx [*204'1 . *202*104] 


I m :P e Ser . D . P, e 1 — ► 1 

t- : P e Ser . xP x y . D . P‘y = P*x v i‘x 

Ser = R1 ‘J r\ trans n connex Df 

h : P e Ser . = .PGP.P*GP.Pe connex . 

= .P e m‘J.Pe trans . P e connex [(*204'01)] 

h:. PeSer. = : P GJ . P*G, P : xeC‘P . D* . P‘x v i‘x u P‘x = C*P 
[*2041 . *202101] 

I- : : P e Ser . = : . P G J . P> G P : . y e C‘P . D,. „ : 

xPy . v . x = y . v . yPx [#2041 . *202*103] 
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*20413. h:PeSer.D.P*G/.P«SP=A 

Dent. 

b . *204-1 . *23-44 . D h : Pe Ser . D . P*GJ. P e trans (1) 
h . (1) . *201-12 . D K Prop 

*204*14. h : P e Ser . = .Pr»P = A.P*GP.Pe connex 
[*2041 . *50-47] 

*20416. h : P € connex trans 

Dem. 

h.#34*5. Dh:.P*G J. D z xPy . yPz .x^z (1) 

h. #50*41. D h s. P* G /. D zxPy . yPz. D .~(zPx) (2) 

h . (1) . (2) . D h Hp . D : xPy ■ yPz ■ D . a? 4= ^ ~ (sPa?) - 
[#202*103] D.aiP^.Dh. Prop 

#204*151. h : P € connex . P,*, G / . D . P e trans 
[#204*15 . #91*502*503*511] 

#204*16. h s Pc Ser . = . P € connex .P , GJ’.P S GJ'. = .P€ connex . P,*, G / 
[#204*15*151 . #200*36 . #201*18] 

We have also 

h s P e Ser . = . P e connex . P* G /. 

For, by #200*37, since P 6 = (P*) 3 = (P*)*, it follows that 

P 8 GJ'.D.P f GJ.P f GJ. 

A relation such asa?4y^y4^^^4a:, where a?4y-y4 : ^-^4 =a7 » satisfies 
P e connex ■ P* G /, but not P 6 G J. On the other hand, 

oc^ywy^zwz^wwwlx 
satisfies P* G / . P* G /, but not P € connex. 

#204*2. h : P e Ser . = . P e Ser [#200*11 . #201*11 . #202*11] 

#204*21. h s P e Ser . P smor Q . D . Q € Ser 
[#200*211 .#201*211 . #202*211] 

#204*22. h : P e Ser . D . Nr‘P C Ser [#204*21] 

#204*23. h : P e Ser . = . N 0 r‘P C Ser . = . g ! N 0 r‘P n Ser 
[#200*22 . #201*22 . #202*22] 

#204*24. h . A € Ser [#200*3 . #201*3 . #202*3] 

#204*25. h :x^y. = .x^ye Ser [#200*31 . #201*31 . #202*31] 

#20426. h ix^y.x^z.y^z.'Z.xly-frz* Ser 
[#200*31*41 . #201*411 .#202*411] 

The three following propositions deal with couples. Couples often 
require special treatment, owing to the fact that, if P is a couple, 
P P D‘P = A, so that C‘(P £ D‘P) 4= D*P, whereas in any other case, if P is 
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a series, C‘(P £ D‘P) = D‘P. Hence the following propositions are often 
required. 


#204*27. I - : P e Ser - xPy . D‘P = i‘x . D - P = x J, y 
Dem. 

h . #33*14 . D h : Hp . zPw . D . z = x 
h . (1) . #50*24 . D h : Hp - zPw . D . w 4= x . 

D . ^(wPy) 


(l).Transp^ 


( 1 ) 


( 2 ) 

(3) 

(4) 

(5) 


(1) . Tramp . *50 24 . 3 h : Hp . 3 . ~(yPw) 
h . (2) . (3) . *204-12 . 3 V : Hp . zPw . 3 . y — w 

I- . (1) . (4) . 3 h Hp. 3 : zPw . 3 .z = x.y=w 
h . (5) . *55*34 . 3 h . Prop 

*204-271. h : Pe Ser . D‘P e 1 . 3 . P e % 

Dem. 

V . *204-27 . 3 1- : Hp . 3 . (g<c, y) . P = x J, y . 

[*20425] 3 . (a®, y) . a: + y • P = «|y . 

[*5611] 3 . P e 2,. : 3 h . Prop 

*204-272. V PeSer. 3 : D‘Pel . = . P e 2 r . = . <3‘Pe 1 
[*204-271-2 . *56111] 

*204*3. h Pe Ser . x, y eC‘P. 3 : x 4= y .~(yP<r) • = . xPy 
[*202-5 . *20413] 

*204*32. h :. Pe Ser .x,ye C‘P. 3 : P‘y C P‘x . = . y e P‘x w i‘x 

Dem. 

h . *204-1 . 3 h Hp . 3 ; yPx . zPy . 3 . zPx : 

[*32-18] 3 : y e ~P*x . 3 . P‘y C P'a (1) 

K *22-42. 3h:y=*.3.P‘yC^r (2) 

I- . (1) . (2) . 3 1- :. Hp . 3 :yeP‘s v i‘x. 3 . P‘y C P‘x (3) 

h . *204-11 .31-:. Hp . 3 : y~e P*x v i‘x . 3 . y e P‘x . 
[*32-18-181] 3 .xeP‘y (4) 

I- . *50*24 . 3 h : Hp . 3 . r~6P‘* (5) 

l-.(4).(5). 3 1-:. Hp . 3 : y~eP‘<c u t‘a: . 3 •«'-(P‘yC P'a;) (6) 
h . (3) . (6) . 3 h . Prop 

*204*33. 1- :. P e Ser . x,ye C‘P . 3 : x 4= y . P‘y C P‘x . = . yPx 

Dem. 

h . *204*32 . 3h :. Hp . 3 : x^y. P‘yCP‘x . = .x^y.yeP‘x\Ji‘x. 
[#5115] =.x^y.yeP‘x. 

[Hp.*4-71] = . yPx 3 h . Prop 
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The three following propositions only require P e RHJ n connex, but are 
required for application to series, and are therefore convenient in the form 
here given. 

*204*331. b P e Ser . x t y e C*P . D s P l x = P l y . = • x =■ y 
[*202*161 . *71*55] 


*204*34. h :PcSer . D . P f(7*Pel-* 1 . P [C‘P e (P>P)&moi P [*202*161] 

*204*36. b s P c Ser . D . P>P smor P [*204*34] 

This proposition shows that the series of segments which have upper limits 
is like the original series, for a segment whose upper limit is x is P ( x, and the 
senes of such segments is P>P. 

The following propositions (*204*4 — *44) are concerned with relations with 
limited fields. 


*204*4. h : P e Ser . D . P pa e Ser [*200*33 . *201*33 . *202*33] 

*204*41. b s P, Q e Ser . Q G P . D . Q = P p C‘Q [*202*53 . *204*13] 

In virtue of the above two propositions, the series contained in a given 
series are the relations resulting from limitations of the field ; the process of 
limiting the field is merely the process of selecting a part of the original series 
without changing the order. 


*204*42. h.Pe Ser . D : Q e Ser . Q G P . = . (ga) . Q = P P a . = . Q e D‘P P 
[*204*4*41] 

*204*421. b:Pe Ser . D . Ser n RHP = D‘P P [*204*42] 

*204*43. biP^dP.PQ.J.QQ.P.Qe connex - D . Q e Ser 
Bern . 

b . *23*1 . *34*55 . D h Hp . D : xQy . yQz . D - xPz . 

[*50*43.Hp] D .~{zPx) • X ^ z • 

[*2381. Hp] D (zQx).x$z. 

[*202103] l.xQz: 

[*34-55] D:Q*GQ (1) 

1- . *23*44 .31-: Hp .0 .QQ.J (2) 

K(l). (2). *2041.31-. Prop 

*204*44. h : P € RH J n trans . D . RHP n connex C Ser [*204*43] 

The following propositions (*204*45 — *483) are concerned with the division 
of a series into two parts, one of which wholly precedes the other.- The case 
where one of the parts consists of a single term requires special treatment, 
and so does the case where both parts consist of single terms, i.e . where the 
series is a couple. 
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#20445. h : P e connex . a e Cl ‘C‘P — 1 . P“a Ca.fi = C‘P — a . fi~e 1.3. 

P = Pp«4.Pp/9.Nr‘P = Nr‘Pp« + Nr‘Pp/9 


Dem. 

V . #24-411 . #3317 . 3 h :: Hp . 3 

xPy . = : y e o . xPy .v .xea.yefi. xPy . v . x, y e fi . xPy (1) 
h. #37-17. 3 V Hp . 3 : yea.xPy . 3 .xea (2) 

V . (2) . Transp .#202*103 . 3 I- Hp . 3 : y ea. xefi . 3 . yPx (3) 

K #202-55. 3 V : Hp . 3 . a = G‘P p a . /9 = C‘P p fi (4) 

h . (1) . (2) . (3) . (4) . 3 h :: Hp . 3 :. 

xPy . = : x(P£a)y .v .x e G‘P P a . y e C‘P £ fi . v . x(P £fi)y : 
[*1601] =:x{Pta$Ptfi}y (5) 

h . (5) . *180-32 . 3 I- : Hp . 3 . Nr ‘P = Nr‘P p a+ Nr‘P p/3 (6) 

I" . (5) . (6) . 3 h . Prop 


*204*46. I" : P e connex . E ! B‘P . G‘P~e 1.3. 

P = P‘P«fP pa‘P . Nr‘P= i + Nr‘(P pd‘P) 

Dem. 

h. *202-524. 3h:.Hp .0 : x= B‘P .y ed‘P .0 .xPy (1) 

h . (1) . *161111 . 3 h :: Hp . 3 x(B‘P*{- P pG‘P)y . = : 

x = B‘P . y e d‘P . xPy .v ,x, ye G‘P • xPy : 
[#93-103] = : x e C‘P . y e d‘P . xPy : 

[#331417] = : xPy (2) 

I-. (2). *181 -32. 3l-:Hp.3.Nr‘P = i + Nr‘(PpG‘P) (3) 

I- . (2) . (3) . 3 1- . Prop 

*204*461. h : P e connex . E ! B‘P . D‘P ~ e 1 . 3 . 

P = P p D‘P-bP‘P . Nr‘P = Nr‘(P p D‘P) + 1 
[Proof as in *204*46] 

*204*462. 1 - :.P,Qe connex . E ! B‘P . G‘P~ e 1 . E ! B‘Q . G‘Q ~ e 1 . 3 : 

P smor Q. = .Pp G‘P smor Q P d‘Q [*16133 . *20446] 

*204-463. l-:P,Qe R1‘/ . E ! B‘P . G‘P e 1 . E ! B‘Q . G‘Q e 1 . 3 . 

P smor Q . P p d‘P smor Q P G‘Q 

Devi. 

h. *56*37 . 3h:Hp.3.P,Qe2 r (1) 

K*200-35.3l-:Hp.3.PpG‘P = A.QpG‘Q = A (2) 

l-.(l). (2). *153-202101.3 

h : Hp . 3 . P smor Q . P p G‘P smor Q p G‘Q : 3 h . Prop 

*204*47. h :. P, Q e connex a R1‘J . E ! B‘P . E ! B‘Q . 3 : 

P smor Q . = . P p G‘P smor Q p G‘Q 

Dem. 

h . *151-18 . *200-35 . *202-55 . *153102 . 3 

h : Hp .G‘P e 1 . d‘Q ~ e 1 . D . ~ (P smor Q ) . ~ (P p G‘P smor Qpd'Q) (1) 
h . (1) . *204-462-463 . 3 I- . Prop 
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*204-48. h :: PeSer . 3 

E ! B*P . = : (aQ) . 3 ! Q . Nr‘P = i + Nr‘Q . v . Nr‘P = 2, 

Dem. 

I- . *204-46 . 3 1- : Hp . E I B‘P . <I‘P~ e 1 . 3 . ( a Q) . Nr‘P = i + Nr‘Q (1) 
1-. *161-2. 3 h : 3 ! P . Nr‘P = i + Nr‘Q. 3 . 3 ! Q (2) 

1- . (1) . (2) . 3l-:Hp.E!P‘P.(I‘P~el.3. 

(aQ) • a '• Q • Nr ‘-P = i+Nr‘Q (3) 
I- . *204-272 . 3 h : Hp . d‘P e 1 . 3 . P e 2 r (4) 

M3). (4). 3 1- : Hp . E ! B‘P . 3 : 

(aQ) • a ! Q ■ Nr‘P = i + Nr‘Q . v . Nr‘P = 2 r (5) 
I- . *181-11-12-32 . 3 h : Nr‘P = i + Nr ‘Q . 3 . 

(3-ft, f) . R smor Q.z~ e C‘R . Nr ‘P = Nr‘(«-t*P) (6) 
H . *1611512 . 3 h 3 ! P . s ~ e (7 ‘jR . 3 : E ! B‘(z-frR) : 

[#151-5] 3 . Nr‘P = Nr‘(^^P) . 3 . E ! B ( P (7) 

K(6).(7). 3 h : Nr‘P = i + Nr‘Q . 3 ! Q . 3 . E ! B‘P (8) 

K *153-281. 3h:Pe2 r . 3. E!P‘P (9) 

K (5). (8). (9). 3 K Prop 

*204-481. I- :: PeSer . 3 :. 

E!P‘P. = :(3Q).3!Q.Nr‘P=Nr‘Q + l.v.Nr‘P=2 r 
[Proof as in *204*48] 

*204-482. h : : « e N 0 r“Ser .3:.aCa‘B: = :a!Hoa‘5: 

= : ( a/3)'/3eNR-t‘0 r .a = i + /9.v.a = 2, 

Dem. 

V . *151-5 . *15513 . 3 I- :. Hp . 3 : a C (FP . = . 3 ! a r\ <1*B (1) 

K *204-23-48 . 3 Y :: Hp . Pea . 3 :. 

E!P‘P. = :(3/3)./9eNR — t‘0 r .a = i+/9. v.a = 2 r (2) 
H . (1) • (2) . *202-52 . 3 h . Prop 

*204-483. h :: a e N 0 r“Ser . 3 :. a C d‘(P | Cnv) : = : 3 ! a « d‘(P | Onv) : 

= : (3$) • eNR - t‘0 r .« = /9+i.v.a = 2 r 

[Proof as in *204*482] 

The following propositions are concerned with the application of relation- 
arithmetic to series. 

*204-5. I- : P, Q e Ser . C‘P n C‘Q = A . = . P 4. Q e Ser 

[*2004 . *201-401 . *202-401] 

*204*51. h : P 6 Ser . x ~ e C‘P . = . P- e Ser . = . x * fP e Ser 
[*200-41 . *201-41 . *202-412] 
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*204-52. Y:Pe Rel* excl n Ser . C‘P C Ser . D . 2‘P e Ser 

Bern. 

Y . *200-42 . *202-62 . D h : Hp . D . 2 ‘PQJ (1) 

Y . (1) . *201-42 . *202-42 . D h . Prop 

*204-53. I- : . P e Rel* excl . A ~ e G‘P . D : 2‘P e Ser . = . P e Ser . C‘P C Ser 

Lem. 

Y . *200-423 . D h Hp . 2‘P e Ser . D : P G J : (1) 

[*200-421] D : Q e C‘P . D . Q = (2‘P) £ C‘Q . 

[*204-4] D.QeSer (2) 

Y . *162-13 . D 

h Hp . 2‘P e Ser . QPR . RPS .xeC‘Q .yeC‘R.zeC‘S. D : a; (2‘P ) z : (3) 

[*162-13.*16311] D : (gif, i\f) • MPA' . * e C‘M. z eC‘N . M - Q . N = S .v . 

(gif ) . Af e 0‘P . xMz . M = Q . M = flf : 
[*13-22195] 2:QPS.v.Q = S (4) 

h . (3) . *50-24 . *24-37 . D h : Hp (3) . D . C‘Q a C‘S = A . 

[*24-57.*30-37] D.Q + S (5) 

h .(4).(5) . D h Hp . 2‘P e Ser . D : QPP . RPS . D . QPS (6) 

h .*162-1 . D h Hp . 2‘P € Ser . Q,ReC‘P. xeC‘P. yeC‘Q .Q^R . D : « + 
[*202 104] D : x (2‘P) y.v.y (2‘P) x : 

[*16213.*16311] D: QPR.v.RPQ (7) 

h . (6) . (7) . > Y : Hp . 2‘P c Ser . D . P e trans n connex (8) 

M 1) . (2) . (8) . *204-52 . D Y . Prop 

*204*54. Y : P e Rel* arithm n Ser . C‘P C Ser . (7‘2‘P C Ser . D . 2‘2‘P e Ser 

Lem. 

Y. *204-52. DHHp. D. 2‘PeSer (1) 

Y. *174-3. D h : Hp . D . 2‘P € Rel* excl (2) 

I- . (1) . (2) . *204-52 . D Y . Prop 

*204-55. I- : P, Q e Ser .D.QxPt Ser 

Lem. 

Y . *165-27 . *204-22 . D I- :. Hp . D : g ! P. D . P ^ JQeSer (1) 

Y. *165-26. *204-22. D Y : Hp . D . C‘P J, »QC Ser (2) 

Y . (1) . (2) .*165-21 . *204-52 .Dh:Hp.g!P.D. 2‘P J, JQeSer . 
[*1661] D.QxPeSer (3) 

Y . *166*13 . *204*24 . D Y : P = A . D . Q x PeSer (4) 

h . (3) . (4) . D h . Prop 
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*204*561. H:.g!P.glQ.3:PxQe Ser . = . P, Q « Ser 

Lem. 

h . *165*21*212 . 3 h :. Hp . 3 : P 5Q e Rel* excl . A~ e C‘P ± ">Q : 
[*204*53.*166*1] 3 : P x Q e Ser . = . P £ >Q e Ser .C*P J >Q C Ser . 

[*165*27 .*204*22] = . P, Q e Ser 3 h . Prop 

*204*56. h : C‘P C Rl'P . 3 . 11‘P G J 

Lem. 

V . *172*11 .31-: Af (II‘P) N . 3 . (gQ) .QeC‘P. (Af‘Q) Q (N‘Q) (1) 

I- . (1) . 3 h :. Hp . 3 : Af (IFP) N . 3 . (gQ) . Af‘Q * N‘Q . 

[*30*37. Transp] 3 . Af 4= N :. 3 V . Prop 

*204*561. H : P e Ser . C‘P C Ser . 3 . II ‘P e R1‘/ n trans 


Lem. 


h . *200*43 . 3 h :: Hp . 3 :. Z (II‘P) Af . Af (n‘P) N . 3 : 

(gQ, R).Q,Re C‘P . (Z‘Q) Q (M‘Q ) . (Af‘P) P (APP) . L fP‘Q = Af [ ~P‘Q . 

AffP'P-PfP'P: 

[*204*12] 

3 : (gQ, P):Q=P.v. QPP . v . PPQ : (Z‘Q) Q (M‘Q ) . (Af‘P) R (P‘P) . 

Z[P‘Q = if| k P‘Q.3f[P‘P = iV| k P‘P (1) 

I- . *204*1 . 3 h : Hp . L (II‘P) M.M(U‘P)N. 

Q = R. (L‘Q) Q (M‘Q ) . (M‘R) R ( N‘R ) . Z [ P‘Q = Af [ P‘Q . 

Af [ P‘P = AT |* P‘P . 3 . (Z‘Q) Q (AT‘Q) . Z |* P‘Q = AT [ P‘Q (2) 


h. *204*33. 3 

h : Hp . Z (n‘P) Af. M(U‘P) N . QPP . (Z‘Q) Q (Af‘Q) . (M‘R) R (N‘R ) . 
Z fP'Q = Af |* P‘Q . Af |* P‘P = P|* P‘P . 3 . 

L['P‘Q = NtP‘Q.M‘Q=N , Q. 

[*13*12] 3 . Z |* P‘Q = AT|* P‘Q . (Z‘Q) Q (P‘Q) 

h . *204*33 . 3 

h : Hp . Z (n‘P) Af . Af (n‘P) AT . RPQ . (Z‘Q) Q (Af‘Q) . ( M‘R ) R (N‘R ) . 
Z P‘Q = M f P‘Q . Af |*P‘P = ATf P‘P . 3 . 


Z| k P‘P = AT|‘P‘P.Z‘P = Af < P. 


[*13*12] 3.Z| k P‘P = AT|*P‘P. (Z‘P) P (AT‘P) 

I- . (1) . (2) . (3) . (4) . *200*43 . 3 
V :. Hp . 3 : Z (U‘P)M. M(U‘P) N . 3 . Z (n‘P) P 
K (5). *204*56. 3 K Prop 


(3) 


( 4 ) 

(5) 


In order to prove that II ‘P is connected, we require a further hypothesis, 
namely that P is well-ordered, i.e. that every class contained in C‘P and not 
null has a first term. 
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*204-662. h C‘P C Ser : a C C‘P . a ! « . 3. . a ! o - P“et :3.n‘Pe connex 
Derm. 

h . *172*11 . *33*45 . Transp . 3 

I- :: Hp . 3 :. if, iVe (7‘11‘P . if + JV. 3 : (gQ) . QeC‘P . M‘Q + N‘Q: 

[Hp] 3 : ( a Q) : Q e C‘P . if‘Q * iT‘Q : RPQ . 3* . if‘P = iPP : 

[*204*121.*172*12] 3 : (gQ) :QeC‘P: ( M‘Q ) Q (iV‘Q) . v . (iV‘Q) Q (iPQ) : 

RPQ.D r .M‘. R=*N‘R: 

[*172*11] D:if(n‘P)iT.v.iV(n‘P)i/ (1) 

l-.(l). *202*104.31-. Prop 

*204*67. I- :. PeSer . C‘P C Ser :a C C‘P . g ! a . 3„ . g!a— P“a:3 . 11‘PeSer 
[*204*561*562] 

*204*58. h :. P e Ser . C‘P C Ser . C‘2‘P C Ser . P e Rel* excl : 

a C C‘2‘P . a ! « • 3. . a ! « - (Cnv‘2‘P)“a : 3 . 11‘2‘P, nHI >P e Ser 

Derm. 


K *204*52. 

3 h : Hp . 3 . 2‘P e Ser 

(1) 

1- . (1) . *204*57 . 

3 h : Hp . 3 . n‘2‘P e Ser 

(2) 

K *174*25. 

3 h : Hp . 3 . n’S'Psmor n‘n;p 

( 3 ) 

h . (2) . (3) . *204*21 

. 3 1- : Hp . 3 . n*n »P e Ser 

( 4 ) 

K (2). (4). 3 K Prop 



*204*581. h : Hp *204*58 . 2‘P e Rel’ excl . 3 . Prod'Prod >P, Prod‘2‘P e Ser 
[*174*461*43 . *204*58*21] 

*204*59. V :. P, Q e Ser : a C C‘Q . a I « • 3. • a ! « — Q“« : 3 ■ 

P Q e Ser . (P exp Q) e Ser 

Dem. 

h . *165*27*241 . *204*22*24 . 3 V : Hp . 3 . P J >Q e Ser (1) 

h . *165*26 . *204*22 . 3 h : Hp . 3 . C‘P £ >Q C Ser (2) 

h. *150*22. *71*47. 3h:)8Ca‘P^;Q.a!/3.3.(a«).aCa‘Q.a!a.)9=P^ “a: 

[Hp] 3h:Hp./9Ca‘P^Q.a!^.D.(aa)-a!«-Q“«-)9= s *P.V‘ a < 3 > 

1- . *37*45 . 3 h : a ! « - Q“a . = P }, “(a- Q“ a) (4) 

I- .(4). *71*381 .*165*22 . 3(-:a!P.g!«- Q“«. 3 . a*P^ “«-■?$ “$“« (5) 
h. *72*503. *165*22. 3h:a ! P. 3 . « = (Cnv‘P J)«P£ “« (6) 

h . (5) . (6) . 3 1- : a ! -P • 3 ! « “ 3“« • 3 . a ! P £ “« - P £ “Q“(Cnv‘P ^ )“P J, 
[*165*18] 3.a!Pi“«-(Cnv‘P4,;Q)“P4“« '(7) 

•> •> V 
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h . (3) . (7) . 3 h Hp . g ! P . D : 

0CC‘P },’>Q .%! 0 .3 .%l p~(Cav‘P ±'>Q)“P (8) 
I- . (1) . (2) . (8) . *204 57 . 3 h : Hp . a ! P. 3 . H*P ± JQeSer (9) 

h . (9) . *176182 . *204-21 . 3 h : Hp . a ! P • 3 ■ (P exp Q) e Ser (10) 

h . *176-151 . *204-24 . 3 h : P = A . 3 . (P exp Q) e Ser (11) 

h . (10) . (11) . 3 h : Hp. 3 .(Pexp Q)eSer (12) 

h .(12). *176-181 .*204-21 . 3 h : Hp . 3 . P«« Ser (13) 

I- . (12) . (13) .31-. Prop 

The two following propositions are lemmas for *204*62. 


*204-6. h :Pe trans . 3 . a w P“a C p‘P“p‘P“a 

Dem. 

I- . *40-53 . 3 h :: a: € p‘P“p‘P“a . = :. y ep‘P“a . 3 y . yPa; :. 

[*40"51] = :. z e a . 3 r . yPz : 3 y . yPr (1) 

I- . *10*26 .Dh:.£ea:.?ea.3 2 . yPz : 3 . yPx : 

[Exp.(l)] 3h:zea.3.a:e p‘P“p‘P“a (2) 

h.*10"l. 3 h i.ue a.uPx : «€«. 3 Z . yPz : 3 . yPu .uPx (3) 

1- . (3) . *201*1 .31-:: Hp . 3 :. u e a . uPx : z e a . 3* . yPz : 3 . yPx :. 
[*37-105] 3 :. x e P“a : z e a . 3, . yPz : 3 . yPx :. 

[Exp.(l)] 3 :. x e P“a . 3 . a e p‘P“p‘P“a (4) 

K (2). (4). 3 K Prop 

*204-61. I- : P e R1 ‘/ a connex . 3 . C‘P a p‘P“p‘P“(a a C‘P) Caw P“a 

Dem. 

1- . *200-5 . 3 h : Hp . 3 . p‘P“(a a C‘P) a p‘P“p‘P‘‘(a a (7‘P) = A . 

[*24-311] 3 . p‘P“p‘P“(a a (7‘P) C - p‘P“(a a (7‘P) . 

[*22-48] 3 . C‘P a p‘P“p‘P“(a a (7‘P) C (7‘P - p‘P“(a a (7‘P) 

[*24-43.*202-505] Caw P“a : 3 h . Prop 

*204-62. h : P € Ser . 3 . C‘P a p‘P“p‘P“(a a (7‘P) = (a a (7‘P) w P“a 

Dem. 

t - . *204-6 . *37-265 . 3 h : Hp . 3 . (a a C‘P) w P“a C p‘P“p‘P“(a a (7‘P) (1) 
H. *3716. *22-43 . 3 h . (a a (7‘P) w P“a C (7‘P (2) 

h . *204-61 . *22-43 . 3 h : Hp . 3 . (7‘PAp‘P“p‘P“(aA (7‘P) C (a wP“a)A (7‘P. 
[*3716] 3 . (7‘P a p‘P“p‘P'“(a a (7‘P) C (a a (7‘P) w P“a (3) 

h . (1) . (2) . (3) . 3 h . Prop 
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*204*63. h : P e Ser . g ! p‘P“a . 3 . p i P ti p t P ii tk = a w P“a 

Lem. 

Y . *40*65 . Transp .31-: Hp . 3 . a C C‘P (1) 

K *40*62. 3 1- : Hp . 3 . p‘P“p‘P“a C C‘P (2) 

Y . (1) . (2) . *204*62 .31- . Prop 

*204*64. Y :Pe Ser . x e D‘P . 3 . p‘P“P‘a: = P*‘a 

Lem. 

Y. *40*62 . 3 h : Hp . 3 . p‘P i ‘P t x C C‘P (1) 

h. *40*51. 3 h i. z ep , P“P t x . = :xPy . 3 y .zPy (2) 

h . (2) . *50*11 .31-:: Hp . 3 :. z e p‘P“P‘x . 3 : xPy . 3„ . z + y : 
[(1).*202*103] 3 : zPx .v.z = x (3) 

h . *201*521 . 3 h :: Hp . 3 :. z eP^x . = : zPx. v .z — xi (4) 

[*201*1.*13*12] 3 : xPy .3 .zPy: 

[(2)] 3 izepwfax (5) 

Y . (3) . (4) . (5) . 3 Y . Prop 
The following proposition is used in *234*101. 

*204*66. h : P e Ser . x e C‘P . 3 . p‘P“P‘a; a C‘P = P#‘a; 

Lem. 

Y . *40*2 . 3 1- : Hp . eD‘P . 3 .p‘P“P‘a; a C‘P = C‘P 
[*204*11] =P‘*w t ‘<c 

[*201*521] =~P # ‘x (1) 

h . *40*62 . *204*64 . 3 h : Hp . x e D‘P . 3 . p‘P“P‘* a C‘P = P*‘x (2) 

I- . (1) . (2) . 3 Y . Prop 

*204*7. I- : P e Ser . 3 . P x e 1 — > 1 [*201*63 . *202*7] 

On this proposition, compare the remarks preceding *201*6. 

*204*71. h : Pe Ser . xP t y . 3 . ~P‘y = ~P‘x w i‘x [*202*72 . *201*63] 

*204*72. Y :: P e Ser . 3 :. xP,y . s : xPy : xPz . z^y . 3* . yPz 

Lem. 

I- . *201*63 . 3 h :. Hp . 3 : xP t y . 3 . xPy (1) 

Y . *204*71 . *121*26 . 3 I- :. Hp . xP,y . 3 : *P‘x = P‘y u i‘y : 

[*24*43.*32*181] 3 : xPz . z 4= y . 3* . yPz (2) 

h . *24*43 . *32*181 . 3 Y :. xPz .z^y. 3* . yPz : 3 . P‘x C i‘y w P‘y (3) 

Y . (3) . *200*361 . 3 Y :. Hp : xPz .z±y."2 t . yPz : 3 . P‘x a P‘y = A . 

[*34*11] * 3 . ~ (xP*y) (4) 

1- . (4) . Fact .31-:. Hp : xPy : xPz . z^y . 3* . yPz : 3 . x (P— P*) y . 
[*201*63] * 3 .xP,y (5) 

Y . (1) . (2) . (5) . 3 Y . Prop 

The above proposition is used in *274*23. 
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*206. MAXIMUM AND MINIMUM POINTS. 


Summary of *205. 

The minimum points of a class a with respect to a relation P are those 
members of a which belong to the field of P but to which no members of a 
have the relation P ; that is, they are those members of a which belong to 
C € P but have no predecessors in a. Similarly the maximum points of a are 
those members of a which belong to C‘P but have no successors in a. Both 
these notions have been already defined in *93, but they were there only 
used for the special purpose of studying generations. Their chief utility is 
in connection with series , and it is in this connection that we shall now 
consider them. Many of the properties of maxima and minima in series do 
not demand the whole hypothesis “Pe Ser,” but only “ P e connex.” This is 
the case, in particular, with the fundamental property of maxima and minima 
in series, namely that each class has at most one maximum and one minimum. 
The minimum of a class, if it exists, is the first term of the class, and the 
maximum, if it exists, is the last term. The maxima with respect to P are 

V/ 

the minima with respect to P; hence properties of maxima result immediately 
from the corresponding properties of minima, and will be set down without 
proof in what follows. 

It will be seen that the maxima and minima of a depend only upon an C‘P : 
the part of a (if any) which is not contained in C‘P is irrelevant. 

In accordance with the definitions of *93, the class of minima of a is 

— 

denoted by min P ‘a, where 

nun p‘a = (an(7‘P)-P“a, 

the definition being 

min P = £8 {x e (a n C‘P) — P“ a}. 

Thus min P is a relation contained in e. When P is connected, we have 
min P ‘a c 0 v 1, i.e. (by *71T2) 

min P e 1 — ► Cls. 

It follows that, if k is a set of classes which all have minima, min P ["/r is a 
selective relation for *, i.e. 

min ptf* €€*'*• 
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Owing to this fact, the existence of selections can sometimes be proved in 
dealing with series (especially with well-ordered series), in cases where such 
proof would be impossible if no serial arrangement were given. 

The definition of min P is so chosen as to exclude from min P ‘a whatever 

part of a is not contained in C‘P , and to make min P t i t x^i t x, i.e. min P t i i x = x i 
provided xeC € P •~(xPx). For these two reasons we have to reject two 
simpler definitions which might otherwise be thought preferable. One of 
these would give 

min/a = a — P“a, 


which might be obtained by putting 

min P = e — e|P Df. 

This agrees with our definition whenever a C C‘P, but not otherwise, since it 

— * 

includes in min P ‘a any part of a not contained in C‘P. Hence it necessitates 
the hypothesis a C C‘P in many propositions which, with our definition, do not 
require this hypothesis, and in particular in the proposition 

— ¥ 

P e connex . D . min P ‘a e 0 u 1, 


so that instead of having (as with our definition) 

P e connex . D - min P e 1 Cls 

we should only have 

P e connex . D . min P [ C\‘C‘P e 1 — ► Cls. 

For these reasons, this definition is less convenient than the one we have 
adopted. 

The other definition which suggests itself is one which will give 

min P ‘a = .B‘P£a. 

If this definition were adopted, we might dispense with a special notation 

altogether, using 2?‘P£ a, P‘P£ a in place of min P ‘a, min P ‘a. This definition, 
however, has the drawback that, if a e 1 and P G J, 

so that we have 

— ► 

min p‘a = A when ad.aC C‘P, 

This necessitates the addition of the hypothesis a ~ e 1 (as in *204 45 above, 
for example) in cases where, with our definition, no such hypothesis is 

required. If we take B t a < \P i instead of B‘P£a, as the class of minimum 

points, we secure min P V# = x when PGJ and x € D‘P, but not when x e B*P. 
Thus we still have exceptions to provide against which do not arise with the 
definition we have adopted. 
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The first few propositions of this number have already been proved in *93, 
but are repeated here for convenience of reference. 

The propositions of this number are numerous and much used. Among 
the elementary properties of max P and min P with which the number begins, 
the following should be noted : 


*20512. h - B‘P = min P ‘D‘P = min P ‘C"P 
*205123. h : max/a = A . = . a n 0‘P C P “ a 


*20514. 

*20515. 

*20516. 

*20518. 


h . min/a = $ [x e a n C‘P . a n P‘x = A} 

h - min P ‘(a n C‘P) = min/a 
— ► 

h . min/A = A 

h : ~ (xPx) • x € C‘P . D - min F i i t x = max P V# = x 


*20519. h : P e trans . 3 . min P ‘a = min P ‘(a w P“a) — min P ‘P # “a 
*205194 I- : #min P a . D . ~(xPx) 

Owing to this proposition, we can sometimes dispense with the hypothesis 
PGP in propositions about minima which would otherwise require this 
hypothesis. 

*205197. h P e R YJ n trans - D : x e C‘P . = . x = ma x P ( (P t x v i‘x) 

Our next set of propositions (* 205 * 2 — * 27 ) introduces the hypothesis that 
P is connected, or transitive and connected. The chief of them are 

*205*21. h : P e connex - E ! min/a .yean C‘P — t'minp'a . D . minp'aPy 
I.e. if the minimum of a exists, it precedes every other member of ar\G t P . 


*205 22. h s P e trans n connex . E ! min/a . D . P“a = P‘min P 'a 

I.e . the terms which come after some part of a are those that come after 
its minimum (when the minimum exists). 


*205*25. h . min P t P t x = (P-^P 8 )'# 

We have next the fundamental proposition : 

— ► — ► 

*205-3. h : P € connex . D . min P ‘a eOwl. max/a eOwl 
whence 


*20531. h : Peconnex. D . min P ,max P el — ^Cls 
which leads to 

*205*33. h s P e connex . k C (Fmin P ■ D . min P [ k e 

This proposition is useful in the theory of well-ordered series. Observe 
that “*CD‘min P ” means that k consists of classes which have minima. 

R. A W. IL 36 
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We have next a set of propositions (*205*4 — ’44) dealing with the 
relations of min P ‘a to B ( P £ a and B‘a 1 P ; next we have propositions on the 
relations of the minima of two different classes, of which the most useful is 

* 205 ' 55 . h : P e connex • B‘P e a . D . B*P = min P *a 

We have next various propositions on p‘P“(a n C‘P), of which the chief is 

— ► — ► 

* 20565 . h : P e trans n connex . E ! min P ‘a . D ,p‘P“(a n C‘P) = P‘min p ‘a 

I.e. the predecessors of the whole of a class contained in C‘P are the 
predecessors of its minimum (if it has one). 

A useful proposition is 

* 205 * 68 . h : P“ a C a . D - min P ‘a = min (P^/a 

I.e. if a is a hereditary class, its minima with respect to P are the same 
as its minima with respect to P^. 

We prove next that if P“a has a maximum, so has a (*205*7), Mid that 
if Pe connex, only a unit class can have its maximum identical with its 
minimum (*205*73). 

*205*8 — *85 are concerned with relation -arithmetic. The chief proposition 
here is 

* 2058 . h :SeP smor Q . D . min/a = $“min g SS“a 

I.e . in any correlation, the minima of the correlates of a class are the 
correlates of the minima. 

We end with two propositions on relations with limited fields. The more 
useful of these is 

— ► 

* 205 * 9 . h : Pe connex . tc C C‘P . k ~ e 1 . D . min (P £ k )‘ a = min P ‘(a n k) 


* 2051 . 

V/ 

h : #min P a. = - xear\ C*P —P“ol 

[*9311] 

* 205101 . 

h s x max P a . = - x e a n C‘P — P“a . = 

. x min (P) a [*93*115] 

* 205102 . 

h . max P = min (P) 

— ► ^ 

[*93114] 

* 20611 . 

h - min P ‘a = a o C‘P — P “ a 
— ► 

[*93111] 

* 205111 . 

h . maxp‘a = a a C‘P — P“a 
— ► — ► — ► 

[*93116] 

* 20512 . 

h . B f P = minj/D'P = min P ‘(7 6 P 

[*93112] 

* 205121 . 

h . B‘P = maxp'CFP = ma x P t C i P 
— ► ^ 

[*93117] 

* 205122 . 

* 205123 . 

h : min/.‘o = A . = . a n C‘P C P“a 
l- : max P ‘a = A. = .«n C‘P C P“a 

[*20511. *24-3] 
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*20613. h . min P ‘a u P“ a = (a a C*P) w P“a [* 22*91 . * 2051 1 ] 

*205*131. h . maxp'a v P“a = (a a C‘P) w P“a 

*206*14. h . mui f ‘« = $(®ean C‘P . a a ~P l x — A} [*37*462 . *205*11] 
*205*141. h . maxp'a = &\xear\ C‘P . a a P*<c = A} 


*205*15. I* . min P ‘(a a C‘P) = min/a 
*205*151. h . max P ‘(a a C‘P ) = max P 'a 
*20516. h . min*/ A = A 


*205161. Y . maxp'A = A 


[*37*265. *20511] 


[*20511. *24*23] 


*20517. Y :. x e (a o C‘P) . D* . ~ (xPx) : a a C‘P e 1 : D . 


Dem. 

I" .*1314. D h s. Hp . D ixea.xPy . D^y 

I" . *52*16 . D h :. Hp . D : y e a a (7‘P . D^y . x = y \ 

h . (1) . (2) . *3317 . D h :. Hp . D : #ea . xPy . D* t y . y ~ ea : 

[*371] D:P“aC-a: 

[*22*811] D s a C - P“a 

K (3). *20511. Dh. Prop 

*205*18. h : ~ (aP#) . x e C‘P . D . min P Va? = max P Va? = x 
Dem . 

h • *205*17 . D h : Hp . D . min P V# = max P V# = i‘x \ 

K (1). *53*4. Dh. Prop 

*205181. YixPy • (xPx) • (yPx) • D • min P ‘(t‘a? v t*y) = a; 

Dem . 

h . *37*105 . D h : Hp . D . x ~ e P“(l‘x u i‘y) . y e P“(t‘a?u £*y) { 

Y . *3317 . Dh: Hp.D.t^ut^C^P < 

I" . (1) . (2) . *205*11 . D h : Hp . D . min P ‘(t*a? u i*y) = i € x : D h . Prop 

*205*182. Y : P* G J . xPy . D . min/(t c a: u = x 
Dem . 

h . *200*36 . *50*43 . D h : Hp . D . (xPx ) . (yPa?) i 

h.(l). *205181. Dh. Prop 


min P ‘a = max P ‘a = a a (7‘P 
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♦205183. h P 8 GP. Pe connex .x,y eC‘P . 3 : 

min w i‘y) = # . v . min P *(i*# w e*y) = y 

Dem. 

b . ♦202*103 . 3 h Hp . 3 s x = y . v . apy . v . yPa? (1) 

h . ^OS IS . 3 h : Hp . x = y . 3 . min P *(i*a; w i*y) = a? (2) 

h . ♦205*182 . 3 h : Hp . apy . 3 . min P *(i*a? w i*y) = x (3) 

h . ♦205*182 . 3 h : Hp . yPa; . 3 . min^t'a; w i‘y) = y (4) 

I- . (1) . (2) . (3) - (4) . 3 h . Prop 

— ► — ► v — ► ^ 

#205*19. h : P e trans . D . min P ‘a = min P ‘(a w P“a) = min/P # “a 

Dem. 

V . #205*11 . D h . min P ‘(a u P“a) = (a u P“a) a (7‘P — P“(a u P“a) (1) 

h . (1) . #201*55 . D h : Hp . D . mm P ‘(a « P“a) = (a w P“a) a C‘P - P“a 

[*22*9] = a a C‘P — P“a 

[#205*11] = 111111/0 (2) 

h . *201*52 . *37*265 . D I- : Hp . 3 . P*“ a = (a a (7‘P) u P“(a a (7‘P) . 

[(2)] D . min/P/'a = min /(a a (7‘P) 

— ► 

[♦205*15] = min/a (3) 

h . (2) . (3) . 3 h . Prop 

— ► — ► — ► 

♦205*191. h : P e trans . 3 . max p ‘a = max P ‘(a w P“ a) = max p ( P#“a 

w — ► — ► 

#205*192. I -:P e trans . # C P“a . D . min P ‘(a u /S) = rain P ‘a 

Dem. 

K *205*11. *201*56. D 

h : Hp . D . min P ‘(a u]3) = (awj8) a (7‘P — P“ a 

[*22*68] = (a a (7‘P - P“o) w (/? a (7‘P - P“a) 

[*24*3] = a a (7‘P — P“a 

— ► 

[♦205*11] = min P *a : 3 h . Prop 

— ► — ► 

*205*193. I- : P e trans . /3 C P“ a . D . max P ‘(a <j /S) = max P ‘a 

*205*194. I* : a? min P a . 3 . ~ (aP#) 

Dem. 

h . ♦37*105 . 3 b .xea.xPx. 3 ,xeP“a (1) 

b . (1) . Transp .3ha?ea- P“a . 3 . (aPa;) (2) 

b . (2) . ♦2051 . 3 h. Prop 

♦205195. b:x maxp a . 3 . ^ (xPx) 
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#205*196. h P e RYJ a trans . 3 : x e C‘P . = . x = min^i'a? w P*a?) 

Dem. 

— ► 4 — — ► 

h . #205*19 . 3 h Hp . 3 : min P *(i*a? \j P‘x) = mi w P i l x : 

[#205*18] 3 : x e G i P . 3 . min^t*# w P*a?) = x (1) 

h . #205*11 . 3 h : min P *(i*a: w P*#) = x . 3 . x e C*P (2) 

h . (1) . (2) . 3 h . Prop 

#205*197. hs.PeRlV a trans . 3 : x e C‘P . = . x = maXp^P'a? u t*a?) 

#205*2. h :. Peconnex . E ! min P *a .yea a C*P . 3 : min/a = y . v . min P ‘aPy 
Dem. 

h . #202*103 . 3 h Hp . 3 : yP min P *a . v . rain P *a = y . v . min P *a Py (1) 
h . #205*14 . 3 h : Hp . 3 . (yP min P *a) (2) 

h . (1) . (2) . 3 h . Prop 


In the remainder of the present number, when a proposition has been 
proved for min P , we shall not state the corresponding proposition for max P , 
unless it is specially important. When propositions concerning max F are 
required for reference in the sequel, we shall refer to the corresponding 
propositions for min P , in case no reference exists for max P . 


#205*21. I- : P e connex . E ! min^/a .yean C‘P — 1‘min^‘a . 3 . min P ‘a Py 
[*205-2] 

*206-211. h:Pe trans a connex . E ! min P ‘a . y e P“a . 3 . min/a Py 
Dem. 

h . #37*105 . 3 1- s Hp . 3 . (g<r) .xea. xPy (1) 

h . #13*13 . 3 I- : x e a . xPy . x = min/a . 3 . min/a Py (2) 

h . #205*21 .31-: Hp . a?ea . xPy . a?=}= min P ‘a . 3 . min P *aPa; . xPy . 
[Hp.#201*l] 3.min/aPy (3) 

h . (1) . (2) . (3) . 3 h . Prop 

w ^ — 

*205*22. h : P e trans a connex . E ! min P ‘a . D . P“a = P‘minj>‘a 
[*205-211. *37181] 


*20623. h : Peconnex .xeT> f P .yeB‘P . 3 .xPy 

Dem. 

I- . *93101 . D h : Hp . D . x^y . ~(yPc) . 

[*202103] D . xPy : D h . Prop 

*205-24. h: Peconnex. D.2PPCp‘P“D‘P [*20523] 

*206*241. h : P e connex . 3 . B‘P C p‘P“Q.‘P [Proof as in *205*24] 
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*205-25. h . min P ‘P‘ar = (P - P 2 )^ 

Dem. 

h . *20511 .DK min P ‘P t x = P‘* - P“P‘a: 

[*37-301] = P‘x-P 2 ‘.r 

[*32-31-35] = (PZp)‘ar .DK Prop 

The following proposition is used in the theory of well-ordered series 
(*250-2). 

*205*251. h : a ! minp'P'a; . = . x e D‘(P — P 1 ) [*205"25] 

*205*252. h : a I maxp'P'a ; . = .xe G‘(P— P 2 ) 

*205-253. H Pe connex . E ! B‘P . D . CFP = P'P'P [*202 524] 

*205-254. HP e connex . E ! B‘P . D . minp‘(FP = P— P i ‘B t P [*205-253"?5] 

*205*255. h : a 1 minp'CFP . D . a • P'P 

Dem.. 

V . *93101 .DH ~B‘P = A . 3 . D‘P C CFP . 

[*37-271] D . (FP = P“CFP . 

[*205122] D . minp'CFP = A (1) 

h . (1) . Transp . D H Prop 
*205*256. V PeSer . D : 

E ! minp'CFP . = . E ! P/fi'P . = . minp'CFP = P/P'P 
[*205-254-255 . *20163 . *202-52-7] 

*205*26. H Q G P . D . minp [ C\‘G‘Q G min<j 

Dem. 

1- .*37-201 . D H. Hp . a C (7‘Q. Z> : Q“aCP“a. aC C'Q.aCC'P: 

[Transp.*22-621] D : a-P“aCa-Q“a.a=anC , Q=ar\C‘P: 

— ► — ► 

[*20511] 3 : min P *a C ming'a : 

[*3218] 3 : a? min P a . 3 . x ming a 3 h . Prop 


*205*261. H : P £ ft e connex . ft a C l P ~ el . 3 . min (P £ ft)‘a = min P ‘(a a ft) 
Dem. 

h . *20511 . *202*54 . *37*413 . *36*34 . 3 
h : Hp . 3 . min (P £ ft)‘a = a a ft a C‘P -{/8 a P“(a a /8)} 
[*22*93.*205*11] = min P *(a a ft) : 3 h . Prop 
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*206-262. b : P € trans a connex ,xear\ C‘P . ft = P‘x v . 3 . 

— ► -4 

minp'a = minp‘(a n 0) 

Dev i. 

b . *32*18 . D b Hp .yea. yPx . D : y e a n 0 : 

[*37105] 3:yPz.O.zeP“(a*0) (1) 

b . *51*15 . D b Hp .yea.y = x.2 m .year\0: 

[*37105] 3iyPz.3.zeP“(a*0) (2) 

b . #5115 . #201*1 . D b s Hp .yea. xPy . yPz .2 .xea. xPz . 

[*37105] D.*eP“(an/9) (3) 

b .(1) .(2) . (3) .*202103 . D b Hp . D : y ea .yPz . D .zeP“(a n 0 ) : 
[*37-105-2] D : P“a = P“(a a 0) (4) 

b . *37181 . *202101 . D b : Hp . D . P~‘x C P“a . P‘a: = C‘P-0. 

[*22-82] D . C‘P — P“a C 0 . 

[*22-621 .(4)] D . G‘P r\ a- P“a = C‘P a a a 0-P“(an0) . 

— ► — ► 

[*205*11] 3 . minp'a = minp*(a a ft) : 3 h . Prop 

— ► 

*206-27. b s P € trans a connex . x e a a G*P . ft = P*a? w . 3 . 

— ► — ► — ► 

min p‘a = min (P £ ft)* a = min p*(a a #) 

Dem. 

h . *52*41 . 3 h : Hp . P*a? ^ i*x . 3 . ft ^ e 1 . 

[*205 261] 3 . min (P £ ft)‘a = minp*(a a ft) (1) 

h . *202*101 . 3 h : Hp . P*a? = i*# . 3 . C‘P — = P‘x . #P# . 

[*37*105] 3 . C‘P C P“(a a £) . 

[*205122.*37*413] 3 . mmp‘(a a ft) = A . mm (P £ /9)‘a = A (2) 

h . (1) . (2) . 3 h s Hp . 3 . min (P £ /8)*a = minp*(a a ft) (3) 

h. (3). *205*262.31- .Prop 

The above proposition is used in *250*7. 

— ► — ► 

*206-3. b : P € connex . 3 . rainp‘a e 0 u 1 . maxp'a e 0 u 1 

Dem. 

h . *205*11 • 3h imX t y c minp*a • 3 : x, ye a a C*P : z e cl . 3 Z . ( zPx ) . (zPy) : 

[*10*1] 3 : x t y e a a C‘P . ~ (yPx) . ~(xPy) (1) 

— ► 

b . (1) . #202*103 . D b Hp .D:x,ye min/a ,'2.x = y: 

[*52-4] 3:mm f ‘ae0«l (2) 

— ► 

Similarly b Hp . D : maxp'a eOul (3) 

b . (2) . (3) . D b . Prop 
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The above proposition is of great importance in the theory of maxima and 
minima. 

*205 31. b : P e connex . 3 . minj>, max P e 1 — ► Cls [*205*3 . *71*12] 

— * 

*205*32. b s. P e connex . 3 : g ! min P *a . = . E S min/a . = . a e G‘min P 
[*205*31. *71*163. *33*41] 

*205*33. b : P e connex . tc C G*min P . 3 . min P [/re 
Dem . 

b .*205*31 .3b: Hp. 3 . min P [/r el -*Cls (1) 

b. *205*1 . 3b:Hp.3.min P [*Ge (2) 

b . *35*65 . 3 b : Hp . 3 . G'min P [ tc = k (3) 

I- . (1) . (2) . (3) . *80*14 .3b. Prop 

*205*34. b s P e connex . tc C G‘min P . 3 . k e Cls 2 mult [*205*33 . *88*2] 

The following proposition is used in *260*17. 

*205*35. b :: P 2 G / . P e connex . 3 s. 

x = min P ‘a . = : x e a a OP :yean OP - . 3 y . #Py 

Pm. 

b . *205*31 . *71*36 .3b:: Hp . 3 :. x= min P ‘a . = : #min P a : 

[*205*1 .*37*265] = : # e a a OP - P“(a a C‘P) : 

[*37*105] = ixear\ OP : y e a a OP . 3 y . ^ (yP#) 2 

[*51*221] = : x e a a OP : y = x . 3 y . ( yPx)iyear\ OP — i‘x . 3* . ^ (yPx) (1) 

1- . *200’36 .31-:. Hp . D : yPz . y . y =J= z : 

[Transp.*101] D : y = ® ~ (yPa:) (2) 

K(l).(2).3h::Hp.3:. 

x= min P ‘a. = :xear\ C‘P : y esc a C‘P — i ( x . 3^ .^(yPa?): 

[*202*5] = : a; e a a OP : y e a a OP — . 3 y . apy : : 3 b . Prop 


*205*36. b : P e trans a connex . 3 . min P ‘a C p‘P% f (ct a OP ) 

Dem. 

b .*205*2 . *201*18 . 3b:.Hp.re = min P *a. 3:ye(a a OP). 3 y .aP*y:.3b.Prop 
The above proposition is used in *230*53. 

*205*37. b : P e trans . ma*x P ‘a = A . 3 . P*“ a = P“a [*201 *52. *205*1 23] 
The following proposition is used in *257*21. 

*205*38. b : P^ G J . 3 . fi a p‘P*“/i C nun (Ppo) V 
Dem. 

b .*200*381 .3b:: Hp . 3 i.xeji . 3 a-.yP## : 3 : a?e/* . 3* . ^(aP^y) :. 
[*40*51. *37*105] 3 z.p ( ~P%“fi C — Ppo* V (1) 

b . *40*62 . 3 b:g !/i. 3 .p^VCOP (2) 

b . *24*1 2 .3b:~j|^,D./iC OP (3) 

b . (1) . (2) . (3) . 3 b : Hp . 3 . a p‘P*“ p C p a OP - P^'V 
[*205*11. *9 1*504] C min (P^)*/* :3b. Prop 


Digitized by Google 



SECTION A] 


MAXIMUM AND MINIMUM POINTS 


569 


*206-381. h s Ppo d J . max P ( /i = A . D . ^ f Ppo f > 

Bern. 

u 

(-.*205-38^. DI-:Hp.D./*Ap‘P # ‘V = A (1) 

h . (1) . *40 53 . *24-37 . D 

I- :: Hp . D x ep‘P%“fi . = iyep.D y . yP*x .y^xi 
[*200-38] = : y e p . D„ . yP^x : 

[*40"53] = : x ep‘P^‘ 11 :: D h . Prop 

The three following propositions lead up to *205-42, which is used in 
*261-26. 

*206-4. I- : C‘P e 1 . D .P'P = A .~B‘P = A 
Bern. 

I- . *56-381 . *5515 . D I- : Hp . D . (g*) . D‘P = i‘x . d‘P = i'x . 
[*93-101] D . ~B ( P = A ,~B‘P = A : D 1- . Prop 

*206401. big! ~B‘P £ a . D . a a C‘P ~e0v/l. C‘P £ a ~ e 0 v 1 

Bern. 


h . *205-4 . Transp . D 1- : Hp . D . C‘P £ a ~ e 1 

(1) 

I-. *93103. D 1- : Hp . D . g I C‘P £ a 

(2) 

h . (1) . (2) . DhtHp.D.OPpa^eOwl 

(3) 

(-.*37-41. D h . <7‘P £ a C a a C‘P 

(4) 

K (4) . *60-32-371 . Transp . D 1- : C“P £ a~ <r 0 v» 1 . 

D . a a C‘P e 0 v 1 (5) 

(- . (3) . (5) . D 1- . Prop 



The following proposition, besides being required for *205"41, is used 
in *250151. 

*206*41. I- : P e connex . a a (7‘P~ e 1 . D . min P ‘a=B‘P £ a 

Bern. 

K *202-54. D V : Hp . D . C‘P £ a = a a C‘P (1) 

K *37-41. D h . CPP £ a = a a P“a (2) 

H . (1) • (2) . *93103 . D h : Hp . D .~B‘P £ a = a a C‘P - (a a P“a) 
[*22-93.*205"ll] = mint'd : D (■ . Prop 

*206*42. h : P e connex . E ! B‘P £ a . D . B‘P £a= min^'a 

Bern. 

V . *205-401 . Z> V : Hp. Z> . a a C‘P~e 1 . 

[*205-41] D . nun P ‘a =~B‘P £ a (1) 

(- . (1) . *32*41 . D I- . Prop 
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The following proposition leads up to #205'44, which is used in *26311. 


*205-43. I- : P e connex . g ! a a D‘P . D . min P ‘a = B t a‘\ P 
Dem. 

I- . *2051 1 . D I- . min/a = (a a D‘P - P“ a) u (a a B‘P - P“ a) 

[*35-61.*37-4] = P‘a1 P w (a a~B‘P - P“a) 

— ► ^ 

h . *205"23 . D I- : P e connex .xear\ D‘P . y e B‘P . D . x e a . xPy . 
[*37-1] D.yeP“a 

I- . (2) . #10-23 . 3 h : Hp . 3 JpP C P“a . 

[*24*33 D . a a P*P — P“a = A 

K (1) . (3) . 3 h . Prop 


( 1 ) 

( 2 ) 

( 3 ) 


*205*44. h : P e connex . E ! P‘a'] P . D . min P ‘a = P'ot] P [#205-43 . *32*41] 

The following propositions deal with the circumstances under which the 
minimum of one class is identical with, or earlier than, that of another. 


*205-5. I* : P e connex . a C£ . min P ‘j8 e a . D . E ! min P ‘a . min P ‘a = min P ‘/8 

Devi. 

1* . *37-2 . Transp . 3 h : Hp . 3 . — P“/3 C -P“a . 

[*20511.Hp] 3.min P ‘/9ea-P“a. 

— ► 

[*205*1] 3 . min P *£ e min/a (1) 

b - (1) . *205*3 .3b. Prop 


*205*501. h : P e connex . miop*a = minp*/8 . 3 . ft C - p‘P“a 
Dem. 

b - *205*11 .3b:. Hp . 3 : min P f a^ eP“/3 : 

[*37*105] 3 : y e /3 . 3 y . ~ (yP min P ‘a) : 

[*205*11] 3 : y e fi . 3 y . (a#) . a € a . ^ (yPx) : 

[*40*51] 3 : fi C —p‘P“a :. 3 b . Prop 


*205*51. 

Dem. 


*205*52. 

Dem. 


b P e connex . a C # . E ! minp*a . E ! minp*# . 3 : 

minp'a = minp*£ . v . min P ^ P minp'a 

b . *22*1 . *205*1 . 3 b : Hp . 3 . minp*a e a C‘P (1) 

b . (1) . *205*2 .3b. Prop 

b : P € tranR a connex . g S a a p ( P“l3 . 

E ! minp J a . E S min P r /S . 3 . minp'aP min P ‘ f3 


b . *40*51 .3b:. Hp . 3 : (gar) : x e a : y e /8 . 3 y . xPy (1) 

b . *205*2 .3b:: Hp . 3 :. xea a C ( P . 3* : minp'cts# .v. minp'aPa? (2) 
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h . (1) . *205*1 . D b Hp . D : (ga?) . a e a . a?P minp*/8 s 
[*33*17] D s (ga:) . x e a a C*P . a?P rain P */8 (3) 

b . (2) . (3) . D b Hp . D : (ga;) : xP min^fi : min P ‘a = x . v . min P *a Pa; : 
[*2011.*13*195] D : min P *a P minp*/8 D h . Prop 

*20553. b:P e connex a RP «/ . x e a a (7*P . P*a: = P“a . 3 . x = max P *a 
Dem. 

b . *50*24 . D I- s Hp . 3 . a? e a a (7*P — P'a? . 

[Hp] 3 . a; € a a (7‘P — P“a . 

[*205*111] D.a;emaxp‘a (1) 

b . (1) . *205*3 . D b . Prop 

*205*54. b P e Ser . D : x e a a (7‘P . P‘a; = P u a . = . x = max P ‘a 
[*205*53*22] 

*205*55. b s P € connex . P‘P e a . D . P‘P = minp‘a 
Dem. 

b . *93*101 . *37*16 . D b : E l B‘P . D . B‘P € C‘P - P“a (1) 

b . (1) . *205*1 . D b s B‘P e a . D . P‘P min P a (2) 

b. (2). *205*31. Db. Prop 
— ► 

*20556. I- . max P V* C max ? w /c 
Dem. 

b . *205*111 . *40*38 . D b . max P V* C a C‘P - *‘P‘“* 

[*40*11] C $ {(ga) - a e k . y e a a (7‘P : ~ (g a) .a etc. ye P“a] 

[*10*56] C $ {(ga) . a e * . y e a a (7‘P — P“a} 


C $ {(ga) . a e * . y e max P ‘a} 
C max P “* . D h . Prop 


[*205*111] 

[*40*5] 

*205*561. b : k C — <Pmax P . D . e Q‘ max P [*205*56 . *37 *26*29] 

*205*6. b P e connex . D : E ! min P ‘a . = . a a C‘P C P“a [*205*32*122] 

*205*601. b : P e connex . a C C‘P . D : ~ E I mint'd . = . a C P“a [*205‘6] 

*205-61. h : P e connex . D . C‘P= (C"P a p‘P“(a a (7‘P)} w nmi P ‘a w P“a 
[*202-505 . *20513] 

*205*62. I- : P e connex . gl a a C‘P. D . (7‘P =p‘P“(a a (7‘P) w mint'd vP“a 
[*40-62 . *205-61] 

*205*63. h : P e connex . P* G P . g I (a a (7‘P) . D . 

p‘P“(a a C‘P) = C"P - P“« - mm P ‘a 

[*202-502 . *20513] 
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*205-64. I- : P e connex . g ! (a a C‘P ) . 3 . 

tmn/a = C‘P -P“a- p‘~P“(a a C‘P) 

Bern. 

h. *205-62. Dh:Hp.D. 

C‘P - P“a-p‘P“(a a C‘P) = imnp'a - P“ a -j 9 ‘P“(a a C7‘P) (1) 


h . *205‘11 . 3 h . min r ‘a — P“a = minpto 
h. *205-14. Dh: . x e minp'o . 3 : y e a . 3 y . ~ ( yPx ) : 
[*205"11.*10"1] 3 : ~ (xPx) .xean C‘P : 

[*40 51] 3 : x~€p‘P“(a a C‘P) 

h . (3) . 3 h . minp'a — p‘P“(a a (7‘P) = nrinp‘a 
K (1) . (2) . (4) . 3 h . Prop 


( 2 ) 


(3) 

(4) 


*205*65. h : P e tr&ns a connex . E ! min r ‘a . 3 . jp‘P“(a a (7‘P) =P‘minp‘a 

Bern. 

h . *205*2 .31-:: Hp . 3 :. a:P minp‘a . 3 : y e a a (7‘P . 3„ . #Py : 

[*40-51] 3:*e/P“(«ACf‘P) (1) 

I- . *2051 . *4012 . 3 1- : Hp . 3 . p‘P“(« a (7‘P) C P‘minp‘a (2) 

h . (1) . (2) . 3 1- . Prop 

*205*66. h : P r trans a connex . E ! miiip‘a . 3 . 

jp'P^a a C‘P) = P‘minp‘a . P“a = P'minp'a . 

C‘P — p‘P (t (a a (7‘P) u t‘minp‘a w P“a 
[*205-65-22 . *202101] 

*205*67. I- :. P e Ser . 3 ! x = minp‘a . = . P‘a; = p‘P“(a a (7‘P) . a: e C‘P 

Bern. 

K *205-6511. 3 

h :. Hp . 3 : x = ininp‘« . 3 . P‘ar = p‘P“(a a (7‘P) . xeC‘P (1) 

f- . *50-24 . 3 1- : Hp .~P‘x = *>‘^‘(a a (7‘P) . 3 . x ~ e p‘P“(a a (7‘P) (2) 

I- . *200 5 .31-: Hp(2) . 3 . a a P‘x = A . 

[*37-462] 3 .x~eP“a (3) 

h . (2) . (3) .*202-505 . 3 I- : Hp (2) . xe C ( P . 3 . area a C‘P- P“a . 
[*205-311] 3 . a:= minp'a (4) 

h . (1) . (4) . 3 h . Prop 
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*206 '68. h : P“a C a . D . roinj/a = min (P lx> )‘a 

Dem. 


h . *91-711 . D h : Hp . D . P^a = P“a . 

— ► — > 

[*205*11] 3 . min (P^ya = min P *a :3b. Prop 

w — ► 

¥205*681. b : P ^ e connex . P“a C a . 3 . min P *a eOwl [*205*68*3] 


— > y 

*205*7. h : 3 ! max P ‘P“a . D . g ! tnax/s 

Dem,. 

h . *37'2'265 . Dh:aft C‘P C P“a . D . P“a C P“P“a (1) 

h . (1) . Transp . D h : g ! P“« - P“P“o . D . g ! a n C‘P - P“a (2) 

h . ( 2 ) . *205-111 .31-. Prop 

— > 

*20671. h : Peconnex . g! max P *P“a . 3 . max P *P“a(P-^P 8 ) max P ‘a 
Dem. 

b . *205*7*3 . 3 b : Hp . 3 . E ! max P ‘P“a . E ! max/a . (1) 

[¥205*101] 3 . max/P“a e P“a (2) 

b . (1) .*205*101 . 3 b 2. Hp . 3 : ma x P ‘P“a~ e P“P“a : 

[*37*39] 3 : y e a . 3 y . <^> (max P ‘P“a P 2 y) : 

[(1)] 3 : ~ (max P ‘P“a P 2 max P ‘a) : (3) 

[*34*5.Transp] 3 : zP max P ‘a . 3 . «^> (max P *P“a Pz) s 

[*205*21] 3 :zea — e‘max P *a. 3 . <^(max P *P“aPz) (4) 

h .(2) .*37*1 . 3 1- : Hp . 3 . (ftz).ze a . ma \ r l P u aPz (5) 

b . (4) . (5) . 3 b 2 Hp . 3 . max P ‘P“a P max P ‘a (6) 

h . (3) . (6) . 3 b . Prop 


*205 72. b : P e connex . P G P 2 . D . ~ g ! maxp‘P“a [*20571 . Transp] 

*205-73. h :P e connex . minj/y = max P ‘y . 3 . y n C‘Pe 1 . y n (7*P = 1‘minj/y 
Dem . 

b . *205*21 . 3 b 2 . Hp . 3 : #ey n (7‘P — l*min P ‘y . 3 . ma x P ‘yPx . 
[*37*1] 3.max/yeP“y (1) 

b .*205*111 . 3 b : Hp . 3 . maxj/y<^eP“y (2) 

b . (2) . (1) . Transp . 3 h : Hp . 3 . y n C‘P - t'min/y = A . 

[*205*11] 3 . y n C ( P = I'min/y 2 3 b . Prop 


*205731. b i.Pe connex n RIV . D : minp ‘7 = raaxp *7 . = . 7 n (7‘P e 1 
[*20517-73] 

*205-732. 1- 2 P 6 connex . y n C*P e 1 . E ! min P ‘y . E ! max P *y . 3 . 

minp'yPmaxj/y 

Dem. 

b . *205*73 . Transp . 3 b 2 Hp . 3 . max/a 4= minp‘a . 

[*205*21] 3 . min P *aP max P *a 2 3b. Prop 

The following propositions lead up to *205*75, which shows that the 
minimum of a class belongs to D‘P unless the part of the class contained in 

C‘P is i‘P‘P. 
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*20574. h:«ftC‘PC B‘P . 3 . min/o = a a C l P 

Dem. 

h . #93'101 .DP: Hp .D.an D*P = A . 

[*37-261-29] 3 . P‘‘a = A . 

[#20511] 3 . minp'a = a a C‘P : 3 1- . Prop 

*205 741. h : P e connex . a a C‘P ~ e 1 . 3 . minp'a C D‘P 

Dem. 

I- . *205"21 . 3 1- : P e connex . y = minp'a .zear\ C‘P — i ( y . 3 . yPz : 

[*205 '3] 31 - :Pe connex . y e minp'a .zean G‘P — i‘y . 3 . yPz : 

[*33‘13] 3 1- : P e connex . y e minp'a . g ! a n C‘P — i*y . 3 . y e D‘P : 

[*52'181] 31- : Pe connex . a a (7‘P~ e 1.3. minp'a C D'P : 3 h . Prop 

#205*742. I- :. P e connex . 3 : g ! minp'a — D'P . = . a n C‘P = i‘B‘P 

Dem. 

h . *205"74 . 3 h : a a C‘P = i‘B‘P . 3 . minp'a = i‘B‘P . 

[*93101] 3 . g ! minp'a — D'P (1) 

h . *205-741 . 3 H : Hp . g ! minp'a - D'P . 3 . a a C‘P e 1 (2) 

h .*20511 . 3 h : a ! imnp'a- D'P . 3 . g ! «« C*P - D'P . 

[*93103] 3 . g ! a a ~B‘P (3) 

h . (2) . (3) . *202-52 . 3 J- : Hp . a ! minp'a - D‘P . 3 . a a G‘P = i‘B‘P (4) 
h . (1) . (4) . 3 H . Prop 

*205*75. h :. P e connex . 3 : ~ (a a C‘P = i‘B‘P ) . = . minp'a C D'P 
[*205-742] 

Observe that ~ (a n C‘P = is not in general equivalent to 

a a C'P =f 1 ‘B‘P, since the latter implies E ! B‘P, while the former does 

not. 

The following proposition is important. 

#205*8. 1- : S ePsmor Q . 3 . minp'a = S“mixiQ , S‘ , a 


Dem. 


1- . *20511 .31- . S“min c ‘S“a = S“{S“a a C‘Q - Q“S“a} 

1- . *15111 . 3 1- : Hp . 3 . S“a C C‘Q 

h . (1) . (2) . 3 I- : Hp . 3 . S“min Q ‘S“a = S“{S“a - Q“,S“a} 

[*71-381] = S“S“a - S“Q“S“a 

[*72-5.*l 50-23] = a a C t P — P“a 

— ► 

[#205-11] = minp'a : 3 I- . Prop 


( 1 ) 

( 2 ) 
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*205-81. \-:.SeP smor Q . 3 : E ! minp'a . = . E ! mingSS“a 
Dem. 



h . #205*8 . #73*22 . 3 h Hp . 3 : min/a sm mingSS“a : 

— ► — ► ^ 

[*73 44] D : minp'a e 1 . = . ming'^'a e 1 : 

[*53 3] D : E I min/a . = . E ! min c ‘iS“a D h . Prop 


*205*82. h : S e P smor Q . E ! min/a . D . min P ‘a = <S*minQ*S“a 
[*53-31 . *205-8-81] 

The two following propositions are used in *251*13. 


*205*83. I- : z ~ e (7‘P . a ! C‘P a a . D . minj>‘a = min (P -f» z)‘a 

Dem. 

V . *1611 . D h : Hp . D . {Cnv‘(P 4* z))“a = P“a v i‘z . 

[*16114*2.*24*495] D.an C‘(P 4* *) - {Cnv‘(P 4* z)}“ a = a a C‘P - P“ a . 
[*205‘1 1] D . min (P 4* z)‘a = min P ‘a Oh. Prop 


*205*831. I -:z~eC‘P . C‘(P -\*z) a a = i‘z . D . min (P 4* .z)‘a = i‘z 

Dem. 

1- . *161-11 . D H :. Hp . D : xea . D* . ~ [x(P -\*z)z ) : 

[*37 l.Transp] D : *~e {Cnv‘(P4**)}“a (1) 

1- . (1) . *22*621 . D h : Hp . D . t ‘z = C‘(P 4* x) a a — (Cnv‘(P 4* 2 )}“a 

[*20511] = min (P 4> z) ,f a : D 1- . Prop 


The two following propositions are used in *251*14. 

— ► — ► 

*205*832. 1- : z ~ e C‘P . z ~ e a . D . maxj>‘a = max (P 4* z )‘ a 

Dem. 

h . *205*111 . *161*2 . D I- : P = A . D . maxp'a = A . max (P-\*z)‘a = A (1) 
I-. *205*111. *161*11*14. 3 

h : Hp . a ! C‘P a a . D . max (P 4* z)‘a = a a (C‘P w i‘x) - (P“a u t‘x) 
[*24*495.#205*111] = max/a (2) 

I-. *161*14. *205*151*161 .D 

— ► — > 

I- : Hp . g ! P . C‘P na = A.D. max P *a = A . max (P +► 2 )‘a = A (3) 
h . (1) . (2) . (3) . 3 h . Prop 

#205*833. h : a ! P . 2 ~ e C‘P . * € a . 3 . max (P-\*zya = 

Dem. 

h . #161*11 . 3 h : Hp . 3 . (P+m)“ a = C*P. 

[#16114.#205*111] 3 . nm (P-\>z)‘a = a n (C"P u t‘*) - C‘P 

[#22*621. Hp] =l‘z s 3 h . Prop 
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The following proposition is used in *2512 5. 

*206 84. I- : C‘P n C‘Q = A . a ! C‘P r\ a . D . min ( P Q)‘a = minp'a 
Bern. 

h . *16011 . D h : Hp . D . {Cnv‘(P Q)}“a = P“a « 0‘Q . 

[*205*11.*160*14] D . mm (P ■£ Q)‘a = a a (C‘P u 0‘Q) - (P“a o G‘Q) 

[*24*495] = ar\G‘P- P“a 

— > 

[*205 - ll] = minp'a : D h . Prop 

*205*841. h : C‘P r\ a = A . D . min (P 4- Q)‘ a = min e ‘a 

Bern. 

1- . *16011 . 3 h : Hp . 3 . {Cnv‘(P $. Q)}“a =Q“ a . 

[*205*11.*160*14] 3 . mm (P ■£ Q)‘a = an (C"P w C‘Q) - Q“a 

[Hp] =an C‘Q — Q“a 

— ► 

[*205T1] = ming'a : D h . Prop 

The following proposition is used in *251"2. 

*206*86. 1- :. PeRePexcl . 3: a: {min(2‘P)]a. = .(gQ). Qminp(P* f a) . arming a 

Bern. 

I- . *16212*23 . *205*1 . 3 V :. x {min (2‘P)} a . = : 

area: (gQ). QeG'P .xFQi<^(^Q,y).QeG‘P .y ea.yQx: 

~ (g Q>R,y)‘ nFQ • RPQ • yFR -yea: 
[*37*105] = :xea: (gQ) .QeC‘P. xFQ : xFQ . Q e G‘P . 3g . x ~ e Q“a : 

xFQ.QeC‘P .2 Q .Q~eP“F“a (1) 
h . (1) . *163*12 . *14-26 . 3 h :: Hp. 3 :. or (min (2‘P)} a . = : 

(gQ) . xFQ . Q e C‘P . x e a — Q“a : xFQ . Q e C‘P . 3g . Qe F“a — P“F“a : 

[*163*12.*14*26] = : (gQ ) . xFQ .QeC‘P.xea- Q“a .QeF“a- P“F“a : 

[*205-1] = : (gQ) . Q min f (P“a) . x ming a :: 3 I- . Prop 

— ► — ► 

*205*9. I - : P e connex . k C C‘P .«~cl.3. min (P p k)‘ a = min f ‘(a n k) 

[*205-261] 

v — > 

*205-91. h:P“aCa.P po £a e connex . 3 . minp'a eOul 

Dem. 

h . *205*261 . 3 h : Hp . a n C‘P~e 1.3. min ( P ^ £a)‘a = min (P^Ya 

[*205*68] = minp'a . 

— > 

[*205*3] D.minp'aeOwl (1) 

h . *93113 .*60*371 . 3 1- : a n C‘P e 1 . 3 . tmnp'a e 0 u 1 (2) 

h . (1) . (2) . 3 b . Prop 
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Summary of * 206 . 

A “ sequent ” of a class a is a minimum of the terms that come after the 
whole of a a C ( P ; that is, we put 

seq min p‘p‘P“(a a C‘P). 

Thus the sequents of a are its immediate successors. If a has a maximum, 
the sequents are the immediate successors of the maximum ; but if a has no 
maximum, there will be no one term of a which is immediately succeeded by 
a sequent of a; in this case, if a has a single sequent, the sequent is the 
“ upper limit” of a. Whenever P is connected, and therefore whenever 
P is serial, every class has one sequent or none with respect to P, by 
* 205 - 3 . 

It will be seen that the sequents of a are the same as the sequents 

— ► 

of a a C‘P , and therefore that seqp'a depends only upon a a C'P : if a has 
terms not belonging to C *P, they are irrelevant. 

For the immediate predecessors of a class a, we put 

prec P ‘a = ma xp‘p‘P“(a a C ( P). 

We have prec P = seq (P), so that propositions about prec P result from those 

about seqp by merely writing P in place of P ; they will therefore not be 
given in what follows. 

Among the elementary properties of seq P with which this number begins, 
the following are the most important : 

*20613. h . seqp'a = minp*//P“(a a C‘P) 

This merely embodies the definition. 

— ► — > 

*206*131. h . seqp'a = seq f ‘(a r\ C‘P ) 

*206*134. h . seq P ‘a = C‘P n $ (a n C‘P CP^ . ~P‘x C -p‘]P“( a n C‘P)} 


*206*14. h : a « C‘P = A . D . seq/a — B‘P 

B. * w. u. 


37 
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Thus if P has a first term, this is the sequent of the null class, or of any 
other class which has no members in common with (7‘P. 

*20616. b s P e connex . 3 . seqp'a eOwl 

This follows at once from *205*3. It leads to 
*206161. b s P e connex . 3 . seq P € 1 — ^Cls 

Thus if P is a connected relation, no class has more than one sequent. 
This is not in general the case with relations which are not connected, even 
where the idea of sequents is quite naturally applicable. Take, e.g. f the 

relation of descendent to ancestor, and let a be the class of raonarchs of 

— ► 

England. Then seqp'ct will be such parents of monarchs as were not them- 
selves monarchs. 

*206*171. b : Peconnex.P* GP.3. 

8eqp‘a = C‘P aJ|«a C‘P C P‘x . P‘x C (a a C‘P ) w P“a) 

This proposition states that a? is a sequent of a if the whole of a a C‘P 
precedes x , but every term that precedes x either belongs to a or precedes 
some term of a. When P is a series and a has no maximum, we have 

seq P ‘a= C‘P a £ (P ( x = P“a) (*206174), 

i.e. the sequent of a, if any, is a term whose predecessors are identical 
with the predecessors of members of a. This is the case of a limit 
(cf. *207). 

We have next a set of propositions (*206*211*28) concerned with P‘seqp‘a 

4 — 

and P*8eqp*a. When P is transitive and connected, and a is an existent 
class contained in C‘P and having a sequent, we shall have 

— 4 — 4 — 

P‘seqp*a = au P“a . i‘seqp‘a v P‘ae<\p‘a = p‘P“a. 

That is, the predecessors of the sequent are the members of a and the 
predecessors of members, while the sequent and its successors are the 
successors of the whole of a. The various parts of this statement require 
various parts of the hypothesis. Thus we have 

*206*211. b : E ! seq P ‘a .D.oaC j P C P'seqp'a 

*206*213. b s P e connex . E ! seqp'a . 3 . P‘seqp‘a C (a a OP) v P“a 

*206*22. h : P € trans a connex . E ! seqp'a • 3 . 

— ► — ► 

P'seqp'a = (a a C‘P) v P “ a = max/a u P“a 

*206*23. b : Pc trans a connex . E ! seqp'a . D . 

t'seqp'a w P'seqp'a = p‘P“(a a C‘P) a C*P 
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If P is transitive, the value of seq P ‘a is unchanged if we add to a any set of 

terms contained in P“a (*206*24) ; thus in particular, seq P ‘(a v P“a) = seq P ‘a 
(*206*25). Thus we can fill up any gaps in a, and take the whole series up 
to the end of a, without altering the sequent. 

We have next a set of propositions (*206*3 — *38) on the sequent of P“a, 
t.e. of the segment defined by a. If P is a series, seq P ‘P“a is the maximum 
of a if a has a maximum, the sequent of a if a has a sequent but no maximum, 
and non-existent if a has neither a maximum nor a sequent (*206*35*331*36). 


Our next set of propositions (*206*4 — *52) concerns the sequents of unit 
classes, especially of 6‘maxp‘a, and of classes of the form P‘x. We have 

*206*4. YiPGJ *X€ C‘P . D . x seqp P ( x 

*206*42. Y : x e C‘P . D . seq P V# = P— P*‘x = minp‘P‘x 
whence the three following propositions : 

— ► 4 — 

*20643. Y : Pe trans a R1‘ / . x e C*P . D . seq P V# = P x *x 

*206*45. Y P e Ser . x e C l P . D : E ! seq p t i t x . = ,xe D‘P l 

— ► — ► — ► 

*206-46. 1- : P e trans a connex . E ! maxp'a . D . seqp'a = seqp f maxp f a 

From the above propositions it results that, when P is a series, any member 

V 

of C‘P is the sequent of the class of its predecessors, Pfx is the sequent 
of i‘x if either exists, and the sequent of a class which has a maximum is the 
immediate successor (if any) of the maximum, i.e . 


*2065. I- : P e trans a connex . E ! max P ‘a. E ! seqp'a . D . max p‘a(P — P^seqp'a 

We then have a set of propositions (*206*53 — 57) on the sequent of 

p‘P u (ar\ C‘P) y i.e . the sequent of the predecessors of the whole of a a C‘P. 
These propositions are specially useful in connection with “ Dedekindian ” 
series, i.e. series in which every class has either a maximum or a sequent 

(*214). These propositions all require the full hypothesis that P is a series. 
, — ► — ► 

In this case, seqp*p*P“(a a C*P) = min P ‘a, i.e. the sequent (if any) of the 
predecessors of the whole of a a G*P is the minimum (if any) of a. Moreover 

by definition the maximum of p‘P“(a a C*P) y if any, is the precedent of a. 

Hence a has either a minimum or a precedent if p‘P“(ar\ C ( P) has either 
♦ a sequent or a maximum (*206*54). Moreover the sequent and maximum 
of a are respectively (if they exist) the sequent and maximum of the pre- 
decessors of all the successors of the whole of a a O i P (*206*551). Hence 
we arrive at the conclusion that the assumption that every class of the form 

p‘P“(a a C ( P ) has either a maximum or a sequent is equivalent both to the 

37 — 2 
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assumption that every class has either a maximum or a sequent (*206*56) 
and to the assumption that every class has either a minimum or a precedent 
(*206*55). It follows that these two latter assumptions are equivalent 
(*206*57), i.e. that a series is Dedekindian when, and only when, its converse 
is Dedekindian (*214*14). 

We deal next (*206*6 — *63) with correlations, showing that if two 
relations are correlated, the sequents of the correlates of any class are the 
correlates of the sequents, i.e. 

*206*61. I- : S e P smor Q . D . seqp'a = S“seqQ‘S“a 

We end with a set of propositions (*206*7 — *732) showing that the 
sequent of a class is unchanged if we remove from the class any term other 
than its maximum (*206*72); that if a class has terms in C‘P, and has both 
a precedent and a sequent, the precedent has the relation P* to the sequent 
(*206*73), and that the precedent is not identical with the sequent (*206*732). 
These propositions are in the nature of lemmas, whose use is chiefly in the 
theory of stretches (*215). 


*206*01. seqp = £a [x min pp‘P“(a a C*P)} Df 
*206*02. precp = £a [x ma xpp‘P“(a a C l P)} Df 
*206*1. I- : x seqp a . = . x min pp‘P“(a a C‘P) [(*206*01)] 

*206*101. K precp = seq (P) [*32*241 . *33*22 . *205*102] 

We shall not enunciate any other propositions on prec P (unless for some 
special reason), since the above proposition enables them to be immediately 
deduced from the corresponding propositions on seqp. 


*206*11. I- s x seqp a. = .xep t P“{ar\C t P)r\C‘P — P“p i P“(ar\ C‘P) 
[*206*1. *205*1] 

Observe that when a a C‘P is not null, p‘P“(a a C‘P) C C‘P , so that the 

factor C‘P on the right is unnecessary ; but when a a C‘P = A, we have 

4 - 

p‘P“( a a C‘P ) = V, so that the factor C‘P becomes relevant. Owing to this 

— ► 

factor, the sequents of A are B‘P, so that if B‘P exists, B ( P is the sequent 
of A. 

*206*12. Ynx seqpa . = y e a a C*P . . yPx s x e C l P 

years C*P . . yPz s D* . (zPx) [*206*1 1 . *40*53 . *37*105] 

*206*13. Y . seq P *a = r^mp^'P^(a a C‘P) [*206*1] 

*206*131. Y . seqp'a = seqp‘(a a C*P) [*206*13 . *22*43*621] 
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*206132. 1- . seqp‘o = p‘P“(« a C‘P) a C‘P - P“p‘P“(a a C‘P ) [*206-11] 
*206 133. H : ar seq pa . D (xPx) [*205*194 . *206'13] 

*206134. b . seq P ‘a = C‘P a £ {a a C‘P C ~P‘x .~P‘xC- p‘*P“(a a C‘P)} 

Bern. 

h . *20612 . *32 18 . D 

I" . seqp‘o = C‘P a $ (a a C‘P C P‘ar) a $ jy e a a C‘P . D y . yPz :D,.~ (sPa:)} 
[*40-53] = 0‘P a $ (a a C"P C P‘ar) a $ {* e p f P“(a a C"P) . D* . ~ (/Par)} 
[Transp.*3218] 

= C‘P a $ (a a C‘P CP‘ar) a £ }P‘ar C - p‘P“(a a <7‘P)} . D I- . Prop 

This formula for seqp‘at is usually more convenient than *20613132. 

*20614. I- : a a C‘P = A . D . seqp‘a = B‘P 
Bern. 

— ► — ► 

I- . *20613 . *40’2 . D h : Hp . D . seq P ‘a = minp‘V 
[*20515.*24-26] = nunp‘C‘P 

[*205-12] =B‘P : D I- . Prop 

*206141. b : g ! a a C‘P . Z> . ^q P ‘a = p‘P“(a a C‘P) - P“p‘P“(a a C‘P) 

Bern. 

h . *40 62 . D h : Hp . D . p‘P“(a a C‘P) C C‘P (1) 

K(l). *206132. Dh. Prop 

*206*142. h:g!a aC‘P . D . seqp‘aCP“a [*40'61 . *206141] 

*206*143. h : a C C‘P . D . seqp'a = p‘P“a a C‘P - P“p‘*P“a 
[*206132 . *22-621] 

*206144. 1- : g 1 8eq P ‘a . D . g ! p‘*P“(a a C*P) [*206132] 

*206-15. I- : a C C‘P . g ! a . D . M<\ P ‘a = p‘P“a - P“p‘P“a 
[*206-141 . *22-621] 

*206*16. 1- : P e connex . D . seqp‘a eO u 1 [*205-3 . *206*13] 

*206*161. I- : P e connex . D . seqp e 1 —► Cls [*206T6 . *71"12] 

Thus in a series, or in any connected relation, no class has more than one 
sequent. 
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*20617. I- : - x seqp a . = : y e a n C*P . Dy - yPx : x e C‘P : 

yPx . D y . (3*) .zears C‘P - ^ i z ^y) 

Dem . 

I- .*37*462 .*206 11 . D 

b :. * seq P a . = : s € p‘P“(a n C‘P) « C<P . P‘* C - p‘P“(a n C‘P) : 

[*40*53] = :y ears C ( P . Dy . yPx s # e C*P : 

yP# . Dy . (a*) . z e a n C‘P . ~ ( zPy ) H 


The following propositions give' 
special cases. 


alified formulae for seq//a in various 


*206171. h : P e connex . P 1 G / . D . 

seq P *a = C*P n $ [a n C‘P C P*x ( a n u ^ 

Dem. 

h. *206*1 34. *33*152. D 

I- . seqp'a = C‘Pnijan C‘P C P^ . P‘x C G‘P - p‘P‘ t (a^‘ P ^ (1) 

1- . (1) . *202 503 . D I- . Prop 

*206172. I- : P e connex . P* C / . P“a Ca.D. 

seqp‘a = C‘P a $ (a a 0‘P = P‘a:) [*206171 . *2S 

1 

*206173. I -:P e connex . P* G «/ . a a (7‘P C P“a . D . \ 

seqp'a = C‘P a 5 |a a C‘P CP‘x .~P‘x C P“a} l 
[*206-1 71. *2262] 

*206174. I- : P e Ser . a a C‘P C P“a . Z > . s^ P ‘a = C‘P a £ (P'a: = P“a) 

Dem. 

h . *1312 . *22-42 . D h Hp . D : 

P'a; = P“a .D.acCPcA. P‘* C P“a 
h . *37-265 . D h : a a C ( P CP‘x . D . P“a C P“P‘a : 

[*201-501] D H Hp . D : a a (7‘P C ~P‘x . D . P“a CP‘x : 

[Fact] D : a a C‘PCP‘x.~P‘xCP“a . D . P“a = P‘* 

h . (1) . (2) . *206173 . D I- . Prop 


i 

n 


The propositions *206*173*174 deal with limits. When a class a has n 
maximum, i.e. when a n C‘P C P“a, its sequent (if any) is called its limi 
By the above propositions, the limit is a term x such that a r> C l P preced 
x, but every predecessor of x precedes some member of an G ( P (*206*173 ) ; 
it is also a term x whose predecessors are identical with the predecessors of 
a (*206*174). The subject of limits will be explicitly treated in *207. 
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*20618. I- . seq/a C OP [*206132] 

*206181. h : g ! a a 0‘P . D . seq/a C (TP [*206142 . *3716] 

*206*2. h . seq P ‘a C - a 
Dem. 

h . *40*68 . Transp . D V.p‘*P“(a a C‘P) - P‘yP“(a a C‘P) C - (a a C‘P) (1) 
h. (1). *206*132. DK Prop 

*206*21. hPC/.D. seq P ‘a C - P“ a [*200*63 . *206*132] 

*206*211. h : E ! seq P ‘a . 3 . a a C‘P C P*seq P *a 
Dem, 

K *206*17 .31-:. Hp . D:y€Ctr\C‘P . D y .yPseq/a:. 3 I- . Prop 

*206*212. h : P e trans . E ! seq P ‘a . 3 . P“a C P*seq P ‘a 
Dem . 

h . *206*211 . 3 b : Hp . 3 . P“a C P“P‘seq P ‘a 
[*201*501] C P*seq P ‘a :3b. Prop 

*206*213. b : P € connex . E ! seq P *a . 3 . P*seq P *a C (a a OP) v P“a 
Pern. 

b . *206*17 .3b:: Hp . 3 s. yP seq P *a . 3 y : (gs) jc(«a OP) (zPy ) : 

[*202'103] : ( 32 ) izean OP : y = z . v . yPz : 

[*13195.*37 1] D y : y e a a OP . v . y e P“(a a 0‘P) : 

[*37265] Dy : y e (a a C‘P) w P“a ::Dh. Prop 

*206*22. h ; P e trans a connex . E ! seq/a . D . 

P‘seqj>‘a = (a a OP) w P “ a = max P ‘a u P“a 
[*206 211-212-213 . *205131] 

*206*23. h : P e trans a connex . E ! seq P ‘a . D . 

t‘seqp‘a w P‘seq P ‘a = p‘P“( a a OP) a OP 

Dem. 

V . *205-22 . *20613 . D 

h : Hp . D . i‘seqp‘a w P'seq/a = i‘seq/a w P“p‘P“(a a (7‘P) 

[*20613.*53-31] = imn,>yP“(a a C‘P) v P«p‘P‘‘(a a C'P) 

[*20513] = p‘P“(a a C'P) a OP u P“p‘P“(a a C'P) 

[*201-51.*3716] = p‘P“(a a C'P) a OP : D h . Prop 
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*206*24 1- : P e trans . 0 C P“a . D . seqj»‘(a v/9) = seq/a 

Bern. 

h . *201*56 . D I- : Hp . D . p‘P“{(a w 0 ) a (7‘P| =p‘P“(a a C‘P) (1) 

h . (1) . *20613 . D h . Prop 

*20625. 1- : P e trans . D . seq P ‘(a u P“a) = seq P ‘a [*206"24] 

*206*26. h : P e trans a connex . g I a a C‘P . E ! seq P ‘a . D . 

p‘P“(a a C‘P) = i‘seq P ‘a o P‘seq p ‘a 


Bern. 


h . *40-62 . Z> h : Hp . D . p*P“(a a C‘P) C C‘P 
K (1). *206-23. DH. Prop 


( 1 ) 


*206*27. h : Pe trans a connex . E ! seq P ‘a . E ! max p ‘a . D . 

— ► — ► 

P'seqp'a = P'maxp'a u t'maxp'a . 

< — ♦— 

P'maxp'a = P'seqp'a v 6‘seqp‘a 

Bern. 

h . *206 22 . D I- : Hp . D - P'seqp'a = maxp'a v P“a 
[*20522] = t*maxp‘a vP‘maxp‘a (1) 

h . *205*65 . D h : Hp . D .P*maxp‘a=p‘P“(a a (7‘P) (2) 

h . *205-151*161 . D h : Hp . D . g ! (a a C‘P ) (3) 

h . (3) . *206*26 . 3 h : Hp . 3 . p‘P“(a a (7‘P) « i‘aeq P ‘a u P'seqp'a (4) 
h . (2) . (4) . 3 h : Hp . 3 . P'maxp^a = e'seqp'a u P'seqp'a (5) 

K (1) . (5) . 3 h . Prop 

*206*28. H.PeSer.3: 

— ► 

x e C‘P — a . P*a? = P“a . = . x = seqp'a . ~ E ! maxp'a 

Bern. 

I- . *206*174 . *205-6 . 3 

I- Hp . 3 : a? = seqp'a . <^> E ! maxp'a . 3 . a; e C‘P . P'a? = P“a . 

[*206*2] O.xeC'P- a . P'a; = P“a (1) 

I- . *37*1 . 3 I- : a?Py .yea. P‘a? = P“a . 3 . # e P'a? (2) 

I- . (2) . Traosp .3h:PC/.yea. P ( x = P“a . 3 . ~ (apy) (3) 

1- . *13*14. 3 h s a?e (7*P — a . y ea . 3 . a?=|=y (4) 

h . (3) . (4) . *202*103 . 3 h :. Hp . 3 : 

x e C‘P — a . P‘x = P“a , years C‘P . 3 . yPa? : 
[*32*18] 3 s #eC'P-a.P^ = P“a . 3 . a a (7‘P C P‘* (5) 
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I- . (5) .*20617116 . D h Hp . D : 

x e C‘P — a . P ( x = P“a ,D.x = seqp'a ( 6 ) 

h. (5). *205-123. DH.Hp.D: 

x e C‘P — a . P*x = P“a . D . ~ E ! maxp'a (7) 
K(l).(6).(7).DKProp 

*2063. I- : P e trans a connex . a C C‘P . P“a C a . E ! seqp'a . D . 

P'seqp'a = a [#206 , 22] 

*206 31. h : Pe trans a connex . E ! seqp‘P“a . D . P‘seqp‘P“a = P“<x 
[*206-3 . *201-5] 

*20632. I- : P e trans a connex . E ! maxp'a . E ! seqp*P“« . D . 

maxp‘a = seqp‘P“a 

Bern. 

h . *206*31 . *205 22 . D I- Hp . D s P'maxp'a = P*seqp‘P“a : 
[*205*194.*206*133] D : ~(seqp*P“aPmaxp*a) . ~(maxp*a Pseqp‘P“a) s 
[*202*103] D : maxp‘a = seqp*P“a D h . Prop 

In the hypothesis of *206*32, we have both E ! maxp'a and E ! seq p ‘P“ol. 
So long as P is not contained in diversity, these are both necessary. For 
example, suppose we take 

P = a \ (a v i‘x), where x ~ e a . g ! a. 

Then P is transitive and connected, but not contained in diversity. We have 
a u t ‘0 = C‘P - P“(a u i<x) = a = D‘P. 

Also max P ‘(a v i‘x) = x, 

— * — Y * — 

seq P i P ii {a u i*x)= min p l p‘P“oL = minp‘(a w i‘x ) = A. 

Thus in this case maxp‘(a v i‘x) exists, but seqp‘P“(a u i‘x) does not exist. 
When P is serial, i.e. when P is contained in diversity, in addition to being 
transitive and connected, the existence of maxp'a involves that of seq p‘P u a, 
and therefore the hypothesis El seqp‘P“a, which appears in *206*32, becomes 
unnecessary. 

— ► — ► 

*20633. I- : P e trans a connex . ~ E ! maxj>‘a . D . seqp‘P“o = seqp‘a 
Dem. 

(-.*205-6. D(- :Hp.D.anC‘PCP“a. 

[*22-62.*3715] D . (a w P“a) a C‘P = P“a ( 1 ) 

(• . #206"25 . D h : Hp . D . seqp‘a = seqp‘(o u P“a) 


[*206131] 

[( 1 )] 


= seqp‘{(a v P“a ) a C‘P] 
= seqp‘P“a : D I- . Prop 
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*206331. HP € trans a connex . ~ E ! max P ‘a . E ! seq/a . D . seq P ‘P“a = seq/a 
[*206*33] 

*206*34. 1“ : P € Ser . D . max P ‘a C seq P *P“a 
Bern. 

K *205*101. *37*265. D 
— ► 

h y e raa x P ‘a . = : y e a a C‘P zzears C‘P . D* . (; yPz ) (1) 

K(l). *202*103. Dhrs.Hp.D:: 

y e max P ‘a - D :. y € a a C‘P :. * € a a C*P . D* : 2 : = y . v . zPy (2) 
h. (2). *13*195. *201*1.3 h Hp . 3 :: 

y € max/a . 3 :. y € a a (7‘P :. * e a a C‘P . i*P* - D«, * . wPy : . 
[*37*1*265] 3 :. u e P“a . 3 U . wPy 

[*40*53] 3:.y€//P“P“a (3) 

f- . (1) . *371 . 3 h : y € max/a . vPy . 3 . v e P“a (4) 

I- . *50*24 . 3 h : Hp . 3 . ~ (vPv) (5) 

I- . (4) . (5) . 3 b:. Hp . 3 : y 6 max P ‘a . vPy . 3 . (gw) . w e P“a . ~ ( wPv ) . 

[*40*53] 3 . v ~ € p<P“P“a : 

[*10*51] 3 2 y e max P *a . 3 . (gr) . v e p‘P“P“a . t>Py . 

[*37*105] 3 . y - e P“p<P“P“a (6) 

I- . (3) . (6) . (1) . 3 h 2 . Hp . 3 s 

y e max P ‘a . 3 . y e p‘P~“P“a a C‘P - P‘yP“P“a . 
[*206*143] 3 . y € seq P *P“a 2 . 3 h . Prop 


*206*35. h : P € Ser . E ! max P ‘a . 3 . max P ‘a = seq P ‘P“a . E ! seq P ‘P“a 
Dem. 

I- . *206*34 . 3b: Hp . 3 . max P ‘a e seq P ‘P“a (1) 

b . (1) . *206*16 .3b: Hp . 3 . max/a = seq P ‘P“a (2) 

I- . (2) . *14*21 . 3 b : Hp . 3 . E ! seq P ‘P“a (3) 

h . (2) . (3) .3b. Prop 

*206*36. b :: P e Ser . 3 s. E ! seq/P“a . = : E ! max P ‘a . v . E ! seq p‘a 
Dem. 

b . *206*35*331 . 3 b :. Hp : E ! max P *a . v . E ! seq P ‘a 2 3 . E ! seq P *P“a (1) 
b . *206*34 . 3 b :. Hp . 3 : ~ E ! seq P ‘P“a . 3 . ^ E ! max/a . (2) 

[*206*33] 3 . ~ E ! seq P ‘a (3) 

b . (1) . (2) . (3) . 3 b . Prop 
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The condition (a ) : E S maxp'ct - v - E ! seqp'a is the definition of what may 
be called “ Dedekindian ” series, i.e. series in which, when any division of the 
field into two parts is made in such a way that the first part wholly precedes 
the second, then either the first part has a last term or the second part has 
a first term. (When these alternatives are also mutually exclusive, the series 
has “ Dedekindian continuity.”) If a is any class, P“a is the segment of 
C‘P defined by a. In virtue of the above proposition, every segment of 
a Dedekindian series has a sequent. The sequent of a class having no 
maximum is what is commonly called a limit . Thus in a series having 
Dedekindian continuity (in which segments never have maxima), every 
segment has a limit. 


*206*37. b : P € Ser . 3 . seqp‘P“a = minp‘(maxp‘a u seqp'a) 

Dem. 

— > — ► 

r - *205*16 . 3 b : maxp'a = A . seqp'a = A,D. 

— ► — ► — > 

minp*(maxp*a u seqp'a) = A (1) 

b . *206*36 . 3 h : Hp . Hp (1) . 3 . ~ E ! seqp*P“a . 

[*206*16] 3 . s^p‘P“a = A (2) 

— ► — ► 

b . *24*24 . 3 b : Hp . max P ‘a = A . g ! seqp'a . 3 . 

— ► — ► — ► — ► — ► 

minp‘(maxp‘a w seq^'a) = mitip'seqp'a 

[*20517.*20616] -sej/a 

[*206-33] = seq p‘P“a (3) 

— ► — ► 

b . *205*17*3 . 3 b : Hp - g ! maxp'a . seqp*a = A . 3 . 

minp*(maxp‘a u seqp'a) = maxp'a 

[*206*35] = seq P ‘P“a (4) 

h. *206*16. *205*3. 3 

I- s Hp . g I maxp*a . g ! seq P ‘a . 3 . 

— * — ► — > 

minp‘(maxp*a u seqp*a) = minp*(i‘maxp*a u i*seq /a) 
[*206*27 .*205*182] = e*ma x P ‘a 

[*206*35] = seqp*P“a (5) 

b. (1). (2). (3). (4). (5). 3 b. Prop 


*206*38. b z P e Ser . 3 . maxp'a = a a seqp*P“a 
Dem. 

b. *206*35. *205*111. 3 

— ► — ► 

b s Hp . E ! maxp'a . 3 . maxp'a = seqp*P“a . maxp'a C a . 

[*22*621] 3 . maxp'ct = a a seqp*P“a (1) 
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h . #205"3 . DH:Hp.~E!maxp‘o.D.max J .‘a = A (2) 

I- . *206-33 . D h : Hp . ~ E ! maxp'a . D . seqp‘P“a = seqp'a . 

[*206-2] D . a a seq P ‘P“a =^A . 

[(2)] D . maxp'a = a a seqp‘P“a (3) 

h . (1) . (3) . D h . Prop 

*206-4. hPG/.ie C‘P . D . a: seqp i^a: 

Dem. 

h . *206134 . *22-43 . D 

h :a;seqpP‘a; . = ,xeC‘P . P‘x C —p‘P“P‘x (1) 

h . *200-5 .D h : P G J . D . ~P‘x C -p‘P“P‘a: (2) 

I- . (1) . (2) . D h . Prop 

*206*401. h : P e connex a R1‘ J . a: c (7‘P . D . ® = seq P ‘P‘^ [*206-4*161] 
*206-41. h . mfn P ‘P‘a;= P— P*‘a; [*205 25] 

— ► 4 - “> < — 

h : aj c (7‘P . D . seq P ‘i‘a: = P— P**« = minp‘P‘a: 


*20642. 

Dem. 


h . *53 01-31 . D h .p , P“i‘x=P‘x 
h . (1) . *206-41143 . D I- . Prop 


( 1 ) 


*206*43. I - : P e trans a R1‘P . a; e (7‘P . D . seqp‘t‘a: = P/a: 

[* 206-42 .* 201 - 63 ] 

*206*44. h Pe trans a R1‘P. xe C‘P . D : 

E ! seqp‘t‘ar . = . E I P/a: : E l seqp‘l‘a: . D . seqpVa: = P/« 
[* 206 - 43 ] 

*206*45. h P e Ser . x e C‘P . D : E 1 seqp‘i‘a: . = . x e D ‘Pi 
[* 206 - 44 . * 204-7 . * 71165 ] 


*206-451. 

. Dem. 


1 - : P e Ser . E ! seqp‘« . D . maxp‘a = P/seqp‘a 

— ► — ► — > 

h . *206-41 . D H : Hp . D . P/seqp‘« = maxp‘P‘seqp‘a 


[*206-22] 

[*205191] 


= maxp‘{(o a (7‘P) vP“a} 
= maxp'a : D H . Prop 
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♦206 46. I - : P e trans a connex - E ! maxp'a • D . seqp'a = seqp'maxp'a 
Bern, 

— ► — ► — > 4 — 

1 - 1 *206 42 . D h : Hp . D . seq/tnaxp'a = minp‘P‘maxp‘a 
[*205 65] = nWp‘P“(a a C‘P) 

[*206'13] = seq/a : D I- . Prop 

*206*47. f* : P e trans . E ! seq/a . D . seq/a = max /(a w seqj>‘a) 

Dem. 

h . #206134 . D I- : Hp . D . « a C l P C P‘seqp‘a . 

— ► — ► — > — ► 

[*205-193151] D . maxj>‘(a w seq/a) = maxp'seq/a 

[*206133.*205'18] = t‘seqp‘o : D h . Prop 

— ► — ► — ► — > 

*206-48. h : P e trans a connex . E ! seqp'a . D . seqp'seqp'a = 8eq P ‘(a u seqp'a) 
Dem. 

h . #206*47 . D f- : Hp . D . 

— > — > — ► — ► — ► 

seqp‘seqp*a = 8eqp‘maxp‘(a u seq P *a) . E ! maxp‘(a \j seqp'a) , 
— ► — ► 

[*206*46] D . seqj>*seqp‘a = seqp‘(a v seqj>‘a) : D h . Prop 

*2065. h : P e trans a connex . E ! maxp'a . E S seqp‘a . D . 

max P ‘a (P P*) seq P 'a 

Dem. 

— > — > 

h . #206*46 .Dr: Hp - D . sepp'a = seqpVmaxp'a 

[#206*42] = P — P^maxp'ct : D K Prop 

— ► — ► — ► 

*206*51. I- : g ! max^'P'a; .D.x seq^ P‘x 

Dem. 

K *205*161. D V : Hp . 3 . g ! P‘x . 

[*33-42] ?.xeC‘P (1) 

1- . (1) . *206'134 . D V Hp . D : x seqpP'a: . = . P‘x C P‘x . P‘x C —p‘P“P‘x . 

[*22-42] = ,~P‘x C —p‘P t ‘P*x (2) 

I- . *205"101 . D h y e ma xp‘P‘x . D : yPx . y ~ e P (, P‘x : 

[*37*1] D : yPx : zPx . D, a OJ (yPz): 

[#32*18.#5*31] D : zPx .D z . ye P ( x . ~ ( yPz ) . 

[#40*53] . zro ep‘P“P‘x : 

[#32*18] D :A C -p‘P“A (3) 

— ► — ► 

h • (2) . (3) . D f- : Hp . y e maxp*P*«? • D , a?8eqpP‘#: D h. Prop 
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*206*52. b iPe trans a connex . E ! max P ‘P“a . D . 

E ! seq P ‘P“a . seq P ‘P“ a — max p‘a 

Bern. 

h . *205*7 . D h : Hp . D . E ! maxp‘a . (1) 

[*205*22] D.P“a = P‘ max/a (2) 

H . (2) . *206*51 . D h : Hp . D . maxp‘a seqpP‘ < a . 

[*206*161] D . maxp'a = seq P ‘P“a (3) 

h . (1) . (3) . D b . Prop 

*206*53. I- : P e Ser . D . seq p‘p‘P“(a a C‘P ) = min^'a 

Bern. 

h . *206*13 . D h . seq p‘p‘P“(a a C‘P) = minp < p‘P“{p‘P“(a a C‘P) a C‘P] 
[*205*15*16.*20618.*200*54] = rnmp‘{C‘P a p‘P“p‘P“(a a C‘P)\ (1) 

f- . (1) . *204*62 . D I- : Hp . D . seqp‘p‘P“(a a C ( P) = minp‘{(a a C‘P ) w P“a] 
[*205*1 9. *201 *52] = minp'a : D h . Prop 

*206*531. h:PeSer.D. 

C‘P a $ {p‘P“(a a C‘P) = ~P*x] = seq P ‘p‘~P ( ‘(a a G‘P) = imn/n 

Bern. 

b. *206*172. *201*51.3 

I- : Hp . D . seq p‘p‘P“(a a C‘P ) = C‘P a $ {p‘P“(a a C‘P) a C‘P = P‘x} (1) 

H . (1) . #40*62 . D h : Hp . g ! (a a C‘P ) . D . 

8eqp‘p‘P“( a « C‘P) =C‘Pr>$ (p‘P“( a a C‘P) = P'x} (2) 

I- . *205*16 . *206*53 . D h : Hp . a a C‘P = A . D . s^p‘p‘P“(a a C‘P) = A (3) 
f- . *40*2 . 3 h : a a C‘P = A . D . 

C‘P a Si {p‘P“(a a 0‘P) = P‘x} = C‘P a £ (V = P‘x) (4) 
H .*50*24 . D h : Hp . D . (x) . x~eP‘x. 

[*24*104] D . (x) . P‘x =(= V (5) 

I- . (4) . (5) . D b : Hp . a a C ( P = A . D . C‘P a $ {p‘P“(a a C‘P) = P‘x} = A 

[(3)] = seq p‘p‘P“(« « C*P) (6) 

1- . (2) . (6) . *206*53 . D b . Prop 

*206*54. b : . P e Ser . D : E ! seq p‘p‘P“(a a (7‘P) . = . E I min P ‘a : 

E ! maxp‘p‘P“(a a C‘P ) . = . E ! precp'a 

Bern. 

h . *206*53 . D t- Hp . D : E ! seq p‘p‘P“(a a C‘P ) . = . E ! min P ‘a (1 ) 

b . *206*13*101 . D b : E ! max P ‘p‘P“(a a C‘P) . = . E ! precp‘a (2) 

h . (1) . (2) . D I- . Prop 

*206*55. h P e Ser . D : (a) . a e Q'minp w (3‘precp . = . 

(a) .p‘P“(a a C‘P) e Q'maxp v (l‘seqp [#206*54*161 . *205*32] 
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♦206*551. I- s P e Ser . 3 . seq P ‘a = seq P i p t P ft p t P tt (a a C‘P ) . 

max P ‘a = ma x P ‘p‘P“p‘P“(a a C‘P) 

Bern. 

b . *206*13 - 3b. seq P ‘a = mi u P ‘p‘P“(a a C € P) (1) 

b . (1) . *206*53 .3b: Hp . 3 . seq P a = s< en P *p‘P“{p‘P“(a a C‘P ) a C‘P] (2) 
b . (2) . *200*54 . 3 b : Hp . g ! P . 3 . seq P ‘a = seq P i p i P ii p t P i \a a OP) (3) 

I- .*20618 . 3 b : P = A . 3 . seq/a = A .seq P ‘p ( P li p‘P li (a a OP)= A (4) 

I- . (3) . (4) . 3b: Hp . 3 . seq /a = seq P i p ( P (( p ( P (t (a a OP) (5) 

b . *206*53 . 3b: Hp . 3 . max P ‘a = ’prec P i p i P (t (a a OP) 

[*206*13*101. *200*54] = ma x P yP“p‘P“(a a OP) (6) 

b . (5) . (6) . 3 b . Prop 


*206*56. b : . P e Ser . 3 : (a) . p‘P“(a a OP) € G'max P u (Pseq P . = . 

(a) . a e G‘max P u G'seq P 

Bern. 

b . *10*1*11 . 3 b : (a) . a € G‘max P u G‘seq P . 3 . 

(a) . p‘P“( a a OP) e G‘max P u G‘seq P (1) 

b . *10*1 . 3 h : (a) . p‘P“(a a OP) € G‘max P \j G‘seq P . 3 . 

p<P“p?P“(l3 a OP) e a<max P u a‘seq P . 

[*206*551] 3 . & € G‘max P u G'seq P (2) 

h . (1) . (2) . 3 b . Prop 


*206*57. b :. P e Ser . 3 : (a) . a e G'minp u G‘prec P . = . 

(a) . ae G*max P u G‘seq P [*206*55*56] 

This proposition is important, since it shows that when a serial relation 
satisfies Dedekind’s axiom, so does its converse. Thus if all classes which 
have no maximum have an upper limit, then all classes which have no 
minimum have a lower limit, and vice versa. 


*206*6. h s S e P smor Q . 3 . p‘P“(a a OP) = S“p‘Q“S“a 
Bern. 

b . *151*11 . 3 b : Hp . 3 ./>‘P“(a a OP) = p‘S“‘Q“?S“(a a D <S) 


[*72*341] 

[*71*613] 


= OyQ“‘S“(aAD‘S) 

5 = S“p‘Q“S“ct :3b. Prop 
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*20661. t-:<SeP amor Q . D . seq P ‘a= S“aeqQ‘S“a 

Bern. 

V . *205 8 . *206'6'13 . D H : Hp . D . seq p‘a = S“min.Q‘S“S“p‘Q“S“a 
[*72-501.*15111] =S‘W<j‘(p‘5‘S“a a C‘Q) 

[*20613.*2051 5] = S“seqQ‘is“a Oh. Prop 

*20662. h (SePsmor Q. D : E ! seqp‘a . = . E ! seq<j‘/S“a 
[*20661 . *73-22-44 . *533] 

*206-63. b:SeP smor Q . E ! seq p‘a . D . seq P ‘a = S‘seqQ‘S“a 
[*206-61-62 . *53-31] 

— > 

*2067. h : P e trans . /9 C C‘P (y p y) ■ y r>je max . D . 

p^P i( fi=p*P“(Ji — i‘y) 

Lem . 

I- . *51*222 . D h : y ~ e 0 . D . p‘P“£ = p‘P“(/9 - i‘y) (1) 

h . *205*111 . D h Hp .y . D :y e P“j3 .~(yPy) : 

[*37*1] D : (g#) . x e /3 — i‘y . yP# : 

[*10*56. Hp] D : s € p‘P“(/3 — /‘y) . D . yPz : 

[*53*14.*51*221] D : p‘P“(/9 - i‘y) C p‘P“,8 : 

[*40*16] D : p‘P‘‘09 - *? y ) = p‘P“£ (2) 

f- . (1) . (2) . D I- . Prop 

— ► — > — > 

*206"71. h :P€trans./?C(7‘P.~(yPy).y ~emax P ‘/9.D.seq P ‘/9=8eq P < (/9-i‘y) 
Bern. 

— ► — ► 

1-. *51*222. D h :y~e£. D . seq P ‘£ = seq P ‘(j8 — t‘y) (1) 

h . *205-111 Oh: Hp . y e £ O . y e P“fi . ~ (yPy ) . 

[*371] 2.(&z).zef}-l‘y.yPz (2) 

h . (2) . *10 56 . *2011 . D h : Hp . y e /3 . ft — i'y C P‘x . D . yPx . 

[*32-18] D./SCP'ar (3) 

I- . (3) . *206 7 .31-:. Hp (2) O : 

/8 C ~P‘x . ~P ( x C -p‘P“£ . = ./9-t‘yCP ( «.Ac- p‘P“(/9 - Py) : 
[*206134] D : <c seq P /3 , = .x seq P (/9 — t‘y) (4) 

h . (1) . (4) O h . Prop 

— y — y — ► 

*206*72. h : P e trans . ~ ( yPy ) . y ~ e max P ‘/9 . D . seq P ‘/9 = seq P ‘(/9 — Py) 

Bern. 

h . *206-71131 . *205151 O h : Hp O . seq P ‘/3 = seq P ‘(/3 n (7‘P - t‘y) 
[*206131] = seq P ‘(/9 — py) Oh. Prop 
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*206*73. h : g ! y a C‘P . E ! precp'y . E ! seqp'y . D . precp'yP’seqp'y 

Dem. 

h . *206*211 . D h : Hp . D . y a G‘P C P‘seqp‘y a P'precp'y . g ! y a C‘P . 
[*34*11] D . precp‘yP*8eqp‘y : D I- . Prop 

*206*731. H g ! y a C‘P : P e trans .v.PG/:D.~ (precp'y = seqp'y) 

Bern. 

H . *206*73 . D 

I- : g ! y a C‘P . E ! precp'y . E ! seqp'y . P e trans . D . preCp‘yPseqp‘y . 
[*206*133] D . precp'y + seqp'y (1) 

K *206*73. D 

h ; g 1 y a C‘P . E ! precp'y . E ! seqp‘y . P* G J . D . precp'y 4= seqp‘y (2) 

h . *14*21 . D h : ~(E ! precp'y . E I seqp'y) . D . ~ (precp'y = seqp'y) (3) 

I- . (1) . (2) . (3) . D h . Prop 

Note that “ precp‘y4= seqp'y ” is not the same proposition as~(precp‘y=seqp‘y). 
The former involves E ! precp'y . E 1 seqp‘y, while the latter does not, in virtue 
of the conventions as to descriptive symbols explained in *14. 


*206*732. I- P e trans . v . P* G J : D - ~ (precp'y = seqp'y) 

Dem. 

b . *206 14 . D b : 7 n C‘P= A . D . precp'y = B‘P . seqp'y = B‘P • 

— * — ► 

[*93101] D - precp'y n seqp'y = A . 

[*53*4] D . (precp'y = seqp^y) (1) 

b.(l). *206*731. Db. Prop 


RAW. II. 


38 
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* 207 . LIMITS. 


Summary of *207. 

A term x is said to be the “ upper limit” of a in P if a has no maximum 
and x is the sequent of cl In this case, x immediately follows the class a, 
though there is no one member of a which x immediately follows. Sequents 
which are limits have special importance, and it is convenient to have a 
special notation for them. We write “ltp‘a” for the upper limit of a; or, 
if it is more convenient, “ It ( P)‘cl ” (This is more convenient when P is 
replaced by an expression consisting of several letters, or by a letter with 
a suffix.) The lower limit of a will be the immediate predecessor of a when 
a has no minimum ; this we denote by tl/o. 

The following propositions on limits for the most part follow immediately 
from the propositions of *206 on sequents. 

Our definition is so framed that the limit of the null-class is the first 
member of our series (if any). This departure from usage is convenient in 
order that, whenever our series contains any limiting point in the ordinary 
sense, the series of limiting points may exist, i.e. in order that P£D‘ltp may 
exist whenever there are existent parts of C‘P which have upper limits. The 
series P£D*ltp is the “ first derivative ’* of P. The definition of a limit is 

ltp seq P [(— G'maxp) Df. 

Besides the limit, we require, for many purposes, a single notation for the 
" limit or maximum.” This we denote by “ limax P putting 

limax P = max p u ltp Df. 

Similarly for the lower limit or minimum we use “liminp,” putting 

limin P = min p ci tip Df. 

We have tip = lt(P) (*207T01) and liminp= limax (P) (*207*401). Hence 
it is unnecessary to prove propositions concerning lower limits, since they 
result immediately from propositions concerning upper limits. 

In virtue of our definition of a limit, x limits a if # is a sequent of a 
and a has no maximum (*207*1). Thus if a has a maximum, it has no limit 
(*207*11), but if it has no maximum, the class of its limits is the class of 
its sequents (*207*12). Thus the existence of the class of limits is equivalent 
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to the existence of the class of sequents combined with the non-existence 
of the class of maxima, i.e . 

— ► — > — > 

*207*13. b s g S Itp'a . = . ~ g S max P ‘a . g S seqp'ct 

*207*2 — *232 consist of various formulae for ltp'or. We have 

*207*2. b : P e connex . x ltp a . D . a n C‘P C P‘x . P € x C P“a 

I.e. the whole of an C i P precedes x , but any predecessor of x precedes 
some member of a. 

*207*231. hPc Ser . g S ltp'a . D . ltp'a = C‘P n & (P‘x = P u a ) 

I.e . the limit of a, if it exists, is the term whose predecessors are identical 
with the predecessors of some part of a. 

We have also 

*207*232. h P e Ser . D : x = ltp'a . = . x e C‘P — a . P*x = P“a 

This proposition should be compared with *205*54, which (slightly 
re-written) is 

— ► 

b P e Ser . D : x = maxp'a . = . x e C‘P n a . P‘x = P“a 
From the two together we arrive at 
*207*51. b P € Ser . D s x = limaxp'a . = . x e C'P . P‘# = P“a 
which serves to illustrate the utility of “limaxp.” 

We have 

— ► 

*20724 I- : P € connex . D . ltp‘a e 0 v 1 . ltp e 1 — ► Cls 

I.e. if P is connected, a class cannot have more than one limit ; also 

*207*25. h:?e trans . /8 C P“a . D . ltp‘(a v /3) = ltp'a 

I.e . any terms which have some a’s beyond them may be added to a without 
altering the limit. 

We next have a set of propositions (*207*251 — *27) proving that if a 
class has a limit, any single term of the class may be removed without 
altering the limit (*207*261), and that in any case, provided the class is 
not a unit class, its minimum (if any) may be removed without altering the 
limit (*207*27). We then prove (*207*291) that if P is a series, and a is 
a class which has a limit, the predecessors of the limit are the class P#“<x. 

We then have a set of propositions (*207*3 — *36) on the limit of P‘x and 

kindred matters. If x has no immediate predecessor, the limit of P‘x is x t 

and vice versa (*207*32*33). Hence 

*207*35. hPe Rl*t/ n connex . D . D‘lt P = C‘P - <I‘(P^P*) 

I.e. the limit-points of P are those which have no immediate predecessors. 

38—2 
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We next turn our attention to “limaxp.” This again is one-many, 
provided P is connected (#207*41). We have by the definition 

— ► > — ► — ► 

#207*42. h : g ! maxp'ct . D . limaxp'a = ma x P ‘a 

#207*43. h s maxp‘a = A . D . limaxp'ot = seqp'a = ltp'a 

#207*44. h . G'limaxp = G‘max P u G‘lt P = G'maxp u G'seqp 

— > — > — > 

#207*45. h . limaxp‘a= maxp'a v ltp'a 

Also we have 

#207*46. h a? = limaxp'a . = : x = maxp'a . v = ltp‘a 

which is a very useful proposition, as is also #207*51 (given above). 

A useful proposition in dealing with classes of classes contained in a 
series is 

— > — ► — ► 

#207*54. h : P e Ser . k C G'ltp . D . limax p‘ltp“* = limaxpV* = It p ( 8 f K 

I.e. if every member of k has a limit, the limit or maximum (if any) of 
the limits is the limit or maximum, and in fact the limit, of s‘k. 

We have next a set of propositions (#207*6 — *66) on correlations, proving 
that the limit, or the limax, of the correlates is the correlate of the limit 
or limax, i.e. 

#207*6. h s 8 e P smor Q . D . \t P ‘a = S‘<h Q ‘S“a 

*207-64. h :SeP smor Q . D . limaxp'a = S“limax Q ‘S“a 

The last three propositions (#207*7 — *72) are lemmas for use in the theory 
of stretches (#215*5*51). 

#207*01. ltp = lt(P) = seqp [ (— G'maxp) Df 

#207*02. tip = tl(P) = precp [ (— G'minp) Df 

#207*03. limaxp = maxp o ltp Df 

#207*04. liminp = min P u tip Df 

#207*1. h s x ltp a . = . x seq P a . ~ g ! maxp'a [(#207*01)] 

#207*101. h . tip = lt(P) [#205*102 . #206*101 . (#207*02)] 

We shall not give further propositions on lower limits, unless for some 
special reason, since all of them result from propositions on upper limits 
by means of #207*101. 

#20711. h 2 g ! maxp'ct . D . lt P ‘a = A [#207*1] 

#207*12. h : maxp'ec = A . D . ltp'ec = seqp'a [#207*1] 
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*207 121. h : a a C‘P C P“a . D . It/a = seq/a [*20712 . *205123] 

— ► — > — ¥ 

*20713. h : g ! ltp'a . = . ~ g ! maxp'a . g ! seqp'a [*2071] 

— ► — > — ► — ► 

*20714. h g ! maxp'ct . v . g ! seqp'ec : = : g ! max /a . v . g ! ltp'a 

[*20713 . *5*63] 

The above proposition is important because 

— ► — ► 

(a) : g ! maxp'a . v . g ! It P ‘a 

is the characteristic of “Dedekindiau ’’ series, i.e. of such as fulfil Dedekind’s 
axiom. 

*20715. h : x ltp a . = . x e C‘P . a a C‘P C P“a a P‘x . P‘x C — p‘P“(a a C‘P ) 
[*2071 . *205123 . *206134] 

*20716. I- .Ttp‘a ="h P ‘(a a G‘P) [*20715 . *37 265] 

*20717. I- .lJ>‘A =~B‘P [*20712 . *205161 . *20614] 

*20718. V : G‘P C D'ltp . = . C‘P = D'ltp 

Dem. 

h . *20717 . D h : d‘P C D‘ltp . = . d‘P u 2?P C D'ltp . 

[*93103] = . C‘P C D'ltp . 

[*20715] = . C‘P = D'ltp : D h . Prop 

*207*2. h : P e connex . x ltp a . D . a a C‘P C P‘x . P‘x C P“a 

[*207*15 . *202*503] 

*207*21. \-:P'QJ.xeC‘P.a*C‘PCP‘x.P‘xCP“a.3.x\t P <x 

Dem. 

1- . *200*53 . D I- : P* C J . D . P“a C - />‘P“(a a C‘P) (1) 

I- .(1). D h : Hp . D . e C‘P . a a C‘P C ~P‘x . ~P‘x C — p‘~P“(a a C‘P) . 
[*206*134] D . x seqp a (2) 

I-. *22*44. D h : Hp . D . a a C‘P C P“a . 

[*205123] D . coaxp'a = A (3) 

K (2). (3). *2071.31-. Prop 

*207*22. h : P e connex . P* QJ. D . It p‘a = C t P r\&(ar>C‘PCP t x.P , xCP“a) 
[*207*2*21] 

— > 

This is very often the most convenient form for ltp'a. It states that 
a limit of a is a member x of C*P such that an G‘P wholly precedes x , but 
every predecessor of x precedes some member of a. 
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*20723. hrPeSer.D. lt/a = C"P n £ (P'x = P“a ,anC‘PC P“a) 

Derm,. 

b. *13-12. *22 42. D 

b : P ( x = P“a . a n C‘P C P“a .D.an C*P C P‘<r . P‘<r C P“a (1) 

b . *201501 . *37-265 .Obt.Pe trans . D : a n C‘P C ~P‘x . D . P“a C P‘<r : 
[Fact] D:anO‘PCP‘a:.P‘»CP“a.D.P‘ar = P“a (2) 

h . *22-44 . D h : a n C‘P C P'x . P‘<c C P“a . D . a a C‘P C P“a (3) 

h.(l).(2).(3).D 

b:.Pe trans . D : a n C‘P C P*« .P'x C P“a.= .’P‘x=P“a . an C‘PCP“a (4) 
h . (4) . *207*22 . D I- . Prop 

*207-231. h:PeSer.g !H/« . D .lt P ‘a = C‘P n 5 (P‘a: = P“a) [*207*23] 

*207232. h :. P e Ser . D : a: = It /.‘a .~.xe C‘P — a . P‘x = P“a 
[*206-28. *2071] 

— ► 

*207*24. I- : P e connex . D . It p ‘a e 0 u 1 . lt P e 1 — »CLs 

Dem. 

b . *206161 . *71-26 . (*207-01) . D h : Hp . D . lt P e l->Cls . (1) 

[*7112] D.ltp'aeOwl (2) 

h.(l).(2).DK Prop 

*207*25. b : P e trans . /8 C P“a . D . lt P ‘(a u /9) = lt P ‘a 

Dem. 

h . *205193 . D h : Hp . g ! maxp'a . D . g ! maxp^a u ft) (1) 

h . (1) . *207*11 . D b : Hp - g ! max/a. D . lt P ‘a = A . ltp‘(a u /9) = A (2) 

b. *205*193. *207*12. 3 

— ► — ► — > — ► — ¥ 
h : Hp . max P ‘a = A . D . lt P ‘a = seq P ‘a . lt p ‘(a w /8) = seq P ‘(a v /9) . 

[*206-24] D .ltj>‘a =7t P ‘(a u /9) (3) 

h . (2) . (3) . D 1- . Prop 

*207*251. I- : P e trans . y e P“(J3 — t ( y ) . D . lt P ‘/9 = lt P ‘(/9 — i‘y) 

Dem. 

b. *51-222. Dhiyo-eiS.D.ViS^'C/S-t'y) (1) 

h . *207-25 . D b : Hp . D .Tt P ‘{(/9 - i‘y) w t‘y) =7j>‘(/3 - t‘y) (2) 

K (2) . *51-221 . D h : Hp . y e /9 . D ."h//9 = lt P ‘(/9 - i‘y) (3) 

h . (1) . (3) . D I- . Prop 
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*207 26. h : P e trans . ~(yPy) . g ! lt P ‘/9 . 3 . lt P ‘/9 = lt P ‘(/9 — i‘y) ' 
[*2071312 . *206-72] 

*207*261. h : P e trans . y e min P ‘/9 . g ! It P ‘/9 . 3 . lt P ‘/3 = lt, P ‘(/8 — t‘y) 

[*207-26 . *205-194] 

— > — > — > — ► 

*207*262. V : P e trans r> connex . g ! It P ‘$ . 3 . It/y9 = lt P ‘(/3 - min P ‘/9) 
[*207-261 . *205-3] 

*207-263. h:P e trans n connex . 3 . lt P ‘yS C lt P ‘(/S - miu P ‘/9) 

[*207-262 . *2412] 

*207*27. h : P e trans o connex . 0 n C‘P~e 1.3. lt P ‘/9 = lt/(/9 — min P ‘/9) 
Pem. 

H . *24-26-101 . 3 Y : min P ‘/9 = A . 3 . lt P ‘/9 = lt P ‘(/9 - min P ‘y9) (1) 

K *52181. 3 

h : Hp . g ! min P ‘/9 . 3 . (gy) . y e/9 n C‘P . y =|= min P ‘/9 . 

[*205-2] 3 . (gy) . y e (/9 n C‘P) — t‘min P ‘y9 . miu p ‘/8Py . 

[*37*1] 3 . min P ‘/8 e P“(/S — t‘min P ‘/9) . 

[*207-251] D.Tt P ‘/9=lt P ‘(/9-t‘min P ‘/3) (2) 

I- . (1) . (2) . 3 f* . Prop 

*207*28. h : P e trans . 3 . lt P ‘(a u P“a) = lt p ‘a [*207 25] 

— ► — ► — ► 

*207*281. I- : P e trans . ~ g ! max P ‘a . 3 . lt P ‘P“a = lt P ‘a 

[*207-2816 . *205*123] 

— ► — ► — > “ > 

*207*282. \r : P e trans . ~ g ! max P ‘a . ~ g ! max P ‘/9.P“a=P“/9 . 3 . lt P ‘a= lt P ‘/9 

[*207-281] 

*207*29. h : P e trans . 3 . lt P ‘a = lt P ‘P # “a 

Pem. 

\- . *207-16-28 . 3 1- : Hp . 3 =lt P ‘{(« w P"a) n C‘P} 

[*201-52] = lt P ‘P#“a : 3 I- . Prop 

*207*291. h : P e trans n connex . E ! lt P ‘a . 3 . P‘lt P *a = P#“a 
Pem. 

. *207-29 . 3 1- : Hp . 3 . P‘lt P ‘a = ^lt P ‘P # “a (1) 

h. *90-14172 . 3KP*‘^C(7‘P.P“P#“aCP*‘‘a (2) 

h . *207-1112 . 3 h : Hp . 3 . seq P ‘P*“a = lt P ‘P*“a (3) 

h . (2) . (3) . *206*3 . 3 h : Hp . 3 . P‘seq P ‘P*“a = P*“« (4) 

f* . (1) . (3) . (4) . 3 I- . Prop 
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*207-3. h:«ftC»P = A.D.lt, < « = 5‘? 

Berm,. 

Y . *205151161 . 3 Y : Hp . 3 . n^ax/ct = A (1) 

b . *206*14 . 3b: Hp . 3 . seq P ‘et = B‘P (2) 

b. (1). (2). *20712. 3b. Prop 

*207-31. b : PGJ.xe&P- d‘(P P») . 3 . x lt P Px 

Bern. 

b . *206 41 .3b: Hp . 3 . ma Xp‘P‘x = A (1) 

b . *206 4 . 3b: Hp . 3 . x seq P P‘x (2) 

b. (1). (2). *2071. 3b. Prop 

*207*32. b : P e RP./ n connex . x e C*P — d‘(P— P *) . 3 . x = It P ‘P‘x 
[*207-31-24] 

*207 33. b : x e d‘(P- P*) . 3 At/Fx = A [*205 252 . *2071 1] 

—¥ 

*20734. b : P e connex . x It P a . 3 . x lt P P‘x . x ~ e d‘(P — P 1 ) 

Bern. 

Y . *207-15 . 3 b : Hp . 3 . * e C‘P . a n C‘P C P“a . a ft C‘P C P<x . 

~P*x C — p^P“(a n C‘P) (1) 

b . *4016 . 3 b : a ft C‘P C P*x . 3 . p‘*P“~P‘x C p‘P“(a ft G ( P ) . 

[*22-81] 3 . - p‘P“(a a C‘P) C - p‘P“P‘a: (2) 

b . (1) . (2) . 3 b : Hp . 3 ,xeC‘P . P*x C—p , *P ,, ~P , x . 

[*22 42] 3 .xeC , P^P‘xC~P , x.lp , xC—p‘P‘ , ~P , x (3) 

b .(1) .*202-505 . 3 b : Hp . 3 . P‘a: C (a ft C‘P) w P“a . a ft OPCP“a. 

[*22 62] 3 . ~P‘x C P“a (4) 

b . (1) . *37-2-265 . 3 b : Hp . 3 . P“« C P“P‘* (5) 

b . (4) . (5) . 3 b : Hp . 3 .~P‘x C P“P‘* (6) 

b . (3) . (6) . *207-15 . 3 b . Prop 

*207-35. b : P e R1‘P ft connex . 3 . D‘lt P = C‘P - d‘(P-^ P«) 

Bern. 

Y . *207-34 . 3 b : Hp . 3 . D‘lt P C - d‘(P-^ P») (1) 

b . *207'15 .3b. D‘lt P C C‘P (2) 

b . *207-32 . 3 b : Hp . 3 . C‘P - d‘(P -i. P») C D‘lt P (3) 

b . (1) . (2) . (3) . 3 b . Prop 
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*207*36. b : P e RP«/ n connex . 3 . 

D‘lt P = ltp“P“{C"P - d‘(P^ P*)} = It P ‘<P“C‘P 

Dem. 

b . *207*32 . 3 b : Hp . 3 . C‘P - d‘(P ^ P*) = ltp“P“{C*P - a‘(P^P*)} (1) 

b . (1) . *207*35 . 3 b : Hp . 3 . D‘lt P = lt/'P^C^P - d‘(P ^ P 9 )] (2) 

b . *207*33 . 3b. ltp“P“{C"P n d‘(P ^ P*)} = A (3) 

b . (2) . (3) . 3 b : Hp . 3 . D‘lt P = ltp“P“C"P (4) 

h . (2) . (4) . 3 b . Prop 

In virtue of this proposition, all limits are limits of classes of the form 

P‘x. In this respect, limits (in general) differ from segments. If we call 
P u a the segment defined by a, there will in general be segments not of the 

form P‘x. These, however, will be the segments which have no sequents, 
and therefore no limits ; thus their existence does not introduce limits not 

derivable from classes of the form P i x. 

*207*4. b tflimaxpCt . = : x max P a . v . #ltpa : 

I — ► 

= : x maxp a - v . a ! maxp'a . x seq P a [(*207*03)] 

*207*401. b . liminp = Umax (P) [(*207*04)] 

*20741. b : Pe connex . D . limaxp, liminp e l-*Cls 
[*71-24 . *205-31 . *207-24 . (*207 03-04)] 

— ► — ► — ► 

*207*42. b : a ! maxp'a . 3 . limaxp'a = maxp'a [*207*4] 

— > — ► — > — > 

*207*43. b : maxp'a = A . 3 . limaxp'a = seqp'a = ltp'a [*207*4] 

*207*44. b . G'limaxp = G'maxp u G'ltp = G'maxp u G'seqp 

[*207 *14. (*207*03)] 

. — ► — ► — > 

b . limaxp^a = maxp'a u ltp'a [(*207*03)] 

b x = limaxp'a . = s x = maxp'a . v . x = ltp'a 


*20746. 

*20746. 

Dem. 

— > 

b . *207*45*11 . 3 b a S maxp'ot . 3 : x = limaxp'a . = . x = maxp'a 
— ► 

I- . *207-45-12 . D h max P ‘a = A . D : x = limaxp'a . = . x = ltj>‘a 

h . (1) . (2) . *5-32 . D 

— * — > 

b s. a 1 maxp^a . x = limaxp'a . v . maxp'a = A . x = limaxp'a : = : 

— > — > 

g ! max p‘a . x = max p‘a . v . maxp‘a= A . # = ltp‘a 

(-.(3). *4-42. D 

— ► — * 

b #= limaxp'a . = : a 1 maxp'a . x — maxp'a . v . max P ‘a = A . x = ltp'a 

[*30"32] = m .x — max/>‘a . v . maxp‘a = A . x = ltp‘a : 

[*207*13] = : x = max //a . v . x = ltp'a D I* . Prop 


( 1 ) 

( 2 ) 


( 3 ) 
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*207*47. h : a ! ltp‘a . = . g ! limaxp'ct - ~ g ! maxp'a 
Lem. 

— ► — > — ► 

b . *207*45*11 . D b : g ! ltp'cr . D . a 1 limaxp'a . ^ g • inax P ‘a (1) 

— ¥ — ► — ► 

K #207-45. D h : a ! limaxp'a. ! maxp'a . D . a ! ltp'a (2) 
h . (1) . (2) . D h . Prop 

*207 48. h . limaxp'a = limax P ‘(« « C‘P) [*207 45 . *205151 . *207 16] 

— * — ► 

*207481. h : P e trans . D . limaxp'a = limaxj/P^'a 
[*207-45 . *205191 . *207 29] 

*207*482. h : P e Ser . a C C‘P . a = Umax p‘a . D . a C P # ‘a 

Dem. 

V . *205*22 . *90151 . D V : Hp . a = max P ‘a . D . a C P # ‘a (1) 

h . *207-291 . *90151 . D h : Hp . a = lt/a . D . P#“a C P*‘a . 

[*90-21] , D.«CP#‘a (2) 

h. (1). (2). *207-46. Dh. Prop 

— ► — ► —¥ — > — ► 

*207*5. b : P e Ser . D . limaxp'a = seqp‘P“a = minp‘(maxp‘a u seqp'a) 

[*206*33*35*37] 

*207*51. b :.P e Ser . D : x = limaxp'a • = . x e C‘P . P‘x = P“a 
[*205*54 . *207*232*46] 

*207*52. b P 6 Ser . g 1 - D : a? = limaxp'a - = - P‘x = P“a [*207*51] 

*207*521. b P e Ser . D : x = Itp'a . = . x e (7‘P . P'# = P“a . ~ E ! maxp'a 
Lem, 

b . *207*51 . D b Hp . D : 

x e C‘P . P l x — P“ a . ~ E ! maxp^a . = . x = limaxp'a . ~ E ! maxp'a . 
[*207*46] = . x = ltp'a 3 b . Prop 

— > . — * 

*207*53. b : P e Ser . k C G'limaxp . D . limaxp‘limaxp“* = litnaxpV* 

Lem. 

b . *207*51 . D b Hp . D : a e k . D a • P'limaxp'a = P“a : 


[* 37 * 68 ] 

[* 40 * 5 * 38 ] 

[* 207 * 51 ] 


D : P“limaxp“* = P“‘/c : 

D : P“limaxp“* = P‘ ( 8‘tc : 

D : x = limaxpMimaxp*^ . = . x = limaxpV* :.D b.Prop 
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*207-54 

Y i P e Ser . k 

-> # — * — * 

C G*ltp • D . limaxp‘ltp“* = limaxpV* = ltpV* 


Dem. 

(-.*205-561. 

*207*13 . D b : Hp . D . 8^~eG J maxp . 



[*207-43] 

f — * — > 

D . limaxpV* = It pV/c 

(1) 


b . *207*13*43 . D b : Hp . D • It P €i ic = limaxp' 4 * . 



[*207-53] 

# — ► t — ► 

D . limaxp‘ltp u ic = limaxpV* 

(2) 


b . (1) . (2) . D h . Prop 

*207*55. b : P e Ser . k C GMtp . s € k e G'ltp . D . limaxp‘ltp u * = ltpV/e 
[* 207 * 54 ] 


*207*6. b : S e P smor Q . D . ltp'a = $“lt<//§“ec 

Dem. 

b . *205*8 - *37*43 . D b Hp - D : g S maxp'a . = . g ! max</fi>“a : (1) 

[*207*11] D : g ! maxp'ct - D . ltp'a = A . lt</£“a = A (2) 

b . (1) . Transp . *207*12 . D 

— ► — ► — ► — ► ^ v 

b Hp . maxp'ot = A . D : It P ‘a = seqp'a . \t Q ‘S“a = seq q 1 S“ol : 

[*20661] D:"itp‘a = S“lt > Q ‘^“a (3) 

(-.(2). (3). *37*29.31-. Prop 

*20761. Yi.SeP smor Q.D:E! lt P ‘a . = . E ! \t Q ‘S“a [*207-6 . *533] 
*207-62. Y : SeP smor Q . E ! ltp‘a . 3 . lt/a = jS‘ltg‘iS“a [*207 6 . *53 31] 

*207-63. YtSeP slnor Q . 3 . lt P “* = S“l 

Dem. 

h . *207-6 . *40-5 . 3 h : Hp . 3 . lt P “* = 8‘S“‘\t Q “S*“>c 
[*40 38-5] = S“lt c “,S“‘* : 3 h . Prop 


*207*64 Y i SeP smor Q . 3 . limaxp'a = $“limax,2 < <S , “a 
[*205-8. *207 -6-45] 

*207"66. Y SeP smor Q . 3 : E ! limaxp'a . = . E ! limax c ‘jS“a 
[*207-64] 


*207*66. Y : S e P smor Q . E ! limaxp'a . 3 . limaxp'a = <S‘IimaxQ‘#“a 
[*207-64] 
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#207*7. b s. P e trans . v . P* G J : 3 : 

liminp*7 = limaxp‘7 . 3 . liminp*7 = minp*7 = maxp*7 

Dem. 

b . #207*42*43 . 3 b : E ! minp‘7 . E ! limaxp‘7 . ~ E ! max P ‘y . 3 . 

liminp*7 = minp‘7 • limaxp‘7 = seqp‘7 . 
[#205*1 1 .#206*2] 3 . liminp‘7 € 7 . Umax P ‘y~€y . 

[#13*14] 3 . liminp‘7 =}= limaxp‘7 (1) 

Similarly 

b : E ! maxp*7 . E ! liminp‘7 . ^ E ! minpfy . 3 . liminp‘7 limaxp^ (2) 
b. #206*732. #207*43*12.3 

h:Hp . ~ E ! minp*7 . ~ E S maxpfy . 3 . «^ {liminp*7 = limaxp^} (3) 

b . (1) . (2) . (3) . 3 b : Hp . liminp‘7 = limaxp‘7 . 3 . E ! minp‘7 . E ! maxp*7 . 
[#207*42] 3 . liminp*7 = minp‘7 = maxp‘7 :3b. Prop 

#207*71. b : . P e connex : P e trans . v . P 4 G J : limin P ‘y — limax P ‘y : 3 . 

7 n C‘P e 1 . 7 n C‘P = ^limax*^ 

[#207*7 . #205*73] 

#207*72. b :. P e connex . P* G J . 3 : linrinpfy = liraaxp*7 . = . 7 n C‘P e 1 
[#207*71 . #205*731*17 . #207*42] 
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*208. THE CORRELATION OF SERIES. 


Summary of *208. 

The propositions of this number are chiefly important on account of their 
consequences in the theory of well-ordered series (*250 ff.) and in the theory 
of vector-families (*330 ff.). When two well-ordered series are ordinally 
similar, they have only one correlator ; and a well-ordered series is not ordinally 
similar to any of its segments. Of these two propositions, the first is an 
immediate consequence of *208*41, and the second is an immediate con- 
sequence of *208 47. 

Propositions concerning correlators of two relations P and Q are obtained 
from propositions concerning correlators of P with itself, by means of the 

fact that, if S, T are two correlators of P and Q, S \ T is a correlator of P 
with itself. Again, correlators of P with itself are considered, in this 
number, as a special case of correlators of P with parts of itself. This 
latter is a notion which will prove important for other reasons than those for 
which it is used in our present context. If P is connected, and S correlates 
P with part of itself (so that S’PGP), C‘P will contain terms of three 
kinds, (1) those for which S‘x=*x, (2) those for which (S t x)Px, (3) those 
for which xP(S*x). Our propositions result from the non-existence (under 
certain circumstances) of maxima or minima of classes (2) and (3). 

The following definition defines “correlations of P with parts (or the 
whole) of itself.” The letters “cror” stand for “ordinal correlation.” For 
a cardinal correlation, should occasion arise, we should use “cr,” i.e. we 
should put 

cr'ct = s‘§m a“Cl ‘a Df, 

so that S € cr*a • = . S € 1 — ► 1 . G‘S> = a . DSS C cl 

For the present, we are concerned with the corresponding ordinal notion; 
thus we require 

S € cror'P • = . $ e 1 — ► 1 . GSS = C‘P . S>P G P. 

This is secured by putting 

cror'P = s'smor P“R\‘P D £ 
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It will be observed that if a is what we called a “ non-reflexive ” class 
(cf. #1 24), cr*a = i‘I [ a, and S e ct‘ol . D . DSS = cl When C‘P is non-reflexive, 
the same is true of P ; and when C‘P is reflexive, P is also reflexive, in the 
sense that it contains proper parts similar to itself, though if P is well- 
ordered, such proper parts cannot be segments of P, but must extend to the 
end of C‘P. 

The class of correlators of P with the whole of itself, i.e. PsmorP, is 
a sub-class of cror'P, and is specially important This class differs widely 
in its properties from the corresponding cardinal class. If a has more than 
one member, the class asm a (which is the “permutations” of a in the usual 
elementary sense) always has more than one member. But the class P smor P 
(which consists of such permutations of C‘P as keep the order unchanged) 
will consist of the single term Jf(7‘P, unless C‘P contains classes which have 
neither a minimum nor a maximum, in which case there will be many corre- 
lators of P with itself. As a simple illustration, take the series of negative 
and positive integers in their natural order. Then if v is any one of these 
integers, -hi/ is a correlator of the whole series with itself. If we take only 
the positive integers, -hi/ is no longer a correlator of the whole series with 
itself, since all integers less than v are omitted from the correlate. 

The first important use of the propositions of this number is in the 
beginning of the theory of well-ordered series (#250). The propositions there 
used are 

#208 4. h : P e connex . P 2 G J . Cl ex‘(7‘P C G‘min P v G*max P . 

S , TeP smor Q .D.S=T 

I.e. if P is connected and asymmetrical, and every existent sub-class of C‘P 
has either a minimum or a maximum, P and Q cannot have more than one 
correlator. 

#208*42. In the same circumstances, P smor P = e 4 (I [ C‘P) 

#208*43. Y : Cl ex'C'P C G‘min P . S e cror'P . D . ^ (g#) . (S‘x) Px 

I.e. if every existent sub-class of C‘P has a minimum, a correlator of P with 
part of itself can never move terms backwards. Thus for example, to take 
a simple instance, an infinite series consisting of some of the natural numbers 
in order of magnitude cannot have its ftth term less than fi. 

#208*45. h s P € connex . Cl ex‘(7‘P C G‘min P r\ G*max P . D . Rl'P a Nr‘P= i‘P 
I.e. if P is connected and every existent sub-class of C‘P has both a maximum 
and a minimum, no proper part of P is similar to P. This proposition is 
important in the theory of finite series and finite ordinals. 

#208*46. Y : Cl ex‘C‘P C d‘min P . S e cror'P .D.C‘Pn p‘P“D‘£= A 

I.e. if every’ existent sub-class of C‘P has a minimum, a part of P which is 
similar to P must go up to the end of P, i.e. must not wholly precede any 
member of C ( P. 
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*208-47. h : Cl ex‘C‘P C (1‘min P . Q G P . g ! C"P n p‘P“C‘Q.D . ~(QsmorP) 
This is an immediate consequence of *208-46. 

The proof of the above propositions proceeds simply by showing that 
if Secror‘P and then (S i S t x) P (S‘x), so that x is not the earliest 

term for which ( S‘x)Px , since S‘x is an earlier term for which the same 
thing holds. Hence ${($*#) P#} can have no minimum; and similarly 
& [xP ($*#)} can have no maximum (*20814). So far we require no hypothesis 
as to P. Assuming now P e connex . P* G J, we show similarly that if S 
correlates the whole of P with itself, $ {(£‘a?)P#} can have no maximum and 
ob {#P ($*#)} can have no minimum. 

Propositions about correlators of P with Q follow from the above by 
taking two correlators S and T t and applying the above propositions to 

S | T, which is a correlator of P with the whole of itself. 

#20801. cror'P = s'smor P“R1‘P Df 

#2081. h : <S e cror'P . = . /S e 1 — ► 1 . (PS = C‘P . S’P G P 

Dem. 

h. *404. (*20801). *15111 .3 

hSeciOT'P . = .(%Q).QGP.Sel->l.a‘S=C , P.Q = S>P. 

[*13195] = . 8 e 1 -♦ 1 . ChS= C‘P . 8>P Q P : 3 h . Prop 

*20811. 1 -:Se cror‘P .D.SJPCP^D'S 

Dem. 

h. *150-203. 3 I- :.H.p.2:x(S'>P)y.3.x,yeI>‘S (1) 

h.*208’l. 3 h :.Hp. 3 :x(S>P)y. O.xPy (2) 

h . (1) . (2) . 3 I- . Prop 

*208111. h : S e cror'P . 3.D‘S= C‘S'>P = S“C‘P . D ‘S C 0‘S 
[♦150-2223 . *2081 . *33 265] 

*20812. I- : /S e cror'P . 3 . S‘’S">P = P .PC S'>P [*151-25226 . *2081] 

*20813. \-:Se cror'P . (S‘x) Px.1. (S‘S‘x) P (S‘x) 

Dem. 

V . *20812 . 3 1- : Hp . 3 . {S‘x) ( S>P ) x . 

[*1 50 41] 3 . (S‘S‘x) P (S‘x ) : 3 h . Prop 

*208131. h : S e cror'P . xP (S‘x ) . 3 . (8‘x) P (S‘S‘x) [Proof as in *208* 13] 
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*20814. I- : 8 e cror'P . 3 . min P ‘& {(S'x) Px) = A . max P ‘$ (xP (S'®)} = A 

Lem. 

h. *20813. #20 3. 31*:. Hp . 3 : x ea! {(S'x) Px] .3 .S , xe^{(S‘x)Px}.(8‘x)Px. 
[*37105] 3.xe P“$ {(S ( x) Px] (1) 

I- . (1) . *24-3 . 3 V : Hp . 3 . a {( 8‘x ) Px) - P“$ {(S'*) Px) = A . 

[*2051 1] 3 . mm P ‘£ {(S‘x) Px) = A (2) 

Similarly V : Hp . 3 . max P ‘£ [xP (S‘x)} = A (3) 

1- . (2) . (3) . 3 1- . Prop 

Thus the proof that £ {(S'#) Px) has no minimum, and st [xP (<S‘x)j no 
maximum, requires no hypothesis as to P. The proof that &{(iS>‘x)Px) 
has no maximum, and £ [xP (£‘x)) no minimum, requires the hypothesis 
P e connex . P* G J. This proof results from the following propositions. 

*208 2. I- : P e connex . P*(zJ . S e cror'P .3 . P = S>P . 8>P = P£ D‘/S 

Lem. 

H . *150-41 . 3 I- Hp . 3 : x (S’>P) y.= . ( S‘x ) P (S‘y ) . 


[*50-43-45] 
[*30 - 37 .*150-41] 
[*208-1 2.Transp] 
h. *150-203. 
h. (2). *2081. 


3 . S‘x 4= S‘y . ~ {(S‘y) P (*S‘x)j . 

3 . x 4= y . ~ [y ( S>P ) x) . 

3.x + y.~(yPx) (1) 

3 1- : x (S>P) y . 3 . x, y e Q.‘S (2) 

31-:. Hp . 3 : x (S>P) y . 3 . x, y e C‘P (3) 

I- . (1) . (3) . *202-103 . 3 h :. Hp . 3 : x (S’P) y.l.xPy (4) 

h. (4). *208*12. 3 I- : Hp . 3 . P = S’P (5) 

h . (5) . 3(-:Hp.3./S»P = /S;s;P 

[*150-38] =P^D‘/8 (6) 

h . (5) . (6) . 3 h . Prop 

*208*21. h : P e connex . P , CJ . S e cror'P . (S‘x) Px.xe D‘/S . 3 . xP (S‘x) 

Lem. 

h . *33-43 . 3 h : Hp . 3 . (S‘x) (P£ D‘,S) x . 

[*208-2] 3 . (8‘x) (S>P) x . 

[*150-41] 3 . (S‘S‘x) P (S‘x) . 

[*72*241 .*33*43] 3 . xP(S‘x ) : 3 h . Prop 

*208-211. ViP e connex . P* QJ . S € cror *P • xP (8‘x ) . x e D *S . D . ( S‘x ) Px 
[Proof as in *20$*21] 
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*20822. b : P e connex . P 1 C J . S e cror ‘P . d‘S C D‘$ . D . 

maxp'S {($'&) Px) = A . minp'a! [xP (S‘x)\ = A 


Dem. 

b. *33-43. 
[*208*21] 

[*72-241] 

[*37*1] 


D h : . Hp . D : (S‘x) Px . D . * e D‘S . x e d‘8 . 

D . xP (8‘x ) . x e d‘S . 

D . xP (8‘x ) . 8‘x e $ (( S‘x ) Px ) . 
■}.xeP“%{(S‘x)Px) (1) 

I- . (1) . *205-123 . D b : Hp . D . maxp'ic {(/S‘at) Px) «= A (2) 

Similarly b : Hp . D . min//. 1 ? [xP = A (3) 

I- . (2) . (3) . D b . Prop 

Observe that, in virtue of *208-111, the above hypothesis gives 
D‘iS = d‘S = C‘P, so that SeP smor P. Hence we are led to *208‘3. 

*208-3. b : P e connex . P i dJ .SeP smor P . D . 

~ g ! min/. ((S'ar) Px ) . ~ g ! max r ‘x {(S‘x) Px ) . 

~ g ! mi [xP (8‘x )\ . ~ g ! maxp'a! {xP (/S‘a-)} 

Dem. 

b . *151 11 . *150-23 . D b : Hp . D . Se 1 -> 1 . Q‘S= C‘P. S'>P=P. D‘S=C‘P. 


[*2081] 


Z>.Secror‘P.<3‘S=D‘S 


( 1 ) 


b.(l). *208-14-22. Db. Prop 

*20831. iS,TeP smor Q .0 . 8\Te P smor P [*151131141] 

*20832. 


*2084 

Dem. 

b. *208-32, 


b : P c connex . PdJ .S,T e P sliior Q . D . 

~ g ! min p‘x )(8‘T‘x) Px ] . ~ g ! maxp‘5 {(S‘T‘.v) Px ) . 

«•> g ! min /.‘.r j xP (8‘ T‘x )) . ~ g ! max p‘x {.rl > (8‘ T‘x ) j 
[*208-3 31. *34-41] 

b : P e connex . P*dJ . 01 ex‘C‘PC G‘minp u G‘maxp . 

S,TeP smor Q .0 . S— T 

D b : Hp . D . & {(S'?'*) Px) = A . £ {arP(S‘r‘a;)} = A (1) 

( 2 ) 


b . *208-31 . *34-41 . D b :. Hp . Z> : x e C‘P . D . S‘T‘x e C‘P 
b . (1) . (2) . *202 103 . D b :. Hp . Z> : x e G‘P . D . S‘T‘x = x . 

[*72-241] • l.Px^&x: 

[*150-23] D : a: e D‘S u D‘T .0 .T‘x = S‘x : 

[*33-46] D : S= 7’:. D b . Prop 

*208*41. b : P e connex . PdJ . Cl ex‘C‘PC G'minp w CE'maxp . 

P smor Q . D .(P smor Q) e 1 


[*208-4. *151-12. *52-16] 

R.&W. II. 
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The above proposition is of great importance in the theory of well-ordered 
series. 

*208*42. h : Peconnex . P 1 d J . Cl ex‘C‘P C G'minp v CFmaxf. . D . 

P sinoi P = i‘(I [ C* P) 

[*208*4 . *51*141 . *151*121] 

*208*43. h : 01 ex‘C‘P C Q'min^ . S e cror‘P . D . ~ (ga>) . (S‘x) Px [*208*14] 
*208*431. I- : Cl ex‘G‘P C <3‘max P .Se cror'P . D . ~ (ga;) . xP (S‘x) [*208*14] 

*20844. h : P € connex . Cl ex‘C"P C G'minp n G'maxp . S e cror € P . 3 . 

8=I[C S P 

Dem. 

h . *208*43*431 . *202*103 . 3 h Hp . 3 : x e C‘P . 3 . S‘x = x . 

[*50*14.*35*7] 3 . S'® = (I[ C‘P)‘x s 

[*208*1 .*50*5*52] 3 : # e d‘S v a<( J f C‘P) . 3 . S‘x = (/ f C‘P)‘x : 

[*33 45] 3 : S = I[C‘P 3 h . Prop 

In virtue of this proposition, if P is a finite series, no proper part of P is 
ordinally similar to P. (It will be shown later that a finite series is one 
in which every existent contained class has both a maximum and a minimum.) 
The following proposition gives a more explicit form of the above result. 


*208*45. h : Peconnex . Cl ex'OP C G'minp n G‘maxp.3.Rl‘Pn Nr*P=i‘P 
Dem. 

h . *208*44*1 . 3 h Hp . 3 : $e 1 — ► 1 .(PS - C‘P.S m >P G P. 3 . S=I[C‘P. 
[*150*534] 3 . S>P = P (1) 

h . (1) . *1312 .3h:.Hp.3:QGP.Sel->l .(TS = C‘P.Q=#P.3.Q=P: 
[*151*1] 3 iQGP.Q smor P . 3 . Q = P s 

[*152*1] 3 : R1‘P n Nr'P C i‘P (2) 

h . *61*34 . *152*3 . 3 h . i‘P C R1‘P n Nr'P (3) 

h . (2) . (3) . 3 h . Prop 

The following propositions are useful in the theory of segments of well- 
ordered series, since they show that a well-ordered series is never ordinally 
similar to any of its segments. 

*208*46. h : Cl en‘C‘P C G'minp . S e cror'P . 3 . C‘P n p‘P“T)‘S = A 
Dem. 

h . *208*1 . 3 h Se cror'P . 3 : x e C‘P np‘P“D‘S . 3 . (S‘x) Px : 

[Transp] 3 i~{(S‘x)Px},D.x<>->€C‘Prsp‘P“D‘S (1) 

h . (1) . *208*43 . 3 h : Hp .D.(x).x~€ C‘P n p‘P“D‘S : 3 h . Prop 
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*208-461. h : Cl ex‘C‘P C CPniin,. . 8 e cror'P . g ! P . D . p‘P“D‘S = A 
[*208-46-1 .*40-62] 

*208-47. h : Cl ex‘C‘P C CPmin,. . Q G P . g ! C ( P n p‘*P“C‘Q .D.~(QsmorP) 
Dem. 

h . *208-46 . (*208-01) . D 

H:.Hp.D:QCP.SeQ sfiTor P . D . <7‘P n p‘P“D‘/S = A (1 ) 

I- . (1) . Transp . *15111 . *150-23 . D 

I- Hp . D : Q G P . g ! G‘P r> p‘P“C‘Q . D . ( S ) .S~eQ snior P . 
[*151"12] D . ~(QsmorP) D h . Prop 
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SECTION B. 

ON SECTIONS, SEGMENTS, STRETCHES, AND DERIVATIVES. 

In this section, our chief topic will be sections and segments . This topic 
will occupy *211, *212 and *213, and *210 will consist of propositions whose 
chief utility lies in their application to segments. In *214, we shall consider 
Dedekindian series, which are intimately connected with segments, owing to 
the fact that one of the chief propositions in the subject is that the series of 
segments of a series is Dedekindian. In *215, we shall consider “stretches/* 
which consist of any consecutive piece of a series, and are constituted by the 
product of an upper and lower section. Finally, in *216, we shall consider 
the derivative of a series, or of a class a contained in a series : the former 
is the series of limit-points of the series, i.e. P£ D'ltp, the latter is the class 
of limits of existent sub-classes of an C‘P, i.e. ltp“Cl ex‘(a r» C l P). 

A class is called a section of P when it is contained in C ‘P, and contains 

all the predecessors of its members, i.e. a is a section of P if a C C‘P . P“a C a. 

Thus a section consists of all the field up to a certain point. It may consist 

— ► 

of all the predecessors of x , i.e. it may be of the form P ( x ; or again, it may 

— ► 

consist of these together with x, in which case it is of the form P‘x\j \ or 
again, it may be not definable by means of a single sequent or maximum, 
but be of the form P“a, where a is a class without a limit or maximum. 

The class of sections of P is denoted by sect'P. A section of P will be 
called an “ upper section 99 of P. 

The idea of a segment is slightly less general than that of a section. We 
define a segment of P as any class of the form P“ a, i.e. as any member of 
D'Pe. Provided P is transitive, segments are contained among sections. 
But even in a series sections are not, in general, contained among segments : 

if P is a series, and if x is a member of C‘P which has no immediate 

— * 

successor, P i x u i l x will be a section but not a segment. 

If a segment has a maximum, it must also have a sequent. Segments 
which have no maximum form a specially important class of segments: these 
^re classes a such that a = P u a ; they form the class D‘(P e A I). 
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The properties of sections and segments considered as classes of classes 
are many and various: they are considered in *211. In *212, we pass to 
the consideration of the series of sections and segments. These series are 
-PicDsect'P and P lc £D‘P f (cf. *170). The series of such segments as have 
no maximum is P lc £ D‘(P C a /). We put 

9‘P = P,e£D‘Pe Df, 

sgm‘P = P lc £D‘(Pe*/) Df. 

It then appears that 

«‘-P* = sgm‘-P* = -Pio t sect ‘P, 

so that it is unnecessary to introduce a special notation for the series of 
sections. 

Whenever P is connected and transitive, P lc £D‘P c turns out to be 
equivalent to logical inclusion combined with diversity (with the field 
limited to D‘P C ). That is to say (*212*23), 

hPe trans n connex . D . $‘P = af3 {a, /3e T>‘P e - a C /8 . a ={= P}- 
Hence it follows (*212*24) that 

h : P* e connex . D . s‘P* = afi {a, & e sect'P . a C ft . a ^ /3}. 

We have also (*211*6*17) 

b P* e connex . a,/3 e sect'P .D:aCi3.v./9Ca. 

Hence it easily follows that whenever P* is connected, s‘P* is a series. 
Similarly s*P will be a series if P is transitive and connected. 

The fact of connection, which is required in order that s‘P or s‘P* may 
be a series, results from 

a, £ e sect ‘P .D:aCj8.v.j9Ca 
or a, & e D ‘P c .0 : aC fi .v . fi Ca. 

In order to deal with such cases generally, we study, in a preliminary 
number (*210), the consequences to be deduced from the hypothesis 
ct, /3 6 fc • 

We find that, with this hypothesis, putting 

Q = a $ (a, £ e * . a C p . a + £), 

Q = D * if * C C YC*P (*210*13), and thus in the same circumstances P lc £ k 
is a series (*210*14). 

The interesting point about such series is their behaviour with regard to 
limits. Assuming that k is not a unit class (so as to insure g ! Q), if A is any 
sub-class of tc , the logical product p‘\ is the minimum of X if it is a member 
of X (*210*21), and the lower limit of X if it is a member of tc but not of X 
(*210*23). Similarly s‘\ is the maximum of X if it is a member of A 
(*210*211), and the upper limit of X if it is not a member of X but is a 
member of * (*210*231). Thus if k is such that, whenever AC tc, we have 
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s‘\€tc , it follows that every sub-class of k has either a maximum or a limit, 
i.e. the series P lc £* is Dedekindian. Now each of the three classes sect'P, 
D'Pe, D*(P c n/) verifies this condition, i.e. the sum of any sub-class of any 
one of these classes belongs to the class in question (*21 1*63*64*65). (This 
holds without any hypothesis as to P.) Hence we arrive at the result that 
9*P# (i.e. the series of sections) is a Dedekindian series whenever P* is 
connected and P is not null (*214*31), while $‘P (i.e. the series of segments) 
is a Dedekindian series whenever P is transitive and connected and not null 
(*214*33), and sgm‘P (the series of segments having no maximum) is a 
Dedekindian series whenever it exists and P is connected (*214*34). These 
propositions are important, and are the source of much of the utility of 
sections and segments. 

For many purposes, especially in ordinal arithmetic, it is necessary to 
consider sections not as classes, but as series. That is to say, if a is a 
member of sect'P, we want to deal with P£a rather than with a. The 
series of all such terms as P£a might be supposed to be P£VP*. But 
here a limitation is necessary owing to the fact that, if P'P exists, A and 
i‘B‘P are both sections, and P£A and Pli‘B‘P are both A, so that 
PpVP* will be a relation which A will have to itself. In order to avoid 
this, we first exclude A from the sections to be considered, and thus put 

P* = PD ; (*‘P*)D(- *‘A) Df. 

Then P* is the series of segments considered as series. Provided P ^ is a 
series, the relation P s holds between any two members Q and R of its field 
when, and only when, Q G R . Q =j= P. The subject of P s is considered in 
*213 ; the utility of the propositions of this number will not appear until we 
come to ordinal arithmetic. 

The subject of Dedekindian relations is next considered (*214). We 
define a Dedekindian relation as one such that every class has either a 
maximum or a sequent. A Dedekindian series must have a first and a last 
term, since the first term must be the sequent of A, and the last must be 
the maximum of the field. A Dedekindian series may be discrete, or compact 
(i.e. such that there is a term between any two, i.e. such that P* = P), or 
partly one and partly the other. A finite series must be Dedekindian : a 
well-ordered series is Dedekindian if it has a last term. But the chief 
importance of the Dedekindian property is in connection with compact 
series. A compact Dedekindian series is said to possess “ Dedekindian 
continuity”; such series have many important properties. They are a 
wider class than series possessing Cantorian continuity ; these latter will 
be considered in Section F of this Part. 
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* 210 . ON SERIES OF CLASSES GENERATED BY THE RELATION 

OF INCLUSION. 

Summary of *210. 

In the theory of series it frequently happens that we have to deal with 
a class of classes such that, of any two, one is contained in the other, /.e. 
if k is the class of classes, we have 

a, & e tc . D a ,0 s a C . v . /3 C a. 

Instances of this are afforded by the various classes of sections, to be 
considered in *211. When tc fulfils the above condition, the classes com- 
posing k can be arranged in a series by the relation of inclusion (combined 
with inequality), i.e. by the relation 

(<*> ft e rc . aC ft fi), 

or, what comes to the same, 

a$(a,£€*. a!£-a). 

If P is any relation such that tc C Cl i C i P, the above relation of inclusion is 
equal to 

Plot *• 

(For the definition of P lc , see * 170 .) Thus under the above circumstances, 
Pi c l tc is a series, whatever P may be. 

The importance of such relations of inclusion, as generators of series, is in 
connection with the existence of maxima and minima or limits. If we put 

Q = a£(a,/ 9 e*.a!£-a), 

where tc satisfies the above condition, then if XC *, and if s‘\€tc, s‘\ is the 
maximum or the upper limit of X with respect to Q, according as s‘\ is a 
member of X or not. Similarly if p‘\ e k , p‘\ is the minimum or lower limit 
of X, according as p‘\ is a member of X or not. Hence if k is such that the 
sum of any sub-class of k is a member of tc, every sub-class of tc has either 
a maximum or an upper limit; and if the product of every sub-class of tc is 
a member of tc, every sub-class of tc has either a minimum or a lower limit. 

In order that every sub-class of tc should have a minimum or a lower 
limit, it is sufficient that the sum of every sub-class of tc should be a member 
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of re. For, if X is any sub-class of k , consider those members of k which are 
contained in p‘\, is. 

k a Cl^p'X. 

If p‘\e/c y the sum of these classes = p‘X, and is the lower limit or minimum 
of k . But if p‘X^>e/c, then every member of k which is not contained in 
s‘(k a Cl‘p‘X) is also not contained in p‘X, and is therefore not contained in 
some member of X. Hence s‘(k a Cl'p'X) is the lower limit of X. 

It is owing to these propositions that segments of series are of such great 
importance in connection with limits. 

The hypothesis that if X C tc f p‘\ is a member of k , will usually fail to be 
verified in the case when X = A, since in this case p‘X=V. But all the 
results desired can be obtained from the hypothesis that, if X C tc, (p‘\ a s‘k) e k. 
This hypothesis is equivalent to the other except in the case of A, in which 
case it requires s‘k e which is much more often verified than V e k, which 
was required by the other hypothesis. 

The principal propositions of this number are the following: 


*2101. h::a,y8e/c.D a ^:aC^8.v.)8Ca:.D:.a,^€/c.D:aC/3.a=|=/S. = .a!/S— a 

*21011. \-:Q = a/3(a y /3€tc.aC /3 . a=}=£) . D - Qe trans a R1‘J 

*21012. h : Hp *210111 . D . QeSer 

*21013. I- : Hp *21012 . * C Cl <C‘P . D . Q = P lc £* 

*210*2. b : Hp *210*12 . k <** e 1 . D . ming* X = Xa«a i‘p‘(\ a k) 

*210*21. I" s Hp *210*2 . X C k .p‘\e \ . D . ming'X =p‘\ 

*210*211 gives an analogous proposition for s‘\ and maxg. We shall not 
here mention such analogues, unless for some special reason. 

*210*23. I- : Hp *210*2 . X C /c. p'X € k — X . D . p‘\ = precg'X = tlg*X 
*210*232. h : Hp *210*2 .XC* . p‘\ e k - D . p‘\ = limin P ‘X 

— > — ► 

*210*251. b :.Hp *210*2 :XC /t.Dx.s'Xe * :D:XC/t.D.s‘Xe(maxg‘X vseqg'X) 
*210*252. b Hp *210*2 : X C k . D* . p‘\ a 8*k e tc s D : 

XC/c.D. p l \ a 8 ( k € (ming'X u precg'X) . p‘X a s‘k = liming'X 


*210*254. I- : Hp *210*251 . D . (X) . X e G'maxg w G'seqg 

*210*26. I" : Hp *210*2 . X C te . p‘X € X . s‘(tc a Cl'p'X) e k . D . 

s‘(/c a Cl'p'X) = precg^X 

*210*28. h:Hp *210*2. s“Cl‘*C*.D. 

(X) . X e (G'maxg u G'seqg) a (G'ming u G'precg) 

Thus if k is a class of not less than two classes such that, of any two of 
its members, one must be contained in the other, and if Q is the relation 
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a C # . a ^ 13 confined to members of then Q is a series (*210*12) in which, 
provided the sums of sub-classes of tc are always members of tc f every class 
has either a maximum or an upper limit, and every class has either a 
minimum or a lower limit (* 210 * 28 ). 

The reader will observe that, if a, £ e tc . D a# p : a C & . v . ft C a, any finite 
sub-class of tc must contain its own sum and product as members. For 
example, if we have two classes a and if aC$, then a =p‘((,‘a u i ‘fi ) and 
/3 = S ‘(l i asJi‘/ 3 ); if we have three classes a, /?, 7, and a C /S . /3 C 7, then 
o=p‘((‘avt‘/3vl‘7) and 7 = v v t‘7) ; and so on. Thus the 
hypothesis s“Cl‘/c C * is only required in order to enable us to deal with 
infinite sub-classes of k. 


*210*1. h::a ) /9e*.D 0 , /i :aC/9.v.#Ca:.D:.a,jSe/c.D:aC£.a=}=£. = .a!y3-a 


Bern. 

K*24*6. Dl-:aC/3.a=(=/3.D.a!/3-a (1) 

K *24*55. Dh :a!/8-a.D.~09Ca). (2) 

[*22*42] D.a=}=£ (3) 

I- . *2*53 . DH:.Hp.a >/ 8e*.~(/9Ca).D.aC / 8 (4) 


h.(2).(:i).(4).DI-:.Hp.a,/9e-e.D:a!/9-a-3-«Cy9.a=t=^ (5) 
h .(1) . ( 5 ) . D I- . Prop 

* 210 * 11 . I- :Q = 5/§(a,/9e/e.aC/9.a + /9).D.getransnRl‘J 
Bern. 

(-.*5011. Dh:Hp.D.QeRl‘J (1) 

h. *22*44. Dh:.Hp.D:aQ£.£Qy.D.aC7 (2) 

h . *24*6 . *21*33 . D h Hp . D : a.Q& . 0Qy . D . 3 ! £ - a . 0 C 7 . 
[*24*58] D . 3 ! 7 - « • 

[*24*21] 3.«*7 (3) 

I- . (2) . (3) . D h Hp . D : aQfi . /3Qy . D . aQy (4) 

h .(1) . (4) . D h . Prop 

* 210 * 12 . h :Hp *2101*11. D.QeSer 
Bern. 

h . *10*1 . D h :. Hp . a,/9€/c.D:aC/9.v./9Ca: 

[*5*62] D :aC^8.a=(=)8.v./8Ca./3=]=a.v.a= y9 (1) 

h . *21*33 . D h :. Hp . D : aQ/3 . D a>( j . a, /3 e k : 

[*33*352] D : C‘Q C * (2) 

l-.(l).(2).DI-::Hp.D:.a,y9ea‘Q.D:«Qy9.v./3Qa.v.a = y3 (3) 

1* . *210 11 . (3) . *204*12 . D h . Prop 
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*210121. I- : Hp *21012 . D . D‘Q = * - 1 V* .<1‘Q = k- ty K 


Dein. 

h . *2133 . D h :: Hp . D aeD'Q 
[* 2101 ] 

[*40151. Transp] 

[*2455] 

[*22-41 .*40-1 3] 

h . *21-33 . D h :: Hp . D a e (I‘Q 
[* 210 - 1 ] 

[*40 - 15.Trausp] 

[*24-55] 

[*22-41.*40-12] 
h . (1) . (2) . D I- . Prop 


a e k : (g/9) ./9e*.aC/8.a + j8: 
a e k : (a/3) . /3 e k . 3 ! /3-a : 
a e k . 3 ! s‘k — a : 

(s‘k C a) : 
a e k . a s‘k 

a e k : (g/8) ./8e/c./8Ca.)8 + a: 
a e k : ( 3 / 3 ) . /S « * . g ! a - /8 : 
ae*.g!a— p f ici 
a e k . ~ (aCp‘ic) : 

ae*.a=fp‘* 


( 1 ) 


( 2 ) 


*210 122. I- : Hp *21012 . * ~ e 1 . D . C‘Q = * 

Dem. 

I- . *52181 . D l- :: Hp . D ae k . D : (g/3) . /9e* . /8^=a : 

[Hp.*101] D : (g/9) :/9eAc. / 8 + a:aC/9.v./9Ca:. 

[*21-33] D : (g/9) : /3 e k : aQ/3 . v . /9Qa : 

[*33132] l:aeC‘Q (1) 

h . *2133 . D h Hp . D : a.Q/3 . D a>? . a,/9 e * : 

[*33-352] D : C"Q C * (2) 

h . (1). (2). D h . Prop 

*210123. I- : Hp *21012 .*e0vl.D.Q = A 

Dem. 

1- . *52 41 . Transp . D h : Hp . D . ~ (ga, /3) .a,j3e ic . a =j= /3 . 

[*21'33] D . ~ (ga, /9) . aQ/3 : D . Prop 

*210124. h Hp *21012 . D : aQ/3 . = . a, /9 e * . g!/3-a [*2101] 

*210 13. h : Hp *21012 . * C Cl ‘C‘P . D . Q = P, c £ * 

Dem. 

I- .*170-102 .31-:. Hp . D : a (P lc £ *) /8 . = .a,/9e*. g!/3 - a -P“(a — /9). (1) 
[*210124] D . aQ/9 (2) 

h . *210-1-124 . D h Hp . D : aQ/3 .D ,a,/8e k . g!/8 — a.aC/S. 

[*37-29] D . a,/9 c * . g ! / 9 - a . P“(a-/3) = A . 

[*24-23-313] D.a,/9e*.g!/9-a- P“(a - /3) . 

[(1)] D.a(P lc [»/8 (3) 

h . (2) . (3) . D K Prop 
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Thus under the hypothesis of *2101, i J [ C £ k does not depend upon P, so 
long as * C Cl ‘C‘P. Also we have 

*21014. 1- : Hp *2101 . * C Cl ‘CT . 3 . P„ £ # e Ser 
[*2101213] 

*21015. h Hp *21012 . a, £ e * . 3 : ~ (aQ0) . = . £ C a 
[*2101 24. *24-55] 

*21016. h ::Hp *2101.3:. 

a e * . X C k . 3 : a C p‘X . v . «‘X C a : a C s‘X . v . «‘X C a 

Lem. 

h . *101 .3H::Hp.a6x.XC«:.3:./3€X.3^:aC^.v./3Ca:. (1) 

[*10-57] 3:.£eX.30 .aCy 9 :v: (g£) . (3 e X . /3 C a :. 

[*4015-12] 3:.aCp‘X.v.p‘XCa (2) 

I- . (1) .*10 57 . 3 

l-::Hp.aeK.XC*. 3 :./ 8 eX. 30 ./?Ca:v: (g/3) . peic . aC/9 :. 
[#40"15ri3] 3 :.«‘X Ca . v . a Cs‘X (3) 

h . (2) . (3) . 3 h . Prop 

*210 17. h : Hp *21012 . X C * . 3 . 

k — Q“\ = Cl'p'X . k — Q“X = k nfy (s‘X C 7) 

Devi. 

H . *37 105 . Transp . 3 h : . ot c x ^^^X . — : ct c #c : jd € X . 3^ . (£Q«) (1) 

I- . (1) . #21015 . 3 

1- :: Hp. 3 a e/c — Q“\ . = :aex:/3e\.2p.aC/9:» 

[*40-15] = :aexr\ Cl‘p‘X (2) 

Similarly 1- :. Hp .3 :ae x - Q “\ . = . a e k n ^ (*‘X C 7) (3) 

1- . (2) . (3) . 3 1- . Prop 


*210-2. h : Hp *21012. k € 1 . D . iniug*X = X a /c a l ( p ( (\ a k) 

Dem. 

— ► — ► 

h . *205*15 . *210122 . D h : Hp . D . min</X = min^X a k) 

[*20511] =Xn«- Q“(\ a k) 

[*21017] = X n * n Cl <p‘(\ a *) ( 1) 

h . *4012 .Dh:.aeXn*.D rp^X A/c)Ca: 

[*22*41] D : a C p‘(\ a k) . = . a = p‘(\ a *) (2) 

h . (2) . *5 32 . D h . X a k a Cl‘p‘(X a k) = X a k a c‘p‘(\ a /c) (3) 

h . (1) . (3) . D h . Prop 

Observe that Xa^a^Xah) is either iy(XA«) or A, according as 
p‘(X a k) is or is not a member of Xa/ic. 
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*210 201. h : Hp *210*2 . A C x . D . min^'A = A n i‘p‘A 
[*2102. *22621] 

— > 

*210202. h : Hp *210*2 . D . maxg'X = \a/ca /V(X a *) 

[Proof as in *210*2] 

*210*203. h : Hp *210*2 . X C k . D . maxg'X = X a t V X 
[*210*202. *22*621] 

*210*21. h : Hp *210*2. \C/c.^\€\.D.ming < \ = /) < \ 
[*210*201. *51*31] 

*210*211. h : Hp *210*2 . X C k . s*\ e X . D . maxg'X = s‘X 
[*210*203 . *51*31] 

— f 

*210*22. h : Hp *210*12 .AC * . p‘A ~ e A . D . ~ g ! inin^'A 
[*210-201123. *51-211] 

— ► 

*210*221. I- : Hp *2 10*12 .AC * . »‘A~ e A . D . ~g ! maxg'A 
[*210-203123. *51-211] 

*210*222. h :. Hp*210'2 .AC /c . D : p‘A e \ . = . E ! min e ‘A 
[*210-21-22] 

*210223. h :. Hp *210*2 .AC«c.3: s‘ A e A . = . E ! maxg'A 
[*210-211-221] 

*210*23. h : Hp*210"2 . AC* . p‘Ae k — A . D . p‘X = prec G ‘A = tlg'X 

Dem. 

h . *210-22 . 3 h : Hp . D . min,j‘A = A . 

[*205122.*210-122] D . A C Q“\ 

h. (2). *210-12. *206174. D 

t- : Hp . D . prec,j‘A = C‘Q n a ( Q‘a = Q“A) 

[*210122] =*n«(V‘« = Q“A) 

h . *37105 . *210124 . D 

h :. Hp . D : /3 e Q“ A . = . (37) .7€A.g!/S-7./3e*. 

[*40 - 15.Trausp] = . g ! y9— p‘A . fi ex . 

[*210124] = .(p‘A)Q/9 

h . (4) . D h : Hp . D ,p‘ A e x . Q‘p‘\ = Q“A . 

— > 

[(3)] 3 . p‘A e preCg'A 

h . (5) . *210-12 . *206"16 . D h : Hp . D . p‘A = prec c ‘A 
h.(l). ( 6) . *207-12 . D f- : Hp . D . p‘A = tl g ‘A 

I- . (6) . (7). D h . Prop 
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*210*231. h s Hp *210*2 .AC * . s‘ A € tc — A . D . s‘ A = seq^A = lt^A 
[Proof as in *210*23] 

In virtue of *210*21*23, every class which is contained in tc , and whose 
product is a member of tc> has either a minimum or a lower limit ; and in 
virtue of *210*211*231, every class which is contained in *, and whose sum is 
a member of tc , has either a maximum or an upper limit. 

*210*232. h : Hp *210*2 .ACx. p‘\ e tc . 3 . p‘\ = liminp'A [*210*21*23] 

*210*233. h : Hp *210*2 .AC*. 8 { \ € tc . 3 . s‘\ — limaxp'A [*210*211*231] 

*210*24. h : Hp *210*2 . 3 . * a = B<Q . * a i V* = 

[*205*12121 .*210*201*203*122] 


*210*241. h : Hp *210*2 . p l K e * . 3 . p l tc = [*210*24] 

*210*242. h : Hp *210*2 . s'k e tc . 3 . s € k = [*210*24] 


*210*25. h Hp *210*2 : A C * . 3 A • p* A e * : 3 : 

— ► — > 

AC/t. 3 . jo f A€(ming c A u prec^A) 

Devi. 

h . *210*21 . 3 h Hp . 3 : AC tc .p‘ Ae A . 3 .p*Aemin«/A (1) 

h . *210*23 . 3 h Hp . 3 : A C tc .p‘\ A . 3 .p'Aeprec^A (2) 

h . (1) . (2) . 3 h . Prop 

*210*251. h Hp *210*2 : A C tc . 3 A • #‘Ae tc : 3 : 

— ► — ► 

AC«.D. .v‘A e (max</A u seq</A) 

[Proof as in *210*25] 


*210*252. h Hp*210*2 : A C tc . 3 A • jt> # A a * : 3 : 

— * — ► 

AC/c.3. p‘A a s'* c (min</ A u precg'A) . p‘ A a = liminp'A 

Dem. 

h . *40*23*161 . 3 h : A C * . g ! A . 3 . p‘A Cs'k . 

[*22*621] 3 -p‘A a = p‘A (1) 

h . (1) . *210*21*23 . 3 h : Hp . A C * .g ! A . 3 .p‘AA*Sice(ming‘A u prec</A) (2) 
h . *40*2 . 3 h : g ! A . 3 . p * A a (3) 

h . (3) . *24*12 . 3 h : Hp . 3 . e * . 

[*210*242] 3.s‘k = B‘Q. 

[*206*14] 3 . s 1 k = prec</A (4) 

h . (3) . (4) . 3 h : Hp . ^ g S A . D . p‘\ a s‘te e (min</A u prec</A) (5) 

I- . (2) . (5) . 3 h . Prop 

This proposition is more useful than *210*25, because its hypothesis is 
much offcener verified. In order that the hypothesis of *210*25 may be 
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verified, we must have V e *, since AC<. p‘A = V ; hence we must also have 
s‘k = Y. But the hypothesis of *210*252 only requires, as far as A is con- 
cerned, that we should have s‘xeK. 


*210 263. h : Hp*210 - 252 . D . (X) . X e G/ming v G'prec^ 
[*210 252 . *20515 . *206131] 

*210*254. h : Hp *210"251 . D . (X) . X e G'maxg v G‘seqy 
[Proof as in *210*253] 


*210 26. h : Hp *210-2 . X C k. p‘\ ~ e X . ft Cl‘p‘X) e k . D . 

s‘(* ft Cl‘p‘X) = precg'X 


Dem. 


V . *210-22 . D I- : Hp . D . ~ g ! niin^'X . 


[*205122] 
h . *60-2 . 

[*40151] 

M2). 

[*210-211] 

[*21017] 

[( 1 )] 

[*2101 22.*202-502.(3)] 
[*2061101] 


( 1 ) 


( 2 ) 

(3) 


D.XC Q“X 

D V : e k a Cl‘p‘X . D . 0 C p‘\ : 

D f- : s‘(k r\ C]y\)Cp‘\ 

D h : Hp . D . s‘(k ft Cl‘p‘X) e * ft Cl‘p‘X . 

D . s‘(k ft C\‘p‘A) = maxg* (k ft CI‘p‘X) 

= max</(* — Q“\) 

= max<}‘(/e — X — Q“X) 

— ► 

= max 0 ‘p‘Q“X 
= precg'X : D h . Prop 

*210*261. I- : Hp *210 2 . X C k . s‘X ~eX. p‘a ( ote* . s‘X C a) e k . D . 

p‘a (a e k . s‘X C a) = seq^'X [Proof as in *210 26] 


*210*262. h : Hp *210 2 . X C k . s‘\ ~ e X . s‘k ft p‘a (a e * . s‘X C a) e k . D . 

s‘k ft p‘a («£*.«‘XCa)= seq^'X 

Dem. 

h. *40-231 61. D 

f- : Hp . g ! a(ae/e . s‘\ Ca) . D .p‘a(aeic . s‘XC a) C s‘k . 

[*22*621] D . s‘ic ft p‘a (ae*. s‘X C a) = p‘ a (a etc. s‘X C a) . 

[*210261] D •s < *ftp‘a(ae*. «‘X C a) = seq(j‘X (1) 

I-. *10-51. 3h:.S(aeK.s'XCa) = A.D:ae*.D a .<v(s‘xCa) (2) 
h . (2) . *210*16 . D h :. Hp .S(ae/c . s‘XC a) = A . D : ae * . D. . aC«‘X : 
[*40151] D : s‘/c C s‘X : 

[*40161] 3 : s‘k = s‘X (3) 

h . *40 - 2 . D h : Hp (3) . D . ft p‘a (a e * . s‘X C a) = s‘/e . (4) 

[Hp.(3)] D.s'Xe*. 

[*210-231] D . s'X = seq^'X . 

[(3).(4)] D . s‘k ft p‘8 (ae*.ACa) = seq</X (5) 

h . (1) . (5) . D h . Prop 

The same remark applies to this proposition as to *210*252. 
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*210*27. (■ Hp #210-2 : X C ac . D A . s‘X e ac : D : 

— > — ► — > — ► 

X C * . D x • a ! (maxg'X w seq^'X) . g ! (min e ‘X w prec y ‘X) 

Dem. 

h . *210‘251 . D I- Hp . D : X C « . Dx • 3 ! (max^'X w seq^'X) (1) 

I- . *210 222 . D h : Hp . X C k . p‘X e X . D . a • niin^'X (2) 

D h Hp. D :s‘(ac rt Cl‘p‘\)e/c : 

[#210"26] D : XC k . »‘X~eX. 3 . a ! precj.‘X (3) 

— ► — ► 

h . (2) . (3) . D V :. Hp . D : X C k . D . g ! (ming'X u precg'X) (4) 
h . (1) . (4) • D h . Prop 

*210*271. h Hp *210*2 s X C tc . Da • p‘X e k s D s 

, — ► — ► — ► — ► 

X C k . D a • 3 ! (maxg'X w seqg'X) . g ! (ming'X u preCg'X) 

[Proof as in *210*27] 

*210*272. h Hp *210*2 : X C k . Da . jp'X n : D : 

— > — > — > — ► 

X C k . D a - g ! (maxg'X v seqg'X) . g ! (ming'X w precg'X) 

[Proof as in *210*27, using *210*262] 

*210*28. h : Hp *210*2 . s“C Vtc C * . D . 

(X) . X e (CPmaxg u G'seqg) n (G'ming v G'precg) 

Dem. 

h . *37*61 . D h Hp . D s X C k . Da . s‘\ € k s 

— ► — ► — ► — ► 

[#2lO - 27] D : X C K . Dx • a • (maxg'X w seq^'X) . a 1 (min^'X u prec/X) (1) 
h . (1) . *22 43 . D 

— ► — > 

h : Hp . D . (X) . g ! {maxg‘(X n k)\j seqg ‘X n *)} . 

— ► — ► 

g ! jtning^X n tc) u precg‘(X r\ rc)} . 

[*210*122] D . (X) . g ! (maxg‘(X n C‘Q) u seqg‘(X n OQ)} . 

g ! {ming‘(X n C‘Q ) u precg‘(X n C^Q)} . 

[*205*15*161. *206*131] D . (X) . g ! {maxg‘\ v seqg'X} . g ! {ming'X u precg'X} . 

[*33*41] D . (X) . X e G‘maxg u G'seqg . X e Gaming u G'precg : D h . Prop 

*210*281. h : Hp *210*2 . P “CI‘k C * . D . 

(X) . X e (G^maxg u G'seqg) n (Gaming u G'precg) 

*210*282. h Hp *210*2 : X C k . Da .p‘\ f\8‘tcetc s D . 

(X) . X e (G‘maxg v G'seqg) n (Gaming u G'precg) 

Thus when either of the hypotheses of *210*281*282 is fulfilled, the series 
Q is Dedekindian both upwards and downwards. 

*210*29. h s Hp *210*251 . D .(X).X€G < limaxpnG^liminp [*210*28 .*207*44] 

*210*291. 1“ : Hp *210*252 . D . (X) . X € G'limaxp n GMiminp 
[*210*282 . *207*44] 
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*211. ON SECTIONS AND SEGMENTS. 


Summary of *211. 

The theory of the modes of separation of a series into two classes, one of 
which wholly precedes the other, and which together make up the whole 
series, is of fundamental importance. When one out of a pair of such classes 
is given, the other is the rest of the series; we may therefore, for most 
purposes, confine our attention to that one of the two classes which comes 
first in the serial order. Any class which can be the first of such a pair we 
shall call a section of our series. If P is the series, we shall denote the class 
of its sections by “sect'P.” If a is a section of P, we shall call C‘P — a 
(which is the second class of our pair) the complement of a. The class of 
complements of sections is 

(C‘P -)“sect‘P, 

which is identical with sect'P (*211*75). 

In order that a class may be a section of P, it is necessary and sufficient 
that it should be contained in C ( P and should contain all its own pre- 
decessors ; thus we put 

sect'P = a(«C C*P . P“a C a) Df. 

We have also, by *90*23, 

sect'P = S (a = P*“a) (*211*13). 

Among sections, a specially important class consists of classes which are 
composed of all the predecessors of some class, i.e. classes of the form P“y8, 
i.e. classes which are members of D ( P € . Whenever P is transitive, 
P“P“/3 C P“/3 ; hence P“/3 is a section according to the above definition. 
When P is a series, the complement of P (i /3 (when fi exists and is con- 
tained in C‘P) is 

— > 4 — 

ma xp‘/3 \j p‘P“/3. 

The members of D ( P € are called segments of the series generated by P. 
In a series in which every sub-class has a maximum or a sequent, 

D ‘P € = P“C‘P (*211*38), i.e. the predecessors of a class are always the pre- 
decessors of a single term, namely the maximum of the class if it exists. 
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or the sequent if no maximum exists. But if there are classes which have 
neither a maximum nor a sequent, the predecessors of such classes are not 
coextensive with the predecessors of any single term. Thus in general the 
series of segments will be larger than the original series. For example, if 
our original series is of the type of the series of rationals in order of 
magnitude, the series of segments is of the type of the series of real numbers, 
i.e. the type of the continuum. 

Among segments, a specially important class consists of those which 
have no maximum. In this case, if a is such a segment, we have a C P“ a ; 
and since (provided P is transitive) we also have, for all segments, P“a C a, 
the segments having no maximum are those for which a = P“a, i.e. they are 
the class D‘(P 6 n /). In compact series, all segments belong to this latter 
class, but in general only those segments belong to it which correspond to a 
“ Haufungsstelle.” In all cases in which the existence of a limit is not 
known, the segment fulfils the functions of a limit; that is to say, in those 
places in the series where a limit might be expected, we have a segment 
having no limit or maximum, which takes the same place in the series 
of segments as would be taken by the limit in the original series if the limit 
existed. Segments having no limit or maximum are limiting points in the 
series of segments, and every class of segments which has no maximum in 
the series of segments has a limit in that series. 

We have thus three classes to deal with, namely 

(1) sect'P, 

(2) D‘Pe, 

(3) D‘(P«n/). 

Of these the second is contained in the first when P is transitive 
(*211*15), and the third is contained in the first and second (*211*14). The 
second consists of those members of the first which have either a sequent 
or no maximum (*21132); the third consists of those members of the first 
which have no maximum (*211*41). If every member of the third class has 
a limit, i.e . if 

D‘(P C n J) C G'seqp, 

then every class has either a sequent or a maximum, i.e. the series is Dede- 
kindian ; and the converse also holds (*211*47). 

When P is connected, of any two sections one must be contained in the 
other (*211*6). Moreover, if X is contained in any one of the three classes 
sect'P, D*P«, D *(P 6 n/), then s‘\ is a member of that class (*211*63*64*65). 
Hence the propositions of *210 become available. It is thus that the 
existence of limits in series of segments or sections is proved: the maximum 
or upper limit of any class X consisting of segments or sections is 8 f \ t and the 
minimum or lower limit is the sum of the segments that are contained in 
every X. 

b. & w. ii. 40 
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We begin, in this number, with elementary properties of sect'P. The 
sections of P are the segments of P# (*211*13) and the sections of P PO 
(*211 17). We have 

*211*26. h . C‘P € sect ‘P . s'sect'P = C‘P 

We then proceed to the elementary properties of segments, i.e . of D'Pe 
(*211*3 — *38). We have 

*2113. h.P“<7‘PCD‘P 6 

*211*301. KD'PeD'Pe 

*211 302. h : P e Ser . D . P“(7‘P = sect'P a d‘seq P 

*211*361. h s P e Ser . D . sect'P - D <P e = P*“(<7'P - D‘P X ) 

We then proceed to elementary properties of segments having no 
maximum, i.e . of D‘(Pe a I) (*211*4 — *47). We have 

*211*42. h : P e trans . D . D‘(P C a /) = D‘P e — (Pmax P 
*211*44. h . A e D‘(P, a /) . A e D‘Pe . A e sect'P 

*211*461. h : P^ e D‘(P e a/) .D.x~e a ‘(P^ P 2 ) 

Our next set of propositions (*211*5 — *553) is concerned with compact 
series, i.e. with the hypothesis P 2 = P. We have 

*211 61. h : P 2 = P . D . D‘P e = D‘(P e A I) 

*211*661. h P e Ser . D : <I‘max P a G‘seq P = A . = . P = P 2 

I.e. a series is compact when, and only when, no class has both a maximum 
and a sequent. 

We come next to the application of the propositions of *210 (*211*56 — 
*692). These propositions proceed from 

*211*66. h P e connex . a, /3 e sect ‘P . D : a C fi - v . C P“a 

(Here “P^e connex” may be substituted in the hypothesis: cf. *211*561.) 
The propositions of this set, which are very important, have been already 
mentioned. 

Our next set of propositions (*211*7 — *762) are concerned with the 
complements of sections and segments. Some of these propositions have 
been already mentioned ; others of importance are : 

*211*7. h : a e sect'P - D . C‘P — a € sect'P 


*211*703. h : P e connex - a e sect'P — i‘C"P . D . g ! p‘P“a 

*211*726. h : P e connex a R1 ‘J . a e sect'P . D . 

— ► — ► — ► — ► 

max P ‘a = prec P ‘( C"P — a) . seq P 'a = min P *((7*P — a) 
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*211*727. h : . P e connex n R1V . a e sect ‘P . D : 

E ! limaxpa . = . E ! liminp‘(0‘P — a) 

*211*728. h :. P e connex n Rl‘J. a e sect'P : ~ E ! inaxp'a . v . 

~E ! minp‘((7‘P — a) : D . Umax P ‘a = liminp‘(C‘P — a) 

The remaining propositions are mainly occupied with relation-arithmetic. 
The most important of them is 

*211*82. h :: P e Ser . Q e D'P £ . D 

C‘Q e sect ‘P . = : (gP) . P = Q$-R . v . (g<c) . P = Q 4* x : 

= : (3.R) • P = ■ v • P= Q -t* B‘P 

That is, given any series contained in P, if something can be added to 
make it into P, its field is a section of P, and vice versa. 

*211*01. sect'P =S(aC C‘P . P“a C a) Df 

*211*1. I- : a e sect'P . = . a C C'P . P“a C a [(*211*01)] 

*211*11. I- : a e D‘P e . = . (g$) . a = P“# [*37*101] 

*211*12. h : a e D‘(P* A I ) . = . a = P“a 

Dem. 

h . *37*101 . *50*1 . 3 h : a e D‘(P e A I ) . = . (g/9) . a = P“/9 . a = £ . 
[*13*195] = . a = P“a : 3 (- . Prop 

*211*13. V : a e sect'P . = . a = P # “a . = . a e D‘{(P*) e A /} . = . a e D ‘(P#)e 

Lem. 

' h . *211*1 . *90*23 . D h : a e sect'P . = . a = P^/'a (1) 

(-.*90*17. 3l-.P*“P*“£ = P*“j9. 

[*13*12] 3 : a = P#“/9 . 3 . P#“a = a : 

[*211*11] 3 h : a e D‘(P*)« . 3 . a = P # “a (2) 

h . *10*24 . *211*11 . 3 I- : a = P*“a .D.ae D‘(P*)« (3) 

(- . (1) . (2) . (3) . *211*12 .3b. Prop 

In virtue of the above proposition, the properties of sect'P can be deduced 
from those of D‘P« or D'(P f A 1) by substituting P # for P. 

*211*131. I- : a e sect'P . 3 . P“ a = P^" a 

Dem. 

V . *211*13 . 3 b : Hp . 3 . P“a * P“P*“a 
[*91*52] = Ppo“a :3b. Prop 

40—2 
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*211132. b 

: a e sect'P . 3 . D‘(P £ a) = D‘(Ppo t «) • d‘(P £ a) = Q^P^ £ a ) . 

Dem. 

C‘(PD«) = C‘(P po D«) 


1- . *37-41 . *211131 . 3 b : Hp . 3 . D^P,* t a) = a a P“« 


[*37-41] 

= D‘(P£a) 

(1) 

b. *91502. 

3b.a‘(PC«)ca‘(P po c«) 

(2) 

b . *37-41 . 

D h :. y 6 Q‘(Ppo £ a) . = : y e a r\ P^a : 


[*91-57] 

= :ye(BnP‘«)u(anP“P po “a) (3) 

b .*211*1 . 

3 b : Hp . y e a a P“P vo “a . 3 . (gs) . $Py .zea. 


[*37105] 

3 . y e P“a 

(4) 

h . (3) . (4) . 

Dh:Hp.D.a‘(Pp„^a)CanP“a. 


[*37-41] 

D.a^p^ca^ppa) 

(5) 

M2). (5). 

3 1- : Hp . 3 . a'CPp,, t a) = d‘(P £ «) 

(6) 

Mi). (6). 

3 b . Prop 


*211133. b 

: Ppo e conuex . a e sect‘P — 1.3. G‘(P £ a) = a 


Dem. 

b . *202-55 . 3 b : Hp . 3 . G^P^ £ a) = a . 

[*211132] D.C‘(P £«) = «::> •- -Prop 


*21114. b 

. D‘(P e a/)C D‘P t . D‘(P, n I) C sect'P 


Dem. 

b. *33-263. Db.D‘(P*A/)CD‘P, 

(1) 


b. *21112. *22-42. D b:aeU‘(P« a/). D.P“aCo 

(2) 


b . *21112 . *3715 . 3 b : a e D‘(P e a /) . 3 . a C G { P * 

(3) 


b . (2) . (3) . *21 1-1 . 3 b : a e D‘(P« a I) . 3 . a e sect'P 
b . (1) . (4) . 3 b . Prop 

(4) 

*21115. b 

: P e trails . 3 . D‘P« C sect‘P 


Dem. 



b. 

*21111 . *3715 . 3 b : a e D‘P« . 3 . a C C ( P 

(1) 

b. 

*211*11 . *201*5 . 3 b : P e trans . a e D‘P e . 3 . P“ a C a 

(2) 

b. 

(1) . (2) . 3 b . Prop 


*21116. b 

. P„o“a e sect ‘P 


Dem. 

b . *91-504 . *3715 .3b. P^'a C C‘P 

(1) 


b. *91-51 -511. 3b.P“P po “aCP po “a 

b.(l). (2). *2111. 3 b. Prop 

( 2) 

i 
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*21117. h . sect'P = sect r Ppo = sect'P# 

[*21113. *90*4. *91*602] 

The following propositions are useful in dealing with sectional relations, 
i.e. relations of the form P£a, where a e sect ‘P. Unit sections often need 
special treatment, owing to the fact that for them we do not have C‘Pl a=a. 

*21118. b : Ppo d J . 3 . sect'P a 1 = 

Dem. 

h . *21113 . 3 b : u e sect ‘P a 1 . = . a = P#“ct . a e l . 

[*52*1.*53 301] = . (ga;) ,a = i‘x. P#x = i‘x . 

[*91*54. *90*12] = . (gar) . a = i‘x . P^x C l‘x . x e C‘P (1) 

— ► 

b . (1) . D b Hp . D : a e sect'P a 1 . = . (ga;) .a=i‘x. P^x = A . a; e C‘P . 
[*91*504] = . (ga;) .a = i‘x. a;~ e G‘P . x e C‘P . 

[*93103] = .ae i“B‘P D b . Prop 

*211181. b : e Ser . g ! ~B‘P . D . sect'P a 1 = i‘i‘B‘P 

Dem. 

b . *202 13 523 . D b : Hp . D . ~B‘P e 1 (1) 

b . (1) . *21 118 . *53 3 . D b . Prop 

*211182. b : e Ser . ~B‘P = A.D. sect'P a 1 = A [*21118] 

*211*2. b:aesect'P.D.a=aAC"P=av»P“a=(aAC'P)v7 > “a=P“aumax i >‘a 

Dem. 

b. *211*1. *22*621*62. D I- :Hp.D.a = a a C‘P.a = auP“a. (1) 

[*1 3*12] D . a = (a a 0‘P) v P‘‘a (2) 

[*205*131] = P“a w maxp'a (3) 

b . (1) . (2) . (3) . D b . Prop 

*211*21. I" a e sect'P. D :~g ! max P ‘a . = . aeD‘(P e a/) 

Dem. 

b. *211*2*12. D h : aesect'P .~g ! maxp'a . D . acD‘(Pe a 7) (1) 

1- . *211*12 . *205*111 . D b : aeD'(P. a 7) . D ,~g ! max^'a (2) 

b . (1) . (2) . D b . Prop 
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[PART V 


*211*22. h s Pe connex . a e sect/P -D.au seq p‘a € sect*P 
Dem. 

K *24-24. #1312. 3 h : Hp . seq P ‘a = A . 3 . a w seq/a e sect'P (1) 

h . *20616 . *53'3'31 . 3 h : Hp . g ! seq P ‘a . 3 .P“(avseq P ‘a)=P“aoP‘seq P ‘a 
[*206213] C P“a «(«« <?‘P) « P“a 

[*211-2] Ca (2) 

h. *2111. *20618. 3 h : Hp .D.au seq P ‘a C C‘P (3) 

h . (1) . (2) . (3) . *211-1 .31-. Prop 

— > — ► 

*211-23. h : Peconnex . a e sect‘P . E ! seq P ‘a . 3 . a= P“(a u seq P ‘a) = P‘seq P ‘a 
Dem . 

h . *206*211 . *211*2 . D h s Hp . D . a C P‘seq P ‘a (1) 

I- . *206-213 . *211-2 . 3 h : Hp . 3 . P* seq P ‘a C a (2) 

h . (1) . (2) . 3h:Hp.3.a=P‘seq P ‘a (3) 

h . *53-3-31 . 3 h : Hp . 3 . P“(a v seq P ‘a) = P“a u P‘seq P ‘a 

[(3)] 

[*211-2] 

h . (3) . (4) . 3 h . Prop 


= P“a u a 
= a 


(4) 


*211*24. h : P e connex . a e sect'P a ((I‘seq P u — G‘max P ) . 3 . a e D‘P e 

Dem. 

h . *211-2311 . 3 h : P e connex . a e sect‘P a a‘seq P . 3 . a e D‘P e (1) 
h . *211-21-14 . 3 h : a e sect'P - a‘max P . 3 . a e D*P e (2) 

h . (1) . (2) . 3 h . Prop 

*211-26. V.C/Pe sect ‘P . s‘sect‘P = C‘P 

Dem. 

h . *22-42 . *3715 . 3 h . C‘P C C‘P . P“C‘P C C‘P . 


[*2111] 3 h . C‘P c sect'P (1 ) 

h.(l). *4013. 3 V . C‘P C s‘sect‘P (2) 

h . *40151 . *2111 . 3 V . s‘sect‘P C C"P (3) 

K(2).(3). 3 h . 8‘sect‘P = C‘P (4) 

h . (1) . (4) . 3 h . Prop 

*21127. h : P e trans . 3 . (a a C‘P) *j P“a e sect ‘P 

Dem. 

V . *22-43 . *37-15 . 34- . (a a C‘P ) w P“a C C‘P (1) 


V . *37-22-265 .. 3 V . P“{(a a C‘P) w P“a} = P“a w P“P“a (2) 
h. (2). *201-5. 3 I- : Hp . 3 . P“{(a a C‘P) \j P“a] — P“a (3) 
h . (1) . (3) . *211-1 . 3 h . Prop 
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*211*271. h : P etrans . 3 . (g#) . /9e sect ‘P.maxp‘a = maxp‘/9. seq p‘a= seq p‘$ 
Dem. 

h. *20515-19. 3 

h : Hp . 3 . maxp'ot = maxp‘{(a n C‘P) u P“a } (1) 

h. *206-131-25.3 

h : Hp . 3 . seqp‘a = seqp‘|(a n OP) u P“a} (2) 

h. (1). (2). *211*27. 3 K Prop 

*211*272. h P e trails . 3 : 

(a) . a € (Fmaxp u G‘seq P . = . sect'P C G'maxp u G'seq P 

Dem, 

h .*24*11*14 . 3 h : (a) . ae G'maxp u G'seqp . 3 . sect'PCG'maxp vG'seqp (1) 

h . *33*41 . 3 h : . sect'P C G‘max p u G'seq p . 3 : 

— ► — ► 

/S e sect'P . Dp . a ! (max P ‘/9 u seq P ‘/9) : 

— > — ► — ► — > 

[*1312] D : yS e sect‘P . max P ‘a = max P ‘/9 . seq P ‘a = seq P ‘/9 . D a>/) . 

— ► — > 

g ! (maxp^a v seq P *a) s 

— > — ► — > — ► 

[*10'23] D : (g/9) . /8 e sect'P . max P ‘a = max P ‘/9 . seq P ‘a = seq P ‘/3 . D a • 

— ► — ► 

g ! (max P ‘et u seq P ‘«) (2) 

h. (2). *211-271. 3 

h Hp . 3 : sect'P C G^maxp u G'seq P . 3 . (a) . g ! (max P ‘a u seq P a) . 

[*33*41] 3.(a).aeG*maxpuG*8eqp (3) 

h . (1) . (3) . 3 h . Prop 


*211*28. h : . P e Ser . a C VP . a~ <? 1 . (OP - a) ~ 6 1 . 3 s 

a 6 sect'P . = .P = P^a^.Pp (OP - a) 

Dem. 

K *204*45. 3 h : Hp . aesect'P .3.P = P£a.£P£ (OP — a) (1) 

h .*1601 . *202*55 . 3 h s. Hp . P = P£ a-£P£ (OP — a) . 3 s 
x € a . y e C‘P — a . 3 . #Py : 

[Transp.*204*3] 3 s x e a . yP# . 3 . y e a s 

[*211*1] 3:aesect‘P (2) 

h . (1) . (2) . 3 h . Prop 

*211*281. h : P e Ser . C‘Q r\ C‘R = A.P=Q.£2?.3. C‘Q e sect'P 
Dem. 

h . *160*1 . 3 h Hp . 3 : x e C*Q . y e C‘R . 3 . xPy : 
[Transp.*204*3] 3 s x e C‘Q . yPx .3 .ye OQ : 

[*211*1] 3 : OQ € sect'P :. 3 h . Prop 
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*211*282. h P € Ser . Q e D‘P£ . C‘P - 1.3: 

C‘Q e sect <P . = . ( a P) .C‘Q*C‘R = A.P = Q$R 
[*211-28-281. *20012] 


*211 283. h : P G / . P = Q £ P . 3 . C"Q n C‘R = A 
Dem. 

h . *160*1 . 3 h : Hp . 3 . C‘Q f C‘R G J. 

[*200*32] 3 . C‘Q a C"P = A : 3 b . Prop 

The following propositions are concerned with D'P e . This is to be 

compared with two other classes, namely sect'P and P“C'P. The members 
of sect'P which do not belong to D 'P* are those which have a maximum but 
no sequent, i.e. (if P is a series), those classes which consist of a term x 
together with all its predecessors, where x has no immediate successor. In 
series in which every term except the last has an immediate successor, C l P 
will be the only member of sect'P — D'P C , if the series has a last term; if 
the series has no last term, sect'P = D'P c . 

— > 

The members of D ‘P € which are not members of P“C‘P are those that 
have no sequent, i.e . those that have no upper limit (for a member of D‘P e 
which has no sequent has also no maximum). These are the members of 
D‘P e corresponding to a “gap,” i.e. to a Dedekind section in which neither 
the earlier terms have a maximum nor the later terms a minimum. Hence 

in a Dedekindian series, D'P e = P“C'P; and conversely, if D'P e = P“C'P, 
the series is Dedekindian. These properties of D‘P e are proved in the 
following propositions. 

*211-3. b . P“C‘P C D‘P* [*53-301 . *211 11] 

*211-301. h.D'PeD'Pe [*37-25. *21111] 


*211302. b : P e Ser . 3 . P“C‘P = sect'P n (Pseqp 
Dem. 

b . * 206-4 . 3 b : Hp . 3 . ~P“C‘P C CFseqp ( 1 ) 

b . * 211 - 315 . 3 b : Hp . 3 . P“C"P C sect'P ( 2 ) 

b . * 211 * 23 . 31 ": Hp . 3 . sect'P n G'seq P C P“C"P ( 3 ) 

b . ( 1 ) . ( 2 ) . ( 3 ) . 3 b . Prop 

*211*31. b :. P e trans n connex . a e D'Pe . 3 : E ! seq P a . v .<^»E ! maxp'a 
[*20652. *211-11] 

*211-311. b : P e trans n connex . a e D‘P« . E ! seqp'a . 3 . a = P'seq p‘a 
[*206 3] .*211-11] 
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*211-312. HP e trans r\ connex . a e D‘P e . 3 . a = P“(a u seq p*a) 

Bern. 

h .*211*15*23 .3b: Hp . E ! seq P ‘a. 3 .a = P“(ct u seqp'a) (1) 
h. *2 11*31. 3 b : Hp.~E!seqp‘a. 3.~E!maxp‘a. 

[*211*21*15*12] 3.a = P“a. 

[*24*24.Hp] 3 . a = P“(a u ^j P ‘a) (2) 

b . (1) . (2) . 3 b . Prop 

*211*313. brae sect'P r\ D ‘P € . 3 . ( a £) . # € sect/P . a * P“ 0 
Dem. 

H .*211*1*11 .3b:. Hp . 3 : P“a C a : (gyS) .a = P“/3 : 

[*37*265] 3 : P“a C a : ( a/ 8) . 0 C C‘P . a - P“/S : 

[*22*62] 3 : ( a/ 8) . £ C C‘P . a = P“(a u £) : 

[*22*58] 3 : ( a £) ./3CC‘P. P“( a u£)Cau£.a = P“(av£): 

[*37*15] 3 : ( a $) . a \j 0C C‘P.P“(a\j0)Ca\j0.a=P“(a\j0): 

[*211*1] 3 : ( a £) . a u /8 € sect'P . a = P“(a u 0) :. 3 b . Prop 


*211*314. h : P e RPP n connex . a e sect'P n D‘P C . E ! maxp'a . 3 . E ! seq p‘a 
Dem. 

b. *211*313. *205*7. 3 

b : Hp . 3 . ( a £) . 0 e sect ‘P . a = P“0 . E ! maxp‘/8 (1) 

b. *37*18. 3 

b : £ e sect'P . a = P“£ . E ! maxp'/S . 3 . P‘maxp‘/S C a (2) 

b. *211*1. *205*111. 3 

b : Hp (2) . P e connex . y e P u 0 .3 .ye0- i*ma xp‘£ . 

[*205*21] 3 . yP max p‘£ (3) 

b . (2) . (3) .3b: Hp (2) . P e connex . 3 . a = P'rnaxp*# . 

[*206*4] 3 . max p‘$ seq P a (4) 

b . (1) . (4) . 3 b . Prop 

The above proposition and the two following propositions enable us 
in certain cases to prove propositions concerning the relations of sect'P 
and D‘P € without assuming that P is transitive. An example of the use 
of these propositions occurs in *211*754, where the hypothesis assumes 
P € Rl‘J a connex. If we used *211*31 and its consequences instead of 
*211*314 and its consequences, the hypothesis of *211*754 would have to 
assume PeSer. 
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[PART V 


*211*315. h P e R1‘./ a connex . a e sect ‘P . D : 

a e D ‘Pe . = . a e d'seqp u — d'maxp 

Dem. 

f- .*211314 . D h :. Hp . D : aeD‘P« . D . aed'seqp v — d'maxp (1) 

1- . (1) . *211*24 .31*. Prop 

*211*316. l*:PeRl‘P a connex . D . sect'P — D‘P f = sect/Pn (1‘maxp— Q'seqp 
[*211*315 . Transp] 


*211*317. h : P e trans . D . D‘P« = P«“sect‘P 

Dem. 

h . *211*15*313 . D h : Hp . D . D‘P« C P e “sect‘P (1) 

K (1). *37*15. 3 K Prop 

*211*32. h : P e trans a connex . 3 . D‘P e = sect‘P a (d'seqp u — G‘max P ) 
[*211*24*15*31] 

*211*321. I- : Pe trans a connex . 3. sect'P— D‘P e = sect‘PA d‘max P — (1‘seqp 
[*21132] 


*211*33. h:. PeSer.aesect‘P.3: 

a~ e D‘P« . 3 . E ! seqp‘P“a . ~ E I seqp‘seqp‘P“a 

Dem. 

h. *211*321. 3 h : Hp . a ~ e D‘P« . 3 . E ! maxp‘a . (1) 

[*206*35] D.E!seqp‘P“o.seqp‘P“a=maxp‘a (2) 

— > — ► — ► 

h . (1) . *206*46 . D h : Hp . a ^ € D ‘P € . D . seqp'a = seqp‘maxp‘a 

[(2)] = seq P ‘seqp‘P“a (3) 

h . *211*321 . D h : Hp . a ~ e D‘P« . D . ^ E ! seqp'a . 

[(3)] D . ~ E ! seqp‘seqp‘P“a (4) 

h . (2) . (4) . D h : Hp . a ~ € D*P« . D . 

E ! seqp‘P“a . ^ E ! seqp*seqp‘P“a : D h - Prop 
*211*34. V in Pe Ser . D : a € sect/P — D‘P e . = - 

— ► 

a = P“a u i‘seqp‘P“a . ~ E ! seqp‘seqp*P“a 

Dem. 


h . *211*321 . D h : Hp . a € sect/P - D‘P f . D - E ! maxp'a . 

[*206*35] D - max P ‘a = seq P 'P“a . (1) 

[*211*2] D.a = P“a vt‘seqp‘P“a (2) 

h . *211*321 . D h : Hp . a € secl/P - D‘P C . D - ~ E ! seqp'a . 

[*206*46.(1)] D . ~ E ! seqp‘seqp‘P“a (3) 

h . *206*21 . *205*111 . D h : Hp.a = P“a v i‘seq P ‘P“a . D . 

seqp‘P“a = maxp'a (4) 
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I- . (4) . *206-46 . D I- : Hp . a = P“a \j i‘seq P ‘P“a . ~ E ! seqp‘seqp‘P“a . D . 

~ E ! seqp'a (5) 

h . *206-18 . *22-58 . D h : a = P“ a u t‘seqp‘P“a . D . a C C‘P . P“a C a (6) 
K (4). (5). (6). *211-321. D 

h : Hp . a = P“ a w i‘seqp‘P“a . ~ E ! seqp‘seqp‘P“a . D . a e sect ‘P — D‘P e (7) 
I" • (2) . (3) . (7) . D h . Prop 


*211*35. h Pe Ser . D : a e sect'P — D‘P< . = . 

(g®) . x e C‘P . a = P‘x w i‘x . ~ E ! P,‘® 

Dem. 


K *211-34. Dhr.Hp.D: 

a e sect'P - D‘l\ . = , (gar) . x = seqp‘P“a . a = P“a o t‘ar . ~ E ! seqp't'a; 
[*206-21.*205111] = . (gar) . x = 8eqp‘P“o . a; = max P ‘a . 


[*206-35] 

[*20522] 

[*205197] 

[*206-44] 


a = P u a v Par . ~ E ! seqp'i'or . 

= . (gar) . x = max P ‘a . a = P“ a o i‘x . ~ E ! seqp'l'a; . 

— ► 

= . (go ?) . x - max/a . a = P‘x sj t‘x.~ E ! seq ?i l x . 

— ► 

= . (gar) . x e C‘P . a = P‘ar seqp'l'ar . 

= . (g#) . x e C‘P . a = P‘ar yj l‘x . ~ E ! P,‘ar D h . Prop 


*211-351. I- : Pe Ser . D . sect'P - D‘P« = P*“(C“P - D‘P,) 

Dem. 

K *204-7. *211-35. D 

h Hp . D : a e sect'P — D‘P f . = . (gar) . x e C‘P — D‘P, . a = P‘x u i‘x . 
[*201-521] = . (ga:) . ar e C‘P - D‘P, . a = P*‘ar . 

[*37-73 s . a e~P*“(C‘P - D‘P,) D h . Prop 


*211-36. h PeSer . D‘P, = D‘P . D : a e sect‘P-D‘P e . = . a = 0‘P . E ! B‘P 

Dem. 


h . * 21 1 - 351 . D h : Hp . D . sect'P - D‘P e = P*“P‘P 
V. ( 1 ). * 202 - 52 . Dh:.Hp.D: 

a e sect'P — D‘P e . = . (gar) . x = B‘P . a = P # ‘ar . 
[* 20411 .* 201 - 521 ] 5 . (gar) . ar = B‘P . a = C‘P . 

[* 14 - 204 ] = . a = C‘P . E I B‘P D h . Prop 


( 1 ) 
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*211-361. h : P e Ser . D‘P, = C‘P . D . sect'P = D‘P« 

Dem. 

K *201-63. D h : Hp . D . D‘P, C D‘P . 

[*93103] D.5<P = A (1) 

h . (1) . *211-36 . D I- : Hp . D . sect'P - D‘P, = A (2) 

h. (2). *21 1-16. Dh. Prop 

*211*371. I- :. P e trans n connex : («) . a e G‘maxj> v Cl'seq^ : D . D‘P f C Q'seqp 
[*211-32] 

— ► 

*211372. t- P e trans a connex : (a) . a e G*max P wG‘seq P : 3 . D *P C = P tt C i P 
Dem . 

h . *211*371 . 3 I- Hp . 3 : a € D‘P< . 3 . E ! seq P ‘a . 
[*206-3.*211M5] 3 . a= P‘seq P ‘a . 

[*206-18] 3 . a€~P“C‘P (1) 

h . (1) . *211-3 . 3 h . Prop 


*211*38. h s. P e Ser - 3 : (a) . a e G‘max P u G‘seq P 
Dem. 


D‘P C = P“C‘P 


h . *21111 . 3 h D‘P C = P“C‘P . = : (>9) : (ga?) . P“/ 3 = P ( x.xe C‘P (1) 

h. *206-174. *205111. 3 

h : Pe Ser . ~ g ! max P ‘$ . 3 . seq = (7‘P a £ (P“# = P‘a?) (2) 

h.(l).(2).3h:.PeSer.D^P € =P^P.3s~a!n^ P ^.3.g!^ P ^: 
[*33*41] 3:/8eG*max P vG‘seq P (3) 

h . (3) . *211*372 . 3 h - Prop 


The following propositions are concerned with D t (P € r\I) y i.e. with those 
sections of P which have no maximum. If P is compact ( i.e . if P* = P), 

D‘(P e a I) ss D‘P € . If P is also a Dedekindian series, D'(P e a /) = P U C*P . 
This is the mark of Dedekindian continuity, since it states that, if P u a has 

— ¥ 

no maximum, there is an x for which P“ a = P ( x , and this x is the upper 

limit of P“a; while conversely, if x is any term of C‘P , P‘# has no 
maximum, so that the series is compact. 


*211-4. h . D‘(P* a I) C - a‘max P 
Dem. 

h . *211*12 . 3 h : a e D*(P e a /) . 3 . a — P“a = A . 
[*206*111] 3 . max/a = A : 3 h • Prop 
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*211*41. h . D‘(P« A 7) = sect'P — G‘maxj> 

Dem. 

V. *211*1. *206111. D 

I- : a e sect'P — G‘maxj > . = . aC C‘P . P“a Ca.aC P“a . 

[*22*41] = .aCC‘P.a= P“ a . 

[*37*15.*211*12] = . a e D‘(P< A 7 ) : D h . Prop 

*211*411. h : P e trans . a = P“/3 . a C P“a . D . a = P“a 

Dem. 

V . *30*37 . D h : Hp . D . P“ a = P“P“y9 
[*201*5] C P“y3 

[Hp] Ca (1) 

h . (1) . *22*41 . D h : Hp . D . a = P“a : D h . Prop 

*211*42. I- : P e trans . D . D‘(P< A /) = D‘P e — G‘maxj> 

Dem. 

K *21114*4. D h . D‘(P f a /) C D‘P< - a'rnaxp (1) 

h . *211*41111 . *205*111 . D h : Hp . a e D‘P e - G'maxj. .D ,ae D‘(P« A /) (2) 
K (1) . (2) . D h . Prop 

*211*43. I - :Pe trans a connex . D . D‘P e — O'seqp C D‘(P e A 7) 

Dem. 

h .*211*312 . D V :. Hp . D : aeD‘P« . seq^'a = A . D . a = P“a . 

[*21112] D . a c D‘(P e A 7) :. 3 1- . Prop 

*211*431. h:P e trans a connex . D . 

D‘P e — D‘(P e A 7) = sect'PA G'maxp a G‘seq P 

[*211*32*41] 


*211*44. KA« D‘(P e A 7) . A e D‘P* . A e sect'P 
[*37*29. *21 11 214] 

*211*45. I- : P e trans . x ~ e G‘(P — 7*) • 3 • P‘ x « D‘(P« A 7) 

Dem. 

h . *201*501 . D h : Hp . D . P“P‘a; C P‘x (1) 

h . *33*41 . *32*3*34 . D h : Hp . D . ~P‘x - P“P‘« = A (2) 

K(l).(2). D h : Hp . D . ~P‘x = P“~P‘x (3) 

h . (3) . *21112 . D h . Prop 


*211*451. h : P‘x e D‘(P e A7).D.*~e a‘(P-i-P>) 

Dem. 

V . *21112 . D h :. Hp . D : J*w-P“F»: 

[*37*3] 2 ;yPx ,= y ,yP*x : 

[*10*51] D : ~ (gy) . yPx . ~ (yP*x ) :. D h . Prop 
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*211452. h Pe trans . D : P‘x e D‘(P. A /) . = . a:~e a^P-^P 8 ) 
[*211-45-451] 

*211-46. h:.P € trans a connex : (a) . a e G'maxp v G'seqp : 3 . 

D‘(P* a I)= P“{C‘P- a^P-^P 2 )} 

Pm. 

h . *211-452 . 3 h s Hp . 3 . P^{C‘P - a^P^-P 2 )} C D‘(P e a I) (1) 

h . *211-372-14 . 3 

h Hp . 3 : a € D‘(P € A /) . 3 . (ga?) . x e C‘P . a = P‘x . P'a; e D‘(P e a I) . 
[*211*452] 3 . (ga;) . a: e C‘P . a = P l x .xr*>e G‘(P— P 2 ) . 

[*37-7] 3 . a e P** {(7*P — G*(P — P 2 )} (2) 

h . (1) . (2) . 3 h . Prop 

*211*47. h s- P e trans . 3 : (a) . a e G'maxp u G'seqp . = . D‘(P C a I) C G‘seq P 
Pern. 

h. *211272. *2443. 3 

h :. Hp . 3 : (a) . a e G'maxp u G'seqp . = . sect'P — G'maxp C G'seqp . 
[*211*41] = . D‘(P € a I) C G^seqp :. 3 h . Prop 

The following propositions are concerned with certain consequences of the 
hypothesis P* = P. This hypothesis is important because it is the defining 
characteristic of compact series. 

*211-5. h : P 2 = P . a - P“/3 . 3 . a - P“a 
Pern. 

V . *37-33 . 3 h s Hp . 3 . P“/3 = P“P“£ . 

[Hp.*1312] 3 . a = P“a : 3 h . Prop 

*211-51. h s P 2 = P . 3 . D‘P e = D‘(P C a /) [*211-5-11-12] 

Thus in compact series there is no distinction between the two sorts 
of segments. 

*211*52. f* :. P s = P . P e connex . 3 : E ! maxp'cr . 3 . ^ E ! seqp'a 
Pern. 

h .*206*5 . 3 h : P 2 G P . Pe connex. E ! max/a. E ! seq/a.3.g! (P— P 2 ) (1) 
I" . (1) . Transp . 3 h : P 2 = P . P e connex . E ! maxp'a . 3 . E ! seqp'a s 

3 h . Prop 

*211*53. h :: P 2 = P . P e connex . 3 :. E ! maxp'a . v . E I seqp'a : = s 

E ! maxp'a . = .^ E ! seq P € a 

Pern. 

h . *4*64 . 3 h E ! maxp'a . v . E ! seqp'ct s = s ~ E ! seqp'a . 3 . E ! maxp'a (1) 
h. *4-73. *21 1*52. 3 

H s: Hp . 3 ~ E ! seqp'ct . 3 . E ! maxp'a : = : E ! inaxp'a . = . ^ E ! seqp'a (2) 

h • (1) . (2) . 3 h . Prop 
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The condition (a) : E ! maxp'a . = . E ! seqp'a is the Dedekindian defini- 
tion of continuity. In virtue of the above proposition, this is equivalent, in 
a series, to compactness combined with Dedekind’s axiom, namely 
(a) s E ! max j/a . v . E ! seqj/a, 

*211*64. h:.PG/:g! maxp'a . D, - g ! seqp'a :D.PGP* 

Dem. 

— ► 

h . *101 . D I- :. Hp . D : g ! ma xp‘i‘x . D . ~ a ! seq//t‘® : 

[*20518] D : x e C‘P . D . ~ a ! seqj>‘t‘<r . 

[*206 42] D . ~ g ! Pi? 1 '* . 

[*33-4] D.<r~e D‘(P-s-P») (1) 

h . *33-263 .Dh*~eC*P.D.®~e D‘(P-^P 4 ) (2) 

K (1) . (2) . 3 h : Hp . D . D‘(P— P*) = A . 

[*33-241 .*25-3] 3. PGP 4 : 3 K Prop 

— ► — ► 

*211*641. h P e R1‘P n trans : a ! maxj.‘a . D. . ~ a ■ seqpa : 3 . P = P 4 

Dem. 

h. *201*1. 3KHp. 3. P 4 GP (1) 

K*211-54. 3 KHp. 3. PGP 4 (2) 

K (1) . (2) . 3 K Prop 

— ► — ► 

*211*66. I- :: P eSer . 3 :. a l max/a . 3. . ~ a 1 seq/a : = . P = P 4 
[*211-52-541] 

*211*661. I- P e Ser . 3 : (Fmaxj. n Q‘seq P = A . = . P = P 4 
[*211-55 . *33-41] 

*211*662. h :: P e Ser . 3 E ! max/a . =« . ~ E ! seq/a : = : 

P = P 4 : (a) : E ! max/a . v . E ! seq/a 

[*211-55] 

*211*663. I- :: P e Ser . 3 G‘max P = — Q‘seq P . = : 

P = P 4 : (a) . a e Q‘max P w G‘seq P 

[*211-552. *71-163] 

The following propositions are concerned in showing that sect'P, D‘P e , 
and D ‘(P e f\I) all verify the hypotheses of *210, if taken as the k of that 
number. 

*211*66. K . P e connex . a, $ e sect'P . 3 : a C /9 . v . /9 C P“a 

Dem. 

h . *2 1 1 -2 . D h :. Hp . a ! « - /8 O . a ! a « 0‘P - - P“i9 . 
[*202-501] 3.a!««p‘P“j8. 

[*40-682] 3 . /9C P“a (1) 

K (1) . *24*55 . 3 K Prop 
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*211-661. I- iV connex . a, /3 e sect *P . D : a C . v . /3 C P“a 
[*211*5617*131] 

*211*562. h P^e connex . a, fi e sect'P .3:aC£.v.£Ca [*211*561*1] 
*211*6. b P e connex . a, # e sect'P .D:aC#.v.£Ca [*211*56*1] 

*211*61. I" P € trans n connex . a, 0 e D‘Pe . D:aCy8.v.£Ca 
[*211*15*6] 

*211*62. h Pe connex . a, £ e D‘(P € n/).D:aC£.v.y8Ca [*211*14*6] 

In the hypothesis of *211*61, it is necessary that P should be transitive 
as well as connected. Take, for example, 

P = x^ywy^zuz^x (x^y . x^z . y^z). 

Then P is connected, but not transitive ; also we have 

P‘y = (,‘x . P‘z = t‘y. 

Hence e D*P € . (i‘a? C (i‘y C 

Thus connection is not sufficient in the hypothesis of *211*61. 

*211*63. b : X C sect'P . D . s‘X e sect'P 
Dem. 

h .*211*1 . Df- Hp . D : aeX. D a . aCC‘P : 

[*40*151] Dsj'XCC'P (1) 

h . *211*1 . D h Hp. D :aeX. D a . P“a C a : 

[*40*8] D:P‘VXO<X (2) 

b. (1). (2). *211*1 .Dh. Prop 

This proposition shows that sect'P verifies the hypothesis of *210*251, 
with the exception of sect‘P<^ e 1, which requires g ! P. 

*211*631. h : X C sect'P . D . p‘\ n C‘P e sect € P 
Dem. 

h . *22*43 . D b .p‘Xn (7‘PC C‘P (1) 

h . *211*1 . D b Hp. D : aeX . D tt .P“aC a: 

[*40*81] D s P“p‘\ Cp‘\ s 

[*37*265*15] D : P“(p‘X n C"P) C p‘X n C"P (2) 

h . (1) . (2) . 3 h . Prop 

*211*632. b : X C sect'P . g ! X . 3 . p‘X e sect'P 
Dem. 

H . *40*23 . 3 h : Hp . 3 .p‘X C s‘\ . 

[*211*63*1] D.p'XCC'P (1) 

H . (1) . *211*631 . 3 K Prop 

*211*633. b : X C sect'P . 3 .p‘X n s'sect'P € sect'P [*211*631*26] 

This proposition shows that sect'P verifies the hypothesis of *210*252, 
with the exception of sect'P^el, which requires g ! P. 
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*21164 I- : X C D‘P, . D . s‘X e D‘P« 

Dem. 

h . *72-504 . D I- : Hp . D . «‘X = *‘P«“P«“X 

[*40-38] = P“*‘P«“X (1) 

h . (1) .#211-11 . D I- . Prop 

*211-66. h : X C D‘(P« A 7) . D . *‘X e D‘(P« A J) 

Dem. 

\- . *211'12 . D 1- :. Hp . 3 : a e X . 3. . a = P«‘a : 

[*5017] 3 : X = P«“X : 

[*40-38] 3:«‘X = P‘VX: 

[*21112] 3:»‘XeD‘(P«A/):. 3KProp 


*211 66. h : g ! P . 3 . sect'P, D‘P< ~ e 1 

Dem. 

h. *211-44-26. 3 1- . A, C‘P e sect'P (1) 

h . *33 24 . 3 1- : Hp . 3 . A * C"P (2) 

h . (1) . (2) .#52 41 . 3 I- : Hp . 3 . sect‘P~e 1 (3) 

h . *211-44-301 . 3 t- : Hp . 3 . A, D‘P e D‘P< (4) 

h . *33-24 . 3 1- : Hp . 3 . A 4= D‘P (5) 

f- . (4) . (5) . *52-41 . 3 h : Hp . 3 . D‘P t ~ e 1 (6) 

h . (3) . (6) . 3 h . Prop 


*211'661. h : P e trans . g ! Cl ex‘C"P — CPmaxp . 3 . D‘(P« A /) ~ e 1 

Dem. 

h . *205*111 . 3 h : a e Cl ex‘(7‘P — Q‘maxp . 3 . g ! a . a C C‘P . a C P “ a . 
[*24-58.*37-2] 3 . g ! P“a . P“a C P“P“a (1) 

1- .(1). *201-5 . 3 

h :. P e trans . 3 : a e Cl ex‘C‘P - CPmaxp . 3 . P“a = P“P“a . g ! P“a . 
[*21112] 3 . P“a « D‘(P« A /) . g ! P“ot . 

[*10-24] 3 . g ! D*(P< A /) — t‘A (2) 

h . (2) . *211-44 .31-. Prop 

The following propositions sum up the above results in relation to the 
hypotheses of *210. The relation P lc with its field limited to sections or 
segments, which occurs in the following propositions, is important, and will 
be considered at length in the following number. 

*211-67. h : P e connex . * = sect‘P . Q — P lc £ * . 3 . Hp *210*12 
[*211-6. *21013] 

a. A w. u. 41 
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*21}. '671. I- : P e connex . * = sect ‘P . Q = P lc £ *.gIP.D. 

Hp *210-251 . Hp *210-252 [*211-67-66-63-633] 

*211 68. I • : Pe trans a connex . k = D‘P f . Q = P lc £ * . D . Hp *210*12 
[*211-61. *21013] 

*211*681. h : P e trans a connex . k = D‘P e . Q = P Ic £ * . g ! P . D . Hp *210*251 
[*211-68-66-64] 

*211'69. I- : P e connex . * = D‘(P« A /) . Q = P lc £ * . D . Hp *210*12 
[*211-62. *21013] 

*211-691. h : P e connex . * = D‘(P £ A I) . Q = P lc £ * . D‘(P« A I ) ~ e 1 . D . 

Hp *210251 [*211-69-65] 

*211*692. h : P e trans a connex . k — D‘(P £ A I ) . Q = P lc £ * . 

3 ! Cl ex‘C‘P - Q'maxp . D . Hp *210 251 [*211-691-661] 


The following propositions are concerned with the relations of sections 
and segments of P to sections and segments of P. When aesect'P, 

C‘P — a e sect‘P, and vice versa. Also, if P is connected, the maximum 
of a (if any) is the precedent with respect to P ( i.e . the sequent with respect 

to P) of G i P — a, and the sequent of a (if any) is the minimum with respect 

to P (i.e. the maximum with respect to P) of C ( P — a. Hence the relations 
to be proved follow easily. 


*2117. 

Bern. 


h : a e sect ‘P . 3 . C‘P — a e sect‘P 


h . *22-43 . 3 h . C‘P - a C C‘P (1 ) 

h . *211*1 . *37*1 . 3 h Hp . 3 : x e a . yPx . 3 . y e o : 

[Transp] 3:#ea.y~ea.3.~ (i yPx ) : 

[*37*l.Transp] 3:a€a.3.a~€ P“(— a) : 

[*37*265] D:«C- P“(C‘P - a) : 

[Transp] 3 : P“(C‘P - a) C - a : 

[*37*15] 3 : P“(C‘P - a) C C"P - a (2) 

V. (1). (2). *211*1. 3 K Prop 


*211*701. I- : a e sect'P . E ! maxp'a . 3 .p‘P“a C P‘ maxp'a C C‘P — a 
Bern. 

h . *40*12 . 3 h : Hp . 3 . p‘P“a C P‘maxp‘a (1) 

I- . *205*101 . 3 I" s Hp . 3 . maxp‘a^ e P“a . 
[*37*l.Transp.*32*181] 3 . P‘maxp‘a C — a . 

[*33*152] 3 . P‘maxp‘a C C‘P-a (2) 

I- . (1) . (2) . 31 "- Prop 
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*211*702. h : P e connex . a e sect'P . 3 . C ( P — a Cp ( P ,t a [*202*501 .*211*1] 

*211*703. h : P e connex . a e sect'P — i‘C‘P . 3 . g ! p‘P“a 
[*211*702*1 . *24*58] 


*211*71. h : P e connex . a e sect ‘P . E ! maxp‘a . 3 . 


Bern. 


p‘P“a= P‘m&xp‘a — C‘P - a 


h . *202*501 . *211*2 .31-: Hp . 3 . C‘P — a C p‘P“a 
h . (1) . *211*701 . 3 h : Hp . 3 . C‘P - a = p‘P“a 


K (2). *21 1*701 . 
[*211*701] 

K (2) . (3) . 3 I- . Prop 


3 h : Hp . 3 . P'maxp'a Cp‘P“a . 
D . P'maxp'a =p‘P“a 


( 1 ) 

( 2 ) 

( 3 ) 


If a is a section of P, we shall call C‘P — a the complement of a. By the 
above proposition, if a is a section of P having a maximum, its complement 

v/ 4 — 

is a section of P which is a member of P“(7‘P. 


*211*711. I- : P e connex .PG/.ae sect'P . D . 

a = C'P -p‘P“a . C‘P n p‘P“a = C‘P-a [*202503 . *211*2] 

*211*712. h:Pe connex . a e sect ‘P - E ! min p‘(C‘P — a) . D . a = P* min p‘(C*P — a) 

Pern. 

V/ 

h .*211*71 p . 3 

v — * 

h : P e connex . /9 e sect'P . E ! min P ‘/3 . 3 . P‘min P ‘/3 = C"P — y9 (1) 

I- .*211*7 .*24*492. 3 (-:aesect‘P./9 = C‘P — a. 3.#esect*P.a = (7‘P — £ (2) 
I- . (1) . (2) . 3 1- . Prop 

*211*713. I- : P e connex . a e sect'P — D‘P e . 3.E! max P ‘a . ~ E ! min i >‘(C'‘ P- a) 

Bern. 

h . *211*24 . Transp .3b: Hp .D.E! ma x P ‘a (1) 

b . *21 1*7 1 2*3 . D b : P e connex . a e sect'P . E ! minj»‘((7‘P — a) . 3 . a e D‘P e (2) 
b . (2) . Transp . 3b: Hp . 3 . ~ E ! minp^C^P - a) ( 3 ) 

b . (1) . ( 3 ) .3b. Prop 

41—2 
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*211714. b : P € connex . a e sect ‘P . 3 . seqp'a C min p‘(C‘P — a) 

Devi. 

h . *206*18*2 . 3 b : x e seqp'a .D.xe C‘P — a (1) 

b . *206*134 . 3 b s x e seqp'a . 3 . P*x C C‘P — p ( P“a (2) 

b. (2). *202*501. *211*2. 3 
— ► — ► 

hi.Hp.D : x e seqp^a . 3 . P‘x C a . 

[*37-462] D . m ~ e P“(C"P - a) (3) 

I- . (1) . (3) . *20511 . 3 h . Prop 

The above hypothesis is not sufficient to secure seqp‘a = minp*((7‘P — a), 
as may be seen by putting 

P = a f (a u i‘x), where g! a.x~€a. 

We then have P e connex . P“a = a . C‘P — a = i‘x . p‘P“a = a u Thus 

— > — ► 

min p‘(C‘P — a) = t*# . seqp'a = A. It will be seen that a f (a u i‘x)e trans, so 
that it is useless to add Pe trans to the hypothesis of *211*714. A sufficient 
addition is P G J, as is proved in the following proposition. 

— ► — ► 

*211715. h:P e connex n HVJ* a e sect'P . 3 - seqp'a = minp‘(C‘P — a) 

Dem. 

h .*205*14 . 3 h : ^minp^P- a) . 3 .xeC l P — a.P‘xr\ ( C‘P - o) = A (1) 

l-.(l). *33*152 . *211*2. 3 

h :. Hp . 3 : x min P (C‘P— a) . 3 . x e C‘P — a — P“a . P l x C a . 

[*202*501] D .xe C*P a p‘P“ a .7** C a . 

[*200*5] D.xeC'Pn p‘P“ a . P‘* C - p‘P“a . 

[*371.Transp] 3 . a; e C"P n p‘P“a — P“p‘P“a . 

[*206*11] 3.a?seqp« (2) 

h. (2). *211*714. 3 h. Prop 

*21172. h : P € connex . a e sect'P — D‘P e . 3 . 

C‘P - a = P“(C"P - a) . C"P - a e D‘{(P) e A / } [*211*21*7713] 

*211721. h:P e connex . a e sect'P a (CPmaxp u CPseqp) . 3 . 

— ► — ► 

seqp'a = minp‘((7‘P — a) 

Devi . 

b . *211*71 .3 hiPeconnex.aesect'P n Q‘maxp.3.p‘P“a = C‘P — a . 

[*20 673] 3 . seq P ‘ a = m in P ‘ ( C* P — a) ( 1 ) 
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h . *211-714 . D 

— ► — > 

H P e connex . a e aect'P . D : seq^'a C min,>‘((7‘P — a) : 

[*205 - 3.*206-16] D : g ! seq/a . D . seq/a = inin i >‘((7‘P - a) (2) 

b . (2) . 3 b s P e connex . a e sect'P a CPseqp . 3 . seqp'a = min p‘(0‘P — a) (3) 
H . (1) . (3) . 3 H . Prop 

*211*722. h : P e connex . a e sect ‘P . E ! maxp'a . E ! seq^'a . D . 

maxp'a = precp‘(C‘P — a) 

Dem. 

. *211-721-7 . D I- : Hp . D . C‘P - a e sect'P . E ! minp^O'P - a) . 


|*211-721 

[*24-492] 

[Hp] 


P, C‘P — al 
P, a 


3 . prec p*(C‘P — a) = maxp‘{<7‘P — ( C‘P — a)} 

— ► 

= max p‘gl 

= i‘maxp‘a : 3 h . Prop 


We have always, if Pe connex . aesect'P, 

— ► — ► 

prec p‘(C‘P — a) C maxp'a. 

The converse inclusion does not always hold, as appears (on writing P in 
place of P) from the note to *211*714. To secure the converse implication, 
it is sufficient to assume PQJ or E ! seqp'a or ^ E ! maxp'a. 

— ► — ► 

*211*723. b : P e connex - a e sect'P . 3 . prec p‘(C‘P — a) C maxp'a 
Pm. 

H . *202*11 . *211*7 . 3 b : Hp .3 • Pe connex . C"P — a € sect'P . 

f~ P 1 -> 

*211*714 ^ ,*205102.*206*101 3 . prec P \C‘P - a) C maxp'a : 3 h . Prop 

*211*724. h : P e connex . a e sect ‘P n (Q'seqp u — G'maxp) . 3 . 

maxp^a = precp^C'P — a) 

Dem. 

h . *211*722 . 3 b s P e connex . a e sect'P n G'seqp n G'maxp . 3 . 

maxp'a = prec P ‘((7‘P - a) (1 ) 

b . *211*723 . *24*13 . 3 b : Pe connex . aesect'P — G'maxp . 3 . 

— ► — ► 

maxp'a = prec p‘(C‘P — a) (2) 

I-. (1). (2). *22-91. DK Prop 

*211-725. I- : P e connex . a e sect ‘P a G'seqp . 3 . * 

— ► — ► — ► — ► 

maxp‘a = prec^C^P - a) . seqp'a = min^‘((7‘P — a) [*211-721-724] 
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♦211*726. h : P e connex a R1 *J . a e sect *P . 3 . 

raaxp'a = precp‘(C‘P — a) . seqp'a = minp‘((7*P — a) 

Dem. 

h . *200-11 . ♦202*11 .*2117 . 3 h : Hp. 3 . P e connex a R1 l J . C‘P - a e sect ‘P . 

— ► ^ 

[*211-715.*205102.*206101] D . prec P ‘(C‘P - a) = max P ‘a (1) 

K(l). *211-715. Dh. Prop 


*211-727. h : . P e connex a Rl'P . a e sect/P . D : 

E ! limaxp'a . = . E ! limin P ‘((7‘P - a) [*211-726 . *207 44] 

*211*728. h P e connex a Rl‘«7 .a e sect'P : ~ E I max P ‘a . v . 

~ E ! minp‘((7‘P - a) : 3 . limaxp'a = liminp^C'P — a) 

Dem. 

h . ♦211726 . ♦207*43*12 . 3 h : Hp . ~ E ! raaxp'a . 3 . 

limaxp'a = minp^C^P — a) 

[*207-46.*21l726] = liminp‘(C‘P - a) (1) 

Similarly h s Hp . ^ E ! minp^O'P — a) . 3 . limaxp'a = liminp^C'P — a) (2) 
h . (1) . (2) . 3 h . Prop 

♦211729. 1- : P € connex a Rl‘«/ . a e sect'P — (G'maxp a G'seqp) - 3 - 

Umax p‘a = liminp‘(C‘P - «) [♦211-728726] 

♦21173. h : P 6 connex . a e sect ‘P — D‘(Pe a 7) . 3 . 

C‘P - a e D‘{(P) e n 7} - a^precp u (sect'P - D‘(P) e } 

Dem. 

h . ♦211*21 . 3 h : Hp . 3 . a e sect'P — G'maxp . 

[♦211*7*723] 3 . C‘P — a e sect'P — G'precp . 

[♦24-41] 3 . C‘P — ot € (sect € P — G'max P - G'precp) u 

V 

(sect'P a G'maxp — G‘prec P ) . 

[♦211*31*21] 3 . C‘P — a e (D*(P)e a 7} — G'precpu {sect'P— D‘(P) C } : 

3 h . Prop 

♦21174. h : P e trans a connex . a c D‘P« — D‘(P e a 7) . 3 . 

C‘P - a e D‘(P) € - D‘{(P)e a 7} 

Dem . 

h . ♦211*431 . 3 h : Hp . 3 . a esect'P a G'maxp a G'seqp . 

[♦2117*725] 3 . C*P — a e sect'P a G'precp a G'minp . 

3 - C‘P — 06 D‘(P)e - D‘{(P) € A 7} : 3 h . Prop 


*211-431 J 
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The following propositions sum up our previous results. 

*21175. h a C C‘P.Q = P.Oia € sect'P . = . C‘P - a e sect'Q [*211*7] 

*211-751. l-:.PeSer.aCC'‘P.Q = P.D: 

a e D‘Pc . = . C‘P — a € sect ‘Q a (G'maxg w — G'seqg) 

Dem. 

h . *211*32 . D h s. Hp . D : a e D‘P e . = . a e sect'P a (G'seqp u — G'maxp) . 
[*211*75*726] = . C‘P — aesect'Q a (G'maxg \j — G'seqg) D I" . Prop 

In the above proposition, “Petrans” is necessary in order that D ‘P e 
may be contained in sect'P, and “ P € R VJ ” is necessary in order that 
“(C‘P-a)~€<l‘aeq Q f ' may imply “a^eG^maxp.” Hence the full hypo- 
thesis “Pe Ser” becomes necessary. 

*211*752. h P e connex . a C C‘P . Q = P . D : 

a e D‘(P C a / ) . D . C"P — a e sect'Q — G'seqQ 

Dem. 

h - *211*41 . D h : a e D‘(P € a 7) . = . a e sect'P — G'maxp (1) 

K (1) . *211*7*723 - D h : Hp . ae D‘(P C a /) . D - 

C‘P - a e sect'Q - G'seqg : D h - Prop 

*211*753. h P e R1‘J a connex . a C C‘P . Q = P . D : 

a e D‘(P* a 7) . = . C‘P — ae sect ‘Q - a‘seq Q [*211*41*7*726] 

*211*754. h P e R VJ a connex . a C (7‘ P . Q = P . D : 

a e sect'P — D‘P C . = . C‘P — a e D‘(Q e A /) a G'seqQ 

Dem. 

h. *211*316. D 

h Hp . D : a e sect'P — D‘P e . = • a e sect'P a (G'maxp a — G'seqp) . 

[*211*7*7 26] = . C‘P - a e sect'Q a (G'seqg a — G c maxg) . 

[*211*41] = . C‘P — a e D‘(Q e a 7) a G'seqQ D h . Prop 

*211-755. h P e trans a connex . a C C*P . Q — P . D : 

a e D‘P« - D‘(P e nI). = .C‘P-ae D‘Q e - D‘(Q< /) [*21174] 

*211766. h P c R1‘P a connex . a C C‘P . Q = P . 3 : 

a e sect'P- D‘(P e a /).= . C‘P - a e sect‘Qn(I‘seq Q [*21 1*417726] 
*211767. h P e Ser . a C C‘P . D : 

a e sect'P - D‘(P« a I) . = . C‘P - a e P“C*P [*211 756 302] 


Digitized by Google 



648 


SERIES 


[PART V 


*211-76. h : P e Ser . 3 . D‘P« = (C‘P -)“(sect‘P - d‘tlp) 

Deni. 

I" • *20713 . Transp . 3 Y . — G'tlp = (Pminp w — G‘seqj> (1) 

h . (1) . *211-751 . 3 I- Hp . 3 : ae D‘P« . = . « C C‘P . C‘P - a e sect ‘P - <Ttl P . 
[*24-492] = . (a/9)./9esect‘P-a < tl P .«= C‘P-/3. 

[*38-13] = . ae (C‘P-)“(sect‘P- <3‘tlp) :. 3 I- . Prop 

*211-761. \r:Pe Ser . 3 . sect'P a d'ltp = (C‘P -)“{sect‘P - D‘(P),{ 

[Proof as in *21 17 6] 

*211-762. h : P e Ser . 3 . D‘(P e A I) _ (C‘P -)“(sect‘P -P (t C‘P) 

Devi. 

I- . *211-757 . Transp . 3 

I- :. Hp . 3 : a e sect'P . C"P - a ~ e P“C‘P . = . a e D‘(P« A /) (1) 

h . (1) . *24-492 . *38-13 .31-. Prop 

*2118. h : P 1K) t Ser . a e sect'P . 3 . 

maxp'a = max (Ppo)‘a . minp‘(C‘P — a) = min (Ppo)‘((7‘P - a) = seq (Ppo)‘a 

Dem. 

K *21 113. *91-602. 3H:Hp.3.aesect‘P po (1) 

h . *211*131 . *2051 11 .31-: Hp. 3 . maxp‘a = max (P^'a (2) 

h . (2) p . *211-7 . (1) . 3 h : Hp . 3 . t™ip‘(C‘P - a) = rmn (P^'iC'P-a) (3) 

[*211-726] =s’eq(P po )‘a (4) 

H . (2) . (3) . (4) . 3 h . Prop 

The above proposition is used in *232*352 and *234*242. 

The following propositions lead up to *211'82, which is used in *213*4. 
#211-83*841-9 are also used in *213. 

*211*81. h : PeSer . aesect‘P.«~e 1 . 0‘P— ae 1 . 3 . 

C‘P — a — i‘B‘P . P = P £ a +» B‘P . a = D‘P 

Dem. 


I- . *211-7T81182 p . 3 I- : Hp . 3 . C‘P - a = i‘B‘P 


( 1 ) 


h. *204-461. 3 I- : Hp . 3 . P= P ^ D‘P-f*P‘P (2) 

h . (1) . *2111 . 3h:Hp.3.o = D‘P (3) 

h . (1) . (2) . (3) . 3 h . Prop 
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*211-811. h : P e Ser -t‘A . P = Q 4* x . D . C‘Q e sect ‘P .x = B‘P. C‘Q. = D «P 
Bern. 

h . *16111 .31-:. Hp . 3 :yeC‘Q . 3„ . yPx : 

[*2041] 3:<r~eC%>: 

[*16115] D:x=B‘P (1) 

I-. *16113. D I- :Hp. D.C'Q-D'P (2) 

h . (1) . (2) . *211-1 .31-. Prop 

*211-812. I- :. P € Ser - t‘A . Q e D‘P £ . 3 : 

C‘Qeaect , P.C‘P-C‘Qel. = .(Rx).P = Q-t*x. = .P = Qi*B‘P 


Bern. 

(-.*204-4. *201-12. 3 (- : Hp . 3 . C‘Q ~ e 1 (1) 

(-.*204-41. DI-:Hp.D.Q = Pt(7‘Q (2) 

I- . (1) . (2) . *211-81 . 3 (- : Hp . G‘Q e sect «P . C‘P - C‘Q e 1 . 3 . 

C‘P-C‘Q = i‘B‘P.P=Q-frB‘P (3) 
(• . *211-811 . 3 h :. Hp . 3 : (g*) . P = Q -f* « . = . P = Q 4* P‘P (4) 

h. *211-811. 3h:Hp.P = Q4+*.3.C‘<2«sect‘P.C'‘P-C‘Qel (5) 

I- . (3) . (4) . (5) . 3 I- . Prop 

*211-82. I- :: P e Ser . Q e D‘P £ . 3 :. 


C‘Qesect‘P . = : (fill) . P = Q£ll .v . (gx) . P = Q -+> x: 

= :( 3 fi).P = Q£B.v.P=Q-t+B‘P 
[*211-282-283-812 . *160 22 . *161'2J 

*211-83. h : g ! P . x <>*> e C‘P . D . sect ‘(P -f» x) = sect'P u P \j i*x) 

Bern . 

I-. *2111.3 

h Hp. D:aesect/(P-+»#) . = . aC . (P-f»#)“aC a (1) 

h.(l). *161-11. 3 

H Hp . 3 : a c sect‘(P -t>«).a;6a. = .aC (7‘P u Pa? . P“a v C ( P C a . a; e a . 
[*22-41] =.a = C‘PsJt‘x (2) 

h .(1). *161*11 . 3 

H Hp . D : a € sect‘(P -f» a;) . X € CL m = m dC C‘P u Pa? • P i( OL Ca.X~€CL. 
[*51-25] =.aC C‘P . P“a C a . 

[*211-1] = . a e sect'P (3) 

1- . (2) . (3) . 3 (- . Prop 
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*211-84. I- : C‘P rt C‘Q = A . D . sect*(P£Q) = eect'P w (C‘P u)“sect‘Q 

= sect'P w (C‘P w )“(sect‘Q— 1‘ A) 

Dem. 

h . *211-1 . D h :oe sect‘(P4-Q) . = .aCC‘P \j C‘Q . (P4-Q)“a C a (1) 

K(l). *16011.3 

I- Hp . D : a e sect‘(P-£<2) • « C C*P . = . a C C l P . P“a C a . 

[*211-1] = .aesect‘P (2) 

K (1). *16011 . D 

h Hp . D : a € sect‘(P:£Q) . g ! a n . = . 

a C C‘P \j C‘Q . C‘P v Q“a C a . g ! a n 0‘Q . 

[*24-43-491 ] = . a — C‘P C C‘Q . C l P C a . Q“a C a - C‘P . g ! a - C‘P . 
[*24-491. *37-265] 

= .<x-C , PCC‘Q.C‘PCa.Q“(a-C , P)Ca-C‘P.'zla-C , P. 

[*2111] = . a - C‘P e sect ‘Q - t‘A . C‘P C a . 

[*22-92] =.«6 (C‘P w)“(sect‘Q - t‘A) (3) 

I- . *211-26-44 . D h . C‘P e sect ‘P . C‘P e (C‘P u)“(sect‘Q n i‘A) (4) 

I- . (2) . (3) . 3 h : Hp . D . sect‘(P4-Q) = sect'P u (C"P «)“(sect‘Q - t‘A) 

[(4)] = sect'P v (C‘P \j)“aect‘Q : D h . Prop 

*211-841. h:C‘PnC?‘Q=A.3. 

sect‘(P-£Q) — t‘A = (sect'P — i‘A) *j (C‘P u)“(sect‘Q — t‘A) [*211 -84] 


*211*9. h . sect‘(<r ^ y) = t‘A w i‘t‘x w u t‘y) 

Dem. 


h . *21 1*1 ‘26 . D h . A e sect/(# 4 y) • u *‘y € sect‘(# ^ y) 

a> 

h . *5513 . 

Dh:^4=y.3.(^i y)“i‘x = A 

(2) 

h .*5513 . 

Dh:a? = y.D.(a;4 

(3) 

M2)- (3) 

. D H . (# y)“i*x C . 


[*2111] 

Dh.t^e sect‘(a? 4 y) 

(*) 

h .*211*1 . 

*54*4 . D 


!■ # e aect‘(x 4 y) • D : /8 = A . v . fi = l‘x . v . /9 = i‘y . v . ft = w i‘y 

(5) 

(■ . *55"13 . 

y)“*‘y — *‘y • 


[*2111] 

D . i l y e sect *P 

(6) 

h . *51 23 . 

D h : a? = y . 3 . = t*x 

(7) 

K(5).(6).(7).D h:. £esect‘(a?4 y) - 3:i8 = A.v./8=t^.v . /S = i‘x\Ji‘y 

(8) 

N 

w 

i-H 

• 

JL 

. (8) . D h . Prop 
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*212. THE SERIES OF SEGMENTS. 

Summary of *212. 

The series of segments or sections of a series may be ordered by the 
relation of inclusion, after the manner considered in *210. Since, as was 
shown in *211, sections and segments have the properties assigned to k in 
the hypothesis of *210, the resulting series are such that every class has 
either a maximum or a sequent, and either a minimum or a precedent ; 
i.e. the series of segments or sections are Dedekindian. Most of the 
properties of the series of sections and of the series of segments which have 
no maximum, only require that the original relation should be connected. 
The properties of the series of segments in general (D‘P C ) require also that 
the original relation should be transitive. 

We denote the series of segments by $‘P, putting 
*‘P=P lo CD‘Pe Df. 

We then have, in virtue of *210*13 and *211*61, 

*212*23. hPe trans n connex . D . $‘P = a/3 {a, f 3 € D ‘Pc . a C . a £} 

In like manner, for the series of segments which have no maximum, 
we put 

sgm‘P = P lc tD‘(Pen/) Df, 

and we have 

*212*22. h : P e connex - D . sgm‘P = a/3 {a, / 3 € D‘(P C n/),aCj8.a + i8) 

We do not need a special notation for the series of sections, since, in virtue 
of *211*13, it is s‘P* or sgm‘P*. Thus, by *212*23, 

*21224. h : P^ e connex . D . S‘P# = 8/9 {a, ft e sect f P . a C /3 . a 4= /8) 

We begin the number with various propositions on the fields, etc. of these 
relations, and on the conditions for their existence. We have 

*212132. h . D‘s ‘P = T>‘P e - t‘D ‘P . a‘s‘P = D‘P f - i‘A 
*212133. h : a ! P . D . (7‘s‘P = D‘P e . P‘s‘P = A . P'Cnv VP = D‘P 
*212 14. I- : a ! P . = . a ! s‘P 
*212152. h.a‘sgm‘P = D‘(P.A/)-t‘A 
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*21217. b : 3 ! s* P* . = . 3 ! sect'P - i‘ A . = . sect'P ~ € 1 . = . 3 ! P 

*212172. h : 3 ! P . 3 . CVP* = sect'P . PVP* = A . P‘Cnv VP* = C‘P 
Of the next set of propositions (*212*2 — *25), several have already been 
mentioned. An important proposition is 

*212*25. b : P e Ser . 3 . P5P = (*‘P) £ P“C‘P 

for this shows that the series of segments contains a series similar to P. 

We take up next the application of the propositions of *210 to the series 
of sections and segments. We show that if Pe connex, sgm‘P and $‘P* are 
series (*212*3), and that if P is also transitive, %‘P is a series (*212*31). 
We have 

*212*322. b : P e connex .3 ! P . X C sect *P . 3 . s‘\ = Umax ($‘P*)‘X 
*212*34. b : P e connex . 3 1 P • X C sect'P . 3 . p ‘\ a C‘P = limin VP*)‘X 
so that every class of sections has both an upper limit or maximum and 
a lower limit or minimum (*212 35 ). 

We then prove similar propositions for $‘P and sgm'P, except that in 
place of *212*34 we have 

*212*431. hPe trans a connex . 3 ! P . X C D‘P C . 3 . 

s‘(D‘P € a Cl‘p‘\) = limin ($‘P)‘X 
*212*53. b : P e connex . 3 ! sgm'P . X C D ‘(P € a I) - 3 . 

*‘{D‘(P C a I) a Cl‘p‘X} = limin (sgm ‘P)‘\ 
The reason of the difference from *212*34 is that the product of an 
existent class of segments may not be a segment. Suppose, for example, the 

segments are all those that contain a given term x, where x has no immediate 

— ► 

successor; then their logical product is P i x\Ji t x y which is a section but not 
a segment. 

We have next (*212*6 — *667) a number of propositions on the limits and 

maxima of sub-classes of P“C‘P in the series $*P. The interest of this 
subject lies in its relation to irrationals. If a is a class contained in OP and 

having no limit or maximum, P“ a is contained in CVP, and has a limit in 

$‘P. We may call this limit an irrational segment. There is no irrational 

term in C ( P , because in P there is no limit to a; but the limit, in s‘P, 
— * 

of P“a may be called irrational, because it corresponds to no term in OP. 
It should be observed that (as will be proved in Section F) if P is similar to 
the series of rationals, % f P is similar to the series of real numbers. 

The most useful propositions in this subject are : 

*212*6. b : P e Ser . a C OP . 3 . 

max ( $‘PyP“a = max (P>P)‘P“a = P“max p 'a 
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E ! maxp'a . = . E ! max (P>P)‘P“a . = . E ! max («‘P)*P‘* a 
*212*602. Y P e Ser .glP.aC G‘P . D : E ! max P ‘« . = . P“a e P“a 
*212*61. Y : P e trans r\ connex . g ! P . D . Umax (s‘P)‘P“« = P“o 

*212*632. Y : P e Ser . g ! P . a C C‘P. P“a ~ e P“(7‘P. Z> . P“a = It ^‘P)‘P“a 
*212*661. Y : P e Ser . * C D‘P t . E ! It (s‘P)‘* . D . 


It (s‘P)V = It (s‘P)‘P“s‘* « 

This shows that every limit in the series of segments is a limit of a class 
of what we may call rationed segments (i.e. segments of the form P‘x), namely 
it is the limit of P“s‘k. 


*212*667. hrPeSer.D. D‘lt (s‘P) - t‘A = (1‘sgm'P 

This shows that the segments (other than A) which are limits of classes 
of segments are the segments (other than A) which have no maximum in P. 

The number ends with a set of propositions (*212*7 — -*72) on the relations 
of the sections and segments of two correlated series. If S is a correlator of 
P with Q, then 8 t (with its converse domain limited) is a correlator of s‘P# 
with s'Q*, s‘P with s ‘Q and sgm'P with sgm'Q (*212*71*711*712). Hence 

*212*72. I- : P smor Q.D . s‘P# smor s'Q# . ?‘P smor . sgm'P smor sgm'Q 
This proposition is used in the next number, and also in *271. 


*21201. «‘P = P lc t D‘P ( Df 

*212*02. sgm‘P = P lc t D‘(P f A I) Df 

*212*1. I- : a (« ‘P) /9 . = . a, £ «• D‘P e . 3 ! £ - a - P“(a - £) 

[*170*102. *37*1 5] 

*212*11. I- : a (sgm'P) /3 . = . a, fi e D‘(P« n I) . g ! f) - a 

Dem. 

Y. *170*102. *37*15. D 

I- : a(sgm‘P)/9 . == . a, £eD‘(P« « 7) . g 1/3 - a - P“(a - £) (1) 

I- . *211*12 . D I- : a c D‘(P« n /) . 3 . - a = - P“a . 

[*37*2.Transp] D.-aC- P“(a - /8) . 

[*22*621] D.-a-P“(a-/9) = -a (2) 

h . (1). (2) . D I- . Prop 

*212*12. I- : a(sgm‘P J | ( )/9 . = . «,£» esect'P. g 1/3 — « [*211T3 .*212*11] 

Thus sgm'Pjjf has the same connection with sect'P as sgm'P has with 
D‘(P f A I). When P is transitive, sgm'P* also has the same connection 
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with sect‘P as $*P has with D‘P e . The following proposition makes these 
facts more explicit. 

* 212121 . h . 8gm‘P # = s'P# = P l0 £ sect'P 
Dem. 

V . *21113 . D h . sgm'Pjj, = P lo £ sect'P (1) 

K *2121 . *21113 . D h : a (?‘P # ) /9 . = . a, /3e sect'P . a ! /3 - a - P#“(a - £) (2) 
h . *21113 . D h : a e sect ‘P . D . a = P # “a . 

[*37-2] D . P*“(« - £) C a . 

[Transp.*22-621] D. - a- P # “(a - /3) = - a (3) 

h . (2) . (3) . D h : a (s‘P#) /3 . = . a, /3 e sect'P . g ! £ — a . 

[*21112] = a(sgtn‘P#)£ (4) 

I- . (1) . (4) . D h . Prop 

* 212122 . h . s‘P, sgm'P e Rl‘J [*17017] 

* 212123 . I- . CVP, C‘sgm‘P ~ e 1 [*20012 . *212122] 

* 21213 . I* : A ($‘P) fi.s. fie D‘P e — t‘A [*1706] 

* 212131 . h : a (s‘P) (D‘P) . = .ae D‘P, - t‘D‘P 

Dem. 

h . *2121 . D h : a (s‘P) (D‘P) . = . a, D‘P e D‘P< . 3 ! D‘P - a - P“(a - D‘P) . 
[*211-301.*3715] = . a e D‘P e . a C D‘P . 3 ! D‘P - a . 

[*24-55.*22'41] s . a e D‘P< . a C D‘P . a + D‘P . 

[*3715] ==.aeD‘P«.a + D‘P:DKProp 

* 212132 . h . D VP = D‘P f - i‘D‘P . <3VP = D‘P e - t‘A 

Dem. 


I- . *21213131 . 

D h . D‘P e 

- t‘D‘P C DVP . D‘P e - t‘A C d VP 

(1) 

K *2121.3 h. 

D VP C D‘P e . <1 VP C D‘P f 

(2) 

h . *2121 . D h : 

aeDVP. 

3-(a£)-£«D‘P«.a!£-a. 


[*3715] 


D.aiD‘P-« 

(3) 

h. *212*1.31-: 

£ eOVP. 

3 • (a«) . a ! £ - « • 


[*24*561] 


D-a!/9 

(4) 

h . (3). (4). D h . 

DVPC- 

1 ‘D‘P.aVPC-i‘A 

(5) 

K(l).(2).(5). 

, D h . Prop 




*212133. H : 3 ! P . D . CVP = D‘P e . PVP = A . P'Cnv VP = D‘P 

Dem. 

h.*33-24.Dh:Hp.D.A + D‘P. 

[*212132] D.AeDVP.D'PcQVP. 
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[*51-221] D . D VP = {(D‘Pe - i‘D‘P) - i‘A} w i‘A . 

[*212132] D . C VP = {(D‘P e - i‘A) - t ‘D‘P} u t‘A w (D‘P« - t‘A) 

[*22-63] = (D‘P« - t‘A) w t‘A 

[*61-221] = D‘P« ( 1 ) 

h . (1) . *93-103 . *212132 . D h : Hp. D . PVP = D‘P e - (D‘P e - t‘A) 
[*211*44] = t‘A (2) 

H . (1) . *93103 . *212132 . D h : Hp . D . P‘Cnv‘s‘P = D‘P e - (D‘P e - i‘D‘P ) 
[*211-301] = i‘D‘P (3) 

h . ( 1 ) . ( 2 ) . (3) . D h . Prop 

*212*134. h:P = A.D.s‘P = A [*170*35] 

*212*14. I- : a ! P . = . a ! s‘P 
Dem. 

h . *212133 . *211-301 .Dh:a!P.D. a ! CVP . 

[*33-24] D-a!s‘P (1) 

h . ( 1 ) . *212134 . D h . Prop 

*212141. h : a e C‘$‘P . = . a e D‘P< . a ! P 
Dem. 

h. *10-24. DhroeCVP.D.alCVP. 


[*33-24.*21 214] D . a ! P . ( 1 ) 

[*212133.Hp] D.ae D‘P« ( 2 ) 

h . *212133 . D h : a e D‘P e .3 ! P . D . a e CVP (3) 

h . ( 1 ) . ( 2 ) . (3) . D H . Prop 

*212142. h : 3 ! S‘P . = • D‘P« ~ e 1 

Dem. 

h. *211-66. *21214. Dh:a!s‘P.3.D‘Pe~el (1) 

I- . *212132 . *211-44 . D h : D‘P e ~ e 1 . D . a ! dVP . 

[*33-24] D . a J ?‘P (2) 

h . ( 1 ) . ( 2 ) . D h . Prop 


* 212 * 15 . h : A (sgm‘P)j 8 . = . #eD‘(P e f\I) — t‘A [Proof as in #212*13] 

* 212161 . I- : P = A . D . sgm‘P = A [*170 35] 

The converse implication does not hold in this case. For the existence 
of sgm'P, it is necessary that • C‘P should contain classes having no 
maximum. 

* 212 * 152 . I- . d'sgm'P = D‘(P e o/) — t‘A [Proof as in #212*132] 
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*212153. H : a ! sgm'P . = . g ! D‘(P e A I) - t‘A . = . D‘(Pe A I) ~ e 1 

Derm,. 

V. *21215. 3 1- : g ! D‘(P« A /) - t‘A . 3 . g ! sgm'P (1) 

h . *212152 . 3 I- : g ! sgm'P . 3 . g • D‘(P« a 7) — t‘A (2) 

f- . *21211 . 3 H : a ! sgm'P . 3 . (go, /3).a,fie D‘(P« a /) . o 4= £ . 
[*5216.Transp] 3 . D‘(P« A J) ~ « 1 (3) 

h. *211-44. *52181. 3 

h:DXP«*/)~el.D.(a/9)./8eD‘(P t A/).£*A. 

[#21215] 3.g!sgin‘P (4) 


h . (1) . (2) . (3) . (4) . 3 h . Prop 

#212154. I- : a ! sgm‘P . 3 . 0‘sgm‘P = D‘(P e a I) 

Dem. 

I" . #21215315 • 3 H : Hp . 3 . A e D'sgm'P . 

[*212152] 3 . D‘(P« a/) C C‘Hgm‘P (1) 

K *21211. 3 H . 0‘sgm‘P C D‘(P e a I) (2) 

f* . (1) . (2) .31-. Prop 

*212155. h : a ! sgm'P . D . A = P'sgm'P [*212152154 . *93103] 

*212156. h : a e (7‘sgm‘P . = . « e D‘(P« A /) . g ! sgm'P . 

= . ae D‘(P e a I) . D‘(P« A i)~ e 1 

Dem. 

H ■ *212154 . 3 I- : ae D‘(P« A/) . g ! sgm‘P . 3 . ae (7‘sgm‘P (1) 
h . #10 24 . #33 24 • 3 1- : a e 0‘sgm‘P . 3 . g I sgm‘P . (2) 

[*212154] 3 . a e D‘(P e a I) (3) 

b . (1) . (2) . (3) . *212153 .31- . Prop 

*21216. 1- : d‘P C D‘P . 3 . D‘P e D‘(P f a I) 

Dem. 

h.*37-27.3b:Hp.3.P“D‘P = D‘P (1) 

h.(l). *21112.31-. Prop 

*212161. b : d‘P C D‘P . g ! P . 3 . g ! sgm'P 

Dem. 

1- . *33 24 . *21216 . 3 1- : Hp . 3 . D‘P e D‘(P< A I) - t‘A . 

[*212-1 5] 3 . A (sgm'P) (D‘P) . 

[#11-36] 3 . g !sgm‘P: 3 b . Prop 

*212162. b : d‘P C D‘P . g ! P . 3 . 

D‘P= P'Cnv'sgn^P. D‘sgm‘P= D‘(P e A /) — t‘D‘P 

Dem. 

h . *21216152 . *33-24 . 3 I- : Hp . 3 . D‘P e <I‘sgtn‘P (1) 
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I-. *212-11 .*37-24 . D (- : Hp . a e D‘(P« <*» I)—i‘D‘P . D . a (sgra'P) (D‘P) (2) 
I- . *37-24 . D h : a e D‘(P e A/).D.~g!(«- D‘P) . 

[*212-11] D . ~ {(D‘P) (sgm‘P) «} (3) 

I- . (2) . (3) . D h : Hp . D . D‘(P e /) - i‘D‘P C D‘sgra‘P . D‘P ~ e D‘sgm‘P (4) 
h . (1) . (4) . *212154 . Dh. Prop 

*21217. b : a ! s‘P # . = . a 1 sect'P — t‘A . = . sect‘P ~ e 1 . = . a ! P 

Dem. 


h . *212132 

. *21113 . D h 

!«‘-P*- 

= . a ! sect'P — A 

(i) 

(-.*212142 

. *21113 . D 1- 

:3 !«'■?*• 

= .sect'Po^el 

(2) 

h . *21214 . 

Dl- 

: a ! s‘P* . 

,=.a!P*. 


[*90141] 



= -a (P 

(3) 

1- . (1) . (2) . (3) . D (- . Prop 





*212171. I- . D VP* = sect'P - t‘(7‘P . CIVP* = sect'P - i‘A 
[*212132 . *21113 . *9014] 

*212172. I- : a ! P . D . (7 VP* = sect'P . P VP* = A . P‘CnvVP* = C‘P 
[*212133 . *21113 .*90141] 

*212173. I- : a e CVP* . = . a e sect'P . a ! P ■ = . a e sect'P. sect‘P ~ e 1 
[*21214114214 . #21113] 

*21218. h.s‘P*=(C*P-)5CnvVP* 

Dem. 

I- . *212-12-121 . D I- : a (s‘P*) yS . = . a, e sect *P . a • P ~ * • 

[*211-7] = . (ay, 3) . y, 3 e sect ‘P. a = C‘P- y . # = (7‘P — 3. a ! y8 — a . 

[*24-55] = . ( 37 , 3) • y, Sesect'P. a = C‘P—y./3 = C‘P— 3. (V 08C«). 

[*211 -l.*24-492] = . (ay, 3) . y, 3 e sect'P. a = (7‘P- y . /9 = (7‘P - 3 . ~ (y C 3) . 
[*21212.*24-55] = . a {(C7‘P ->;Cnv VP*) /3 : D h . Prop 

*212-181. l-.(s‘P*)smor(CnvVP*) [*212-18] 

The above proposition is used in *252*43. 

*212*2. I- . sgm‘P G s‘P . sgm‘P G s‘P* [*211-14. *212-1-11-12] 

*212*21. (• : P e trans . D . $‘P G s‘P* [*211-15 . *21212] 

*212*22. (- : Peconnex . D . sgm‘P = aft {a, y9 e D‘(P f A /) . a C /9 . a+/9J 
[*211-62. *2101. *212 11] 

*212*23. I- : P e trans r* connex . D . s‘P = fi/S {«, /9 e D‘P« . a C /3 . a 4= /9) 
[*21013 . *211-61 . (*21201)] 

B.4W. h. 42 
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*212-24. H:P* c connex • D • = [oi, ^ € sect^.P t oc C • ft ^ j8j 

[*212121-22. *21113] 

*212-25. h : P e Ser . D . P^P = (s‘P) £ P“C‘P 
Dem. 

K *204-33-331.3 

h : . Hp . D : a (P>P) £ . = . a, £ € P“C‘P . a C yS . a =f £ • 
[*212-23.*211-3] = . a,£ € P“C"P . a(s‘P)£ D h . Prop 

The following propositions, down to *212*55, consist of applications of the 
propositions of *210, where the tc of that number is replaced by sect'P, 
D ‘P €) or D‘(P € n7), and the Q is replaced by P lc £ *, i.e. by $‘P#, s‘P, or 
8gm‘P. The propositions which follow are important, since the use of 
segments, especially in connection with continuity, depends largely upon 
them. 


*212*3. h : P e connex . D . sgm'P, $‘P* e Ser 
[*211-67 .*21014 .*212*121] 

*212*31. h : P e trans n connex . D . s‘P e Ser 
[*211-68 . *21014 . (*212 01)] 

*212*32. h : P e connex . g ! P . X C sect'P . s‘\ e X . D . s‘\ = max (s‘P*)‘X 
[*210*211 .*211-67 .*21217] 

We write max (s‘P*)‘X, instead of putting s‘P# below the line, because, 
when we have to deal with an expression not consisting of a single letter, it 
is inconvenient to write it as a suffix, especially when it contains a suffix 
itself, as in this case. 

*212-321. hsP e connex . g 1 P . X C sect'P . s‘X ~ e X . D . «‘X = seq (s‘P#)‘X 

= It (s‘P#)‘X 

[*210 231 . *211-67 . *21217 . *21163] 

*212*322. I - : P e connex . g ! P . X C sect‘P . D . s‘X = Umax (s‘P*)‘X 
[*212-32-321 . *207-46] 

*212*33. h : P e connex . g ! P . X C sect‘P . p‘\ a C‘P e X . D . 

p‘X a C‘P = min (s‘P#)‘X 

Dem. 

V . *211-671 . *210-252 . *21126 . D 

h : Hp . D . p‘\ a C‘P e min (s ‘P*)‘X w prec (s‘P # )‘X (1) 

f- . *206"2 . D h : p‘X a C‘P e X . D . p‘X a C‘P ~ e prec (s'P^'X (2) 

h . (1) . (2) . D f- : Hp . D . p‘X a C‘P e min (s'P^yx (3) 

h. (3). *205-31. Dh. Prop 
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*212 331. b : P e connex . g ! P . X C sect'P . p‘\ a C‘P ~ e X . D . 

p‘\ a OP = prec (9 ‘P#)‘X = tl ( 9 ‘P#)‘X 

Dem. 

I- . *211-671 . *210-252 . *211-26 . D 

b : Hp . D . p‘X a OP = limin (9‘P#)‘X (1) 

b . *205"1 . Transp . D h :p‘X a OP ~ e X . D . p‘X a OP ~ e min (9‘P#)‘X (2) 
h . (1) . (2) . *206161 . D b . Prop 

*212*34 b : P e connex . g I P . X C sect'P . D . p‘\ a G‘P = limin ( 9 ‘P#)‘X 
[*212-33-331 . *207-46] 

*212*36. I- : P e connex . g ! P . D . 

(X) . X e [Ct'max ( 9 *P # ) w Q‘seq ( 9 ‘P#)} a (CFmin (9‘P#) w Q'prec ( 9 ‘P#)} 
[*210-28 . *211-671 . *212121] 

*21236. b P e connex . D : X e C'sgmVP# . D . E 1 seq ( 9 ‘P#)‘X 

Dem. 

b . *211-47 . *212-35*3 . D 

I- Hp . a ! P . D : X e OsgmVP# . D . E 1 seq ( 9 ‘P#)‘X (1) 

I- . *33*24 . D h : X e OsgmVP# . D . g ! sgmVP# • 
[*212-151.Transp] D . g ! 9 ‘P# • 

[*212-17] D.glP (2) 

h . (1) . (2) . D h . Prop 

*212*4 I- : P e trans a connex . g ! P . X C D‘P« . *‘X e X. D . «‘X = max ( 9 ‘P)‘X 
[*211-68-66. *210-211] 

*212*401. b : P e trans a connex . g ! P . X C D‘P« . s‘X ~ e X . D . 

s‘X = seq ( 9 ‘P)‘X = It ( 9 *P)‘X 

[*211-68-66-64 . *210231] 

*212*402. I - : P e trans a connex . g ! P . X C D‘P« . D . «‘X = Umax ( 9 ‘P)‘X 
[*212-4-401 .*207-46] 

*212*41. I- : P « trans a connex . g!P.XCD‘P e .p‘XeX.D.p‘X=min( 9 ‘P)‘X 
[*211-68-66. *21021] 

*212*411. I- : P e trans a connex . g ! P . X C D‘P« . p‘\ e D‘P e — X . D . 

p‘X = prec ( 9 ‘P)‘X = tl ( 9 ‘P)‘X 

[*211-68-66. *210-23] 

*21242. I- : P e trans a connex . g ! P . X C D‘P« . p‘X ~eX. D . 

s‘( D‘P e a Cl‘p‘X) = prec ( 9 ‘P)‘X = tl ( 9 ‘P)‘X 
[*210-26-22 . *211-68-66-64] 

42—2 
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The cases considered in *21 2*411 and *212*42 are not mutually exclusive, 
since if p‘X e D ‘P e , we have s‘(D‘P e a Cl‘p‘X) = p‘X. 

*212 421. I- : P e trans a connex . g ! P . X C D ‘P e . p‘X ~ e D‘P< . D . 

s‘(D‘P« a Cl‘p‘X) = P“p‘\ 

Bern. 

K *211151. D h Hp . D : a e X . D« . P‘‘a C a : 

[*40 81] D : P“p‘\ C p‘\ (1) 

I- , (1) . *211T1 . D I- : Hp . D . P“p‘\ e D‘P e a Cl‘p‘X . 

[*4013] D . P“p‘X C s‘(D‘P e a Cl‘p‘X) (2) 

h . *13’196 .*60"2 . D h Hp . D : aeD'P* a Cl*p‘X . D a . a Cp‘X . a4=p‘X : 
[*211-5616-632] I> : g ! X . a e D‘P«. a Cl‘p‘X . D. . a C P“p‘X : 

[*40151] D : g ! X . D . «*(D‘P e a Cl‘p‘X) C P“p‘X (3) 

h . *40-2 . *37-24 . D h : X = A.D.«‘(D‘P« ACl‘p‘X)CD‘P.P“p‘X = D‘P (4) 
h . (3) . (4) . D I- : Hp . D . a Cl‘p‘; X) C P“p‘ X (5) 

I- . (2) . (5) . D h . Prop 

*212 43. I- : P e trans a connex . g ! P . X C D‘P« . p‘\ ~ e D‘P e . D . 

P“p‘X = prec (s‘P)‘X = tl (s‘P)‘X [*212-42-421] 

Thus with regard to the lower end of a class chosen out of C‘s‘P, we 
have three cases to distinguish : (1) if p‘XeX, p‘X is the minimum ; (2) if 
p'XeD'P* — X, p‘X is the lower limit; (3) if p‘X ~ e D‘P ( , P“p‘X is the 
lower limit. 

*212*431. h : P e trans a connex . g ! P . X C D‘P« . D . 

s‘(D‘P e a 01‘p‘X) = limin (s‘P)‘X 

Dem. 

V . *212-42 . D I- : Hp .p‘X~ eX . D . s‘(D‘P t a Cl‘p‘X) = tl (s‘P)‘X (1) 

I- . *22 441 . D I- : Hp . p‘X e X . D . p‘X e (D*P t a Cl‘p‘X) . 

[*4013] D.p‘XC s‘(D‘P e a Cl‘p‘X) (2) 

H.*60-2. D I- : a s D‘P e a Cl‘p‘X . D . a Cp‘X : 

[*40151] D h . s‘(D‘P f a Cl‘p‘X) C p‘X (3) 

h . (2) . (3). D h : Hp .p‘\ e X . D . s‘(D‘P t a Cl‘p‘X) = p‘X . 

[*212-41] D . s‘(D‘P« a Cl‘p‘X) = min (s‘P)‘X (4) 

h . (1) . (4) . *207-46 . D H . Prop 

*212*44. h : P e trans a connex . g ! P . D . 

(X).Xe {Q‘max ($‘P) w Q‘seq ($‘P)} a {CI‘min (s‘P) wQ'prec (s‘P)} 
[*211-681. *210-28] 
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*212*46. H P e trans a connex . D : X e (7‘sgm VP . D . E ! seq (s‘P)‘\ 

Dem. 

K *211*47. *212*44*31.3 

h Hp . a ! P . D : X e (7‘sgm VP . D . E ! seq (s‘P)‘X (1) 

I- . *33*24 . D h : \ e (7‘sgm VP . D . a ! sgmVP . 
[#212*151.Transp] D . a ! s‘P . 

[*212*14] D.a !P ( 2 ) 

I- . (1) . ( 2 ) . D h . Prop 

The proofs of the following propositions are exactly analogous to those of 
the corresponding propositions on $‘P. 

*212 5. h : P e connex . a ! sgm‘P . X C D‘(P« A/).«‘XeX.D. 

«‘X = max (sgm‘P)‘X 

*212*601. h : P e connex . a ! sgm‘P . X C D‘(P« n/). A~e\.D. 

s‘X = seq (sgm‘P)‘X = It (sgm‘P)‘X 

*212*602. h : P e connex . a ! sgm‘P . X C D‘(P« a /) . D .s‘X=limax (sgm‘P)‘X 
[*212*5*501] 

*212*61. h : P e connex . a ! sgm'P . X C D‘(P e 5 I).p‘\e\. D . 

p‘\ = min (sgm‘P)‘X 

*212*611. h : P e connex . a ! sgm'P . X C D‘(P e a I) . p‘\ e D‘(P e A /)— X. D . 

p‘X = prec (sgm‘P)‘X = tl (sgm‘P)‘X 
*21262. h • P 6 connex ■ 1 sg^m P ■ X C ^ rt f ] ■ p c X ■ 3 . 

s‘{D‘(P« a I) a Cl‘p‘X) = prec (sgm‘P)‘X = tl (sgm‘P)‘X 

This proposition includes *212*511, since, if p‘XeD‘(P* a /), we have 
«‘{D‘(P, a /) a Cl‘p‘X} = p‘X. 

*212*63. 1 * : P e connex . a ! sgm‘P . X C D‘(P« A I) . D . 

«‘{D‘(P« a I) a Cl‘p‘X} = limin (sgm‘P)‘X [*212*51*52] 

The proof proceeds as in *212*431. 

*212*64. h : P e connex . g ! sgm ‘P . 3 . 

(X) A€{Q‘max(sgm‘P) vG‘seq(sgm‘P)) a {Q'min (sgm'P) vG'prec (sgm'P)} 
*212*55. h P e connex • 3 : X e (7'sgm 'sgm'P . 3 . E ! seq (sgm'P)'X 

The following propositions are concerned with the relations of maxima, 

limits and sequents in P and s'P respectively. The series P>P, which is 

ordinally similar to P, is contained in 9 'P; and if a has a maximum or 

— ► — ► — ► 

limit in P, the maximum or limit of P''a in s'P is P'maxp'a or P'ltp'a. 

— ► 

In this way, a series (namely P>P) which has the same ordinal properties as 
P can be placed in a certain Dedekindian series (namely s'P) in such a 
way that the classes which have limits in P are those whose correlates have 
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limits which are members of P“C‘P, while those whose correlates have 

— ► 

limits which are not members of P“C‘P are those which have neither a 
maximum nor a limit in P. These relations are important in many con- 
nections. For example, if P is of the type of the rationals, $‘P is of the 

— ► 

type of the real numbers : C‘$‘P — P“C‘P corresponds to the irrationals, 

— ► — ► 

and classes contained in P tt C t P but having a limit not belonging to P“C 7‘P 

correspond to series of rationals having an irrational limit. In the original 

series P, there are no irrational limits ; but if a is a class in C‘P and having 
— ► 

no limit, P“a has an irrational limit in s ‘P. 

*212-6. V :P e Ser . a C C‘P . D . 

max (5 ‘PyP“a = max (P>P)‘P“ a = P“maxp‘a 

Dem. 

V. *205-9. *20012.D 

V : Hp . D . max ( 5 ‘PyP“a = max (P>P)‘P“a (1) 

V . *204-35 . *205-8 . D 

V : Hp . D . max (P»P)‘P“a = P“maxp‘a (2) 

I- . (1) . (2) . D h . Prop 

*212*601. h P e Ser . a C C‘P . D : 

E ! maxp'a . = . E ! max (P>P)‘P“a . = . E ! max (s‘P)‘P“a 

[*212-6] 

*212*602. h P e Ser . g ! P . a C C‘P . D : E ! maxp'a . = . P “ a e P“a 

Dem. 

I-. *212-601. *210-223. D 

1- :. Hp . D : E ! maxj>‘a . = . s‘P“« e P“ a . 

[*40"5] = . P“a e P“a :. D h . Prop 

*212*61. h : P e trans n connex . g ! P . D . Umax (s‘P)‘P“« = P“<* 

[*212-402. *40-5] 

*212*62. Vi. P e Ser . g ! P. D : 

E ! limaxp'a . = . E ! Umax (P»P)‘P“a . 

s . limax(s‘P)‘P“a = P'limaxp'a . 
= . limax(s‘P)‘P“« e P“(7‘P 

Dem. 

V . *204*35 . *207-65 .31-:. Hp . D : E ! limaxp'a . = . E ! Umax (P>P)‘P“« (1) 
h . *207-51 .31-:. Hp . 3 : P‘limaxp‘a = P“a . = . limaxp'a = limaxp'a . 
[*14-28] = . E ! limaxp'a (2) 


Digitized by 


Google 



SECTION B] THE SERIES OF SEGMENTS 663 

I-. (2). *212*61. 3 

I- Hp . 3 : E ! limax P ‘a . = . Umax ($‘P)‘P“a = P‘limaxj>‘a (3) 

h. *207-51. *14*204. 3 

(■ :. Hp . 3 : E ! limaxp'a . = . (g<c) . x e C‘P . P‘x = P“a . 

[*37-7] = . P“a eP“C‘P (4) 

I- . (1) . (3) . (4) . 3 h . Prop 

*212-621. I- :. P e Ser . £ C C‘P . 3 : limax P ‘a e ft . = . limax (s‘P)‘P“a e P“/8 

Dem. 

H . *33*24 . 3 h : Hp . limax P ‘e eft . 3 . a ! P . limax P ‘a e ft . 

[*14*21] 3 . g ! P . E I limax P ‘a . limax P ‘a e ft . 

[*212-62] 3 . Umax (s‘P)‘?“a e P“£ (1) 

I- . *33-24 . *22-621 . D h : Hp . limax (?‘P)‘^‘« e ~P“ft . 3 . 

3 ! P . limax (s‘P)‘^‘a e P“/8 a P“(7‘P . 

[*212-62] 3 . limax (s‘P)‘P“a e P“/9 . limax (s‘P)‘P“/9= PMimax/a . 

[*72-61 2.*204-34] 3 . limax/a e £ (2) 

H . (1) . (2) . 3 h . Prop 

*212-63. 1- : P e Ser . a ! P . a C (7‘P . ~ E ! raax/a . 3 . It (s‘P)^P‘a = P“ a 
[*212 61-601 .*207-43] 

*212-631. I- :. P « Ser . 3 ! P . a C C‘P . 3 : E ! lt/a . = . It (s‘P)‘P“a=P‘lt P ‘a . 

= .lt(s < P)‘P“aeP“C7‘P 


Dem. 


( 1 ) 


h . *207 "47 . 3 h : E ! It P ‘a . = . E ! limax P ( a . ~ E ! max P ‘a 
l-.(l). *212-62-601.3 

I- :. Hp . 3 : E ! lt P ‘a . = . limax (s‘P)‘P“a=P‘limax P ‘a. ~ E ! max (s‘P)‘P“a. 
[*207-43-11] = .lt(s‘P)‘P“a = P‘lt P ‘a _ (2) 

l-.(l). *212-62-601. 3 

h ;. Hp . 3 : E 1 lt P ‘a . = . limax (s‘P)‘P“a e P“C‘P . ~ E ! max (s‘P)‘P“a . 
[*207-4311] = . It (s‘P)‘P“a e P“(7‘P (3) 

!■ . (2) . (3) . 3 I- . Prop 

*212-632. 1- : P e Ser . a ! P . a C C‘P.P“a ~ e ~P“C<P. 3 . P“a == It (s ‘P)‘P“a 

Dem. 

I* . *212*602 . 3 !■ : Hp . 3 . ~ E ! max P ‘a . 


[*212-601] 

[*212-61] 


3.~E! max (s ‘P)‘P“a . 

3 . It (s‘P)‘P“a = P“a : 3 1- . Prop 
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*212 633. h P e Ser . g ! P . ar e (7‘P . fi C C‘P . 3 : 

x = It p‘0 . = . P‘® = It (s‘P)‘P“/8 

Bern. 

K *212*631. *14 21. 3 

h Hp . 3 : x = ltj>‘/9 . 3 . P‘x = It (s , P)‘P“/3 (1) 

h . *212-402 . 3 h : Hp . ~P‘x = It (s‘P)‘P“/9 . 3.P‘s = P“£ (2) 

h . *206-2 . 3 H : Hp . = It (s‘P)‘P“/9 .3 . P^z ~ e P*‘/9 . 

[*72-512.*204-34] 3 .a;~e/3 (3) 

h . (2) . (3) . *207-232 . 3 h : Hp . ~P l x = It (s ‘P)‘P*‘/9 . 3 . a: = ltp‘/9 (4) 
h . (1) . (4) . 3 f- . Prop 

*212*65. h P e Ser . a C 0*P . 3 : E ! seqp‘a . = . P‘seqp‘a= seq (s*P)*P“a 

Bern. 

h . *206 17 . *21016 . *211-3 . 3 

h :: Hp . 3 P‘seqp‘a = seq (?‘P)‘P“a . = s 

yean C‘P . 3„ . P‘y C P‘seqj>‘a . P‘y =j= P‘seqp‘a : 

— ► — ► — ► 

7 e D ‘P e - 7 C P‘seqp‘a . 7 + P'seqp'a . D y . (32:) .zea . 7 C P‘z s 

[*204-33.*206*22] = : y e a n (7‘P . . yP seqp‘a : 

7eD‘P c .7C(an(7‘P)uP‘‘a.7^an(7‘P)vP‘‘a.D y .(as) .zea.yCP‘z (1) 

h.*211-56.Dh:Hp.7€D < P e .^€^P~7.D.7C A (2) 

h • (2) . 3 h : Hp . 7 e D‘P C . 7 C (a n (7‘P) u P“a . 7 4= (a a (7‘P) u P“a . 3 . 

(g2).2«a.7CP^ (3) 

b.(l).(3).D 

— ► — ► 

h : : Hp . 3 : . P‘seqp‘a = seq (s‘P)‘P“a .=: yean C‘P . 3„ . yP seqp'a : 
[*206-211.*14-21] = : E ! seqp‘a :: 3 1- . Prop 

*212651. h:.PeSer.aCC‘P. 3: 

E ! seqp‘a . = . seq (s‘P)‘P“a eP“C‘P . = . E ! seq (PJP)‘^‘a 


Bern, 


( 1 ) 


h . *212*65 . 3 V Hp . 3 : E ! seqp'a . 3 . seq ($ , P) , P“aeP“C‘P 
h . *20617 . *21016 . *211*3 . 3 
h :: Hp . 3 seq (s‘P)‘P“a = P‘w . w e C‘P . = : 

yean G ( P . 3„ . P‘y CP‘w . P‘y P‘ w : 

7 e D‘P e . 7 C P‘w . 7 =$= P‘w . 3 Y . (gz) .zea. 7 C P‘z : w e C‘P : 
[*204'33.*211‘3] 3 : a a C‘P C P‘w : yPw. 3y.(gz) .zea. P‘yCP‘ziweC‘Pi 

[*204-32] 3 : 0 a C‘P C P‘w . P‘w Caw P“ a . w e C‘P : 

[*20617l.*3315] 3 : w = seqp'a (2) 
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K (2). *37-7. *1 4-204. D 

h Hp . D : seq (s‘P)‘P“a e P“(7‘P .D.E! seq P ‘a (3) 

h . (1) . (3) . *206-62 . D h . Prop 

*212-652. h : P e Ser . a C C‘P . E I max P ‘a . E ! seq (s‘P)‘P“a . D . 

seq (s‘P)‘P“a = a w P“a 

Dem. 

I- . *212-6-601 . *206-46 . DHiHp.D .seq(s‘P)‘P“a=seq(s < P)‘i‘P t max P ‘a (1) 
h . *20617 . *21015 . *2113 . D 

I- :: Hp . D :. fj = seq (s‘P)*t‘P , max P ‘a . = : 

0 e D‘P* . P‘max P f a C 0 . P'maxj/a + 0 : 

7 e D‘P» •yC/3.7^j3.3 r <']rC P‘max P ‘a : 
[*201*55.*210-1] D : /3e D‘P e . g I — P“(P‘max P ‘a w t‘max P ‘a) : 

7 e D‘Pe .7C/8.7 + i9.D Y .7C P‘max P ‘a : 
[*211-56] D : 0 e D‘P« . P‘max P ‘a v t‘max P ‘a C /9 : 

ye D‘P* .7C/8.7^=y8.D Y . 7CP‘max P ‘a : 

[*211*3] D : /S e D‘P, . P‘max P ‘a u t‘max P ‘a C0:xe0.O x . P‘®CP‘max P ‘a : 
[*40-5] D:/Se D‘P« . P‘max P ‘a w i‘max P ‘a C £ . P“/8 C P‘max P ‘a : 

[*202 56] D : /9e D‘P e . P‘max P ‘a w t‘max P ‘a = /9 : 

[*205131-22] D : /9 = a v P“a (2) 

I* . (1) . (2) . D I- . Prop 

*212*653. I- P e Ser . E ! max P ‘a.aC (7‘P. D : E I seq P ‘a . = . E ! seq(s‘P)‘P“a 

Dem. 

I-. *212-652. Dh:.Hp.E!seq(s‘P)‘P“a.D.awP“aeD‘P« (1) 

I*. *205*191. D V : Hp. D.E ! max P ‘(aoP“a) (2) 

«- . (1) . (2) . *211-31 . D h : Hp (1) . D . E I seq/(H w P“a) . 

[*206 25] D.EI seq P <a (3) 

I*. *212-65. Dh:Hp.EIseq P ‘a. D.EI seq (s‘P)‘P«a (4) 

I- . (3) . (4) . D h . Prop 


*212*66. h : P e trans a connex . k C D‘P« .~E! max ($‘P)‘* . D . ~ E ! max p‘s‘k 

Dem. 

V. *2101. *212-23. D 

V :. Hp . D : 0 e * . D* . ( 37 ) .ye*. fiCy.Qly — fit 
[* 201 - 5 ] O i fie k .tee f} .Of ilt .fay).y etc .Rly — P‘x — i‘x t 
[* 202 * 101 ] D : x e s*k . D* . (37) . 7 e # . g 1 7 a P‘x . 

[*37-46] D s . x e P“8‘k :. D (- . Prop 
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[PART V 


( 2 ) 

( 3 ) 

W 


*212661. I- : PeSer.K C D‘P« . E ! It (s‘P)‘*.D . lt(s‘P)‘* = lt(s ‘P)‘P‘V« = 

Dem. 

h . *212*402 . D I- : Hp . D . It (s ‘P)‘k — s‘k (1) 

V . *212-402 . Dt-:Hp.D. Umax («‘P)‘P“*‘* = P“«‘* 

[*212-66] = «‘* 

l- . *212-601-66 . D h:Hp.D.~E! max (s‘P)‘P“s‘* 
h . (2) . (3) . D h : Hp . D . It (s‘P)‘P“s‘k = s‘k 
h . (1) . (4) . D h . Prop 

*212 662. h : P e Ser . k C D‘P e . E ! It (s‘P)‘* • 3 • 

( 3 X) . X CP“C‘P . It (s‘P)‘# = lt(s‘P)‘X 

[*212-661] 

*212 663. h : P e Ser . x e C‘P .~P‘x e D‘It (s‘P) • 3 • 

~P‘x = It (s ‘P)‘P“P‘x . a; = ltj,‘P‘x 

Dem. 

h . *212-661 . D h : P e Ser . x e C ( P . P* = It ($‘P)‘* . D . 

P‘x = s‘k . P‘x = It (s‘P)‘P‘V* • 

— ► — > — ► — ► 

[*1312.*212-66] D.P‘x = It (s ‘P)‘P“P‘x . ~ E ! maxp'P'x . 

[*206-4] D . P‘x = It (s‘P)‘P“P‘x . x = ltp‘P‘x :DK Prop 

*212*664 h P e Ser . x e C‘P . D : x e D‘ltf. . = . P‘x e D‘lt (s‘P) 

D em . ^ 

h . *212*631 . D h : Hp . x = ltp‘a . D . P*x = ltj>‘P“a (1) 

h . (1) . *212*663 . D I- . Prop 

*212-666. h:PeSer. a lP.«€ D‘(P e n /) . D . It (?‘P)‘P“a = a 
Dem. 

H . *211*4 .Dh Hp .D.~El maxj>‘a . 

[*212-601-44] D . It (s‘P)‘P“a = limax (s ‘P)‘P“a 

[*212-402.*40-5] = P“<* 

[*21112] = a : D !■ . Prop 

*212-666. h : P e Ser . a ! P . D . D‘lt (s‘P) = D‘(P« * /) 

Dem. 

I- . *212-66-661 . D h : Hp . k C D‘P« . 7 = It (s‘P)‘* . D . 7 - s‘k . ~ E ! max/? . 
[*211-64-42] D. 7 eD‘(P,n/) (1) 

K(l). *212-665. Dh. Prop 

*212-667. 1- : P e Ser . D . D‘lt (s‘P) - t‘A = (Tsgm'P [*212-162161-666] 
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*212 7. h : S e P smor Q . 3 . sect'P = $ e “sect‘Q . CVP# = 

Dem. 

(-.*15111131. 3l-:Hp.£C0‘Q.3.,S“£CC‘P (1) 

I- . *37-2 . 3 h : Q“/9 C /3 . 3 . S“Q“/9 C S“/S (2) 

K (2) . *72-603 . 3 H : Hp . $ C C‘Q . Q“y9 C/S.3. S“Q“S“S“p C . 

[*151-11] 3 . P“S“£ C £“/9 (3) 

I- . (1) . (3) . *2111 . 3 I- : Hp . /9 e sect'Q . 3 . S“/9 esect'P (4) 

(• . (4) . *151-131 . 3 1- : Hp . a e sect'P . 3 . S“a e sect'Q . 

[*72-502] 3 . a e &“sect‘Q (5) 

1- . (4) . (5) . 3 1- : Hp . 3 . sect'P = S<“sect‘Q (6) 

h . (6) . *21217-172 .31-. Prop 

*212-701. h :8eP smor Q. 3. D‘P« = &“D‘Q< . CVP = &“CVQ 
[Proof as in *212-7] 

*212-702. I- : SePsmor Q. 3 . 


D‘(P* n/) = &“D‘(Q f a 7) . (7‘sgm‘P = &“C‘sgm < Q 
[Proof as in *212-7] 

*212’71. h : <Sfe P smor Q . 3 . & f* CVQ* e (s‘P#) smor (s‘Q#) 

Dem. 

h .*71-381 . 3 h :: Hp. 3 :. a, /3 e sect‘Q . 3 :g !/8 — a. = . g! S“/3- S“a (1) 
(- . (1) . *212-7 . 3 h :. Hp . a, 0 e sect *Q . 3 : a (s‘Q*) £ . = . S“a (s‘P*) -S“/8 . 
[*150-41] ^ =.a{S e ;(s‘P*)}/8 (2) 

I- . (2) . *212172 . 3 1- : Hp . 3 . s‘Q# G &5(s‘P*) (3) 

Similarly 1- : Hp. 3 . s‘P#G (4) 

h. *72-451. DI-:Hp.D.-SefCVQ#el-*l (5) 

I- . (3) . (4) . (5) . *151-27 .31-. Prop 

*212'711. I SeP smor Q . 3 . & fCVQ e ($‘P) smor (s‘Q) 

[Proof as in *212*71] 

*212*712. h : 8 e P smor Q . 3 . & [C‘sgm‘P e (sgm‘P) smor (sgm‘Q) 

[Proof as in *212‘7] 

*212 72. I- : P smor Q . 3 . s‘P# smor s'Q* . $‘P smor s‘Q . sgm‘P smor sgm‘Q 
[*212-71-711-712] 
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*213. SECTIONAL RELATIONS. 


Summary of *213. 

If a is a section of P, P £ a is called a sectional relation of P ; and if a is 
a segment of P, P £ a is called a segmental relation of P. If P ^ is serial, 
sectional relations may be arranged in a series by the relation of inclusion 
(*213153). That is, if we call the series of sectional relations P,, we shall so 
define P, as to secure that if P ^ is serial, 

QP,R . = . Q , R e P t “(sect ‘P - i‘A).QGR.Q^R (*21321). 

The natural definition to take would be 

P* = P£’VP*. 

But this has the disadvantage that if xBP, 

P £ i‘x = P l A . A, i'x e sect'P. 

Thus P£a = P£# does not imply a = £; and when P is serial, P£>s‘P* 
is not serial, because A (P £>s‘P*) A. In order to obviate this inconvenience, 
we confine ourselves to sections which are not null, putting 

P f = Pt; (9 <P*)C(- t ‘A) Df. 

With the above definition, we have (*213*151*152), if P^eSer, 
(Pt)rC‘l(s‘P*)t-i‘ A}el-1 
and P, smor (s‘P*)D(-i‘A). 

The relation P t is very useful in dealing with well-ordered series ; in this 
case, we have (as will be shown later) 

p, = Pt;p;p£(l‘P-^P. 

It will be seen that, if P^eSer, whenever P exists, P = B‘P, (*213"158) ; 
and whenever B‘P exists, A = B‘P S (*213"155). 

We have, if P,*, e Ser, 

QP S R . = . Re C‘P, . Q e D‘R t (*213-245). 

Hence R e C‘P, . D . P,‘R = D‘P, . P, = P, £ C‘R, (*213-246-242). 

If P is serial, the sectional relations of P are all relations such that by 
adding something to them they become P, i.e. they are 

$ {(a-R) . P = Q 4- R • V . (a«) . P = Q-b®} (*213-4). 
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Hence their relation-numbers are those that can be made equal to that 
of P by being added to. This fact is important in connection with the theory 
of greater and less among relation-numbers. 

The propositions of this number are rendered complicated by the necessity 
of taking account of the possibility of a section being a unit class. This 
necessitates a good many propositions which are merely lemmas ; but in the 
end the complications mostly disappear. 

We begin with propositions on the field, etc., of P*. We have 
*213141. h . D‘P, = P l “(sect ‘P - i‘A - i<C<P) 

*213142. h : Ppo G J . 0 . C‘P t = P £ “(sect'P - t‘ A) 

*21316. h . D‘P S = P t “(sect ‘P - 1 ‘ A) - i‘P 

*213161. h : P^ G P . a ! £^P . D . P p “sect'P = P £ “(sect 'P - i‘A) = C‘P, ♦ 
*213162. h : Ppo e Ser . D . <3‘P, - P £ “sect ‘P - i<k 
We then prove : 

*21317. b s Ppo e Ser . 0 . Nr VP* = 1 + Nr‘P f . 

Nr‘VP*)£ (<I VP*) = Nr*P, 

If P is finite, it follows from the above that $‘P* is not similar to P, ; 
but if P is infinite and has a beginning and is well-ordered, we find 

NrVP* = Nr‘P,. 

*213172. b : Ppo, Qpo e Ser - P smor Q . 0 . P, smor Q, 

We then have a set of propositions (*213*2 — *251) chiefly concerned with 
the sections of R, where ReC‘P t . Besides those already mentioned, the 
following are important: 

*213*24. b : £ e sect'P . R = P £ /8 . 0 . sect'P = sect'P n Cl'C'P 
*213*243. KP S ‘P = D‘P, 

*213*25. b Ppo e Ser .Q t Re C‘Ps . D : Q e D*P* .v . Re D*Q S • v . Q = P 
Our next set (*213*3 — *32) is concerned with A and x ^ y. We have 
*213*3. b:P = A.D.P, = A 

*213-32. b : P e 2 r . D • P f - A i P . P, e 2 r 

We then have three propositions (*213*4*41*42) showing that a sectional 
relation of P is one which becomes P by being added to. We proceed to 
a set of propositions (*213*5 — *58) on (P+»#) 5 and (P^.Q),, leading to 

*213 57. b : Ppo G J . Nr <Q = Nr'P + 1.0. Nr'Q, = Nr‘P s + i 

*213*58. h s Ppo G J • Qpo e Ser . C‘P n C‘Q = A . 0 . 

Nr‘(P 4: Q) s = Nr r Pf -i- Nr ‘Q s 
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*213-01. P, = P^;(«‘i > *)D(-t‘A) Df 
*2131. I- : QP S R . = . 

(a®> £) • «» £ e sect'P — PA .g!y8 — a.Q = P£a..R = P£/8 
[*21212121 . (*213-01)] 

*213*11. H Ppo e connex . D : QP,R . = . 

(ga, ft), a, ft e sect‘P -PA.aCy8.a + y8.Q = P£a.,R = P£/8 
[*2131 . *211-617 . *2101] 


*21312. h . D‘(s‘P*) £ (- P A) = sect'P - PA - PC'P 
Dem. 

h . *212*12 . D H : a e D ‘(«‘P#) £ (- PA) . = . (gy8) . £ e sect'P . g ! /9 - a . a + A . 
.[*212-12] = . a + A . a e D VP# . 

[*212171] = . a « sect'P - t‘A- PC'P OK Prop 


*213121. h : Ppo e Ser . D . P‘(PP*) £ (- PA) = sect'P a 1 = P'P'P 

Dem. 

V . *21212 . *213-12 . D K. £ e iP(VP*) £(— PA) . = : 

ft e sect'P — P A — P(7‘P : a e sect'P . g ! >3 — a . D. . a = A (1) 

h. *211-313-1. *3718. D 

|- : /3 e sect'P .xe ft .0 . P^x e sect'P . P#x C/3.g! P#‘a; (2) 

K (1) . Transp . (2) . D I- :. /8 e B‘(^‘P^) £ (— PA) . D : 

ft e sect ‘P — PA — i‘G‘P : x e ft . D, . P#‘x = y8 (3) 

K *200391 . 3 b :. Hp . /8 e sect'P - PA : xeft . D* . P#‘x = ft.O : 

y9 c sect P i A ■ ^ y e ft . . x — y • 

[*6216] D : y8e sect'P a 1 (4) 

h . (3) . (4) . Df-:Hp.D.P‘(s < P#)P(-PA)Csect‘PAl (5) 

h . *21312 . *20012 . D h : Hp . D . sect'P a 1 C D‘(pP#) £ (- PA) (6) 

h .*51*401 . 0 :. ft e sect'P nl.D:aC/9.a^£.D.as:A (7) 

K (7) . *212-22121 . D I- : Hp . D . sect'P a 1 C - <3‘(s‘P#) £ (- PA) (8) 
K (5) . (6) . (8) . *211-18 OK Prop 

*213122. H : Ppo e Ser . g ! ~B ( P . D . B'(s'P) £ (- PA) = PP'P 
[*213121. *211181] 

*213123. I- : Ppo e Ser . P'P - A . D . ^B'(s'P) £ ( - PA) = A 
[*213121] 


*213124. h :. Ppo e Ser . D : E ! P'(PP) £ (- PA) . = . E ! 5‘P 
[*213-122 123] 
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*213126. h-.PpoGJ.D. CVP* - t‘A ~ e 1 
Dem. 

b . *212*17 . Db:P = A.D.CVP* = A. 

[*52-21] D. CVP* -i‘A~ el (1) 

b . *212-172 . D b : g ! P . D . CVP* - sect'P . C‘P e CVP* - i‘A (2) 

b . *21 1-13-3. *200-39 . D b : Hp . 0 e D‘P . D . P*‘<r e sect'P.g ! C‘P- P*‘® (3) 
K (2) . (3) . DI-:Hp.a!P.D.CVP*-t‘A~el (4) 

b . (1) . (4) . D b . Prop 

The hypothesis P^ G «/, in the above proposition, restricts P more than 
is necessary for the truth of the conclusion. What we really require is 

P = A . v . (gar) . x k C‘P . P*‘x 4= C‘P, i.e. P*“C‘P 4= i‘C‘P. This holds if 
either (1) the field of P does not consist of a single family, or (2) there is 
a member of C‘P which does not have the relation P^ to itself. Thus the 
only case excluded is that of a single cyclic family. The hypothesis 

P*“C‘P 4= t‘C‘P may be substituted for P^ dJ in most of the subsequent 
propositions of this number in which Ppo G J occurs in the hypothesis. We 
have, however, preferred the hypothesis P^ G J, as it gives a more immediate 
application to the case of P e Ser, which is the case in which the propositions 
of the present number are important. 

*213126. b : Ppo G J . g ! P . D . a ! sect‘P - t‘A - i‘C*P 

Dem. 

b . *213125 . *212172 . D b : Hp . D . sect'P - t‘A ~ e 1 (1) 

b. *211-26. *33-24. D b : Hp . D . C‘P e sect'P — i‘A (2) 

b . (1) . (2) . *52181 . D b . Prop 
*21313. b : P^ G P . D . C‘ (s‘P*) £ (- t‘A) = sect'P - 1 ‘ A 
Dem. 

b . *213125 . D 

b::Hp.3:.«e sect'P — t‘A. D : (g#): /3 e sect'P — i‘A: a ! a — /8.v. g! ft — « : 
[*212-12] D s (g/9) : a {(s‘P*) £ (- l‘A)}/9 . v . /9{( S ‘P*) £ (- i‘A)} a : 

[*33 132] D :aeC‘ (s‘P*) £(-t‘A) ' (1) 

b . (1) . *212-172 . Db:Hp.g!P.3. C‘(s‘P*) £ (- i‘A) = sect'P - t‘A (2) 
b . *21217 . *211-1 . D b ; P = A . D . C‘(VP*) £ (- 1‘ A) = sect'P- i‘A (3) 
b . (2) . (3) . D b . Prop 

*213-131. b : Ppo e Ser . D . a‘(s‘P*) £ (- t‘A) = sect'P - t‘A - i“P‘P 
[*21313121] 

*213132. b : Ppo e Ser . a ! P*P. D.d'VP*) £ (- i‘A)= sect‘P- i‘A- tVB'P 
[*21313122] 
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*213133. I- : Pp„ e Ser . P‘P=A.D.CI‘(s‘P#) £ (~i< A) = secPP - t‘A 
[*21313-123] 

*213134. I- : Ppo G J. g! P.D.P‘Cnv‘(s‘P#) £ (- PA) = C‘P [*2131213] 

*21314. b . D‘P, = P l “D‘(s‘P*) t (-PA) . (PP, = P C “(I‘(s‘P*) £ (- PA). 

C‘P, = P £ “C‘(s‘P+) £ (—PA) 

[*150-21-211-22] 

*213141. b . D‘P, = Pl “(sect ‘P - PA - PC‘P) 

[*2131214] 

*213142. hiPpoG/.D. C‘P, = P l “(sect ‘P - PA) 

[*2131314] 

*213143. I- : P^ e Ser . D . CPP, = P £ “(secPP - PA - t“P‘P) 

[*21313114] 

*213144 h : P^ e Ser . g IB‘P . D . d‘P, = P £ “(secPP - PA - i‘i‘B‘P) 
[*21313214] 

*213145. h :P po €Ser.P‘P = A. D.a‘P, = Pp “(secPP - PA) 

[*213143] 

*213146. b-.PGJ.l.Pt “sect ‘P = P £ “(secPP - 1) 

Dem. 

K *37-22. D 1* . P £ “secPP = P £ “(secPP — 1) u P £ “(secPP n 1) (1) 

K *20035 . 3 h : QeP£ “(secPP n 1). D . Q = A. 

[*36-27] D.Q = P£A. 

[*211-44] D.QePC “(secPP - 1) (2) 

K (1) . (2) . D I- . Prop 


*213*15. H :. Ppo e Ser . a e secPP — PA .D:P£a = A. = .a€l 

Dem. 

I- . *200*35 . D l* : Hp . a e 1 . D . P£ a = A 

I- . *52*41 . D h :. Hp . a~el . D : ($x,y) ,x,y ea.x^y : 


(1) 


[*2111. *202103] 
[*11*7] 

[*37-41] 

[*211131] 

[*37-41] 

H . (1) . (2) . D h . Prop 


^ : (a®.y) : *(-PpoD «)y • v • y (-PpoD a)« : 

D : a ! a « Ppo“« : 

D : a I a P“ « : 

3:aI-PD« (2) 
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*213151. P : Ppo e Ser . D . (P£) [ (sect'P — i‘A) e 1 — > 1 
Dem. 

P. *21315. D 

P : Hp . a e sect'P - 1‘ A — 1 . /9 e sect'P - i‘A . P£a = P£/8. D . 1 . 

[*211*133] D . C‘P£ /3= ft . C‘P£ a = a . 

[Hp] l.a-0 (1) 

P. *213*15. D 

P : Hp.aesect'Po 1 . /Sesect'P — i‘A . P£a = P£/9 . D . /3e 1 (2) 

P . (2) . *21118 . D P : Hp (2) . D . a, £ e t“P*P . 

[*202*523*13] D.a = /9 (3) 

P.(1).(3).DP :.Hp.D:a,/3 € sect‘P — t‘A.Pp a = PP/3.D.a = /3:. 

D P . Prop 

*213152. P : Pp,, e Ser . D . P, smor (s‘P*) £ (- i‘A) [*21315113] 
*213153. P : Ppo e Ser . D . P, e Ser [*213152 . *212*3 . *204 4-21] 
*213154. P : P^ « Ser . D .P'P, = P£“i“lf‘P [*213*151121 . *1515] 

*213*155. I- : P^ e Ser . g ! ~B‘P . D . P‘P S = A 

Dem. 

P. *213151122. *151-5. D 
h:Hp.D.P‘P t = Pp(t‘P‘P) 

[*200*35] = A : D P . Prop 


*213156. P : P^ c Ser . B‘P = A . D . P‘P, = A [*2131 54] 

*213157. h :. Ppo c Ser . D : E ! P‘P . = . E ! P‘P, [*213*155*156] 

*213158. P : Ppo e Ser . g ! P . D . P‘Pj = P 

Dem. 

P . *213*151134 . *151*5 . D P : Hp . D . P‘P, = P£C‘P : D P . Prop 

*213*16. P . D‘P S = P£“(sect‘P - t‘A) - t‘P 

Dem. 

P . *213141 . D 

P : Qe D‘P* . = . (ga) . a e sect'P — 1 ‘ A . Q,= P£a. a^C'P (1) 

P .*211*1 . DP :.aesect‘P. Q = P£ a. D :«=|=e‘P- = . g ! C‘P — a. 
[*36'25.Transp] = . Q + P (2) 

P .(1).(2) . D P : QeD‘P, . = .(go) . a e sect'P - t‘A .Q = Pfca.Q + P: 

D P . Prop 

b. & w. ii. 43 
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*213 161. h : Pp„ G J . g ! B‘P . D . P p“sect‘P = P p“(sect‘P - t‘A) *= OP, 
Den u 

V. *21118. DH:Hp, 

[*37-2-46] 

[*200-35] 

[*36-27] 

[*37-22] 

[*213142] 


D . t“P‘P C sect'P nl.g! i“B‘P . 

D . Pp“i“#P C Pp“(sect‘P - t‘A) . g ! Pp“i“P‘P . 
D . A e Pp*‘(sect‘P — i‘A) . 

D . P £ A e P £“(aect‘P - t‘A) . 

D . P £“sect‘P = P £“(sect‘P - t‘A) 

=. OP, : D h . Prop 


*213162. f- : Ppo e Ser . D . d‘P, = P p“sect‘P - t‘A 
Dem. 

y . *213143 . D h Hp . D : Qed‘P, . = . 

(go) . a e sect'P — t‘A — i“B‘P . Q * P £ a . (1) 

[*213"16.*211-18] O.QeP £“aect‘P - i‘A (2) 

y. *21315. D f- j. Hp . D : Q e P ^“sect'P — i‘A . 3 . 

(go) . a e sect ‘P — i‘A — t“B‘P . Q = P £ a . 

[(1)] D.Qed'P, (3) 

K(2).(3).DKProp 

*213163. y : Ppo c Ser .~B‘P = A . D . OP, = P £“sect‘P - i‘A 

Dem. 

h . *213156 . D t- : Hp . 3 . OP, = d‘P, (1) 

l-.(l). *213162.31-. Prop 

*213164. h s Ppo « Ser . !fi‘P = A . D . D‘P, = P £“sect‘P - t‘A - t‘P 
[*213-142-163"16] 

*21317. I- : Ppo e Ser . D . NrVP* = i + Nr‘P, . 

Nr‘(s‘P») t (CIVP*) - Nr*P, 

Dem. 

y . *212-171172 . D y : g ! P . D . BVP* = A . dVP* = sect'P - e‘A . 


(s‘P*) D (- t‘A) = (*‘P„) p (dVP*) (1) 

y . (1) . *213125 . Dh:Hp.g!P.D.d‘s‘P # ~€l (2) 

h . *212*3 . *91*602 . D h : Hp . D . s‘P* e connex (3) 

H.(l). *213152. Dh:Hp.g!P.D.Nr‘(s‘P j(t )p(dVP*) = Nr‘P, (4) 
h . (1) . (2) . (3) . *204*46 . D 
h: Hp.gSP.D. NrVP# « 1 + Nr‘(s‘P*) £ (dVP*) 

[(4)] = 1+Nr‘P, (5) 

1- .*21217 . *150-42 . 3 h : P = A . 3 . s‘P* = A . P, = A . 

[*161-201] 3 . Nr VP* = 1 + Nr‘P, . Nr‘(s‘P*) £ (d VP*) = Nr‘P, (6) 

h . (4) . (5) . (6) . 3 h . Prop 
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*213171. h :• Ppo, Qpo e Ser .D:P t smor Q t . = . s'P# smor 
Pem. ' 

h.*212172.DH:.Hp.a!P.g!Q.D:E!.BVP*:E!P‘«‘Q*: 

[*204-47.*91-602.*212-3] 

D : s‘P* smor s‘Q* . = . (s‘P*) £ (CIVP*) smor (s‘Q*) £ (d‘s‘Q*) . 


[*21317] = . P, smor Q, (1) 

H . *213158 . 0 H : Hp . g ! P . P, smor Q t . D . g ! Q s . 

[*212*17.*150’42] D.g ! Q (2) 

h. *21217. D h : Hp.g IP. s‘P# smor . D.g 1 Q (3) 

H . (1) . (2) . (3) . D h :. Hp . g ! P . D : s‘P# smor . = . P, smor Q, (4) 
h .*21217 . D h : Hp . P = A . s‘P#smor s‘Q#. 3 . 5‘P# = A . = A . 

[*150-42] D.P, = A.Q, = A (5) 

h. *21317. D h : Hp . P, smor Q t . 3 . s‘P# smor (6) 

H . (5) . ( 6 ) . 3 1- :. Hp.P = A. D : s‘P# smor s‘Q* . = .P f smor Q, (7) 

K(4).(7). D H . Prop 


*213172. h : Ppo, Qfo e Ser . P smor Q . D . P t smor Qj [*212 72 . *213171] 

*213*18. H : P e connex . R e D‘P S . D . g ! C‘P n p‘P“C‘R 
Dem. 

h .*2131 . D 1- : PeD‘P f . D . (go) . oesect'P- t‘C‘P . P = P p a. 

[*37-41] D . (ga) . a e sect‘P - i‘C‘P . C‘R Ca. 

[*4016] D . (ga) . a e sect'P - i‘G‘P . p‘P“a C p‘P“C‘P (1) 

h.*211-703.^l-:Hp.aesect < P-t‘C t P.D.g!p < P“a (2) 

h.*211‘l. Dhracsect'P — t‘(7‘P.3.g!(7‘P — a. 

[*33-24] D.glP (3) 

f- . (2) . (3) . *40-69 . D h : Hp . a e sect'P - t‘C‘P . D . g ! G‘P n p‘P“a (4) 

f-.W-W-D ^ ^ ^ 

h : Hp . R e D‘P , . D . (ga) . g ! (7‘P r»p‘P“a ,p‘P“a Cp‘P“C‘R : D h . Prop 

*213*2. H :. Ppo e Ser . a, /9 e sect'P— i‘A .Q = P£a.i2 = P£j8.D: 

gl£-a. = .g!PJ-Q. = .QCP.Q+P. = .aC)8.<i + /9 


Dem. 

K *36-24. Dh:aCi9.D.PpaCP^/9 (1) 

h. *211133. Dh:Hp.a,/9~«l.PpaGPP/9.D.aC / 8 (2) 

H . *211181182 . D I- : Hp. ae 1 . D . a = i‘P‘P . 

[*202-521] D.aC/3 (3) , 

h. *21315. D I- : Hp. /9 e 1 . a~e 1 . D .~(P £ a GP££) (4). 

1- . (2) . (3) . (4) . Dh:Hp.P£aGPt/3.D.aC/3 (5) ‘ 


43—2 
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[PART V 

h.(l).(5).Dh:.Hp.D:«C/9.= .QGP: (6) 

[Transp] D : g ! a- ft. = .g ! Q^-R (7) 

K (6). *213*151.3 

I* Hp .0 :aC ft .a^p ft . = .QQR.Q^R (8) 

h . (7) . (8) . *210 1 . *211-562 . 3K Prop 

*213*21. h Ppo e Ser . 3 : QP S R . = .Q,ReP £“(sect‘P - t‘A) 

= .Q,RePt “(sect ‘P- i‘A).Q<iR.Q$R 

Bern. 

K *2131*2. 3h:.Hp.3: 

QP S R. = . (ga, ft), a, ft e sect ‘P — i‘A .Q = PPa.P = PPy8.g!P — Q. 

= . faa, ft) . a, ft eaect‘P - t‘A . Q = Pfca. R = P£ ft .QGR.Q^R (1) 
h . (1) . *37 6 . 3 h . Prop 

*213-22. h :. P^ e Ser . g ! 2?P . 3 : 

QP.P.s.Q.PeP^'sect'P.glP^-Q.s.Q.PeP^'sect'P.QGP.Q + P 
[*213-21161] 

*213*23. I- s.Ppoeconnex . Q,ReC‘P, .'DiQGR.v.RGQ 
[*2131 . *211-617. *36-24] 

*213*24. h : ft e sect'P . R = P £ ft . 3 . sect‘i£ = sect'P a Cl ‘CFR 

Bern. 

h . *36*29 .31-:. Hp . 3 : R C P : 

[*2111] 3:ae sect'P a C l'C'P . 3 . a C C‘R. P“a C a . 

3 . a e sect'iZ 

K(l).*2111.3 

h :. Hp . 3 : a e sect'P . 3 . a C C‘R . a C C‘P . (P £ ft)“a C a 
K (3). *37-41-413. 3 

H : Hp . a e sect ‘R . 3 . a C ft . ft a P“( a a £) C a . 

[*22-621 .*37-2] 3 . ft a P“a C a . P“a CP“/9. 

[*2111] D./9AP“aCa.P“aC/3. 

[*22-621] 3 . P“« C a 

K(3).(4).3l-:.Hp.3 : a e sect'P . 3 . a C C‘P . aesect'P 
K(2).(5).3H.Prop 


( 1 ) 

( 2 ) 

(3) 

(*) 

(5) 
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*213-241. h : P e P £“sect‘P .O.R t QP t l C‘R, 

Dem. 

K *2131. 3 

H Hp . 3 : QRtQ ' . = . (go, a') . a, o' e sect'P — t‘A . 

Q=Pfca.Q' = P£a , .g!a'-a. 
[*213*24] = . (got, a') . a, o' e sect ‘P n Cl ‘C‘R — t‘A . 

<2 = P£a.Q' = P£a'.gIa , -e. 

[*213-1] 3.QP.Q' (1) 

h . (1). *3317 . 3 h : Hp . 3 . Pj G P,£ (7‘P, : 3 t- . Prop 

*213 242. H : Pp,, c Ser . P e P t“sect‘P . 3 . P, = P t £ C‘P, 

Dem. 

h . *2131 . *2111 . 3 V Q (P, £ C‘P,) Q\3; 

(3®. «') • «. a' e sect'P — i‘A .Q = Pka.Q' = P£a' .g!a' — a: 

(37, y) • 7> 7' « sect ‘P - t‘A . Q = P £ 7 . Q' = P £ 7' (1) 

I-. *213-24151.D 

h :. Hp . 3 : a e sect ‘P . y e sect ‘P .Q = P^a = P^y.3.a = 7 (2) 

I" • (1) • (2) • 3 1- :. Hp . 3 : Q(P f £ C‘R S ) O' . 3 . 

(37, y') -y.y'e sect'P - t‘A . Q = P l y . Q' = P 1 7' . g ! y' - y . 
[*2131] 3. QR, O' (3) 

K (3). *213-241. 3 h. Prop 

*213243. I- . TyP = D‘P t 
Dem. 

h . *213*1 . 3 1- sPePj'P . = .(ga,P). o,^€sect‘P- t‘A. 

P = P^o.P = PP/3.g!/9 — o (1) 

h. *37-41. 3h.C‘(Pt/3)CP (2) 

H . (2) . 3 h : g ! C*P — P . 3 . g ! C‘P — C‘(P £ 0 ) . 

[*1314] 3.P*P£/3 (3) 

h . (3) . Transp . 3 f- : 0 e sect ‘P . P = P £ 0 . 3 . C‘P = 0 (4) 

h . (1) . (4) . 3 h : P eP t ‘P . = . (go) . o e sect'P — t‘A . P = P£ a . g ! C*P — a 
[*211-1] = . (ga) . o e sect'P - i‘A — i‘C*P . P = P £ a . 

[*213141] =.Re D‘P f : 3 K Prop 

*213 244. I- : P e C‘P, . Q e D‘P t . 3 . QP t P 

Dem. 

h .*213-243 . 3 h i.Re&P , . 3 : QeD'P, . 3 . QR,R . 

[*213-241] 3 . QP,R :3h. Prop 
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[PART V 


*213-245. I- Ser . D : QP S R .~,Re C‘P, . Q e D‘P, 

Bern. 

I-. *21311. Dhr.Hp.D: 

QPiR . = . (got, £) . a, /9 e sect ‘P - 1‘ A .Q = P£a..R = Pfc£.aC£.a+)9. 
[*213 24] = . (got, /S) . /9 e sect'P — t‘A . R = P £ y9 . a c sect'P — t‘A . 

a C /9 . Q = P t « • 

[*213142.*211133.*36-21] 

= . (got) . R e C‘P S . « e sect'P — i‘A . a C C‘R . a 4 C*jR . Q = B £ a • 
[*213 141] = . Re C‘P , . Q e D‘B, D h . Prop 

*213-246. h : Ppo e Ser . P e C‘P t . D . K‘P = D‘B t [*213 245] 

*213-247. I- Ppo e Ser . D : Q (P, p D‘P t ) R. = .Re D‘P, . Q e D‘B, 
[*213-245] 

*213-25. h P^eSer . Q,ReG‘P t . D :QeD‘P, . v.PeD'Q, . v. Q = P 

Bern. 

h . *213153 . Dh:. Hp.D: QP t R . v . RP t Q . v.Q = R : 

[*213-245] 3 : Q e D‘P, . v . R e D‘Q, . v . Q = P D I- . Prop 

*213-251. H P^e Ser . Q,R e C‘P , . ~(Q = A . P = A) . D : 

Qe(7‘P,.v.PeD‘Q t 

Bern. 

K *213158. Dh:Hp.g!P.Q = P.D.QeC‘P, (1) 

K(l).*1312.Dh:Hp.g!Q.Q = P.D.Qe(7‘P, (2) 

h . (1) - (2) . DI-:Hp.Q = P. D.QeC'B, (3) 

K (3) . *213-25 . D f- . Prop 

*213-3. H:P = A.D.Pj = A 

Bern. 

h . *212-17 . D I- : Hp . D . s'P* = A . 

[#150-42] D . P t = A : D h . Prop 

*213-301. h : g ! sect'P - i‘A - i‘C‘P . D . g ! P, [*213141] 

*213-302. l-j.PpoGJ.DigJP.s.glP, 

Bern. 

V . *213126-301 . D h : Hp . g ! P . D . g ! P» (1) 

l-.(l). *213-3. Dh. Prop 

*213*31. h D . (a;^y) t = A^(®iy) 

Bern. 

h. *211-9. D 

h : Hp . D . sect‘(a! ^ y) — t‘A = v v t‘y) . g ! (l‘x w t‘y) — l‘x . 
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[*213*1*141] 3 . {(« ; y) t i‘x] (x i y), \(x | y) £ (i‘x v i‘y )) . 

D‘(x i y), = t‘(* i y) D • 

[*200*35.*55‘16] 3 . A (x i y) t (x j y ) . D‘(* j y) t = i‘A (1) 

H . *213*153 . *204-25 . 3 1- : Hp . 3 . (* j y) t e Ser (2) 

V . (1) . (2) . *204-27 . 3 Y . Prop 

*213-32. h : P e 2 r . 3 . P, = A ], P . P, e 2 r [*213 31] 

*213-4. b:PeSer.3. 

P £“sect‘P = $ j(gP) . P = Q £ R . v . (g®) . P = Q 4* x\ 

Dem. 

h. *21 1-82. *6-32.3 

f* :: Hp . 3 :. Q e P ^“sect/P . = : 

QeD‘P£:(gP).P=Q4:P.v.(g®).P = Q-f** (1) 
h. *211-283. *160-5. 3l-:Hp.P = Q4:P. 3. Q«D‘P^ (2) 

f* . *161*11 . 3 f- : Hp .P = Q-f*ar.3.Q = Pp C‘P (3) 

H . (2) . (3) . 3 h Hp : (gP) . P = Q 4 - R . v . (go:) . P = Q x : 3 . 

QeD‘Pt (4) 

H . (1) . (4) . 3 H . Prop 
*213-41. f- : P e Ser . g l~B‘P . 3 . 

C‘P, = $ {(gP) . P = Q 4. R . v . (g®) . P = Q 4* ®} [*213*4161] 

*213-42. hPf Ser . P*P = A . 3 . 

C‘P S = 0 KaP) . P = Q 4- P . v . (g®) .P = Q-+»®)-t‘A [*213-4163] 

*213-5. h : Ppo G J . ® ~ e C‘P . 3 . D‘(P ®), = <7‘P, 

P«». 

I-. *213141. *21 1-83. 3 

f- : Hp . g ! P . 3 . D‘(P 4» x) t = (P -f* x) £“(sect‘P — i‘A) 

[*36-4.*1611] = P £“(sect‘P - t‘A) 

[*213142] = C‘P, (1) 

H . *213*3 . *161*2 . 3 h : P = A . 3 . D‘(P -f* ®), = A . C‘P, = A (2) 
h . (1) . (2) . 3 1* . Prop 

*213-51. h : Ppo GJ.x^e C‘P . 3 . (P ®) t = P* -f* (P 4* ®) 

Dem. 

H . *213-1 . *211*83 . 3 h :: Hp . g ! P . 3 :. Q (P H* ®), P . = : 

(ga, 0).a,/3e sect ‘P — 1‘ A u i‘(C‘P w t‘®) . 
g ! £ - a . Q = (P 4* x) £ a . P = (P -f* ®) £ 0 . 


ft 
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[PART V 


[*211*1. *36*4] = :(aa,y3).o,/9esect < P-i , A.a!/9 — a.Q = P^a. fi = P£/9.v. 

(ga) . a e sect'P — i‘ A .Q=Pt<x.R = P-\*x: 

[*213*1*142] 3 : QP,R . v . Q e C‘P S . R = P x : 

[*16111] =:Q{P,-*(P-*aO}P (1) 

h . *213*3 . *161*2 . D I- : P = A . D . (P -f* a:)* = A . P s -b (P <r) = A (2) 
H . (1) . (2) . D h . Prop 


*213*52. h Qpo e connex . C‘P r\ C‘Q = A . D : 

(3)9) . R n C‘Q ~ e 1 . 0 e (WP v)“(sect‘Q - i‘A) . S = (P$Q) t P • s . 
( 37 ) . 7 e sect'Q - i‘A - 1 . S = P£Q £ 7 
Bern. 

I- . *37*6 . D h : /9e((7‘P u)“(sect‘Q - i‘A) . 5 = (P£Q) £ /9 . = . 

( 37 ) . 7 6 sect'Q -i‘A./3 = C‘Pvy.S= (P£Q) £ (0*P « 7 ) (1) 
I- . *160*11 . D I- :: Hp . 7 e sect'Q . D x {(P 4 .Q) £ (C‘P w 7 )} y . = : 

xPy . v . x e (7‘P .y ey . v • # (Q £ 7 ) y :• 
[*211*133.*1 60*11] D 7 ~ e 1 . D . (P 4 .Q) t (0‘P w 7 ) = P£Q D 7 (2) 

l-.*2424.Dh:Hp.^=0‘Pw7. 3 . 0 n C‘Q = y n C‘Q (3) 

h.(l).( 2 ).( 8 ).D 

h Hp . D : £ a G‘Q ~ e 1 . /9 6 (G“P v)“(sect‘Q - i‘ A) . S = (P£Q) £ /9 . s . 

(37) • 7 6 sect'Q — t‘A — 1 . S = P.£Q £ 7 . $ = C‘P u 7 (4) 
I- . (4) . *10*281 . *13*19 .DK Prop 


*213*53. h : Ppo G J . Qp,, t Ser . B‘Q = A . (7‘P r» <7‘Q = A . D . 

(P^Q) t = P^(i > ^ ; Q.) 

Bern. 

I- . *213*1 . *211*841 . D I- :: Hp . D R (P$Q),S . = : 

(3®> £) ■ a, )9 e sect‘P - i‘A w ((7‘P v)“(sect‘Q — t‘A) . 

3 !£-a.P = (P£Q)£a.S=(P4.Q)£y9: 
[*211*182] = : ( 30 , fi) . a, /9 e sect‘P - t'A w ((7‘P v)“(sect‘Q — 1 — i‘A) . 

3 ! )9 - a . P = (P-£Q) £<*.£ = (P£Q) £ /9 : 

[*160*1.*213*52] 

= : ( 3 «>£)* 0 , R e sect'P — i‘A .ftl/3 — a.R = P£a.S = Pt/3.v. 

( 30 , 7 ) . a g sect'P - t‘A . 7 e sect'Q -t‘A.P=P£a.iS=P.$.Q£ 7 .v. 
( 37 . 8 ) • 7 . $ « sect'Q - t‘A . 3 ! S - 7 . R = P-£Q £ 7 . /S = P£Q £ S : 
[*213*1*142] = : RP s S .v.ReC‘P,.Se C‘PpQ, . v . R (PpQ s ) S : 

[*160*11] = : R {P t *(P$iQ t ) J S :: D h . Prop 
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*213 631. f-jjQpoeSer.g! B‘Q . C'P n C'Q = A . D 

(30) • 8 e (C‘P u)“(sect‘Q - t'A) .S = (P±Q)t/3. = : 

£ = P 4* P'Q . v . (37) • 7 e sect'Q - t'A - t't'P'Q .S = P$Qt y 

Bern. 

K *213*52. D 

h :: Hp . D (3)8) . /3 e (C'P u)“(sect‘Q - t‘ A) . ,S= (P4.Q) £ /3 . = : 

(a£) • £ « (0»p v)''(sect‘Q a 1) . S= (P4.Q) £/3.v. 

(37) • 7 6 sect'Q — t'A — 1 .S=P$.Q£y: 

[*21 1-181] = : (3/8) . /3 = C'P u i‘B‘Q . flf - (P$.Q) £ £ . v . 

(37) . 7 e sect'Q - t'A - t't'B'Q . S = P^-Q D 7 (!) 

H . *16011 . Dh::Hp.D:. a? {(P^Q) £ ( C‘P w i‘B‘Q )} y . = : 

tvPy.v .xeC‘P.y = B‘Q : 

[*161-11] = :x(P-{* B‘Q)y (2) 

H • (1) . (2) .31-. Prop 

*213-64. I- : 3 ! P . P„ G J . Q^e Ser.3! &Q . G‘P a C‘Q= A.d'Q, ~ e 1 .3. 

(P-£Q)» = p s -b (P -)* S'Q^p^q, D a'Q,)} 

Dem. 

I- . *2131 . *211-841 . D h :: Hp . D R(P$Q) t S. = : 

(3«. sect ‘P- t‘A v (C'P u)“(sect‘Q - t'A) . 3 ! & - a . 

^ = CP*Q)D«-S=(P*<2) D/8: 

[*213-531] 

= :(30,)8).a,/3esect‘P-t < A.3!/3-a.P = Ppa.Q=P^)8.v. 

(3a) . a e sect'P -i‘A.P = P^a.<8 = P-f» B‘Q . v . 

(3«. 7) • « « sect'P -t‘A.P = Pp«./8e sect'Q - t'A - t't'P'Q . 

«-P^QD7.v. 

(37) . R = P 5‘Q . e sect'Q - t'A - t't'P'Q . S = P£Q £ 7 . v . 
(a7.S)-7>Sesect‘Q-t‘A-iVB‘Q.3lS-7.P = P4.Q^ 7 . 

<8=P4 .Q£$: 

[*2131142 132] 

= : PP, S . v . P e C'P, . 8 = P •+► P'Q . v . R = P -f* P'Q . S e P$ “d'Q, . 

v . R, S e (P4-") d'Q , . R {PpQ) 8 .v . Re C‘P t . S e P^'d'Q, : 
[*161-11.*211-133.*16011] 

= : P {P, -f* (P -f+ B‘Q)$(PpQ t t d'Q,)} S::0 K Prop 
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*213 541. h : Ppo e Ser . a ! B‘P . <I‘P f e 1 . D . P e 2 r 
Dent. 

H . *213144 . *21 1 -26 . D h : . Hp . D : P £ “(sect'P - t‘A - i‘i‘B*P) = t‘P : 
[*211-313] D ixe d‘P . D . P £ P*‘x = P . . 

[*202-55] 3 •' P*‘« = <?‘P . 

[*200-39] D.Ppo‘a: = A . 

[*202-522-523] 3 . * P‘P : 

[*204-271] D:P po e2 r : 

[*561 11. *91 -504] D : P e 2 r D I- . Prop 

*213-56. H : a ! P . P„ G P . Q e 2 r . (7‘P a G‘Q = A . D . 

(P4-Q), = P, -f* (P-b P‘Q) -MP*Q) 

Dem. 

As in *213*54, 


h :: Hp. D P(P-£Q)nS. 

= : PP t S. v . R e C‘P t . -8= P-f* P‘Q. v .ReC‘Ps . SeP$“d‘Q t • 
v . P = P . SeP$“d‘Q, . V . P.Se P^'CFQ, . 

R(PpQ t ), Si 

[*213-32] = : RP,S . v . R e C ( P , . S= P 4* B‘Q . v . R e C‘P t . 8= P$Q . 
v.R = P-t>B‘Q.S=P$Q.v.R-P$Q.S=P$Q. 

R(PpQ,) 8 : 

[*213*32] = : RPtS .v .Re C‘P t . S = P-1* B‘Q .v .Re C‘P t . S = P • 
v . R = P •{* B‘Q . S = P %-Q 

[*16111] = : R (P, H* (P-b B‘Q) (P^-Q)} S::0\-. Prop 


*213 56. I- Ppo G J . Opo e Ser . C‘P n G‘Q = A . D : 

P‘Q - A . D . (P4-Q)* = P,-£(P-£ ; Qi) : 

a jp.a!P‘Q-Q~«2 r .D. 

(P*<2> - p, -f* (P 4* P‘Q)*{P4.;(Q» d a‘Qt)} : 
a ! p . Qe 2 r . D . (P4-Q), = p t 44 (PH*P‘Q) h* (^*0) * 

P = A . D . (P4-Q), = Q, [*213-53-54-541-55 . *160-22] 

*213-561. H : C‘P n C‘Q = A . D . (P*) ^ C'Q, e 1 -♦ 1 

M. 

h . *213*1 . D I- : .R e G‘Q t . 3 • C ( R C C‘Q (1) 

h . (1 ) . D h : . Hp . R, S e C‘Q , . D : C‘P a C ( R = A . (7‘P n C‘S - A : 
[*160-52] D:P4.P = P4-5-3-P = <S:.Dl-.Prop 
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*213*57. h : Ppo 0. J . Nr‘Q = Nr‘P -i- 1 . P . Nr‘Q, = Nr‘P, + 1 

Dem. 

h . *181*2*12 . (*181*01) . P 

H : Hp . P .(gP,®) . Psmor P . C‘R . Q = R-\*x. 

[*213*51] P . (gP, x) . R smor P . x ~ e G‘R . Q t = R t -+> (P x) . 
[*181*32] P . (gP) . P smor P . Nr‘Q t = Nr‘P, + i . 

[*213172] P . Nr‘Q, = Nr‘P t + 1 : P . Prop 

*213*58. h sPpo GJ. Qpo e Ser . C‘Pn C‘Q= A . P . Nr \P$Q), = Nr‘P, + Nr‘Q t 
Dem. 

h . *213*53*561 . P 

h s Hp . ~B‘Q = A . P . (P4-Q), = P,4.(P4.;Q,) . Nr'P^Q, = Nr‘Q, . 

[*180*32] P . Nr‘(P 4- Q> = Nr‘P, + Nr‘Q t (1) 

h. *213*54*561 .*181 32. P 

V : Hp . g ! P . g lB‘Q . d‘Q, ~ e 1 . P . Nr‘(P*Q), = Nr‘P, + 1 + Nr‘Q, £ d‘Q , 
[*204*46.*213*157] = Nr‘P t + Nr‘Q, (2) 

K *213*541*55. *181*32. P 

h : Hp . g ! P . d‘Q, e 1 . P . Q e 2, . Nr‘(P £ Q), = Nr‘P, + i + 1 . 

[*181*56] P . Q 6 2,. Nr ‘(P$Q), = Nr‘P,+ 2, . 

[*213*3*2] D . Nr ‘(P£Q), = Nr‘P, + Nr‘Q t (3) 

h . *160*22 . *213*3 . P I- : P = A . P . Nr^P^Q), = Nr‘P t + Nr‘Q, (4) 

1- . (1) . (2) . (3) . (4) . P I- . Prop 
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*214. DEDEKINDIAN RELATIONS. 


Summary of *214. 

We call a relation “ Dedekindian ” when it is such that every class has 
either a maximum or a sequent with respect to it. As a rule, the hypothesis 
that a relation is Dedekindian is only important in the case of serial relations. 
Dedekindian series have considerable importance, especially in connection 
with limits. 

When P is transitive, the hypothesis that P is Dedekindian is equivalent 
to the hypothesis that every section of P has a maximum or a sequent 
(*214*13); it is also equivalent to the assumption that every segment of P 
has a maximum or a sequent (*214*131), i.e. to the assumption that every 
segment of P which has no maximum has a limit, i.e. to 

D‘(PeA/)Cd‘ltp. 

When P is a series, the hypothesis that it is Dedekindian is equivalent 
to the hypothesis that every segment has a sequent (*214*15), i.e. to the 

hypothesis that the class of segments is the class P“C‘P (*214*151). If P 

V 

is a Dedekindian series, so is P, and vice versa (*214*14). Whenever P is 
ponnected and not null, S*P# is a Dedekindian series (*214*32), and so is 
sgm'P if it exists (*214*34); whenever P is transitive and connected and not 
null, s‘P is a Dedekindian series (*214*33). All these propositions have 
been virtually proved already: almost the only thing new in the present 
number is the definition, which is 

Ded = P {(a) . a e G'raaxp u G'seqp} Df. 

*214*4 — *43 give properties of series which have Dedekindian continuity. 
We have 

*214*4. h P* = P . P e connex . D s P e Ded . = . G'raaxp = - G'seqp 

*214*41. h s.PcSer . D rP^P.PeDed. = . G < max P = -G < seqp 

I.e. in a series, Dedekindian continuity is equivalent to the assumption 
that the classes which have a maximum are the same as the classes which 
have no sequent. 
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*214*42. I- : P e Ser a Ded.P*=P . o e sect'P . D . limax P ‘a= limin P ‘(C‘P-a) 
This proposition is important in dealing with Dedekind “ cuts." 

*214*43. 1- P e Ser a Ded . a e sect'P . D : 

limaxp'o = liminp‘((7‘P — a) . v . maxp'a P, minp‘((7‘P — a) 

*214*5 shows that a Dedekindian relation has a beginning and an end ; 
the following propositions deal with P f\J when P is Dedekindian. 

*214 6 shows that a relation which is similar to a Dedekindian relation is 
Dedekindian. 

We call a relation “ semi-Dedekindian ” if it becomes Dedekindian by 
the addition of one term at the end; the definition is 

*214*02. semi Ded = P (sect'P — i‘C‘P C G'max P v G'seqp) Df 


*214*01. Ded = P {(a), acd'maxp u Q'seqp} Df 

*214*02. semi Ded = P (sect ‘P— i‘C‘P C G‘max P u G'seqp) Df 

*214*1. K : P e Ded . = . (a) . a e Q'rnaxp w Q‘seqp [(*214*01)] 

*214*101. 1- : P e Ded . = . — G'maxp C 0‘aeqp . = . — G'max P C G‘ltp 
[*214*1. *24*312. *207*12] 

*214*11. h : P e Ded . = . (o) . a e G'maxp v G'ltp . = . (a) . a e G'limaxp 
[*214*1 .*207*14*44] 

*214*12. h :. P e Ded . = : a C C‘P . D« . a e G'maxp w G'seqp 
[*214*1 . *205*151 . *206*131] 

*214*13. h :. P e trans . D : P e Ded . = . sect'P C G'maxp u G'seqp 
[*211*272. *214*1] 

*214*131. h :.Petrans.3:PeDed.=.D(‘Pe A 7)CG‘seqp [*211*47. *214*1] 

*214*132. I- :. P e trans . D : Pe Ded . = . D‘P* C G'maxp u G‘seq P 
[*214*131. *21 1*42] 

*214*14 h r.PeSer . D : PeDed. = . PeDed [*206*57 . *214*1] 

*214*141. H :.Pe Ser . D : P e Ded . = . (a) . p‘P“(a r\C‘P)e G'maxp w G'seqp 
[*206*66. *214*1] 

*214*15. h :. P e Ser . D : P e Ded . = . D‘P f C G'seqp 
[*206*36 . *214*1 . *211*11] 

*214*151. h :. P e Ser . D : P e Ded . = . D‘P« = P*‘C‘P [*211*38 . *214*1] 
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*214*2. h : P e trans a connex a Ded . D . D‘P« C Q‘seq P [*211371] 

*214*21. h : P e trans a connex a Ded . D . D‘P« = P“G‘P [*211*372] 

*214*22. h : Pc trans a connex a Ded . D . D‘(P* A I)=P“{C‘P—Q‘(P —P*)} 
[*211*46] 


*214*23. 

Dem. 


h : P c trans a connex a Ded . ~ E ! raax P ‘ot . D . 

seq P ‘a = max P ‘(a u t‘seq P ‘a) . E ! max P ‘(a u t‘seq P ‘a) 

I 

I* . *214*101 . D H : Hp . D . E ! seq P ‘a . 

[*206*47] D . seq P ‘a = max P ‘(a w i‘seq P ‘ot) . (1) 

[*14*21] D . E ! max P ‘(a u t‘seq P ‘a) (2) 

h . (1) . (2) . D H . Prop 


*214*24. h : P e connex a Ded . a e sect'P . D . seq P ‘a = min P ‘(0‘P — a) 
[*211*721] 

v — ► — ► 

^214*241. h s P e connex . P e Ded . a € sect/P . D . max f r a = prec P *((7*P — a) 


r. 


*214*24 p. *211*7 


*214*3. l-::a,/8e#.D. t( j;aC/9.v./8Ca:. 

/c~el.Q = 8/§(a,/?e*.aC£.a=]=/9):. D:. 

XCk.Dx. «‘X c * : D . Q e Ser a Ded 

[*210*12*253] 

*214*31. h Hp*214*3 : \ C * . . p‘X ns e tce * : D . Q e Ser a Ded 

[*210*12*254] 

*214*32. h : Peconnex .g ! P . D . s'P^eSer a Ded [*212*3*35] 

*214*33. I- : P c trans a connex . g ! P . D . s ‘P c Ser a Ded [*212*31*44] 


*214*34. h : P e connex . g ! sgm‘P . D . sgm‘P e Ser a Ded [*212*3*54]. 

*214*4. h P 1 = P . P e connex . D : P c Ded . = . d‘max P = — Q‘seq P 
[*211*53] 

*214*41. I- P c Ser . D : P* = P . P c Ded . = . G‘nmx P = — d‘seq P 
[*211*552] 


*214*42. h :PeSerADed. P s = P.aesect‘P.D.limax P t a = limin P , (C , P— a) 
Dem. 

h . *211*721 . D h Hp . D : seq P ‘a= min P ‘(C‘P — a) : 

[*214*101] D : ~E ! max P ‘a . D . lt P ‘a = minp^&P — a) (1) 

h . *211*726 . D h : Hp . E ! max P ‘a . D . max P ‘a = prec P ‘(C‘P — a) (2) 
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I" • *214-14-41 .Dh Hp . E ! prec P ‘(C‘P — a) . 3 . E ! ina x P ‘(C‘P — a ) . 
[*207-12] 3 . prec P ‘(C‘P—a)=tl P t (C‘P — a) (3) 

t - . (2) . (3) . 3 h : Hp . E ! max P ‘a . 3 . max P ‘a = t\ P ‘(G‘P — a) (4) 

K(l).(4).*207-46.3 

I- Hp . 3 : limax/a = min P ‘(0‘P — a) . v . limax/a = tl P ‘(0‘P — a) : 
[*207-46] 3 : limax P ‘a = limin P ‘((7‘P — a ) 3 I- . Prop 

*214'43. I- P e Ser n Ded . a e sect ‘P . 3 : 

limaxp‘o= limin i . < (C , ‘-P — «) . v . max P ‘a P x tnin P ‘((7‘P — a) 

Dem. 

h . *214*11 . 31-:. Hp . 3 : ~ E ! max P ‘a . 3 . limax P ‘a = seq P ‘« 

[*211-715] =mi Dp < (C'‘P-o) (1) 

h . *211-726 . 3 H : E ! max P ‘a . ~ E ! min P '(C‘P — a) . 3 . 

limax p ‘a = tl P ‘(G‘P - a) (2) 

I- . (1) . (2) . *207‘46 .31-:. Hp : ~ E S max P ‘a . v . ~ E ! rain P ‘(C‘P — a) : 3 . 

limax P ‘a = limin P < (C < P — o) (3) 
h . *211-726 . 3 h : Hp . E ! raax P ‘a . E ! min P ‘(C‘P — a) . 3 . 

E ! max P ‘a . E S seq P ‘a . seq P ‘o = min P ‘(C‘P — a) . 
[*206-5] 3 . max P ‘a P 1 m\xi P ‘(G‘P — a) (4) 

f- . (3) . (4) . 3 h . Prop 

The following propositions are no longer mere restatements of previous 
results. 


*214-5. I- : P e Ded . 3 . a ! P‘P . a ! P‘P . B‘P = seq P ‘ A . ~B‘P = n£x P ‘C‘P 


h . *205 161 . *214101 . 3 1- : Hp . 3 . a ! seq/A . 

[*206-14] 3 . a ! P‘P • ~B‘P = seq P ‘A (1) 

h. *206 18-2 . 3Kseq P ‘C‘P = A (2) 

I- . (2) . *2141 . 3 1- : Hp . 3 . a ! max P ‘C‘P . 

[*93-1 17] 3 . a ! ~B‘P . ~B‘P = m&x P ‘C‘P (3) 

l-.(l).(3).3l-.Prop 


*214-51. h :. P e Ded . 3 : ~ (xPx) .v.xe D‘(P-P*) 

Dem. 

— ► — ► 

h . *214*1 . D h s. Hp . D : g ! maxpVa? . v . g ! seq : 

[*53*301 .*206*42] D:gU‘a?-P^c.v.g! pTp*'* : 

[*51*31.*33*4] D s ~ (xPx) .v.xe D‘(P— P 8 ) :.Dh. Prop 
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*214-52. h : Pe Ded. PGP 4 . 3. PG J [* 21451 ] 


*214 53. h : P e Ded . 3 . D‘P = D‘(P A J) 

Dem. 

h . *214 51 . 3 h : Hp . xPx . 3 . x e D‘(P— P*) . 

[*33-13] 2 .(<&y).xPy .x-^P*y. 

[*34‘54.Transp] D . (gy) . xPy .x^y (1) 

K (1) . *13*195 .31-:. Hp . 3 : (gy) . xPy . 3 . (gy) . xPy .x^y\ 
[*3313] 3 : D‘P C D‘(P A J) : 

[*33-25] 3 : D‘P = D‘(P A J) :. 3 h . Prop 


*214-531. h : Pe Ded . 3 . C‘P = C‘(P A J) 

Dem. 

h . *93-12 . 3 V x e B‘P . 3 : x ~ e D‘P : (gy) . yPx : 

[*13-14] 3 : (gy) . yPx . x + y : 

[*3313] 3 : a: e d‘(P A J) 

h . (1) . *214-53 . 3 h : Hp. 3 . D‘P u ~B‘P C G‘(P A J ) . 

[*9312] 3 . C‘P C G‘(P A J ) . 

[*33-252] 3 . C‘P = G‘(P Aj):3h. Prop 

*214-532. h : P e Ded . 3 . <I‘P = <P(P A J) 

Dem. 

I- . *34-54 . 3 h : P‘x = i‘x . 3 . P‘x = P“P‘x . 

— ► 

[*205-123] 3 . ma,x P ‘i‘x = A 

h . *206134 . 3 1- : P‘a;= i‘<c . 3 . 

seqp'P'a: = C‘P a $ [l‘x C P‘y . P‘y C —p‘P“l‘x\ 
[*53-30101] =C‘PnJ {»«* CP'y.P'yC- P‘*} 

[Hp] = (7‘P a $ {t'a: C P‘y . P‘y C — i‘a:} 

[*51161] = A 

h . (1) . (2) . 3 h : P‘x = t‘« . 3 . max^'P'a; = A . seqj»‘P‘o: = A 

I- . (3) . Transp .31-:. Hp . 3 : (x ) . P‘x ={= i‘x : 

[*51-401.Transp] 3 : («) : g J P‘x . 3 . g ! P‘x - i‘x : 

[*33-41] 3:<re(PP.3.a;ea‘(PAj) 

K (4). *33251. 3 h. Prop 


( 1 ) 


( 1 ) 


( 2 ) 

(3) 


( 4 ) 
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*214*64. h : Pe Ded . D . P n Je Ded 

Dem. 

I- .*205*111*195 . D . max P ‘aCan C\P r\J) — P“a 
[*37*201] Can C‘(P n J) - (P fs J)<'a 

[*205*111] C max ( P n J)‘ a . 

[*24*59] D h : ^ a ! max (P n J)‘a . 3 - ~ g ! max P *a (1) 

h . (1) . *214*1 . D h : Hp . ^ g ! max (P n J)‘a . D . g ! seq P *a (2) 

h . *206*2*17 . D 

b :.x seq P a . = : y e a n C‘P . D y • yPx .y^xixe C C P : 

yP x . D y . (g*) • £ 6 a (zPy ) : 

[*214*531] = : y € a n G\P r\J) m ^ ym y(Pr\J)x:x€ C‘(P n /) : 

yPa? • Dy • (g*) • z eoi • O-Py) : 

[*23*43.*3*14] D :year> C‘(P r\J).H v .y(Pr\J)x:xe 0‘(P n J ) : 

y(P r\J)x.2 y . (g *) . zea.~[z(P t\J)y] : 
[*20617] D : x seq (P f\J) a (3) 

h . (2) . (3) . D h : Hp . ~ a • max (-P A *0 <a • 3 • 3 * se< l (-P A J)‘a (4) 

h . (4) . *214*1 . D h . Prop 

*214*6. h : P e Ded . P smor Q . D . Q e Ded 

Dem. 

K *207-65. *2141 1.3 

h : P e Ded .SeP smor Q . D . (a) . S“a e G'limaxg . 

[*71481] D.CPa'/Srca'limax^. 

[*151‘11. *214*12] D . Q e Ded : D h . Prop 

— ► — ► 

*214*7. I- P € semi Ded . = s a e sect *P . a 4= G t P . D« . g ! (max P *a u seq P *a) 
[(*214*02)] 

*214*71. V . Ded C semi Ded [*214*1*7] 

*214*72. h P e trans . D : P e Ded . = . P e semi Ded . g ! B‘P 
[*214*7*13. *205*121] 

*214*73. h . semi Ded - i‘A C <1‘B [*206*14 . *211*44 . *214*7] 

The proof of the following proposition is given in a somewhat compressed 
form, since, if given with the usual fullness, it would require various lemmas 
not required elsewhere. 

r. <fc w. ii. 44 


Digitized by Google 



690 


SERIES 


[PART V 


*21474 b : P e Ser a semi Ded • 3 . P £ P^x e semi Ded 

Deni. 

I- . #2147 .3b: Hp . oe sect'P . o=f= C‘P . 3 . g ! (max p ‘a w seq P ‘a) (1) 

b . *205 261 . 3 

4 — — ► 4 — — > 4 — 

b : Hp (1) . P#*# ~ e 1 . x e a . 3 . max (P £ P^‘x)‘a = maxj»‘(a a P#‘x) 
[*205-262] = mi* a (2) 

b . *21175-56 . 3 h : Hp (2) . 3 . C‘P - a C %‘z (3) 

b . (3) . *211-716 ,3b: Hp (2) . Q = P £ Pq.‘x . 3 . seq P ‘a = min P ‘(P j)f f .r — a) 
[*205-261] = min<}‘(- a) 

[*211'715.*206"25] = seq^a a %'*) (4) 

M2). (4). 3 

— ► — ► — > 4 — 4 — 

b : Hp (4) . 3 . max P ‘a v seq P ‘a = max c ‘(a a P^x) w seq^‘(a a P^x) (5) 

b . (1) . (5) . 3 b : Hp . « e sect ‘P . a 4= C"P . P#‘z ~ e 1 . a e a . Q = PDP*‘*.3. 

— ► 4 — — ► 4 — 

g ! {maxQ*(a a P*‘#) u seq^(a a P**#)) (6) 

4 — — ► — ► — ► 4 — 

b . *211715 ,3b: Hp . P^x ~ e 1 ,a = P‘x. 3 . seq P ‘a = min P ‘P # ‘a: 

[*205-261] = mm (P ^P^xyP^x 

[*20614] = seq (P £ *P*x)‘A (7) 

b . (7) . *206-401 . 3 b : Hp . P*‘x ~ <• 1 . 3 . g ! s"^ (P £ %‘x)‘A (8) 

b . (6) . (8) . 3 b Hp . P#‘z ~ e 1 . Q = P t %‘x . 3 : 

— ► — > 

13 e sect ‘Q — i‘C‘Q . D 0 . g ! (maxg‘y8 w seq^ft) : 
[*2147] 3 : Q e semi Ded (9) 

b . *2147 . *200 35 . 3 b : Hp . P*‘* e 1 . 3 . P £ P*‘® e semi Ded (10) 

b. (9). (10). 3b. Prop 


*21475. b : P e semi Ded . P smor Q . 3 . Q e semi Ded 
[*205-8. *206-61. *2127] 
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♦215. STRETCHES. 


Summary of *215. 

A stretch of a series is any piece taken out of it, and not having any gaps ; 
that is, it is a class contained in the series, and containing all terms which 
come between any two of its terras. Thus it is defined as 

8(aCC‘P.P“anP“aCa). 

We denote the class of stretches by “str‘P,” where “str” stands for "stretch ” 
or " Strecke.” A stretch which has no predecessors is a section of P ; one 

which has no successors is a section of P. The properties of stretches are 
chiefly important in connection with compact series. In discrete series, 
stretches are the same as intervals. 

If P is transitive, stretches of P are the products of sections of P and 

V/ 

sections of P, i.e. of upper and lower sections of P (*215*16). If P is 
connected, and a is a lower section, /3 an upper section, then if the two have 
a stretch a a £ in common, we have 

a = P“( a a £) u (a a 0 ) . 0 = P“( a a 0) u (a a £) (*215*161). 

A slightly more general form of this proposition is 

*215*165. h : Ppo e connex . a e sect'P . /3 e sect'P . g ! a a fi . D . 

a = P*“(« a £) . 0 - P*“(a a 0) . P“a - P^\a a 0) . P“£ = !>„“(* a 0) 

A specially important case is when a and £ have just one term in common. 
In this case we have 

*215*166. h : Ppo « Ser . a e sect'P . £ e sect *P . a a £ e 1 . D . 

«AjS = i‘max P *a = t'min P ‘fJ 

When an|3 has more than one term, if the upper limit or maximum of a 
and the lower limit or minimum of fi both exist, the latter precedes the former 
(*215*52) ; if a and (3 have no common part, but together exhaust the field 
of P, we have either limaxp'ots liminp‘£ or limaxp'aP^iminp'ft assuming 
Enimaxp'a.Elliminp*# (*215*54). Hence if limaxp'a has no immediate 
successor, it must be identical with liminp*#. Thus we have 

44—2 
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*215543. b : PeSer . a 6 sect 1 f P . y8 e sect'P . a w y8 = C‘P . a a y8 eOul. 

E ! limaxp'a . limaxp'a ~ e D‘P, . 3 . Umax P ‘a = limiu p‘/9 
The above propositions will be useful in Section C (*231 and *233). 


*21501. str‘P = 8 (a C C‘P . P“a a P“a C a) Df 

*2151. b:ae str‘P . = . a C C‘P . P“a a P“a C a [(*215 01 )] 

*21511. b . str‘P = str'P [(*215 01) . *33 22] 

*21513. b . sect'P C str'P . sect'P C str'P [*2151 . *2111] 

*21514 h : a e sect'P . yS e sect ‘P . 3 . a a y8 e str'P 

Dem. 

b. *2111.3 b :Hp. 3. aCC‘P.P“aCa.P“£Cy9. 

[*22 43.*37-21] 3 . a a yS C C‘P . P“( a a £) C a . P“(a a £) C y8 . 

[*22-49] . D.aA/3CC‘P.P“(aA/9)AP“(aA/9)CaA/9. 

[*215'1] 3 . a a yS e str'P :3b. Prop 


*21515. 

Dem. 


v v/ 

b : P € trans . a e str‘P .D.au P“<z e sect ‘P . a u P“a e sect‘P . 

a = («u P“a) a (a u P“a) 


b . *211*27 . *215*1 . D b : Hp . D . a u P“a e sect'P . a u P“a e sect'P (1) 

b . *215*1 . *22*62 . D b : Hp . D . a = a u (P“a a P“a) 

[*22*69] = (a uP“a) a (a u P“a) (2) 

b . (1) . (2) . D b . Prop 


*215*16. b : P e trans . 3 . str‘P = 7 ((ga,/9) . a e sect ‘P . /9 e sect'P . 7 = a a /S[ 

= s‘{(sect‘P) a “sect‘P} 

[*2151415. *40-7] 


*215161. b : P e connex . a e sect'P . /3 e sect ‘P . g ! a a yS . 3 . 

a = P“(a a / 3) w (a a /S) . / 9 = P“(« « /3) w (a a /9) 

Dem. 

b. *211-1 .*37-2.3b:Hp.3.P«(aA0)v(aA0)Ca (1) 

b . *211"702 . 3 b:. Hp .xea — y9 . 3 : y ey9 . 3 . #Py : 

[*37 l] 3 : g ! (a a 0) . 3 . x e P“(a a yS) (2) 

b . (2) . 3 b : Hp . a e a . 3 . # e P“(« a y8) v (a a y8) (3) 

b . (1) . (3) . 3 b : Hp . 3 . a = P“(a a y3) v (a a £) (4) 

v 

b.(4)p. 3b:Hp.3.£ = P“(aA/9)u(aAy8) (5) 

b . (4) . ( 5 ) . D b . Prop 
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*216162. h:P« trans a connex . a e sect ‘P . /9 e sect'P . g ! a a 0 . 3 . 

P“a = P“(« a /S) . P“/9 = P“(a a /3) 

Dem. 

h . *215161 . 3 I- : Hp . 3 . P“a = P“P“(« a /8) v P“(a a /9) 

[*201-5] -P“(«a/3) (1) 

Similarly I- : Hp . 3 . P“/8 = P“( a « £) (2) 

h . (1) . (2) . 3 h . Prop 

*215*163. h : P e trans a connex . a e sect C P . ft e sect ‘P . g ! a a f3 . 3 . 

p&'a^p^iarsP) 

Dem. 

I- . *4016 . 3 f- . p € P u a C p‘P“(a rs fi) (1) 

f- . *10*56 . *37*1 . 3 h Hp : y e a a £ . 3„ - yPx s £ € P“(ct a /9) : 3 . £i*& (2) 
f" - (2) . *215161 . 3 V Hp : y e a a $ . 3„ . yPx : 3 : £ e a . 3* . zPx (3) 
h . (1) . (3) . 3 h . Prop 

— ► — ► — ► — ► 

*215*164. h : Hp *21 5*162 . 3 . min P ‘£ = min P ‘(a a £) . max/a=max/(aAj8). 

— ► — > — ► — > 

seq/a = seqp‘(a a /9) . precp‘/9 = precp‘(a a /9) . 
— ► — ► — > — ► 

ltp‘a = ltp‘(a a /9 ) . limaxp'a = limaxp‘(a a /3) 


Dem. 

h . *215162 . 
[*215161] 
[*205111] 
Similarly 


3 1- : Hp . 3 . maxp‘a = a — P“(a a /8) 

= ooj3-P‘(«Aj3) 

— ► 

= maxp‘(av/9) (1) 

— > — ► 

h : Hp . 3 . min P ‘fi = min P *(a a /9) (2) 

h . *215*163 . *20613 . 3 f- : Hp . 3 . seq P *a = seq P ‘(a a /3) (3) 

Similarly h : Hp . 3 . prec/>‘/S = precp‘(a a /9) (4) 

h . (1) . (3) .*207-11-12 . 3 I- : Hp . 3 .lt/« =Tt/(a a /9) (5) 

h . (1) . (5) . *207-45 . 3 H : Hp . 3 . limaxp'a = limaxp‘(a a /3) (6) 

I- . (1) . (2) . (3) . (4) . (5) . (6) . 3 h . Prop 

*216166. I- : Ppo € connex . a e sect ‘P . J3 e sect ‘P . g ! « a $ . 3 . 

a = P*“(« n/9)./3 = P*“(a a /9) . P“« = P^a a /9) . P“/9 = ^“(a a/9) 

Dem. 

I- . *211-17 .31-: Hp . 3 . a e sect'P,,,, . e sect'Ppo . g ! a a /8 . 

[*215161] 3.a = P # “(«A/8)./8 = P*“(aA/9). (1) 

[*91-52] 3.P"a = P po “(aA/9).P“/8 = P po “(aA/9) (2) 

1- . (1) . (2) . 3 1- . Prop 
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*215166. I- : Ppo e Ser . a e sect ‘P . ft e sect ‘P . a n /3 e 1 . D . 


Dem. 


art ft = t‘maxp‘a = i‘mmp‘ft 


I- . *215161 . *21 117 . D I- : Hp . D . a = (a a /9) v P^a a ft) . 

[*215165] D . a - P“a = (a a ft) - P^a a /9) . 

[*205 - l 1] D . max p‘a = max (P po ) < (« a ft) 

[*20517] =ar\ ft 

— > 

Similarly b s Hp - D . minp i )8 = a a ft 

b . (1) . (2) . D b . Prop 

*215*17. b : P e trans . D . P“ot a P“ft e str‘P 
Dem. 

b . *21 1*1 5*11 . D b : Hp . D . P“ft e sect ‘P . P“a 6 sect'P 
b . (1) . *215*14 . D b . Prop 

*215*18. b . P (a; w y), P (a: h- y ), P (x -h y), P(x-y)e str ‘P 


Dem. 


*21519. 

Dem. 


*2152. 


Dem. 

b .*205*111 • D b . a — maxp'a CP“a 
b . *37*18 . D b s Hp . D . P‘ar C P“a 
b . (1) . (2) . D b : Hp . D . a — maxp'a u P‘a; C P“ol 
b . *202*103 . D b :. Hp ,yeP“a . D \yeP i x v i*a? u P*a? : 


[*37*181] 

[*4*73] 

[*215*1] 

[Hp] 


D : y e P i x v i l x . v . y e P“a s 

► V 

D : y e P‘x v i‘x.v .ye P“a a P“a : 
— ► 

D s y e P‘x 
— ► 

D : y e P‘x \j a 


a) 

( 2 ) 


( 1 ) 


b . *211*13*3 . D b . P*‘y e sect'P . P^x e sect'P 
b . *211*1 6 . D b . Pp</y e sect'P . P^x e sect l P 
b. (1). (2). *215*14. Db. Prop 
b : P*GJ .xe C‘P . D . i‘x e str ‘P 

b . *53*301 . D b . P‘V* a P“i‘x = P<x a P'a? 
b . (1) . *50*43 . D b : Hp . D . P‘V* a P'Va; = A 
b . (2) . *215*1 . D b . Prop 

— ► — ► 

b : P € coimex . a 6 str'P . x e a . 3 . P“a = a — maxp'a u P € x . 

v — ► 4- 

P lt a = a — minp'a u P*x 


a) 

( 2 ) 


( 1 ) 

( 2 ) 


( 1 ) 

( 2 ) 

( 3 ) 


(4) 
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h . *205*111 . D h m yeP“a . D . y~emaxp*a (5) 

h . (4) . (5) . D h : Hp . y e P“a . D . y e a — maxp'a v P‘a? (6) 

I- . (3) . (6) . D h : Hp . D . P“a = a — maxp'a u P‘# (7) 

Similarly h : Hp . D . P“a = a — minp'a u P*# (8) 

H . (7) . (8) . D h . Prop 

*21521. h s P € connex . a, ft e str ‘P .g!aftj8.D.anj8e str'P 
Lem. 

I- . *215*2 . D h s Hp . D . (g#) .wears ft . P u a Cau ~P‘x . P“ft Cftv ~P‘w . 

Kcau^.P^CjSwP^. 
[*22*68] D . (ga ?) .wears ft . P“a rs P“ft C (a a £) u P‘# . 

P“a n P“£ C(anj3)u P‘a? . 

[*37*21] D . (g#) .«eaAj3. P“(a a ft) C (arsft)sjP‘w.P“(arsft)C(arsft)uP‘w. 
[*22*69] D . (g w) .wears ft. P“(a rs/3)rs P“( a a ft) C (a a £) u (P‘* a P‘<r) (1) 
I- .*37*18 .Dh:wearsft.D. P*x C P“a a P“£ . P<wCP“a rs P“/3 . 

[*22*49] D . ~P‘w rs P<x C P“a a P“a rs P“£ a P“$ (2) 

h . (2) . *215*1 . D h Hp . D : x e a rs ft . 3 . P i w a P‘x Ca rs ft (3) 

I- . (1) . (3) . D h : Hp . D . (g#) .wears ft . P“(a rs /3) rs P“(a a j8) C « a )3 . 
[*215*1] D . a a ft € str‘P : D h . Prop 

*215*22. h : a, ft e str'P .D.aAjSe str'P 
Lem. 

h . *215*1 . D h : Hp . D . a C C'P . ft C C‘P . P“a a P“a C a . P“ft rs P“ft C ft . 
[*22*47*49] O.ars ft CC‘P. P“a a P“ft a P“a a P“£ Cars ft. 

[*37*21] D.arsftCC‘P.P“(arsft)nP“(arsft)Carsft. 

[*215*1] D . a a ft e str f P : D h . Prop 

*215*23. I" : P e connex . C str'P . g ! p‘fj , . D .8* fie str ‘P 
Lem. 

h . *215*2 . D h s. Hp . wep f p . D : a ep . D a . P“a Cau P‘w . P“a Cau P‘# : 
[*40*13] D : a e p . D a . P“a C u P*a? . P“ aC 8 c fi u P‘# s 

[*40*43*38] D : P‘ V/* C s V u P^ . P‘ V/i C *n u P‘* : 

[*22*49*69] D : P‘ V/* a P“*‘/i C u (P‘* a P‘<r) (1) 
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h . *4014 

. D h : Hp . a? e . ct€ p .D . x e a . ae str'P . 


[*3718] 

D . P‘# a P‘# C P“a a P“a . a e str'P . 

[*2151] 

D . P‘# a P‘x C a . 


[*4013] 

y ^ 

D . P‘a? a P i x C 

(2) 

1- . (1) . (2) . 3 h : Hp . 3 ! p . 3 . p “ s > * P“«V c *7* 

(3) 

h. *37-29 

. D h : p = A . D . P“«V a P“*V CsV 

(4) 

h . (3) . (4) . D h . Prop 


*216-24. 

h : ^ C str*P . D . C‘P a p V e str‘P 


Dem. 



V . *37-265 . D V . P“(pV « C*F) « P“(pV a C*P) = P“pV a P“p> 

(1) 

1- .*37-2 . 

Dhoe/i.D. P“p‘/* a P“p‘p C P“a a P“a 

(2) 

h . (2) . #2151 . D b Hp . D : ae/t . D . P“p f p a P (i p ( p C a : 


[*4015] 

D s P u p‘p a P“p‘/i 

(3) 

h . (1) . (3) . *215*1 . D b . Prop 


*215-25. 

H : p C str'P . g ! p . D . pV 6 str'P 


Dem. 

h . *40*24 . *215*1 . D h : Hp . D . p‘p C C‘P 
h - (1) . *215*24 . D h . Prop 

(1) 

*2153. 

H P e connex .<x,Be str ‘P — t‘A . a a B = A . D : 



a C P“£ . = . a Cp‘P“fi . = . /3Cp‘P“a . = . £ C P“a 

Dem. 

h . *215*1 .DI-:Hp.D.aC(7‘P-£ 

h. *22-48. DI-:aCP“£. D.oa P“/9 C P“y9 a P“0 : 

(1) 


[*2151] DI-:Hp.aCP“/9.D.aA P“/9C/9. 

[*22621. Hp] D.«nP“j3= A 

(2) 


1- . (1) . (2) . D 1- : Hp . a C P“# . D . a C C‘P — fi — P“/3 . 



[*202-501] D.aCp‘P“/9 

(3) 


y 

h . *40 61 . D 1- Hp . a Cp‘P“/3 . D . a C P“y8 

(4) 


1- . (3) . (4) . D h Hp . D : a C P“£ . ~ . a C p‘P“/9 . 

- 

(5) 


[*40-67] =./3Cp‘P“a. 

(6) 


[(5)|] = ./3CP“a 

(7) 


h . (5) . (6) . (7) . D b . Prop 
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*216*31. h : P € trans a connex . a e str ‘P . E ! minp'a . E ! maxp'a . D - 

a = P (min p‘a w maxp'a) 

Dem. 

V . *205*2 . *90*15*151 . D h : Hp . y e a . D . minp'a P*y (1) 

S J 

p 

h . (1) -p . *205*102 . D h s Hp . y ea - D . yP% maxp'a (2) 

h . (1) . (2) . *121*103 . D h : Hp . D . a C P (minp‘a i-h maxp'a) (3) 

h . *121*242 . *201*19 . *205*2 . D h s Hp . D . 

< — — ► 

P (minp f a w maxp'a) = t'minp'a u (PWnp'a a P'maxp'a) u t ( ma x P ‘a 
[*37 *18] C t'min P ‘a sj (P “ a a P“a) u t'max P ‘a 

[*205*11*111.*215*1] Ca (4) 

f** . (3) . (4) . D h . Prop 

*216*32. h s P e trans a connex . a € str *P . E S rain p*a . E ! seqp'a . D . 

a = P (min p‘a h- seqp'a) 

Dem. 

h . *206*211 . *205*2 . D h : Hp . D . a C P*‘minp‘a a P'seqp'a (1) 

V . *206*22 . *205*22 . D b : Hp . D . P‘minp‘a a P'seqp'a = P“a a (a u P“a) 
[*2151] Ca. 

[*201 19.*121 241] D . P(minp‘a»— seq P *a) Ca (2) 

h . (1) . (2) . D h . Prop 

*215*33. h : P € trans a connex . a e sti ‘P . E ! precp'a . E ! seqp'a . D . 

a = P (precp'a - seqp'a) [*206*22 . *215*1] 

*2154. h : P e connex . fi e Cl excl‘(8tr‘P — t‘A) . 3 . P d £ /4 = Pj 0 £ /4 

Dem. 

h .*84*12 . 3 h :. Hp .3:a,/Se/4.a + )9.3.an/8 = A: (1) 

[*170*1] 3 : a (P 0 , £ /4>£ . = . a,£ e/4 . a ! a-P“/3 . 

[*215*3.Transp] = ,a,/3 e /i .ftl /3 — P“a. 

[(1).*170*102] = . a, £ e/ 4 . « Pic/4 :. 3 h . Prop 


*215*41. h : P e trans n connex . ft e Cl excl‘(str‘P — t‘A) . 3 . P lc £ /x e Ser 

Dem. 

V . *84*12 . *170*102 . 3 1- Hp . 3 : a(P lc £ /x)/9 . = . a ! £- P“« (1) 

K *215*3. 3 

l-:Hp.a,06/4.aCP“/8./3CP“a.3.aCP“0.aCP“/3- 

[*215*1] 3 . aC/S (2) 

Similarly I- : Hp (2) . 3 . # C a (3) 
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h .(2) . (3) . D h :: Hp . a,0efi . D «C P“/9 . /3 CP“a. D . a = 0 
[Transp.(l)] D ec + /9 . D : a(P l0 £/*)/9 . v. /3(P lc D/*)a (4) 

h . *37-1 . D 


I- :: Hp ./3r >> y = A . ~ (7 C P“&) . D (gs) :zty:ye@.O v .~ ( zPy ) . z =j= y 
[#202103] D (gz) :zeyiye/3.'D y . yPz 

[*11-61] D:.y«/8. Dy.(gA).Ae7’yP^:. 

[*371] D /3 C P“y i. 

[*201-5.*372] D 7 C P“a . D./9C P“a 

[Transp] D g !y9 - P“a . D . g ! 7 - P“a (5) 

K(5).(l).Dh;.Hp.D:a(P l0 U)/3.^(P lc D /t )7.D.a(P lc D/*)7 <«) 

K (4). (6). *17017. Dh. Prop 


*21642. h : P e trans n connex .yxeCl excl‘(str‘P — 1‘ A) . /i ~ € 1 . D . C‘P lc £ ^ = /* 
[*202-55. *21541] 

v/ 

*216-5. I- s. P € trans a connex . a e sect'P . ft e sect ( P , D : 

g!ortj8. limaxp'a = limin P ‘£ . D . a a ft e 1 [*207*71 . *215*164] 


*216*61. h : P € Ser . a e sect'P . ft e sect'P .OA^Sel . D . 

limaxj/a = limin P *)8 = l‘(a a £) [*207*72 . *215*164] 


*216*62. h : Hp *215*5 .aA^eOul.E! limax/a . E ! limin P ‘£ . D . 

liminPyS P limax P ‘a 

Dem. 

h .*215*164 . D h :.Hp.D: limax P ‘a = max P ‘(aA$). v.limax P ‘a=seq P *(a a$): 

limin P ‘£= min/(a r% ft), y , limin P ‘£ = prec P ‘(a a ft) (1) 
h . *205*732 . D h s Hp . limax/a = max P *(a a ft) , limin/yS = min P ‘(a a ft) , D . 

limin P ‘$ P limax P ‘a (2) 

h . *206*15 . D h s Hp . limax P ‘ot = seq P ‘(a a ft) , limin P ‘ft = min^a a ft ) . D . 

limin/jS P limax P ‘a (3) 

V 

h . (3) D h : Hp . limax P < a = max/(a a ft) , liming# = prec/(a a ft) , D . 

-r,a,£ 

limin/# P limax P ‘a (4) 

h . *206*73 . D h : Hp . limax P ‘a = seqp^a a ft) , limin P ‘£ = prec P ‘(a a ft) , D . 

limin P *£ P limax P ‘a (5) 

h . (1) . (2) . (3) . (4) . ( 5 ) . D h . Prop 
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*215'53. h : Hp *215 5 . a n /3 = A . E ! limaxp'a . E ! liminp‘/3 . 3 . 

limaxp'a P# liminp‘/9 

Bern. 

V . *207 2 . *205-22 . D h : Hp . D .PMimaxp'a C P“a . P‘liminp‘/9 C P“0 . 
[*2111] D.P‘liroaxp‘aCP“a.PMiminp‘£C/9 (1) 

h . (1) .*37*1 . D 1- : Hp . liminj> < /9Plimaxp‘a . D , (g*) .xe a . liimnp‘^9 Px . 
[(!)] D . g ! a n £ (2) 

K (2) . Transp . D 1- . Prop 


*215*64. 1- : P e Ser . a e sect *P . /3 e sect ‘P .on/9 = A.ou/9 = C‘P . 

E ! limaxp'a . E ! limiiip^S . D 2 limaxp‘a = \immp‘/3 . v . 

Umax p‘a P t limin P ‘/3 

Dem. 

h . *211*726 . D \r : Hp . E ! maxp'a . E ! min P ‘/3 . D . 

limaxp'a = maxp'a . limiiip*# = seqp‘a . 

[*206*5] D . limaxp'a P l liminpV? (1) 

h . *211*726 . D h : Hp . ~ E ! maxp'a . D . 


limaxp^a = minp‘)8 . liminp*# = mm P ‘/3 (2) 
h . *211*726 . D h : Hp . ~ E ! min P ‘/3 . D . 

limaxp‘a = maxp'a . liminp‘# = maxp‘a (3) 

1“ - (1) • (2) . (3) . D h . Prop 


*215*541. \r :: P e Ser . a e sect/P . # e sect‘P .ouj8= C‘P. D 

an ySeO u l.IJ: E ! limaxp'a. = . E ! liminp*# [*211*727 .*215*61] 

*215*542. h : Hp *215*541 . a n /3 = A . E ! limaxp'a . limaxp'a ~ e . D . 

iimaxp'a = liminp*# [*215*54 . *211*727] 

*215*543. h 2 P e Ser . a e sect'P . e sect/P ,auj8= C‘P . a n ft e 0 v 1 . 

E ! lim&xp‘a . limaxp'a ^ € D i P l . D . limaxp‘a = liminp‘/8 [*215*542*51] 
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#216. DERIVATIVES. 


Summary of *216. 

If a is any class, and P is any series, the derivative (or first derivative) of 
a with respect to P is the class of limits of existent sub-classes of an C l P y 
i.e . ltp“Cl ex‘(a r\ C‘P). That is, a term x belongs to the derivative of a if 
a set of terms exists which is contained both in a and in C‘P , and has x for 
its limit. The derivative of a with respect to P will be denoted by 8 p ‘ol 

In general, there will be members of a not contained in Sp'a, and members 
of 8 P ‘a not contained in a. a is said to be dense in P if all its terms except 
the first (if there is a first) belong to S/a, that is, if all its terms except the 
first are limits of existent classes contained in a. a is said to be closed in P 
if every existent sub-class of a which has no maximum has a limit which 
belongs to a, i.e . if every existent sub-class of a has a limit or a maximum, 
and the derivative of a is contained in a. If a is both dense and closed, it is 
called perfect In this case, all its terms are limits of classes chosen out of a 9 
and every class chosen out of a has a limit or maximum in a. 

The second derivative of a is 8p‘8p‘a, i.e. 8 P it a i and so on. (Derivatives 
of infinite order cannot be dealt with till a later stage.) If P is serial, the 
second derivative of a is always contained in the first (*216*14). 

If P is a Dedekindian series, a is closed whenever 8/a Co. In order to 
secure a Dedekindian series, it is sometimes convenient to replace P by the 

ordinally similar series P>P, which is contained in the Dedekindian series 

— ► — ► 

s‘P. Then a is replaced by P“a, and a is closed if the derivative of P“a 

— ► 

with respect to $‘P is contained in P“a. The relation of the derivative of a 

— ► 

in P to the derivative of P“a in s*P has been treated in *212*6 and following 
propositions. This subject is resumed below (*216*5 ff.). 

The derivative of the series P will be defined as the series of its limit- 
points, and denoted by V‘P. Thus we put 

V‘P = PfcD‘ltp. 
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If P is a series, the derivative of a class a consists of those members x of 
G*P which are such that members of a exist in every interval which ends 
in x , i.e. 

4 — — ► 

*216*13. h :: P e Ser . D x e 8 P a . = : # e G‘P : yPx . . g ! a o P ( y n P*x 

We have 

*216*2. b . S P ‘C‘P = D'ltp - ~B‘P 

— ► 

*216*3. b s a e dense'P . = . a — min P f a C 8 P a 


*216*32. brae closed'P . = . Cl ex*(a n C‘P ) C G‘limax P . 8 P a C a 

We prove (*216*4 — *412) that the properties of a with respect to P, as 

SJ 

regards being dense, closed, or perfect, belong to S“a with respect to Q if S 
is a correlator of P with Q. 

— ► 

We next consider the relation of a in P to P“a in $‘P (*216*5 — *56). 
The point of these propositions is that s‘P is Dedekindian, so that a class is 
closed in $‘P if it contains its first derivative. (It is usual to define a class 
as closed whenever it contains its first derivative ; but this involves the tacit 
assumption that the series P is Dedekindian. If P is the series of real 
numbers, this assumption is of course verified.) We prove (*216*52) that 

the derivative of P“ol in s'P is P‘“(Cl ex‘a — G'maxp), i.e. is the class of 
segments defined by such existent sub-classes of a as have no maximum ; we 

show that a is dense, closed, or perfect in P according as P“a is dense, closed, 

— ► — ► 

or perfect in s'P (*216*53*54*56), and that a and P“a are closed if P“ a 
contains its first derivative (*216*54). 

We end with various propositions on V‘P (*216*6 — *621), of which the 
chief is 


*216*611. b : P e Ser . g ! V‘P . D . C‘V‘P = C‘P - ^P, - 8 P ‘C‘P v B<P 

This subject will be resumed in connection with well-ordered series 
in *264. 

*216 01. 8 P ‘a = lt P “Cl ex‘(a n C<P) Df 

*216*02. dense'P = a (a — min P f a C 8 P ‘a) Df 

*216*03. closed *P = a (Cl ex‘(a n C‘P ) C a'limaxp . 8 P ‘a C a} Df 
*216*04. perPP = dense'P n closed'P Df 

*216*06. V‘P = P£D‘ltp Df 

*216*1. b : x e 8/a . = . (gy8) . /3 Can C‘P . g ! /3 . x lt P ft [(*216*01)] 
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[PART V 


*216101. H : x € 8 P ‘a . = . (g£) . 0 C a . g 1 0 . fi C P“i 8 . x seq P £ 

Bern. 

b . *2161 . *2071 . D 

h : x e 5 P ‘a . = . (g/8) . /9 C a n C‘P . g 1/3./3 r\ G‘P C P“f3 . xseqp/3 . 
[*3716] = . (g$) . y3 C a . g ! /8 . & C P“)3 . <rseq P /9 OK Prop 


*21611. I- . 8 P ‘a C P“a 
Bern. 

I- . *216101 . *206142 . D 1- : x e 8 P ‘a . D . (g£) . /3 C a . g ! /3 . « e P“/3 . 
[*37*2] D . x e P“a : D h . Prop 

*216111. I* . 8 P ‘a C d‘P [*21611 . *3716] 

*21612. b . 8p‘a = 8 P ‘(« n C‘P) [*22 5 . (*216 01)] 


*21613. b :: P e Ser .D:.xe 8 P ‘ a . = ;xe G‘P : yPx . D„ . g ! a n P*y n P‘x 

Bern. 

h .*206173 . *216101 . D h :: Pcconnex . P* Q.J. 3 


x e 8 P ‘a . = : (g$) . /3 C a . g ! /3 . 0 C P‘x . P‘x C P“/3 : 

[*37*46] = : (g/9) : /3 C a . g ! jS . f$ C P‘x : yPx . . g ! /3 n P l y : 

[*24*58] D : yP# . . g ! a n P‘x n P‘y (1) 

H . *33*41*152 . D 

1- a: e Q‘P: yPa: . D v . g I a n P‘<r n P‘y : D : g ! a n P‘x . a n P‘x Can C‘P : 
[*216*1] I) : a: lt P (a nP‘a:).:>. a; e$ P ‘a (2) 

I- . *37*2 . *201*501 . D h : Hp . 3 . P“(a n ~P‘x) C P‘* (3) 

J* . *50*24 . 3 h : Hp . 3 . a: ~ e (a n P‘x) (4) 

t- . (3) . (4) . *207*232 . 3 

I* :: Hp . x e G‘P . 3 x lt P (a n P‘x ) . = : P‘x C P“(a n P'®) : 

[*37*46] = : yPx . D r g ! a n P‘x n P‘y (5) 

h . (2) . (5) . 3 H Hp . x e Q‘P : yPx • 3„ . g ! a n P‘x n P‘y : 3 . x e 8 P ‘a (6) 
b . (1) . (6) . *216*111 . 3 b . Prop 


*21614. b : P e Ser . 3 . 8 P * ‘a C 8 P ‘a 

Bern. 

h . *71*47 . 3 b i. Hp . 3 : £ C lt P “Cl ex‘a . g ! £ . 3 . 

(g*) . * C Cl ex‘a . £ = lt P “* . g ! /9 . 

[*37*26] 3 . (gX) . X C Cl ex‘a n Q‘lt P . /9 = lt P “X . g ! £ . 


Digitized by Google 



SECTION B] 


DERIVATIVES 


703 


[*207 ’54] D . (g\) . \ C Cl ex‘a a (Flt P . /? = lt/‘\ . g ! /9 . limax //S = lt/«‘A . 
[*2161.*37-29.*53 24.Transp] 3 . limax//? C 8/a . 

[*20745] 3.1t//9C */« (!) 

1- . (1) . (*216 01) . 3 1- :. Hp . 3 : /9 e Cl ex‘8/a . 3 C 8/a : 

[*40-43-5] 3 : lt/‘Cl ex‘8/a C 8/a :. 3 1- . Prop 

*21615. 1- :aC/9. 3 . 8/a C 8/£ [*37 2 .(*21601)] 


*216*16. hPe trans « connex . 3 . 8/a = 8/(a — min/a) 

Bern. 

— ► — ► 

h . *24>*26*101 . D h : minp'a = A . D . 8p‘a = 8 P ‘( a — minp'a) 

h . #61*36 .Dh:^8Ca.g!)8.E! minp'a . min P ‘a <**> e ft . D . 

£ e Cl ex‘(a — i‘minp‘a) . 

[#37*18] D . ltp‘$ C 8 P ‘(a — i‘minp‘a) 

h .#205*5 . D h : Hp . #C a. g ! / 3 . miiip'ae# . D . minp‘a= minp‘£ . 
[*207*262] D .ltp‘/3 cltp‘(/3 - i‘minp‘a) 

h . (3) . #37*18 . D h : Hp (3) . /3 + 1‘minp‘a . D . Itp‘y8 C 8 P ‘(a — i‘minp‘a) 
h . *205*194*8 . D h : E ! minp‘a . D . minp'a = maxpVminp'a . 

[*207*11] D .7t/e‘minp‘a = A 


( 1 ) 


( 2 ) 

(3) 

(4) 

(5) 


I- . (5) . *2412 . 3 1- : E ! min/a. £ = i‘min/a.3.1t/8 C 8/(a— i‘min/a) (6) 
1- . (4) . (6) . 3 1- : Hp (3) . 3 . lt//8 C 8/(a - Fmin/a) (7) 

I- . (2) . (7) . 3 1- : Hp . /S C a . g ! 0 . E ! min/a . 3 . lt//S C 8/(a — t‘min/a) (8) 
t- . (8) . *40-5-43 .31-: Hp . E ! min/a . 3 . 8/a C 8/(a — t‘min/a) (9) 

h . (9) . *216-15 .31-: Hp . E ! min/a . 3 . 8/a= 8/(a— t‘min/a) (10) 

1- . (1) . (10) .31-. Prop 

*216-2. I- . 8/C‘P = D‘lt P - ~B‘P 
Dem. 

1- . *3715 . *216111 .31-. 8/C‘P C D‘lt P - P'P (1) 

I- .*2161 . 3 1- : x e D‘lt P - 8/C‘P . 3 . a lt P A . 

[*207-3] 3 ,xeB‘P (2) 

1- . (2) . Transp . 3 1- . D‘lt P - 2?P C 8/C‘P (3) 

1- . (1) . (3) . 3 I- . Prop 

*216-21. 1- : P e R1‘J ft connex . 3 . 8/C‘P = d‘P - d‘(P-P’) 

[*207-35 . *216 2] 

*216*22. I- : P e Rl‘J n connex .PGP*. 3 . 8 P ‘C‘P = G‘P [*216*21] 
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*216 23. I -:Pe trans . 3 . h P ‘C‘P = seq P “(Tsgm‘P = lt P “(I‘sgin‘P 


[part v 


I-. *20625. *216101 .3 

h Hp . 3 : x e 8 P ‘C‘P . = . (g/S) . g ! fi • £ C P“£ . * seq P (P“/S) . 
[*24-58.*37 29] = • (g/9) . /3 C P“/9 . g I P“P • « seq P (P“/9) . 

[*201-55] 3 . (g£) . P“P“£ = P“/9 . 3 ! P“/3 . « seq P (P“£) . 

[*212152] 3 . x e seq P “(Tsgm‘P (1) 

I- . *211-4 .31-. 8eq P “(I‘sgm‘P = lt P “<Psgm f P (2) 

Y . *212152 . (*216 01) .3 Y . lt P “(Tsgm‘P C 8 P ‘G‘P (3) 

I- . (1) . (2) . (3) . 3 H . Prop 

*216*3. h : a e dense'P . = . a — min P ‘a C B P ‘a [(*216 02)] 

*216 31. I- : « e dense'P . = . a C G‘P . a n P“ a C S P ‘a 


Y . *216-31 11 . 3 1- : a e dense'P . 3 . a - min P ‘a C d‘P . 

[*205-11] 3 . aC (PP . ^ (1) 

[*20511] 3 . a — min P ‘a = a r> P“a (2) 

Y . (1) . (2) . 3 1- . Prop 

*216 32. Y : a e closed'P . = . Cl ex‘(a r\ C‘P ) C <l‘liuiax P . S P ‘a C a 
[(*21603)] 

*21633. (-:.«€ closed ‘P . = :/SCa.g!£.£C P“£ . 3p . g ! lt P ‘£ . lt P ‘£ C a 
Dem. 

Y . *207-45 . *205123 . 3 I- :. Cl ex‘(a n C‘P) C (I‘limax P . = : 

/3 C «. g ! /3 . /8 C C‘P . /3 C P“) 8 . 3^ . 3 SUp'yS : 

[*37-15] = : £Ca.g !/9.$ CP“$ . 3^ .g !lt P ‘£ ( 1 ) 

I- . *40-43-5 .31-:. V* Ca. = :£C«.g!£.£C C‘P . 3* . lt P ‘£ C a : 

— ► — ► 

[*20711.*2412] = :/3Ca.g!/9.£C G‘P . max P ‘£ = A . 3* . lt P ‘/9 C a : 
[*205-123.*37-15] = :/SCa.g!£.£C P“£ . 3* . lt P ‘£ C a (2) 

1- . ( 1 ) . ( 2 ) . *216-32 .31-. Prop 

*216*34 1- :: P e connex . 3 :. a e closed ‘P . = : 

/9 C a . 3 ! £ • £ C P“P . 3„ . lt P ‘/9 e a [*216 33 . *7 1 332 . *207 24] 
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*216*35. h : P e Ser . Cl ex‘o C Q'limaxp . D • Cl ex‘8 P ‘a C G'limaxp 

Bern. 

K *71-47. *37 *26. D 

h Hp . D : /8 € Cl ex'Sp'a . D . (gX) . X C Cl ex‘a o Q'ltp . f3 = lt P “X . g ! yS . 
[*207*54] 

D . (gX) . X C Cl ex‘a « G‘lt P . /9 = lt P “X . g ! /9 . limax//9 = limax P VX . 
[*37*29.Transp] 

— ► — ► 

D • (gX) . X C Cl ex‘a n Q‘lt P . # = lt P “X . g S X . Umax/# = limax P VX . 

— ► — ► 

[♦53*24.Transp] D . (gX) . s‘\ e Cl ex‘a . Umax/# = limax P VX . 

— ► 

[Hp] D . g ! limax P ‘/8 D b . Prop 

♦216*36. h : a € perf'P . = . a € dense*? a closed*? 

— ► 

♦216*37. b : a e perf ' f P . = . Cl ex*a C (I*limax P . 8p*a = a — min /a 
[♦216*3*32*36] 

♦216*371. 1“ : a e perf*P . = . Cl ex*a C CFlimaxp . a C (7*P . S/a = «n P**a 
[♦216*31*32*11*36] 

♦216*38. h s P e trans n connex . a e dense*? . D . 8 P *a e dense*? .8/a C 8p*8 P *a 
Dem. 

b . ♦216*3*15 . D b : Hp . D . 8p*(a — minp*a) C 8p*8p*a . 

[♦216*16] D . 8p‘a C 8 P *8p*a . 

[♦216*3] D . 8p*a € dense*? : D b . Prop 

— ► 

*216*381. I* : P e Ser . a e dcnse'P . D . 8 P ‘a = 8 P 8 P ‘a . min P ‘8 P ‘a = A 
[*216*38*14*11] 

*216*382. H : P e Ser . a e dense‘P . Cl ex‘« C CI‘limax P . D . 8p‘a e perf'P 
[#216*35*381*37] 

*216*4 I- : S e P smor Q . D . 8 P ‘ a— S“8q‘S“a . S“8 p ‘a = 8q‘S“a 

Dem. v 

h . *207*63 .3 H:Hp.D.8p‘a= S w lt c “S‘“Cl ex‘a 

[*71-491] = S“1V‘C1 ex‘S“a 

[(*216*01)] =/S“8 c ‘S“o (1) 

h . (1) . *72*52 . *216*111 .Dh. Prop 

*216401. t- : S e P smor Q . D . P £ S P ‘« = (Q t S Q ‘S“a) 

Dem. 

I- . *150*37 . D h : Hp . D . S’>(Q p 8 Q ‘S“d) = (S>Q ) £ S“8 Q ‘S“a 
[*216*4.*151*11] = P D 8 P ‘a Oh. Prop 

Uw. n. 45 
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SERIES 


[PART V 


*21641. h :.SeP sinor Q . a C C‘P . 3 : a e dense'P . = . S“a e dens e‘Q 

Dem. 

K *216 3. *37-2. 3 

h Hp . 3 : a e dense'P . 3 . <S“(« — mint'd) C S“8 P ‘a . 
[*7l-38.*2058] 3 . S“a - min c ‘S“a C S“S P ‘a . 

[*216 41 3 . S“ a - nun<,‘£“a C & Q ‘S“a . 

[*216-3] 3 . S“a e dense'Q (1) 

0 P S“a 

'■-wffir-* 

I- Hp . 3 : S“ae dense 1 Q . 3 . S“8“ a e dense 1 P . 

[*72-502] 3 . a e dense'P (2) 

h . (1) . (2) . 3 h . Prop 

v 

*216411. h :.SeP smor Q.aC C‘P . 3 : a e closed'P . = . S“a e closed'Q 
Dem. 

h. *207-64. *37-431. 3 
h :. Hp . 3 : £ C C‘P . g ! /3 . /8 e (1‘limaxp . 3 . 

S“/3 C C‘Q . a ! S“/3 . -S“/8 e (I‘limax c : 
[*71-49] 3 : Cl ex'aC (Plimaxp . 3 . Cl ex‘S“a C fl‘limax Q (1) 

I-. *37-2. *21 6-4. 31-:. Hp . 3 : 8 P ‘a C a . 3 . 8<j‘S“a C S“a (2) 

1- . (1). (2) .*216 32 .31-:. Hp . 3 : a e closed‘P . D . £“a e closed ‘Q (3) 

, Q> P > s “ a D h Hp . 3 : S“a e closed'Q . 3 . S“S“a e closed'P . 


h ‘ ( 3 ) P,Q, « 
[*72-602] 

1- . (3) . (4) . 3 1- . Prop 


D . a e closed' P 


W 


*216*412. \-:.SeP Bmor Q.aC C‘P . 3 : a e perf ‘P . = . S“a e perf ‘Q 
[*216-41-411-36] 

*216-6. h : P e Ser . 3 . dVP -P“C‘P C 8 (s‘P)‘P“C‘P 

Dem. 

h. *212134. *216111 .3 

1- : Hp . P = A . 3 . a VP - P“(7‘P - A . 8 (s‘P)‘P“C"P = A 
h . *212-632 . 3 

I- :. Hp . g ! P . P“« ~ e P“C‘P . 3 : P“a = It (s‘P)‘P“a : 
[*2161] 3 : a ! « • « C C‘P . 3 . P“a € 8 (s‘P)‘P“(7‘P 


( 1 ) 


( 2 ) 
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1- . (2) . *212132 . *37-265 . 3 

I- : Hp . g IP. fie d VP - P“C‘P . 3 . / 3 e 8 (s‘P)‘P“C‘P (3) 

h . ( 1 ) . (3) . 3 H . Prop 


*216-51. h: PeSer.D. 

8 (s‘P)‘P“0‘P = 8 ($‘PyC‘$‘P = D‘lt(s‘P) - t‘A = a'sgm'P 

Dem. 

\- . *212 661 . 3 h : Hp . * C D‘P, . x « It (s‘P)‘# .3.# = It (s < P)‘P‘V/e (1) 
h. *207 13. *212 133. 3 

h : Hp . * C D ‘P e . * = It (s‘P)‘* . 3 . ** t‘A (2) 

l-.(l). (2). *40-26.3 

I- : Hp . * C D‘P e . a I * • ® = It (s‘P)‘« . 3 . a I • « = It ( s‘PyP“8‘ic . 

[*2161] 3.xe8(s l Py~P“C‘P (3) 

h . (3) . *2161 . 3 h : Hp . 3 . 8 (s‘P)‘CVP C 8 («‘P)‘P“C‘P (4) 

I- . *21 1-3 . *21615 . 3 1- . 8 {<i‘PyP“C‘P C 8 (s‘P)‘CVP (5) 

I- . (4) . (5) . 3 1- : Hp . 3 . 8 (s‘P)‘P“C‘P - 8 (s‘P)‘CVP (6) 

[*216-2.*212133] - D*lt («‘P) - t*A (7) 

V . (6) . (7) .*212-667 . 3 V . Prop 


*216-52. h : PeSer .alP.aC C‘P. 3 .S ( ? ‘P)‘P“a= P‘“(Clex‘a - a‘max P ) 

Dem. 

h . *2161 .3h:.Hp.3: 7 e8 ($‘P)‘P“a.= .(a*).* CP“«.a!*.y = lt(s‘P)‘*. 
[*212-402] = . (a*) . k C P“ a . a l * • ~ E I max (s‘P)‘* .7 = . 

[*7 1-47 .*37-2] = . (a/3) . /3 C a . a ! /3 . ~ E ! max ($‘P)‘P “£ . 7 = s‘^‘/9 . 

[*40-5.*212-601] = . (a/3) ./3Cet.a!/3.~E! max P ‘/3 . 7 = P“/S . 

[*37*6] =. 7 e P“‘(C1 ex‘a - d‘max P ) :. 3 h . Prop 


*216 521. h : P e Ser . a C C‘P . 3 . P“(a - min P ‘a) = P“« - min (s‘P)‘P“a 
Dem. 

I- . *71-381 . *204-34 . 3 h : Hp . 3 . P“(a - tmn P ‘a) = P“a - P“imn P ‘a 

[*212-6] = P“a - ran (s‘P)‘P“« : 3K Prop 

45—2 
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[part y 


*216 53. h P e Ser . g ! P . a C C‘P . D : a e dense'P . = . P“a e dense's'P 
Dem. 

h . *216*52*3 . D 

I- :: Hp . D P“a 6 denseVP • = : 

P“ a — min ($‘P)‘P“a C P‘“(C1 ex‘a — CPmax P ) : 

[#216*521] = : P“(a — minp'a) C P‘“(C1 ex‘a — Q‘maxp) : 

[#37*6] = : x e o-minj>‘a . . (g#) . # C a.g!#. ~ Elma x/#.P‘a;=P“#: 

— ► 

[*207*521] = :ae«- min/a . D* . (g#) . # C a . g ! # . It/# : 

— ► 

[*216'1] = : x ea — min /a ,D x .xe 8p‘a : 

[*216*3] =:ae dense'P :: D h . Prop 


*216 64. h P e Ser . g ! P . a C C‘P . D : a e closed‘P . s . 8 ( $‘P)‘P“a C P“a 

Dem. 

K *21652.3 

I- :: Hp . D S (s‘P)‘P“a C P“a . = : P‘“(C1 ex‘a — G‘max P ) C P“a : 

[*37'6] = :#Ca.g!#.~E! max/# . D* . (ga:) .xea. P“# = P‘x : 

[*207 521] = :#Ca.g!#.~E! max/# . D* . It/# e a : 

[*216*34] = : a e closed‘P :: D I- . Prop 


*216*66. h Pe Ser . g ! P . a C C‘P . D : a e closed'P . = . P“a e closedVP 

Dem. 

1- . *212-44 . D h : Hp . D . P“a C (Plimax (s‘P) (1) 

I- . (1) . *212*54*32 . D h . Prop 


*216*66. bi.Pe Ser . g I P . a C C‘P . D : a e perf ‘P . = . P“ a e perf VP . 

s . 8 ($‘Py~P“a - P“a - mm ($‘P)‘P“a 
[* 216 * 53 * 54 * 55 * 36 * 37 . * 212 * 44 ] 


* 216 * 6 . h : x (V‘P) y . = . x, y e D‘ltp . xPy [(#216*05)] 

* 216 * 601 . I- : x e D‘ltj> n Q‘P . P e connex . E ! B‘P . D . (B‘P) (V‘P) x 

Dem. 

K *206*14. D h : Hp . D . B‘P e D'ltp (1) 

h . *202*524 . D h : Hp . D . (B‘P) Px (2) 

K (1). (2). *216*6. DK Prop 
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*216-602. I- : P e connex . E ! B‘P . 3 . d‘V‘P = D‘lt P - B‘P - h P ‘C‘P 

Dem. 

h . *216*601 . 3 h : Hp . 3 . D‘lt P - P<P C d‘V‘P (1) 

h . *216 6 . 3 h . d*V‘P C D‘lt P - 2?P (2) 

K(l). (2). *216-2.31-. Prop 

*216-603. h : P e connex . g ! V‘P . 3 . 0‘V‘P = D‘lt P 

Dem. 

h . *200-35 . 3 I- : Hp . 3 . D‘lt P ~<- 1 . 

[*202-55] 3 . C‘V‘P = D‘lt P : 3 I- . Prop 

*216-61. h : P e Ser . E ! B‘P . 3 . d‘V‘P = d‘P - d‘P, [*216-602-21] 

*216-611. h : P e Ser . g ! V‘P . 3 . C‘V‘P = C‘P - d‘P, = 8,.‘C‘P w P‘P 

Dem. 


h . *216-603 . *20614 . 3 1- : Hp . 3 . 

OV'P = (D‘lt P -~B‘P) u ~B‘P 


[*216-2] 

= B P ‘C‘P yj ~B‘P 

(1) 

[*216-21] 

= (d‘P — d'Pj) w ~B‘P 


[*93 103.*24-412] 

= C‘P-d‘P, 

(2) 

h . (1) . (2) . 3 V . Prop 




*216-612. I- : P e Ser . 3 . d‘V‘P C d‘P - d‘P, 

Dem. 

V . *216-6 . 3 h . d‘V‘P C D‘lt P - WP (1) 

h . *216-2-21 . 3 h : Hp . 3 . D‘lt P - ~B‘P = d‘P - d‘Pj (2) 
h . (1) . (2) . 3 K Prop 

*216*62. h : P e Ser . g ! V‘P . 3 . C‘V‘P = seq P “C‘sgm‘P = \t P “C‘Bgm‘P 

Dem. 

I- . *216-611 . 3 h : Hp . 3 . C‘V‘P = S P ‘C‘P v li‘P 

[*216 23] =seq P “d‘sgm‘P u B‘P (1) 

[*206*14] = seq P “(d‘sgm‘P w t‘A) (2) 

K *21145. 3 f- : Hp . g ! d‘P — d‘P, . 3 . g ! D‘(P* A /) — t‘A . 

[*21 2-1 53] 3 . g ! sgm'P . 

[*212155] 3.d‘sgm‘Pvt‘A = (7‘sgm‘P (3) 

I- . (1) . *216-23 . *20717 . 3 1- : Hp . 3 . C‘V‘P _ lt P “(d‘sgm‘P v t‘A) (4) 
h . (2) . (3) . (4) . 3 f- . Prop 

*216-621. H : P e Ser . g ! V‘P . 3 . g ! sgm‘P . g ! d‘P - d‘P, [*216 62-612] 
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*217. ON SEGMENTS OF SUMS AND CONVERSES. 


Summary of *217. 

The purpose of the present number is to prove *217 43, which is required 
in the theory of real numbers (Part VI, Section A), where P will be the series 
of positive ratios including zero, Q will be the series of negative ratios in the 
order from zero to — oo (both excluded), a the real number zero, and Z and W 
two different series either of which may be taken as the series of negative and 
positive real numbers. In virtue of *21 7 '4 3, these two series are ordinally 
similar. 


*2171. 1 - : a ft C‘Q = A . D . (P 4 Q)“a = P“a [*1601] 

*21711. I- : 3 ! a n C‘Q . D . (P 4 Q)“a = C‘P v Q“a [*160-1] 

*21712. h . D‘(P 4 Q)< C D‘P e v (C‘P v)“D‘Qc [*217111 .* 21111 ] 
*21713. h C‘P « C‘Q = A . D . P“a = (P 4 Q)“(o — C‘Q) [*2171] 

*21714. I- : g ! Q“a . D . C‘P w Q“a = (P 4- Q)“« [*2171 1] 

*21715. h : C‘P ft C‘Q = A . D . D‘P« u (C"P v)“(D‘Q e - t‘A) C D‘(P 4 Q) t 
[*2171314] 

*21716. I- C‘P ft C‘Q = A : ~ a ! ~B‘P . v . a ! P*Q : 3 • C‘P e D ‘(P 4 Q) ( 

Bern. 

V. *211-301. DI-i^alP'P.D.C'PeD'P. (1) 

h . (1) . *21715 . D I- : Hp . 1 3 • C*P e D‘(P4 Q) t (2) 

K *21711. Dh:a l~B‘Q.l.(P$Qy‘B , Q = C l P (3) 

h . (2) . (3) . D h . Prop 

*21717. h C‘P ft C‘Q = A : ~ a « P*P • v . a ! O . 

D‘(P 4 Q) t = D‘P e u (C‘P u)“D‘Q t [*217*12-15*16] 

*21718. I- C‘P ft C‘Q = A : ~a l&P • v . ~a 1 s 3 • 

D‘(P 4 Q)e = D‘P e U {C‘P u)“(D‘Qe - l‘A) 

Dem. 

V . *211-301 . D h : ~ a ! 2?P . 3 . (C‘P w)“i‘A C D‘P e 


( 1 ) 
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h . ( 1 ) .*21717 

. 3 (- : Hp . ~ 3 ! B‘P . 3 . 



D‘(P 4 Q)e = D‘P e u (C‘P u)“(D‘Q f - t‘A) 

( 2 ) 

b. *21711 . 

3 1- : ~ a 1 b‘Q . a J « r\ C‘Q . 3 . a i (P 4 Q)“* n Q‘Q 

(3) 

h. *2171 . 

3 1- : ~ 3 ! P‘Q . 3 ! £‘P-« n C"Q = A.3.(P4Q)“a * C‘P (4) 

h.(3).(4). 

3 b : Hp . ~ 3 • B‘Q • a l B‘P . 3 . C‘P ~ e D‘(P 4 Q)t 

(5) 

I-. (5). *21712.15. 3 

1- : Hp (5) . 3 . D‘(P 4 Q) e = D‘P« w (G‘P w)“(D ‘Q e - t‘A) 

(6) 


I- . (2) . (6) . 3 h . Prop 

*217 2. b : C‘P r\ C‘Q = A . 3 . D‘P { rs ( C‘P v)“(D‘Q e - i‘A) = A 
Dem. 

(-.*21111.3 

1- : D‘P t C Cl ‘G‘P : a e ( C‘P w)“(D‘Q f - i‘A) . 3 . g ! a r> C‘Q : 3 I- . Prop 

*217-21. h : g ! ~B‘P . 3 . D‘P t o (G‘P v)“D‘Q e = A 

Devi. 

b . *21111 .31-: Hp . aeD‘P ( . 3 . 3 ! C‘P — a: 3 1- . Prop 

*217*22. I - : P,Qe trans r» connex . G‘P n C‘Q = A . a 1 B*P . a 1 B‘Q • 3 • 

s‘(P 4 Q) = 5 ‘P 4 (C‘P u)VQ 

Dem. 

I- . *201401 . *202 401 .31-: Hp .3 . P 4 Qe trans n connex (1) 

K(l). *212-23. 3 

I- :: Hp . 3 :. a {s‘(P 4- Q)} B • 3 : a > & « D‘(P 4 Q)« • a C /3 . a + y3 : 

[*21717-21] = : a, /9 e D‘P e .aC£.a*y3.v.ae D‘P e . /3 e (C‘P v)“D‘Q e . 

v . a, y9 e (C‘P v)“D‘Q t . a C /3 . a + /3 : 
[*212-23] = : a (s‘P) yS . v . a e CVP • £ e C^C'P w)5s ‘Q . 

v . a {(C‘P u)5$‘Q) y9 : 

[*16011] = : a {s‘P 4 (C‘P u)VQ) y9 :: 3 (- . Prop 

*217-23. I- :.P, Q 6 trans r\ connex. C‘P n C‘Q = Az<^^lB t P.w.^'^lB‘Qi'D. 

S ‘(P 4 Q) . S ‘P 4 (C*P u)5(s‘Q) D (~ l‘A) 

Dem. 

I- . *201-401 . *202-401 . *212 23 . 3 

h::Hp.3:.a(s‘(P4<2)}/3. = :a,ySeD‘(P4Q) e .aCy9.fl + y9: 

[*2171 8-2] = : a, y9 e D‘P, .aCyS.a + yS.v.ae D‘P« . y8 e(C"P u)“(D‘Q e - i‘A ). 

v . a, y9 e (C‘P u)“(D‘Q e - 1 ‘ A) . a C y9 . a * /9 : 
[*212-23.*160-11] = : a[s‘P4(C‘Pw)5(s‘Q)D(-t < A)}/3::3l-.Prop 

*217-24 t-:an/8 = A.3.(«w)f- Cl‘y8 e 1 — > 1 [*24481] 

*217-26. I- ; C‘P ft C‘Q = A . 3 . (C‘P u) [ CVQ e {(C‘P u)5 s‘Q] sSof (?‘Q) 
[*217-24] 
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*2173. I- : P e Ser . D . D‘P« = P“C‘P u D‘(P, A/) — (Fseq, 
[*211-32-302-41] 

*217 301. I- : P e Ser . 7 e D‘(P« A /) — (I‘seq P .D. 7 = C‘P- P“(C‘P - 7) 

Dem. 

h . *211-727 . D h : Hp . D . ~ E ! limin P ‘(C‘P - 7) . 

[#207 - 44.*21 1"7] D . C"P — 7 e sect'P — Q‘min P . 

[*211-4112] D . C‘P- 7 = P“(C‘P-y) : D I- . Prop 

*217-31. h : P e Ser . 7 e D‘P e . D . (a/9) . 7 = P“(C“P - P“/9) 

Dew. 

h .*201*53 . D 

h : Hp . 7 = P‘a: . £ = %‘x .O.C'P- P“i 3 = 1p 0 ‘x . 

[*201-53] D.P“(C‘P-P“f 3) = 7 (1) 

I- . (1) . *217-3-301 .Dh. Prop 

*21732. 1-rPeSer.D. D‘(P)« = (P)« “(C"P -)“D‘P< 

Dem. 

I- . *217 31 Dh:Hp.D. D‘(P)« C (P) e “(C‘P -)“D‘P, (1) 

l-.(l). *3716. Dh. Prop 

*217 33. h . (a — ) [ Cl‘a e 1 — > 1 

Dem. 

h . *24*492 .Dh:^Ca. 7 Ca.a — ^ = a — 7 .D ./3 = 7 :Dh. Prop 


*217-34. K-PeSer.D.Pef (sect‘P - d«lt P ) el-»l 

Dem. 

K*2111.DJ-:a,/9esect‘P.P“a = P“£.a!£ — «.:>.a!£ — P“/S (1) 
V . (1) .*205*111 . D h : Hp . Hp(l) . D . E ! max P ‘/9 (2) 

h. *211-56. D h : Hp (2) . D . a C P “/8 . (3) 

[*205111.(2)] D.max P ‘^~e« (4) 

M3). D h : Hp (2) . D . a = P“/3 . 

[*205-22.(2).Hp] D . a ="P‘max P ‘/9 = P“« (5) 

h . (4) . (5) . *207 232 . D 1- : Hp (2) . D . max^/3 = lt P ‘a (6) 


h . (6) . Transp . D h : Hp . a, /9 e sect ‘P . P“a = P“/3 . ~ E ! lt P ‘a . D . /3 C a (7) 
Similarly h : Hp . a, /9 e sect'P . P“a = P“/S . ~ E ! lt P ‘/8 . D . a C /8 (8) 

I- . (7) . (8) . D 1- : Hp . a, £ e sect'P - d‘lt P . P“a = P“/3 . D . a = /9 : D h . Prop 
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*217-35. hrPeSer.D. (P) t | (C‘P -) f D‘P« e 1 -» 1 
Dem. 

I-. *217-33. Dh.(C‘P-)rD‘P e e 1->1 (1) 

h . *211-76 . D h : Hp . D . ( G‘P -)“D‘P* = sect'P- d«tl, . 

[*21734] D . (P)« [ (C‘P — )“D‘P« c 1 — » 1 ( 2 ) 

h . ( 1 ) . ( 2 ) . D t- . Prop 

*217-36. h : P e Ser . D . $‘P = (P)«5((7‘P -)> Cn v VP 

Dem. 

h . *212-23 . D 

h :. Hp. D:/S (s‘P) a . 7 = P“(0‘P -a ). 8 = P“(C‘P -/ 3 ).D. 

£ C a . a * £ . C‘P - a C C‘P - 0 . 

[*37-2.*217-35] D . 7 C 8 . 7 + 8 . 


[*212-23] D . 7 (s‘P) 8 (1) 

I- . (1) . D I- : Hp . D . (P)e5(C‘P -)> CnvVP G s‘P (2) 

H . (1) . Transp . D 

h : Hp . 8 (s‘P) 7.7= P“(C‘P - a ) . 8 = P“(C‘P - £) . a, /3 e D‘P« .D.aCjS (3) 
h. *217-35. DI-:Hp(3).D.a + /3 (4) 

h . (3) . (4) . *212-23 . D h : Hp (3) . D . 8 {(P) t >(G‘P -)> CnvVP} 7 (5) 

K *217*31. Dh:Hp.8(s‘P)7.D. 

(ga, /3) . 7 = P“(C‘P - a) . 8 = P“(C‘P - £) . a, £ * D‘P« (6) 

I- . (5) . (6) . D f- : Hp . D . «‘P G(P)*;(C , ‘P-);CnvVP (7) 

h . (2) . (7) . D h . Prop 


*217-37. h : P e Ser . D . (P)« | (C"P -) [ D‘P« e (s‘P) smof (CnvVP) 
[*217-35-36] 

*217-38. I- : P e Ser . D . («‘P) smor (CnvVP) [*217 37] 

*217-4. I- : P, Q e Ser . C‘P n (7‘Q - A . E ! B‘P . E ! B‘Q . D . 

S‘(P 4- Q) =■ (Py>(C‘P -)> CnvVP 4 (C‘P v) VQ [*217-22 36] 

*217-41. I- :. P, Q c Ser . C*P a (7‘Q = A : ~ E ! B‘P . v . <*» E ! B‘Q : D . 

s‘(P 4 . Q) _ (P),i(C‘P —)> CnvVP 4- (C‘P w)5(«‘<3) C (- *‘A) 
[*217-23-36] 
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*217-411. I- : Hp *217-41 . D . {s‘(P 4 Q)} t (- A) = 

<- t‘D‘P>4:((7‘P u);(«‘Q)D (- »* A > 

[*217-41] 

*217-42. I- : Hp *217 41 . D . {s‘(P 4 Q)1 D {- * f A - »‘D‘(P 4 Q)} = 

(P) t 5(C‘P-) ; Cnv‘(s‘P)D (_ t‘A - t‘D‘P) 4* d‘P 

4(C"P w)5(s‘Q)D (- l ‘ A - t<D ‘Q) [*217-411] 

*217-43. t- P, Q e Ser . (7‘P n = A : ~ E ! B‘P . v . ~ E ! B‘Q : 

X = (s‘P)£ (- t‘A - i‘D‘P) . F= (s‘Q)£ (- i‘ A - • 

7= {s‘(P 4 Q)} D {- i‘ A - t‘D‘(P 4 Q)} . 

F=X+>a4 F.a~eC‘XwO‘F.D. 

(P) e | (G‘P -) [ (D‘P e - i‘ A - t‘D‘P) v (D‘P) | a 

c»(C‘P w)[(D‘Qe-t‘A-i‘D‘Q)eF8mof TF [*217-37-25-42] 
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SECTION C. 

ON CONVERGENCE, AND THE LIMITS OF FUNCTIONS. 

The purpose of this section is to express in a general form the definitions 
of convergence, the limits of functions, the continuity of functions, and 
kindred notions, and to give such elementary consequences of these definitions 
as may seem illustrative. 

In the definitions usually given in treatises on analysis, it is assumed that 
both the arguments and the values of the function are numbers of some kind, 
generally real numbers, and limits are taken with respect to the order of 
magnitude. There is, however, nothing essential in the definitions to demand 
so narrow a hypothesis. What is essential is that the arguments should be 
given as belonging to a series, and that the values should also be given as 
belonging to a series, which need not be the same series as that to which the 
arguments belong. In what follows, therefore, we assume that all the possible 
arguments to our function, or at any rate all the arguments which we 
consider, belong to the field of a certain relation Q, which, in cases where our 
definitions are useful, will be a serial relation ; we assume similarly that the 
values of our function, at least for arguments belonging to C‘Q, belong to the 
field of a relation P, which, in all important cases, will be a serial relation. 
The function itself we represent by the relation of the value to the argument ; 
that is, the relation of f(x) to x is to be R y so that, if the function is one- 
valued, f(x) — R‘x. (If the function is not one- valued, f(x) is any member 

of R‘x.) Thus we may speak of R as the function, Q as the argument-series, 
and P as the value-series. 

To take an illustration : Suppose we are given a set of real numbers 
x ly a*, ... x vy ..., where v may be any finite integer. Here x v is a function 
of v ; the argument-series is that of the finite integers in order of magnitude, 
the value-series is that of the real numbers (or any part of this series which 
contains all the values x^ y x* y ... x v , ...). The function R is the relation of 
x ¥ to v , so that x v = R‘ v. In this case, calling the argument-series Q and 
the value-series P (as will be done throughout this section), we have 
<PB = C‘Q = the finite integers, = D‘jR = the class x ly x %y ... x ¥y ..., 
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and R>Q = the series ... x Vi The series which arranges # 1 , a*, ... 

x ¥> ... in the order of their own magnitudes, instead of the order of magnitude 
of their suffixes, is P £ D‘jR or P £ R“C‘Q. This will not be equal to R>Q 
unless the function is one which continually increases, i.e. one for which 

fX r ^ V . D . ^ X v . 

In general, the propositions of the present section are only important 
when P and Q are series. If our assertions are not to be trivial, we must 
have a ! C‘Q n D‘R and g ! C‘P n R“C‘Q, i.e . there must be arguments in 
C ( Q which lead to values in C € P. It will also generally happen that the 
function is one- valued, i.e. that R e 1 — ► Cls. But the above conditions, 
though necessary to the importance of our propositions, are in general much 
narrower than the hypotheses that are necessary for the truth of our 
propositions. 

The present section is wholly self-contained, that is to say, its propositions 
are not referred to in the sequel. We have, in this section, carried the 
subject as far as seemed suitable for the present work ; its further develop- 
ment belongs to treatises on analysis. 

We begin (*230) with a general conception which is involved in the 
notion of convergency. We shall say that the values of a function converge 
(or, simply, that the function itself converges) into the class a, if for late 
enough arguments the values always belong to the class a, i.e . if there is a 
term y such that, if yQ%z, R‘z ea, or, to avoid assuming that R is one- valued, 

R € zQol. Thus the values of the function converge into the class a if 

(ay) -yeC‘Q n a<R . c a. 

If a term y is one such that, from y onward, all values belong to a, we write 
yeRQ^a (where “ cn ” stands for “ convergent ”), i.e. we put 

RQcn « = 9 [y c C‘Q n d‘i£ . R“Q*‘y C a} Df. 

When there is such a y f i.e. when the function converges into the class a, we 
write “iiQcn a ” w. we put 

Qcn = ^(a!^cn«) Df. 

“^Qcn a ” may be read “ R is Q-convergent into a.” This means that for 
arguments sufficiently late in the Q-series, the value of the function is always 
a member of a. Thus e.g . if i£‘a?=l/a?, and a = $(y< 1), RQ^Oy and if 

z> 1 , z e RQ on a. 

We next consider (*231) limiting sections and ultimate oscillations of 
functions. For this purpose, we proceed as follows. If jRQ C n a » ^ en -f*“ a 
is a section of the P-series such that, for sufficiently late arguments, the 
values of the function must belong to P%“ a. Hence if we take all possible 
values of a for which RQ cn ct, and take the logical product of all the resulting 
sections P*“a, we get a section containing all the “ ultimate ” values of the 
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function; moreover this is obviously the smallest section which has this 
property, because, if we take any section fi which contains all the “ ultimate ” 
values, we have i£Qcn A and P*“£ = ft and therefore the logical product in 
question is contained in ft The logical product in question is 

P‘R*“ <4 Qcn‘R- 

In order to avoid trivial exceptions which arise when C‘Qrs(I‘R=* A, we 
define the “limiting section” as 

p<P*“?QJR«C‘P. 

This “limiting section 99 we denote by PR K Q t where the letters “sc” stand 
for “ section.” Thus we put 

PR*Q=p‘P*‘“tL‘R« G ‘P Df- 

PRacQ is the class of those members x of the series P which are such 
that, given any argument however late, there are still arguments as late 
or later for which the value of the function is not less than x . In like 

\j 

manner, PR K Q , which we will call the “limiting upper section,” consists of 
those members x of the series P which are such that, given any argument 
however late, there are still arguments as late or later for which the value of 

w 

the function is not greater than x . Thus the product of PR^Q and PR^Q 
is the smallest stretch which contains all the “ultimate” values of the 
function, i.e. it is the stretch consisting of those terms x which are such that, 
however late an argument we take, there are arguments as late or later for 
which the value of the function is not greater than x , and also arguments 

for which it is not less than x. Thus the product of PR^Q and PR^Q 
represents what we may call the “ ultimate oscillation ” of the function. We 
shall denote it by PR M Q, putting 

PR^Q^PR^QnPR^Q Df. 

We may express PR^Q in a form not involving Q CD , namely (*231*12) 

PRbcQ = p‘P*“‘R“‘Q*“(0‘Q a d‘R) a C*P. 


This formula for PR BC Q may be elucidated by the following considerations. 
If y is any member of C*Q, then G‘22 a Q%y consists of all arguments 

A — A — 

from y onwards. Hence P“(G‘P a ty%y). i.e . R“Q%y, consists of all values 

A — 

of the function for arguments from y onwards. Hence P^* € R u Q^y consists 
of all members of the P-series which are equalled or surpassed by values of 
the function for arguments equal to or later than y. Now if a term x belongs 

to the class P%“R“Q%‘y for every argument y f it is a term such that, 
however far up the argument-series Q we go, we shall still find values as 
great as or greater than x. When this is the case, we may say that x is 
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P-persistent. In this case, x may be regarded as not greater than the 
“ ultimate ” values of the function. Now the class of arguments concerned 
is C‘Q n <PP. Hence the class of P-persistent terms is 

p‘P*‘“R“‘%“(C‘Q«a‘R), 

where the factor C‘P may be Added in order to accommodate the formula to 
the trivial case where C‘Q r\ <Pi£ = A (the only case in which the factor C ( P 
makes any difference). Thus the class of P-persistent terms is the limiting 

vs 

section. Similarly the P-persistent terms are the limiting upper section. 
These are the terms which are not less than the “ ultimate ” values of the 
function. Thus the product PR M Q is the terms which are neither greater 
than all ultimate values, nor less ; hence it is the class of ultimate values, 
which may be appropriately called the “ ultimate oscillation/* 

It will be seen that PP os Q, being the product of an upper and lower 
section, is itself a stretch : we may call it (alternatively) the “ limiting 
stretch/* It consists of all members x of the P-series such that the function 
does not, however great we make the argument, become and remain less 
than x } nor yet become and remain greater than x. If PR OB Q consists of a 
single term, that term is the limit of the function as the argument travels up 
the series Q. (This is, of course, in general different from the limit of the 
values of the function considered simply as a class of members of C‘P , i.e. it 
is different from It p‘R"C t Q.) If PR^Q does not consist of a single term or 
none, we shall have two limits to consider, namely limaxp^PP^Q and 
PR^Q, which give the two boundaries of the ultimate values of the 
function. When the class PR^Q is null, the function may be regarded as 

having a definite limit : in this case, PR K Q and PR^Q are the two parts of 
an “irrational” Dedekind cut, i.e . a cut in which the first portion has no 
maximum and the second no minimum. Thus PR^Qe 0 w 1 is the condition 
for a definite limit of the function as the argument grows indefinitely. 

The above gives the generalization of the limit of a function when the 
argument may be any member of C‘Q n (PP. In order to obtain limits for 
other classes of arguments, it is only necessary, as a rule, to limit the field of 
Q to the class of arguments in question, i.e . to replace Q by Q £ a (cf. *232). 
In order, however, to avoid vexatious and trivial exceptions arising when a € 1, 
it is more convenient to replace Q by a. Thus the section of P defined 
by the class of arguments a is PR^Q# £ a). We put 

(PRQ) K ‘a = PR K (Q* £a) Df. 

This definition is useful because we very often wish to be able to exhibit the 
limiting section defined by a as a function of a. The section (PRQ) K *a is 
such that, if a? is any member of it, and y is any argument belonging to a, 
there is in a an argument equal to or later than y, for which the function 
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has a value equal to or later than x. Thus x is such that the function does 
not ultimately become less than x as the argument increases in the class a. 
The limit or maximum of such terms as a? is the limit or maximum of the 
ultimate values of the function as the argument approaches the top of a. 
• The class of ultimate values is 

(PRQ)^a n (PRQ^a, which we call (PRQ) m ‘ol 
If the function has a definite limit as the argument increases in a, the class 
of ultimate values must not contain more than one term. 

Our next number (*233) deals with the limit of a function for a given 
argument. The limit or maximum of the class of ultimate values is not 
necessarily the value for the limit of a. It will be found, however, that, with 
a suitable hypothesis, the limiting section (PRQ) M ‘ct depends only upon 
Q#“(a n G‘P), and if a n Q‘R has no maximum, it depends only upon 
Q“(a n G‘P). Thus if a n G‘P and /9 n G ‘R both have the same limit, they 
define the same limiting section. Hence if a is the limit of a, the limiting 

section of a is (PPQ^'Q'a. The upper limit of this is the upper limit of the 
ultimate values as the argument approaches a from below. We put 

R ( PQ)‘a = limax P ‘(PBQ) 8C ‘Q‘a Df. 

We have thus four limits of the function as the argument approaches a, 
namely 

R(PQ)‘a, R(PQ)‘a , P(PQ)‘a, R(PQ)‘a. 

If R is a continuous function, these four are all equal to R‘a ; but in general 
they are different from each other and from R l a. The subject of the 

continuity of functions is dealt with in *234. When R ( PQ)‘a = R (PQ)‘a, 
each is the limit of the function for the argument a for approaches from 
below. It should be observed that if R is defined for a set of arguments 

which are dense in Q, i.e. if $q‘Q.‘R = C‘Q, then R ( PQ) € a and R (PQ)‘a are 
defined for all arguments in C‘Q. 
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Summary of * 230 . 

In the present number, we have to consider the notion of a function 
converging into a given class, or, as we may express it, the notion that the 
value of the function “ ultimately ” belongs to the given class. If R is the 
function in question, a the given class, and Q a series to which the arguments 
belong, we say that " R is Q-convergent into a” if there is an argument y 
such that, for all arguments from y onward (in the Q-order), the value of the 
function is an a. That is, R is Q-convergent into a if 

(ay) • y * C‘Q * • R“Q*y c a. 

A term y which is of this nature is said to belong to the class RQ^cl Thus 
R is Q-convergent into a if the class RQ^a is not null. Hence we have the 
following pair of definitions : 

RQcna-C'Qna'RnQiR'fayCa) Df, 

Q <m = Ra(ftlRQ< m «) Df. 

In all the cases that have any importance, R will be a one- valued function 
0 i.e . a one-many relation), Q will be a series, and C‘Q a <3*R will be a class 
having no maximum in Q. For, if C‘Q a G'jR has a maximum in Q, then 
the classes into which R converges are simply those to which the value for 
this maximum belongs. The following propositions, though only important 
under the above circumstances, are in general true under much wider 
hypotheses. 

It is possible to generalize still further the notion of convergence, so as 
to apply to any property which belongs to R when confined to sufficiently 

late arguments. For this purpose, we have to consider R £ Q#z, where z is 
to be confined to terms later than or equal to some term y . If, under these 

circumstances, R^Q^z always belongs to the class X, we may say that R 
ultimately becomes a X. We may put 

RQcng X = $ [y € C*Q A <P12 : yQ#z . D, . R £ Q*‘z e X} Df, 

Qcng = R x (a ! RQcngX) Df. 
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This is the general conception of which Q m is a particular case ; in fact, 
h : RQen a • = ■ BQ ont (D“Cl‘a). 

QaBg will have to be used when the ultimate properties of the function with 
which we are concerned are not properties of its values; but when they 
are properties of its values, enables us to deal with them more easily 
than Q mg . 

In this number, we prove the following propositions among others : 

*230171. I- : y e RQ^l P#‘a>) . D . x e P*“R“Qjy 
*230211. aC 0 1 RQ m a . RQ m 0 

*230-253. h R“C‘Q C o . D : RQ w a . = . g ! C‘Q a d‘R . 

= .%lR“C‘Q. = .xl(RtC<Q) 

*2304. l-.i2Q ai « = a < B«Q*“(iJQ cn a) 

4(230 42. 1“ s. Q* e conaex . D : RQ^a . RQ m 0 . = . RQ C n (a n 0) 

♦230 53. h Q c trans n connex.E ! max^Q^.D: 

la virtue of this proposition, the case when E ! maxg*(I*12 is uninteresting, 
and in order to obtain interesting interpretations of our propositions, it is 
necessary to suppose that <1*12 has no maximum. Similarly when, in later 

numbers, we consider G*12 n Q‘x , we shall only obtain interesting results 
when this has no maximum, which requires that Q should be a compact 
series (Q*=Q) and G*J2 should be dense in Q. These assumptions are, 
however, not usually required for the truth of our propositions. 


*23001. RQ m a = C"Q a <KR a # ( R tf Q^y C a) Df 

*230-02. Qcn = R& (3 ! RQea ®) Df 

*2301. H : y « R^a . = .y e G‘Q^ d‘R . R'^y C « [(*230 01)] 

*230-11. I- : RQ m a . = . g ! RQ m « . = . (gy) . y e C‘Q a <I‘R . R (t Q^y C a 
[(*23002)] 

*230'12. h : y e RQ m a . D . Q#‘y a d‘R C RQ^a 
Dem. 


K *2301. *2011415.3 

H ; y c RQea « . yQ# z . z e Q.‘R . D . R“Q*y C a .ze C‘Q a (F.R . Q#‘z CQ^y . 
[*37-2] D . rc OQ a d‘R . R'^Q^z C a . 

[*2301] 3 . $€ RQcn a :3b* Prop 

a. Aw. il 46 
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*23013. b . i$c«= (R r 0‘Q) Qon« 

h. *35-64. Di-.c‘QAa‘ie=0‘QAa‘(jer^e) a) 

b . *37 421 .3b. -R“Q*‘y = (-K r c ‘Q)‘^*y ( 2 ) 

b . (1) . (2) . *2301 .3b. Prop 

*230131. \-:R[C ( Q=‘T[G t Q.-D.RQ <m a=TQ ai a [*23013] 

*23014. hsyeBQca.D.alC'QAa'B.alanD^ 

Dem. 

b.*2301.3b:Hp.3.yeC‘QA(I‘.R..R‘yCa. 

[*33-41] D.yeC'QnCI^.aliZ'y.iZ'yCa. 

[*22-621.*3315] 3 . g ! C‘Q a 0‘iJ . g ! a a D'ii :3b. Prop 

*230141. b . RQ m A = A [*23014 . Transp] 

*230142. b:..R = A.v.Q = A:3. RQ^cl = A [*230*14 . Transp . *33-24] 
*23015. h:iJQ cn «.3.g!0‘QA<I‘.R.a!aAD‘fi [*2301411] 

*230151. I- : RQ m a O.glfl.glQ.gla [*23015] 

*230152. h:.E = A.v.g = A.v.« = A:3 . ~(i2Q cn a) [*230 151 . Transp] 

*230-16. b . RQead = R (Q#^5^R)cn a 
Dem. 

b .*23014 .3b: C‘Qr><l ( R - A . 3 . RQ ai <* = A . -R(Q*£ (T-E)*,®- A (1) 


b. *90-41. 3b:g!C‘QAa‘B.3.0‘(Q*D<I‘^) = cf ‘<2 rt(I ‘^ ( 2 ) 

b. *37-26. 3b.i2“^,‘y = i2“(Q*‘y rta<jB ) ( 3 > 

b . (3) . *35102 . 3 b s y e d‘R . 3 . R‘?Q*y = R“Q*t G‘R‘y ( 4 ) 

b. (2). (4). *230-1. 3 

b :. g ! C‘Q a (F.R. 3 : y e RQ m ci .=. y « 0‘(Q* D d‘R) a d‘.R . J2“Q* t a‘R‘yC 
[*2301] =.yeR (Q*t<l‘R) m * (5) 

b . (1) . (5) . 3 b . Prop 


*230161. b : (Fi2 = £*£ d‘R . 3 . RQ^a = RS^a [*23016] 

*23017. bsycC'QAa'E. 3.g!i2“^‘y 
Dem. 

4 — 

b . *9012 . *33 41 . 3 b : Hp . 3 . y e Q 0 ‘y . g ! R‘y . 
[*3718] 3 . g ! R^*y :3b. Prop 
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*230-171. h :y e RQ <m {P*‘w).l.wePi,“R“Q*‘y 

Bern. 

h . *2301 17 O h : Hp O . a l R‘^ ( y . R“Q#‘y CP*‘« . 
[*22-621] 3.g! a lye. 

[*37-46] D.are Pj'R'Qjy Oh. Prop 

*230-21. h:aC/90.PQ cn aC.ftQ cn /9 [*230 1 . *2244] 


*230-211. h :. « C /9 O : RQ^a. D . RQ m p [*230-21-11] 

*230-22. h . RQ^a u RQ m p C RQ^a u £) [*230 21] 

*230-221. h . v . RQ^fi : D . u /9) [*230 211] 

*230-23. h . a RQ^/3 = ^(a a £) 

Bern. 

h . *2301 O h :y e a RQ c j 3. =.yeC‘Qr\<I‘R. Ca.R“%‘y C/3 . 

[Comp.*230-1] = .y e RQcn( a r» /9) O h . Prop 

*230-231. h : PQ OT ( a a /3) O . _RQ OT a . i^/9 [*230 211] 

*230-24. h . RQ m a a 08 - a) - A [*230-23 141] 

*230-25. \-.RQ oa a=RQ oa (anD‘R)=RQ ca (a*R“Q, t “a‘R)=RQ OD (ar>R“C‘Q) 

Bern. 

h . *3715 Oh: R‘*Q*‘y C a . = . P“Q^‘y C a a D‘i2 (1) 

h . *3718 O h y e &R O : C P“Q*“a‘.R : 

[Comp] 3 : R“Q*y C a . = . R“Q^‘y C a a P“Q*“<3‘i2 (2) 

h . *37-218 Oh. R'^Q+'y C R“C‘Q . 

[Comp] D h : P“Q#‘y C a . = . R“Q#.‘y C a a R“C‘Q (3) 

h . (1) . (2) . (3) . *2301 Oh. Prop 

*230-251. h . PQ cn (.R“C‘Q) - C‘Q a d‘R 

Bern. 

h. *3315. *37-2 Oh.^.P'^yCP'^Q (1) 

h . (1) . *2301 Oh. Prop 

*230252. h : 2J“C‘QCaO .RQ^a^C'Qrxa'R [*230-25-251] 

*230 253. h :. R'WQ C a O : RQ m a . = . a ! OQ a d‘.R . = . 

3 1 R“C‘Q . = .nl(R[C‘Q) [*23011-252 . *37401 . *3564] 

46—2 
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*230 31. Y . 8‘RQ^‘k C RQ^s'k) 

Derm,. _ _ 

I- . *230*21 . 3 h : a e * . 3 . RQ m a C RQ^s'/c ) : 3 H . Prop 

*230*311. Y.Q^'kC'qJs'k 

Dem. 

f* . *230*211 . 3 h : a e x . RQ^ct . 3 . RQ^s'x) : 3 H . Prop 
*230*32. Y . RQcnip 1 *) = G‘Q a d‘R a pRQ^'ic 

Dem. 

I-.*2301.3 

I- :. y e RQ CB (p‘ic) . = : y e C‘Q a (P-ft . R“Q^‘y Cp'ic : 

[*40*15] = : y « C‘Q a (I*JJ : a e x . 3. . R“Q#‘y C a : 

[*4*73] = syeC'Q a : aex . 3« .y eC‘Q a d‘R.R“Q^ ( y C a : 

[*230*1] = : y e D‘Q a Q‘i? r\ p‘RQ cn “>c :. 3 I- . Prop 

*230*321. h:g!x.3. RQ^p'k) = p‘RQJ‘ic . p'RQJ'k C C"Q a <l‘iJ 

Dem. _ 

H. *230*1. 3 h : a e x . 3. . RQ m a C C‘Q a (1*22 (1) 

h . (1) . *40*23*151 . 3 1- : Hp . 3 . p‘RQ m “ic C C‘Q a d‘R (2) 

h . (2) . *230*32 . 3 h . Prop 


* 230 * 4 . 1 - . RQcn* 

= d‘R«Q*“(RQ <m a) 


Dem. 



Y . *230 11 . *90*21 . 3 Y . DQ ra a C CPD . RQ m a C 

(1) 

K *201*14*15. 

3 H : 22“Q#‘y C « . yQ*z . 3 . R“Q#‘z C a 

(2) 

I-. (2). *230*1. 

3 Y'.ye RQ^a . yQ*2 . z e d‘R . 3 . z e R(J m a : 


[*37*105] 

3 1- . d*R a Q^iRQaaH) C RQ m a 

(3) 

h . (1) . (3) . 3 h 

. Prop 



*230*41. I-:.Q* € connex . 3 s C RQcn D • v • RQ cm/3 C RQgnei 


Dem. 

Y . *211*61 . *201*15 . 3 

I- Hp . 3 : Q*“(22<L«) C Q*“(RQ m Ph v • Q*“(RQcnP) C Q*“(RQ m «) : 
[Fact. *2304] 3 : iZQcn® C RQcofi • v . RQ m f3 C :. 3 h . Prop 

*230*42. h :. connex . 3 : RQ^a . RQ m /3 . = . RQ m (a a y3) 

Dm. 

I- . *230*41 . 3 h. Hp . 3 : a -JS^a . v .DQ^a a RQ^RQ^fis 

[*230*23] 3 : RQ m (a a /3) - DQ CT a . v . JlQ.(a a/ 9) = s 

[*230*11] 3 : RQoad . RQcn/3 . 3 . RQm{ a a /3) (1) 

h . (1) . *230*231 .31-. Prop 
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*230421. h : e connex . a a /3 = A . 3 . ~ {RQ^a . RQ m f3 j [*23042*141] 

*230*51. h : RQ m a. 3 .pfa'C'Q a d‘R C RQ m a 

Dem. 

H . *201*14 . 3 h :y e C‘Q a d‘.R. -R“Q^‘y C a . x ep^Q^Q . 3 . fl“<2*‘x C « (1) 
H . #230*15 1 . *40*62 . 3 1- : Hp . 3 . p‘Q 0 “C‘Q C C‘Q (2) 

I- . (1) . (2) . *230*1 . 3 h ; Hp . y e RQ^a . x e pfa'C'Q a Q‘iJ . 3 . 

x e C‘Q a G‘ii . i2“Q*‘x C * (3) 

H. (3). *230*1*11. Dh. Prop 


*230-511. H : y e p‘Q*“C‘Q . 3 . Q#‘y =p‘Q#“C‘Q 

Dem. 

h . *40*12 . 3 H : Hp . 3 .p*Q*“C‘Q CQ*‘y (1) 

h . *40*53 .31-:. Hp . x e Q#‘y . 3 : <r e C‘Q . 3* . xQ^y : yQ*x : 
[*201*15] 3 : x e C‘Q . 3* . xQ#z s 

[*40*53] 3 : x e pfy'C'Q (2) 

I- . (1) . (2) . 3 1- . Prop 


*230 512. ha<B« p‘Q*“C‘Q C . 3 . R“p‘Q 0 “C‘Q C a 

Dem. 

V . *230*1 .31-:. Hp . 3 : y e Q‘12 a . 3 . R“Q%‘y C a . 

[*230-51 1] 3 . R“p‘Q*“C‘Q C a (1 ) 

H . (1) . *10-23 . D h : Hp . g ! d‘R a />‘Q*“C‘Q . 3 . R“p‘*Q+“C‘Q C « (2) 
h . *37*26*29 . D h : d‘.R a i>‘Q*“C7‘Q = A . 3 . R“p‘Q*“C‘Q = A . 

[*24*12] -}.R“pH}*“C‘QCa (3) 

I- . (2) . (3) . 3 h . Prop 


*230*513. I- :. a ! Q . 3 : C«. = . (PA a p'Q^'&Q C 

Dem. 

h . *230*511 .31-:. ye (Pi* a . 3 : 

R“1?Q* , ‘C*Q C a . 3 .yed‘R. R“^‘y C a (1) 

l-.(l). *40*62. *230*1. 3 

\-:>&lQ.yed‘R a pH}*“C‘Q . R“p^‘C‘Q C a . 3 . y e (2) 

h . (2) . Comm . 3 H :. a ! Q . 3 : * 

R“p‘Q#“C‘Q C o . 3 . a‘JJ a pHliS'C'Q C .RQ^a (3) 
I-. (3). *230*512.31-. Prop 
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*230614. I- : a ! Q . a ! a d‘R . R ( YQ*“C‘Q Ca.3. RQ m a 

Dem. 

h . *230-513 . 3 h Hp . 3 . a 1 P%*“C‘Q a d‘R . pH}*“C‘Q a d‘R C RQ a a. 
[*24-58.*23011] 3 . RQ^a : 3 h . Prop 

*230-62. f- : a 1 a d'R . a ! d‘R a p‘Q*“8 ( RQ CB ‘ ‘k . ac CQJ R . 3 . pU^Q^R 

Dem. 

1- . *4016 . 3 h : ae ac . 3 . p‘Q # “s‘RQ m “K C p*Qj‘RQ m a (1) 

Ml). *40-61.3 

V :. Hp . 3 : o e * . 3 . p‘Q*“s‘RQ ca “K C Q*“RQ m a . 
[Fact.*230-4] 3 . (Pi? a ptQ*“s‘RQ m “K C RQ m a : 

[*40-44] 3 : d‘R a p$ # “s‘RQ m “,c C p‘RQJ‘ic : 

[*230-321] 3 : a ! # . 3 . CP.R a p'QJ's'RQ^k C RQ^k) . 

[Hp.*24-58] 3.3 !£&»(;>'*)• 

[*23011] S.pVetL'fl (2) 

h . *230-253 . *40-2 . 3 I- : a ! C‘Q a d‘R . * = A . 3 , P ‘k e^QJR (3) 
h . (2) . (3) . 3 h . Prop 

— ► 

*230*63. H Qetrans a connex . E ! max^G'.R . 3 : = . i2‘maxQ‘(I‘i2 C a 

Dem. 

V. *205111. 3 h : Hp . 3 . max<,‘(PE e C‘Q a d‘R (1) 

h . *205141 . *20118 . 3 I- : Hp . 3 .' Q#‘max</CP.ft a d‘R = t‘max<,‘(P.R . 
[*37-26.*53-301] 3 . jR“(Q*‘max<,‘<I‘.R) = £‘max Q ‘(P.R (2) 

K • (1) . (2) . 3 H :. Hp . 3 : i2‘maxg‘(I‘.R C a . 3 . maxg‘G‘.R e (RQ m a ) • 
[*23011] 3 .RQ m a (3) 

f- .*205*36 . 31- :. Hp . 3:y eC‘Q a (Pi? . R“Q^‘y Ca.D. -R“Q ) | t ‘max < }‘(P.R C a : 
[*230 11] 3 : RQ m a . 3 . R^m&x^R C a . 

[(2)] 3 . fl'ma x Q ‘d‘R C a (4) 

h . (3) . (4) . 3 f- . Prop 

*230*64 h :. Q e traas a connex . E ! max<j‘(I‘.R . 3 : ac C Q^R • = •p i < e Q n ‘R 
Dem. 

I- ^*230*53 . 3 h :: Hp . 3 :. ac C Q^JR . = : a e ac . 3. . iPmaxg'G'ii C « : 
[*4015] = : B‘maxQ‘CP.R Cp‘ic : 

[*230*53] = : p‘/c e QafR :: 3 h . Prop 
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*231. LIMITING SECTIONS AND ULTIMATE OSCILLATION 
OF A FUNCTION. 

Summary of *231. 

In the present number we are concerned with the limiting section defined 
in a series P, to which the values of a function R belong, as the arguments 
to the function increase in the argument-series Q. That is, we are concerned 
with the section consisting of those terms x of C‘P which are such that, 
however great the argument to R becomes, there are still values at least as 
great as x. Such terms as x may be said to be P-persistent ; x is P-persistent 
if the function does not ultimately become and remain less than x. The 
class of persistent terms is called the limiting section. The limiting section 
may be defined as follows. If a is any class into which R is Q-convergent, 
then the section P*“a is such that the values of the function are ultimately 
contained in it. The product of such terms as P#“a is the smallest section 
having this property. Hence if x be any member of this section, then 
ultimately (i.e. for arguments far enough along the Q series) the values of the 
function R do not persistently remain less than x in the P series. Thus the 
product of such terms as P+“a is the limiting section, and we may therefore put 

PR„Q=P<P*<“QjRrsC<P Df, 

where the letters “ sc ” are intended to suggest “ section.” (The factor C‘P 
on the right is superfluous except when Q^R — A, i.e. when C‘Qn (FP = A.) 

We will call the limiting section of P, i.e. PR BC Q , the “limiting upper 

V 

section/’ It will be seen that if a; is a member of PR^Q* then the function does 
not ultimately become and remain, as far as some of its arguments are concerned, 
greater than x t that is, however great we make the argument, we still find 

V 

values not greater than x. Hence if x belongs to both PR K Q and PR K Q, 
we find values not less than x and values not greater than x however great we 

___ V — 

make the argument. This class, PR K Q n PR K Q y may therefore be regarded 
as the class of ultimate values of the function. We will call it the “ ultimate 
oscillation ” of the function, since, as the argument approaches oo , the value 
of the function ultimately oscillates in this stretch of P, and no smaller stretch 
has the same property. We will denote this class by “ PR^Q** where “os” 
is intended to suggest “oscillation.” PR M Q is a stretch in C‘P, because 
it is the product of two sections. Hence we shall also call it the “ limiting 
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stretch.” When the function has a definite limit as the argument approaches 
oo , the limiting stretch must not contain more than one term. 

Limits of functions for arguments x in the middle of C‘Q n G‘22, which 
will be considered later, are derived from the limits considered in the present 
number by limiting the field of Q to predecessors of x. 

In this number we prove the following propositions among others: 

*231103. KP£ 0 .Q«P po R 0 ,Q = P*R 0 .Q 

*23112. h . PR k Q =p‘P*‘“R“ l Q 0 “(C‘Q a <1‘R) a OP 
*231 13. H . PR K Qe sect *P 
*231141. h : Q* e coanex . RQ^P^x ) . D . * e PR K Q 
*231191. I- : Ppo e connex . g ! PR M Q - 3 . 

PRnQ = P*“(PSo.Q) . P“(Pn K Q) = Ppo“(PBo.Q) 
*231 192. h Pp,, e connex . g ! PR„Q . g ! PRo.Q' • 3 : 

PR M Q = PRo.Q' . = .PR tc Q-PR lc Q'. PR k Q - PR* O' 
*231193. h : Ppo e Ser . PR„Q e 1 . D . 

PR m Q — i‘maxj>‘(PR t0 Q) = t‘min/>‘(PR, 0 Q) 
This proposition is frequently used in the present section. 

In all ordinary circumstances, we shall have C‘P~PR ac Q'j PR^Q, so 
that if the upper and lower limiting sections do not have more than one 
term in common (t.e. if PR^Qe 1), they define a Dedekind cut in P . The 
following propositions are concerned with this fact : 

*231 202. I - : P*, Q* e connex . g ! PP* Q.3.C‘P- ( PR K Q ) C PR„Q 

*231-21. I" s P*, Q* e connex . a <I‘P C Q*“R“C‘P . 3 . 

C‘P = PR a0 QsjPR 90 Q 

*23122. I- : P# , Q# e connex . R“C‘Q C C‘P . 3 . OP = PR K Q w PRkQ 

Note that “ R“C‘Q C OP ” is the hypothesis that for arguments belonging 
to OQ, the values belong to OP . 

*231-24. h : P* e connex . R“C‘Q C OP . ~ {PQ^P*'*)] . 3 .~P*‘x C PK^Q 


*23101. 

PR K Q=p‘P*“‘Q m ‘R«C‘P 

Df 

*23102. 

PR m Q — PR k Q a P R k Q 

Df 

*2311. 

y . pr k q = p‘P*“^ OT ‘P a op 

[(*231-01)] 
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*231101. \-.PR M Q = PR K QrxPR K Q [(*23102)] 

*231102. H . PR k Q = PfoRicQ = P*R„Q [*2311 . *91002 . *904] 
*231103. \-.PR„Q = P 90 R„Q = P*R„Q [*231102101] 

*23111. h:.areP£ M Q. = :PQ cn «.D..areP*“a:a;e(7‘P [*2311] 

*231111. l-:.<r e PR K Q .= :y e C‘Q a d'R.R'fayC * • e iV‘« * xeC'P 

[*23111 .*23011] 

*231112. I- :.xe PR„Q . = : y e C‘Q a G‘P . D y . * e P*“P“V*‘y : * e C‘P 

Pm. 

(-.*231111 .*2242.3 

I* :. * e PP W Q . D : y e a G‘P . 3, . ar e P*“P"V*‘y : * « C“P (1> 

h . *37-2 . 3 

h :. y e C‘Q a G‘P . 3 y . ar e P # “P“Q*‘y : ar e (7‘P : 3 : 

y e G‘Q a G‘P . R“Q+y C a . 3 y . . a; e P # “a : a: e C‘P : • 
[*231-111] 3 : x e PR W Q (2) 

H . (1) . (2) . 3 (• . Prop 

*231113. (■ :.xePR m Q . = : y e (7*Q a G‘I 2 . 3 y .x(P*|I2| Q#)y :x e C‘P 
[*231112. *37-3] 

If P is a one-valued function (t.e. a one-many relation), and if we write 
ar<x' for xP # x', and y^y' for yQ # y', we have 

are PR K Q . = : y e a G‘P . 3 y . (gy') • y < y • ar < P‘y' : x e C‘P. 
That is, ar belongs to PR K Q if, for any argument y in C‘Q, we can find an 
argument y', greater than or equal to y, for which the value is greater than 
or equal to ar. 

*23112. I- . PR k Q =p ( P*“‘R“‘Q # “(C‘Q a G‘P) a C‘P [*231112] 

This is usually the most convenient formula for PR K Q. 

*231121. I- : g ! C‘Q a G‘P . 3 . 

PR k Q = p‘P*‘“<L‘P = p‘P*“‘P < “Qi“(G‘Q a G‘P) 

Dem. 

V . *230-253 . 3 I- : Hp . 3 . g IQJR . 

[*40-23.*37-47] D.y‘P*‘“Un‘-RC«‘P*“‘Q c »‘P. 

[*40-38.*3716] D.p‘P*“‘Q cn ‘PCC‘P (1) 

K *40-23 .DhjHp.D .p‘P*‘“R“U2*“(C‘Q a G‘P) C«‘P*“‘P“‘Q*“(<7‘Q a G‘P) 
[*40-38.*3716] CC‘P (2) 

K (1). (2). *23111 2. 3 K Prop 
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*23113. H .PR K QeB6ct‘P [*211-63113 . *231 12] 

*231131. h . PR„Q C C‘P [*231 1] 

*231132. h : g l C‘Q a a‘R . 3 . PR K Q C P*“fl“§*“(I‘P 
Dem. - 

V . *40 23 . *231121 . 3 h : Hp . 3 . PR K Q C 8‘P*‘“R‘“Q*“(C , Q a d‘R) 
[*4038] CP*‘‘P‘‘s‘Q*‘‘(C‘Qa(I‘.R) 

[*40-62.*37-265] C P*“R“Q*“d‘R : 3 I- . Prop 

*231133. I- : G‘P a d‘R = A . 3 . PR K Q= C'P [*23112 . *37 29 . *40 2] 
*231134. h . Ppo“(PR«Q) = P“(PR k Q) [*211131 .*23113] 

*231*14. h :: R e 1 — *Cls . 3 xePR M Q . = : 

y e C‘Q a <3‘P . 3„ . (g*) . yQ*z . xP* ( R‘z ) :xeC‘P [*71-7 . *231 113] 


*231141. H : Q# e connex . RQ^P^x ) . 3 . x e PR K Q 
Dem. 

. *230 4 . 3 h : y e RQ^P^x) . z e d‘R . yQ#z .3 .ze RQ m (P* t , x) . 

[*230171] 3 . x e P*“P“ty* (1) 

h. *230171. *96-3. 3 

H : y e RQcniP **) • zQ*y • 3 . x e P^R'^y .%*‘y CQ*‘z . 

[*37-2] 3 .xeP*“R‘?Q*‘z (2) 

K(l).(2).3h:Hp.ye RQ m (P*‘x) . s e C‘Q Ad‘P.3.xe P*“fl“V*‘* (3) 

h . (3) . *2301 1 . 3 1- :. Hp . 3 : * 6 C‘Qr\ d‘R . 3, . x e P*“P“V*‘* (4) 

K *230161. 3H:Hp. 3. xeC'P (5) 

^ . (4) . (5) . *231*112 . 3 h . Prop 

*231*142. h«e sect'P . RQ^a . 3 . PR K Q C a 
Dem. _ 

h . *2311 . *4012 . 3 y : Hp . 3 . PR K Q C P*“et . 

[*21113] 3 . PR„Q C a : 3 I- . Prop 


*231143. I- : RQ ca (P*‘x ) . 3 . PR K Q C P*‘x [*231142 . *21113] 
*231144. h : RQ^iP^x ) . 3 . Pft w Q CPpo'x [*231-142 . *21116] 

*23116. y : R“C‘Q CC‘P.3. C'P a p‘P#“C‘P C Pfi„Q 

Dem. 

y . *37-2 . 3 1- :. Hp . 3 : JP'O^'y C C'P : 

[*40 16] 3 : p‘P # “C‘P C p‘P*“P“<&‘y : 

[*40-23] 3 : y e C‘Q a G'P . 3 V . p‘^“C‘P C P*“P‘ 

[*23112] 3 : C'P a p‘P*“C‘P C PP M Q :. 3 I- . Prop 
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*231161. I- : P* e connex . C‘P a p‘P«“C‘P C PR m Q . 3 . B‘P C Pi^Q 
[*202-521] 

*231162. Y s P)d « connex . C‘P a p‘~P 1>i ,, C , P C PP^. Q . a ! P*P . 3 • B*P e PR K Q 
[•231151 . *202 523] 

The hypothesis C , Pr\p t P 1lt ‘ , C , PCPR„Q is verified not only when 
R“C‘Q C C‘P, but also under certain more general hypotheses. Two such 
hypotheses, namely 

C'QkQ'R CR“C‘P 

and C‘Q a d‘P C Q*“R“C*P, 

are considered in the following propositions. 

*231163. YiC‘Qn d‘R C Q*“P“C‘P . 3 . C‘P a p‘P»“C‘P C PR K Q 
Dem. 


I- . *37-1 . 3 Y :s Hp . 3 y e C‘Q a d‘P . 3„ : (gx) . z e C‘P . z(R \ Q*)y s 
[*4051] 3„ : x e p'P # “C'P . 3* . (gz) . x e C‘P . «(P | Q#) y . xP^z . 

[*341] 3,.ar(P*|P|§*)y (1) 

Y . (1) . Comm . 3 

I- Hp . a; e C"P a p‘P*«(7‘P. 3 : y e C‘Q a a‘P . D„ . a: (P* I P I Q*> y : a: e C‘P: 
[*231113] 3:arePft iC Q 3 I- . Prop 

*231164. Y : R“C‘Q C C‘P . 3 . C‘Q a d‘P C P“C‘P 

Dem. 


h . *37-2 . 3 h : Hp . 3 . P“P“C‘Q C R“C‘P . 

[*37-501] 3 . C‘Q a d‘P C P“C‘P s 3 Y . Prop 


*231165. I- : C‘Q a d‘P C P“C"P . 3 . C‘Q a d‘P C Q*“P“C‘P 

Dem. 


Y . *22 43-45 . 3 h : Hp . 3 . a d‘P C C‘Q a P“C‘P 
[*90-33] C Q*“P“C‘P : 3 I- . Prop 


*231166. h C‘Q a d‘P C Q*“P“C‘P . = : A ~ e P*‘“P“‘V*“( c ‘Q*d‘P): 

= : x e a d‘P . 3, . g 1 C‘P a R'fyz 

Dem. 


h . *371 . 3 Y C‘Q a d‘P C Q*“P“C‘P . = : 

z e C‘Q a d‘P . 3, . (gar) . x e C*P . z (Q* | R) x : 
[*37-3] =:zt C‘Q a d‘P . 3, . (gar) .xeC'P.xe R'^z : 
[*22-33] =:ze C‘Q a d‘P . 3* . g ! C‘P a P“V*‘* : (1) 

[*37-265-43] = : x e C‘Q a d‘P . 3, . g ! P»“P“Q*‘* (2) 

h . (1) . (2) . 3 h . Prop 
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*23116. h : P* e connex . g l B‘P . C‘Q a d‘P C Q*“P“C‘P . 3 . 

g t PP^Q . P‘P e [*231152153] 

*231161. I - : P* e connex . g ! P'P . R“C‘Q C C‘P. 3.g ! PR K Q.B‘P e PR„Q 
[*23115415516] 

*231 17. H s P“C‘Q CC‘P.3. P&.a C (P*“«) 

Dem. 

K*9013.3h:.Hp.3:y6^Q.3.P“V*‘yCC'‘P: 

[*2301] 3 : y e P^a . 3 . y e C“Q a a‘P . P“<&‘y C a a C“P . 

[*90-33] 3 . y « (7‘Q a (1‘P . P“Q*‘y C P#“« • 

[*2301] 3 . y e PQ m (P*“a) 3 h . Prop 

*231 171. I- : R“C ( Q C C‘P . RQ m a . 3 . PQ^ (P*“a) [*23117 . *230 11] 

*23118. h : P“C‘Q COP. 3. PP^Q = p‘(sect‘P a Q^‘P) a OP 

Dem. 

K *23111. *21 113. 3 

I- :. xePR M Q . 3 : /3Q m R . ySesect'P. 3^ .xc/3 :xeC‘P (1) 

I-. *231171. 3 

h :: Hp . 3 :. RQ m (P*“a) . 3. . x e P#“a : 3 : PQ^a . 3. . x e P*“a 
[*13195.*23111] 

3 :. (ga) . {3 = P^'a . RQ m f3 .Op.xe 0:xe C‘P : 3 : x e PR W Q :. 
[*21M3] 3 :. R e sect ‘P . RQ^/S .Dp.xeRixe C‘P : 3 : x e PR M Q (2) 

H . (1) . (2) . 3 

h :: Hp . 3 :. x e PR K Q . = : /3 e sect ‘P . RQ m /3 .Op.xe/3:xe C‘P :: 3 1- . Prop 


*231181. hPf Ser . R“C‘Q C OP . 3 . PR K Q = OP a p‘(P“C‘P a Q^'P) 

Dem. 

I - . *23118 . *211-302 . *4016 . 3 

I- : Hp . 3 . PR k Q C C‘P a p‘(P“OP a &„‘P) (1) 

H . #40 - 55 . *230*21 1 . 3 1* :. a e sect'P a Q^R . z e C‘P a p‘P“a . 3 : 

P'zeQ^Ri 

[*4012] 2ixep‘(P“C‘Pn'QjR).3.xe'P‘z (2) 

H . (2) . Comm . 3 1- :. x e C ( P r\ p‘(P“C‘P a Qcb'R) . a e sect'P a Q m ‘R . 3 : 

x e OP : z e C‘P a p‘P“a . 3 f . x e P‘z : 
[*40-41] 3 : * e C‘P a p‘P“(OP a p‘P“a) (3) 
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H . *211-711 . 3 

I- : Hp . o e sect'P . 3 . C*P a p<P“{C‘P a p‘P“a) = C‘P a j »‘?‘(C‘P - a) 
[*211-7-711] = C‘P — (C*P — a) (4) 

K(3).(4).3 

H Hp . as e C‘P r\p t (P tt G t P a Q m ‘R ) . 3 : a e sect'P a Q^'P . 3. . as e « : 
[*23118] 3: xePR K Q (5) 

h . (1) . (5) . 3 H . Prop 


*231182. h : P e Ser . P“C‘Q CC‘P.g!C‘P- (PB„Q) . 3 . 

PP >c Q=p‘(P“6'‘P a Q^‘P) . g t (P“C"P a^/P) 

Dem. 

I- . *231181 . 3 


I- : Hp . a ! (P“C‘P a Q^P) . 3 . PP^Q = p‘(P“C‘P a Q cn ‘P) 
h . *23011 . 3 h Hp . P“C‘P a &n‘P = A . 3 : 

xeC'P .yeC‘Qn (TP . 3*,, . ~ (P“V*‘y C P‘as) . 
[*90-33.Hp] 3* >y . ~ (P*“P“V*‘y C P*as) . 

[*211-56] 3,, „ . P*‘as C P*“P“Q*‘y . 

[*9013] D., v .a:eP*“P“V*‘y 

I- . (2) . *23112 . 3 h : Hp . P“(7‘P a £‘P = A . 3 . C‘P C PP W Q 


h . (3) . Transp . 3 h . Hp . 3 . a ! P“C‘P a QJR 
I- . (1) . (4) . 3 I- . Prop 


( 1 ) 


( 2 ) 

( 3 ) 

W 


*231*19. H : P € trans . Q* e connex . R u C f Q C C‘P . 3 . 

PR»Q = p‘(8tl‘P A&n‘P) A C‘P 

Dem. 

K *23118*101. 3 h::Hp. 3:. 

xePR„Q.= :aesect‘P.£e8ect‘P . a,/3 eQ^R . 3.,* .xeanfi: xeC f P : 

[*13*191. *11*35] = : (a«. £) . ae sect'P . y8 e sect‘P . a,/9 e Q^'P . 7 * a a £ . 3 y . 

xey.ixeU'P (1) 

h . *230*42 . 3 h :. Hp . 3 : a, fj e Q^R . = . a a /3 e Q^R (2) 

K *21516. 3 

K :. Hp . 3 : (a®>$). aesect'P.^Se sect'P . y *« a /3. = . 7 estr*P (3) 

l-.(l).(2).(3).3_ 

I- :: Hp . 3 :.xe PR„Q .= : y e str'P . RQ^y.Dy.xey:: 3 h . Prop 
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*231*191. H : Ppo e connex . g ! PR M Q . 3 . 

PR k Q = P*“(PR„Q) . P“(PR k Q) = P to “(PR„Q) 
[*215*165. *231*13*101] 

*231*192. H P^ e connex . g ! PR„Q . g ! PR M Q . 3 : 

PR„Q = PR 0,0: . = . PR k Q = PR K Qf . PR K Q = PfkQ' 
[*231*191*101] 

*231*193. I- : P^ e Ser . Pfi^Q el. 3. 

PR„Q = Pmaxp‘(PP M Q) = t'minp^PP^Q) 
[*215*166. *231 *13*101] 

This proposition is of fundamental importance. 

*231*2. h : P*, Q* e connex . C‘Q a d‘P C Q*“R“C‘P . 3 . 

C‘P — (P K„Q) C PR^oQ 

Dem. 

I-. *231*112. 3 

I -ixeC'P- ( PR k Q ) . 3 . (gy) . y e d‘Q a d‘P . x e C‘P - P*“R“Q*‘y (1) 

h. *202*501. *90*33. 3 


I- :. Hp . x € C‘P - P^R^y . 3 :xe p‘P*“(R“Q' 1)t t y a C‘P) : 

[*96*3] 3 : yQ*z . 3*.x ep‘P*“(P“V*‘* n C‘P) : 

[*40*61] 3 : yQ#* . 2 e d‘P . 3, . x e P*“(P“Q#‘« a (7‘P) . 

[*37*265] 3 t .xeP*“R“Q 0 ‘z: (2) 

[*90*12] 3 : y e C‘Q a d‘P .3.xe P*“R“QJy : 

[*96*3.*37*2] 3 : y e a d‘P . *Q*y .3,.xe P#“P“S*‘s (3) 

h. (2). (3). *202*137 . 3h:.Hp.yeC‘Q a d'P.xe C‘P - P#“R‘?Q*‘y . 3 : 

x e (7‘Q a d‘P . 3 z .xe P#“R“Q#‘z : x e C‘P : 
[*231*112] 3 : x e PR K Q (4) 

H . (1) . (4) . 3 h :. Hp . 3 : x e C f P — (PR m Q ) . 3 . x e PR M Q :. 3 h . Prop 
This proposition is fundamental in the theory of limiting segments. 

*231*201. h : P*, Q 0 e connex . C0‘P.3.C‘P- (PP^Q) C PR K Q 

[*231*2154*155] 

*231*202. I- : P#, Q* e connex . g 1 PR K Q . 3 . C‘P - (PR K Q) C PR K Q 
Dem. 

V . *40*22 . Transp . *231*12 . 3 
>: Hp . 3 . A ~ e P m ‘“R“*tk“(C‘Q a d‘P) . 

[*231 156] 3 . C‘Q a d‘P C Q*“R“C‘P . 

[*231*2] 3 . C‘P - ( PR k Q ) C PRkQ : 3 1- . Prop 
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*231-21. h : P*, Q 0 e connex . C'Q a d‘P C Q»“P“C‘P . 3 . 

C‘P ^ PR k Q yj PR k Q 

Bern. _ w 

H . *23113 .31-: PP K Q C C‘P . PP.^ C (7‘P (1) 

K *231-2. 3l-:Hp.3.(7‘PCPP lc QuPg. 0 Q (2) 

h . (1) . (2) . 3 V . Prop 

*231-22. I- s P*, Q* e connex . P“C"Q C C"P . 3 . C‘P = PP..Q u PR M Q 
[*231-20113] 

*231-23. h:.P*e connex . P“C"Q C C"P . 3 : 

a ! P“Q*‘y-P*‘x . 3 .P*‘* c P vt “R“Q*‘y 

Bern.. 

K *9014. 3 h : Hp . 3 . P“Q,‘y C C"P (1) 

I- . (1) . *90 21 . D h : Hp . g ! R'^Q^y -'P^x .3.3! P*“P“Q*‘y -P*‘a: . 
[*211-56.*202-13] 3 . P#‘a> C Ppo“P“Q*‘y :3h. Prop 

*231-24. H : P* e connex . P“C‘Q C C‘P . ~ {PQ^ (?,<*)) . 3 . P*‘* C PR K Q 

Bern. 

h . *23011 . 3 h :. Hp . 3 : y e C‘Q a d‘P . 3„ . 3 ! P“Q*‘y - P*‘x . 
[*231-23] 3, . P*‘a; C P^'R^Jy : 

[*91-54.*40 44] 3 : ~P 0 ‘x C p‘P 0 , “R“‘Q< lt “(C‘Q a d‘P) (1) 

K (1) . *23112 . *9014 .31-. Prop 

*231-25. h :. P e Ser . Q* e connex . P“C‘Q C C‘P . PP M Q = A. 

E ! limax P ‘(Pft M Q) . 3 : limax P ‘(PP K Q = limin p ‘(PP M Q) . v . 

limaxp‘(P R m Q) P, liminp‘(PP M Q) 

[*215-54-541 . *23113-22] 

*231-261. h : Hp *23125 . limaxp‘(PP*,Q) ~ € D‘P, . 3 . 

limaxp‘(P R k Q) = limin J ,‘(Pfl iC Q) [*23125] 

*231-252. h : P e Ser . e connex . R“C‘Q C C‘P . PR M Q e 0 w 1 . 

E ! limax P ‘(PP M Q) . limaxp‘(PP w Q) ~ e D‘P, . 3 . 

limaxp^PPgoQ)- liminp^PP^Q) 

[*215-543. *23113-22] 
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*2314. h : Q e trans a connex . £ ! maxg'G'iJ . D . PR K Q * P # “P‘ maxg'G'ii 
Derm,. 

h. *230-53. *231*121.3 

H :: Hp . 3 ® e PR,cQ • = : iJ‘max c ‘Q‘P C a . 3« . a: e P#“a : 
[*37'2.*22'42] = : x e P^'P'maxg'G'.R :: D I- . Prop 


*231*41. h : Q e trans a connex . E I . 3 . PR K Q = P#R‘ma.XQ‘G.‘R 

Dem. 

h . *30*5 . *231*4 . *53*31 . 3 
b : Hp . 3 . PR k Q = P^ViPmaxg'd'-R 

[*53*301] = P # ‘i2‘maxg‘Q‘P s 3 I- . Prop 



\ 
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¥232. ON THE OSCILLATION OF A FUNCTION AS THE ARGUMENT 
APPROACHES A GIVEN LIMIT. 

Summary of *232. 

In the preceding number, we considered the ultimate oscillation of a 
function when the argument grows without limit If, in the propositions of 

the last number, we confine the field of Q to Q‘x t where x e Q.‘Q, the ultimate 
oscillation becomes the ultimate oscillation as the argument approaches x 
from below. If the ultimate oscillation consists of a single term, this is the 
limit of the function as the argument approaches x from below. If, instead 

of confining the argument to Q‘x , we confine it to any other class whose limit 

is x , we shall, under a very usual hypothesis, obtain the same value for the 

— ► 

ultimate oscillation as if we confined it to Q‘x . And more generally, under 
a similar hypothesis, if a and 0 are two classes of arguments which define the 
same section ( i.e . such that Q#“*=Q#“/3), then, whether or not this section 
has a limit, the ultimate sections and the ultimate oscillation are the same 

for a as they are for 0. Hence we are led to consider first the result of 

— ► 

confining the field of Q, not to Q‘x , but to any class a. In order not to have 
to exclude explicitly the case in which ael, we deal with not Q^a. 

Hence we are led to the following definitions : 

¥23201. (PRQ^a-PR^Qtta) Df 

¥23202. (PRQ)„‘* = PR„(Q*t*) Df 

Most of the propositions of the present number are immediate conse- 
quences of corresponding propositions in ¥231. The most important 
application of the propositions of the present number is to the case where a 

is of the form Q‘x , x being a member of We may, in this case, take 

in place of Q‘x any other class of arguments (e.g. a progression of arguments 
x lt x 3 , ... x ¥i ...) having x for its limit, without altering the limiting sections 
or the ultimate oscillation. Hence the limit of the function for a given 
argument (if it exists) may be determined by choosing any selection of 
arguments having the given argument as their limit (cf. ¥233142, below). 

R. & w. ii. 47 
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From the definition of (PRQ) n ‘a we obtain immediately 
*23211. I- :.xe (PRQ) K ‘a . = : 

yean C‘Q n Q.‘R .D y .xe P^“R“(a n Q# ( y) : x e C ( P 

We prove that (PRQ) K ‘a = (PRQ) K ‘(a n C‘Q a Q‘iZ) (*232131), and that 
if a a C‘Q a G‘i2 = A, the two limiting sections and the ultimate oscillation 
are all equal to C‘P (*232*15). Also we have 

*23214 h s Q e trans a connex • a a C‘Q ~ € 1 . D . (PRQ) K ‘a = PR M m«) 

Thus the substitution of Q # for Q in our definitions has the effect of 
making them applicable to unit classes, and of enabling us to substitute the 
hypothesis Q#e connex for Q e trans a connex. But when Q is transitive and 
connected (and therefore when Q is a series), the substitution of Q% for Q in 
the definitions makes no difference unless a is a unit class. This case is 
trivial, since the only interest of our definitions is when a has no maximum 
in Q. 

From *231*22 we obtain 

*232*22. h s P*, Q* £ a e connex . R t€ (a a C‘Q ) C C‘P . D . 

C‘P = (PRQ)„‘a u (PRQ) k ‘ a 

We have next a set of propositions concerned in discovering circumstances 
under which two classes a and /3 which determine the same section in Q (and 
therefore have the same limit, if any) give the same values for the two 
limiting sections. For this purpose, it is only necessary to discover circum- 
stances under which we may substitute ^“(«a G‘P) for a. When this can 
be done, the ultimate oscillation of the function as the argument approaches 
the limit of a can be determined by taking any set of arguments having this 
limit. We have 

*232*301. h . (PRQ) K ‘a C (PRQ^Q^a a (I'P) 

*232*32. h : (PfiQVQ*"^ a d‘P) eOul.D. ( PRQ) w ‘a eOvl 

Thus if the function has a limit as the argument approaches the limit of 
Q*“(« a G'P), it also has a limit as the argument approaches the limit of a. 

*232*33. h : P#, Q* £ a € connex . R“(a a OQ) C C‘P . D . 

(PRQ) K ‘a v (PRQ^'a-iPRQ^QS'ia a d‘P) v (PRQ) K ‘Q*“(a a d‘P) = C‘P 

whence 

*232*34 I- : Hp *232*33 . {PRQ)<*‘Q*“(« « G‘P) = A.D. 

(PfiQ) K ‘a=(P^Q) M ‘Q*«(aAa‘ii).(PRQ) K ‘a=(P^Q) 9 C ‘Q # ‘‘(a a d‘P) 
We have also 

*232*341. h:P#e connex . 3 ! (PRQ) M ‘a . (PRQ)o*‘Q*“(* a CI‘P) el .3. 

(PRQ^a^PRQ^Q^ia a Q‘P) . (PRQ) K ‘a = (PRQ)JQ*“(« « d‘J 2 ) 
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Hence we arrive at the conclusion that, if P ^ is a series, and x is the 
limit of the function for the class Q*“(«aG‘P), if a? is a member of 
(PRQ^ol, it is its maximum (#232*352), while if x is not a member of 

(PPQ)*/ a, it is its sequent (#232*356), assuming (PRQ^a u (PPQ^'a = C"P, 
which, as we saw (#233*22), is generally the case, and assuming also P e Ser. 
On the other hand, if (PRQ^a has no maximum, x is the minimum of 

V __ 

(PRQ) K ‘ a 'i and if ( PRQ)^* has a. maximum other than x, this is P^x 
(#232*357*358). This latter case is impossible unless x has an immediate 
predecessor. Hence we arrive at the following proposition : 

#23238. I- s P e Ser - Q# £ a e connex . R“(a a C‘Q) C C‘P . 

(PRQ^Q^i a a a <R) € 0 u (1 - Cl WO . D . 
iimaxp^PPQ^a = lima xp^PRQ^Q^^a a G*P) . 
liminp^PPQ^a = liminp‘(PPQ)flc‘Q#“( a a G‘P) 

Applying this to a series having Dedekindian continuity, we know that 
Pj = A, and that the limax and limin always exist. Hence 

#232*39. I- P e Ser a Ded - P* = P . Q# e connex . R“C‘Q C C‘P . D : 

{PRQboSQ+'i* a <3‘P) cOvl.D.. 
limaxp^PPQX^a = limaxp‘(PPQ) BC ‘Q*“(a a (FP) = 
liminp‘(PPQ) 8C ‘a = liminp^PPQ^^Q^^a a <J‘R) 

That is to say, if the value-series P has Dedekindian continuity, and 
contains all values for arguments in C‘Q, then, provided the function has 
a definite limit for the class Q*“(a a G*P), this is its limit also for the class a; 
that is to say, any collection of arguments having the same limit or maximum 
as a given section will give the same limit for the function. 


*23201. (PRQ) K ‘a = PR„ (Q. £ o) Df 
*232 02. (Pm.‘« = P/U<2*D«) Df 

*2321. h . ( PRQ) w ‘a = PR K (Q. fc a) [(*232-01)] 

*232101. I- . (PRQ)o.‘a = PR„ (Q* t a) = ( PRQ) K ‘a a (PRQ) K ‘a [(*232 02)] 
*23211. \-i.xe (PRQ) K ‘a . = : 

yean C f Q a Q‘i2 . D v . x e P#“R“(a a Q$y) : x e C*P 

Dem. 

I-. *90 41-42. *231112.3 

(-:.*€ (PRQ) K ‘a . = : y e a a G‘Q a (1*22 . D, . x e P^ ,, R ,, (Q 1 n £ a)*y : x e C‘P : 

[*35102] = :yean C‘Q a Q*22 . D y . x e P#“R“(a a Q.‘y) : x e C‘P :. D h. Prop 

47—2 
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*23212. I- . (PRQ) K ‘a - |>‘P*“‘P“‘(« a)“Q*“(« A C'Q a d'P) A C'P 
[*23211] 

*232121. I- : y = « a C'Q a d'P . D.(PBQ) w ‘a = p‘P*“‘P“‘( 7 a )“S>“ 7 a C'P 
Dev i. 

h . *90'13 . D h . a a = a a C‘Q a . 

[*37-26] 3 h . P“(a a V*‘y) = P“(« a C'Q a d'P a Q*‘y) (1) 

h. (1). *232-11 .3 h. Prop 

*23213. h : a a C'Q a d'P = £ a C'Q a d'P . 3 . ( PRQ) M ‘a = {PRQXSP 
[*232121] 

*232131. I- . (PPQ), c ‘a = (PRQ) K ‘(a a C'Q a d'P) [*23213] 

From the above propositions it follows that the values of (PRQ) K ‘a, 

(PPQ) M ‘a, and (PPQ) o,‘ft depend only upon a a C'Q a d'P ; thus if a is not 
contained in C'Q a d'P, the part not contained in C'Q a d'P is irrelevant. 

*232*14. I* : Q e trans a connex . « a C‘Q ~ e 1 .D.(PRQ) K ‘a = PR M (Qta) 
[*2321 . *202-54-541] 

*23215. I- : a a C'Q a d'P = A . 3 . (PRQ) K ‘a « (PRQ) K ‘a =. (PSQ) 06 ‘«= C'P 
[*232-12101 . *37-29 . *402] 

*232 151. h:g !P. (PPQ)„,‘ft = A . 3 . g ! « a C'Q a d'P 
[*23215. Transp. *33-24] 

*232-2. I- : C'Q a d'P C a . 3 . (PRQ) K ‘a = PP^Q 

Derm.. 

V. *22-621. *2321 1.3 

1- :: Hp . 3 :. a e (PRQ) K ‘a . = : y e C‘Q a d'P . 3„ . <r e P^'R^Q^y : 
[*231112] 3 : x e PP^Q :: 3 h . Prop 

*232*21. 1- : P#, Q* £ a e connex . a a C‘Q a d'P C Q#“(ft a R“C i P ) . 3 . 

C'P = (PRQ)„‘a w (PRQXc'a 

[*231-21 

*232*22. 1- : P*. Q # £ «e connex . P“(a a C'Q) C C'P . 3 . 

C'P = (PPQ)«‘« w (PPQ)„‘« [*231 -22] 

*23223. H: ye C'Q a d'P. 3. (PPQ^'t'y = P*“P‘y 

Derm. 

K *23211. *13191. 3 

I- :. Hp . 3 : x e (PRQ) K ‘i‘y , = .xe P#“R“(i‘y a Q#‘y) :. 3 1- . Prop 
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#232*24. h : Q e trans a connex . E ! max<j‘(a a Q.‘R ) . 3 . 

(PftQVa = P*“i?max„‘(a a d‘R) 

Dem. 

h . #232*14 . 3 V : Hp . a a C*Q a d'P ~ e 1 . 3 . 

(PRQ) M ‘a = PR M JQ t (a a d‘P)} 

[#231*4.#205*9] = P^'P'max^a a d‘fl) (1) 

I-. *205*1 7. *232*23*131. 3 

I- s a a C‘Q a d‘P e 1 . 3 . (PRQ) K ‘a = P^'P^max^a a d‘P) (2) 

h . (1) . (2) . 3 h . Prop 

*232*3. h : a C d‘P . 3 . ( PRQ) K ‘a C (PPQ) M ‘Q*“a 

Dem. 

h . *96*3 . 3 h : y e Q#“a . 3 . ( 32 ) .ze a a C‘Q . Q # ‘x C Q#‘y . 

[Fact.*37*2] 3 . ( 3 *) . * e a a C‘Q . P*"P“(« a C P*“P“(« a S»‘y) ( 1 ) 

l-.(l).*232'11.3h:.Hp.a:«(PPQ) M ‘a.3:y6Q*“«.3.a:€P*“P“(aAS > ‘y). 
[*90*33] 3.*eP*“fi'‘(Q,“«AQ,'y): 

[*232*11] 3:* e (PRQ) K ‘Q*“a 3 H . Prop 

#232*301. I- . ( PRQ) K ‘a C (PPQ) M ‘Q*“(« a d‘P) 

Dem. 

V . *232*13 .31-. (PRQ^'a = (PRQ) K ‘(a a d‘P) 

[*232*3] C (PRQ) k ‘Q*“(« a d‘P) . 3 h . Prop 

*232*31. H . (PRQ)„‘a C (PPQ) M ‘Q*“(a a d‘P) 

Dem. 

v/ 

H . *232*301 p. 3 h. (PfiQ)„‘« C (PRQ) K ‘Q # “(a a d‘P) (1) 

h . *232 301 . ( 1 ) . *232*101 .31-. Prop 
*232*32. h : (PRQ)„‘Q*“(.a a d‘P) e0ul.3. (PRQ) w ‘a eOvl [*232*31] 


*232*33. h : P*, Q$£ a e connex . R“(a a C‘Q ) C C‘P . 3 . 

(PRQ) K ‘a yj (PPQ) M ‘a = (PPQ) iC ‘Q*“(«'' d‘P) w(PPQ) K ‘Q*“(a a d‘P)=C‘P 
Dem. 

I- . *232*22*301 . 3 

h : Hp . 3 . <7‘P C (PRQ) K ‘Q*“(a a d‘P) w (PPQ) M ‘<2*"(« a d‘P) (1) 

K (1) . *231*131 .31-. Prop 

*232*34. h : Hp *232*33 . (PPQ)o.‘Q*“(« a d‘P) = A . 3 . 

(• PRQ)«‘« = (PfiQ) M ‘Q*“(« A d‘P) . (PRQD^a « (PBQ) k ‘( 2*“(« a d‘P) 
[*232*33*301 . *24*482] 
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* 232 * 341 . I- : P# e connex . g ! (PRQ) ot ‘ct . (i > fiQ) O s‘0*“( a A G*P) e 1 . D . 

(PRQ) k ‘« = (PRQ) k ‘Q*“(« a a«ii) . (PRQ) K ‘a = (PiJQ)«‘Q*“(a a CPP) 
[*231192 . *232*31 . *60 38] 

* 232 - 35 . I - : P* e connex . (PPQ)o.‘Q*“(« a d‘.R) = t‘* . D . 

(PPQ) m ‘« CP*‘* . (PPQ)«‘a CP*‘* 

[*232-301 .*231191] 

* 232 - 351 . I- : Hp *232 35 . x e(PPQ) sc ‘a . D . (PRQ) K ‘a =~P*‘x 

Dem. 

h . *23113 . D h : Hp . D .~P*‘x C ( PRQ) K ‘a (1) 

I- . (1) . *232*35 . D I- . Prop 

* 232 - 352 . I- : Hp *232351 .P po G/.D.* = maxp^Pfi^'a 
[*211-8 . *205-197 . *232-351] 


*232-353. h : Hp *232 35 . (PRQ) K ‘a u (PRQ) tc ‘a = C‘P.x~ € (PRQ) K f a . D . 

(P RQ)ic‘ a — P* <ar 

Dem. 

V .*23113 . D h : Hp . D . <r e (PRQ)«‘« . 

[*232-351] D . (PRQ) K ‘ a =*P*‘x Oh. Prop 

*232-354. I- : Hp *232*353 . P^ C J . D . a = min P ‘(PPQ) M ‘« £*232-352 ^ J 

*232-365. h : Hp *232 353 . D . {PRQ) K t a=TP vo t x 

Dem. 

h . *232-35 . D V : Hp . D . (PRQ^a C - i‘ar 

[*91-542] CP,,,'* (1) 

I- . *232-353 . D h : Hp . D . C‘P -*P*‘x C C‘P - (PRQ) M ‘a . 
[*202*101. Hp] D.Ppo^CCPPQVa (2) 

I- .(1) . (2) . D h . Prop 

*232-356. h :. P e Ser . (PRQ^'Q*"^ a d‘R) = t‘a: . 

(PRQ) M ‘a w ( PRQ) M ‘a = C*P . D : * ~ « (PRQ) M ‘a . Z> . x = seq^PKQVa 
[*206172 . *23113 . *232*355] 

*232*357. h:Hp *232-35. PpoGJ. ~E!max/(PPQ)„‘«.D.a!=min/(PfiQ) <>c ‘a 

Dem. 

h • *232*352 . Transp O h ! Hp . 3 . x e (PRQ) k ‘*. 

[*232*354] D . x = min /(PfiQ)*/* : D H . Prop 
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*232-368. I- : Hp *23235 .P W QJ. (PRQ) K ‘a u (PRQ) K ‘a = C‘P . 

E ! maxj>‘(PiJQ) re *a . ma xp ( {PRQ) K ‘a^ x . D . max P t {PRQ) K t aP 1 x 

Bern. 

I- . *232*352 . Transp . D h : Hp . D . x ~ e ( PRQ) K ‘a . 

[*232356] 3.x = Beq P ‘(PRQ) K , a. 

[*206-5] D . ma xp\PRQ) m ‘a P y x : Z> h . Prop 


*232-36. h PeSer . (PRQ)„‘Q*“(ci a d‘R) = t‘a; . 

(PRQ) K ‘a w (PRQ) K ‘a = C‘P.D: 

x e (PRQ)og‘a . D .* = maxp^PBQ),,.^ = minp‘(PRQ) ac ‘a : 

x e (PRQ^'a — (PRQ) K ‘a . D . x = ma Xp‘(PRQ) M ‘a = prec p‘(PRQ) M ‘a : 

* e ( PRQ) K ‘a - ( PRQ) K ‘a .3.*= seq P ‘(PRQ) K ‘a = min ^(PRQ^a 
[*232-352-354-356] 

*232*361. h : Hp *232*36 .x~e C PP, . 3 . x = liraaxp^PBQ^'a 

Bern. 

H . *232358 . Transp . 3 

H Hp . 3 : E ! maxp‘(PRQ) w ‘a . 3 . m&xp‘(PRQ) M ‘a = x (1) 

I- . *232*352 . Transp . 3 

h i. Hp • 3 : ~ E t ma xp , (PRQ') m t tt (PflQ) ao ‘a. 

[*232-356] 3 . <r = seq P ‘(PRQ)‘a (2) 

h . (1) . (2) . *207-46 .3K Prop 

*232 37. h : P e Ser . (PfiQ) M ‘Q*“(« a (TP) el- Cl‘d‘P x . 

(PPQVa u (PRQ) K ‘a = C‘P . 3 . 

Umax p^PRQ^a = max i » < (^«Q)«‘Q*“( a a CPP) 

= i‘(PPQ)„‘Q*“(aAa‘P) 

[*232-361. *231193] 

*232*38. I- : P e Ser . a e connex . P“(a a C‘Q) C C‘P . 

(PRQ)„‘Q#‘Xa a (TP) e 0 <j (1 — 01‘C‘P,) . 3 . 

limaxp^PPQ^'a = 1 i max p‘(PPQ) K ‘Q*“(a a (I‘P) . 

liminp‘(P.RQ) S0 ‘« = liminp‘(P^Q)t e .‘Qt“(a a G‘P) 
[*232-33-34-37] 
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*232*39. I - P e Ser a Ded . P* = P . Q+e connex . R“C‘Q C OP . 3 : 

( PRQ)o,‘Q *“( « « d*R) e 0 w 1 . D« . 

limaxp‘(P/JQ) M ‘« = limaxp‘(P.RQ), c ‘Q )(( “(a a d‘12) 
= limin p‘(PPQ) K ‘a = liminp‘(P.RQ). c ‘Q # “(a a d‘P) 

Dem. 

h . *201*63 . *232*38 . D h : Hp . (PPQ)o.‘Q*“(a a d‘P) eOwl.D. 

liroaxp‘(P.RQ) w ,‘a = limaxp^PPQ^'Q^'^a a d‘R ) . 
liminp‘(PPQ) K ‘a = liminp‘(PPQ) M ‘Q # “(« a d‘i?) (1) 

I- . *231193 . D h : Hp(l) . (PPQ)o.‘Q*“(a a d‘P) el.D. 

limaxp‘(PPQ\ c ‘Q ) | ( “(a aCE'P) = limiDp‘(PPQ) K ‘Q # “(a a d‘R) (2) 
h .*214*42.*232*33Oh:Hp(l).(PPQ) 0 /Q # “(aAd‘P)=A . D. 

limaxp‘(PRQV<2*“(« a d‘P) = liminp‘(PPQ) M ‘Q*«(a aO'B) (3) 
K (1) . (2) . (3) . D I- . Prop 


*232 5. I- . ( PRQ) K ‘Q‘x = C‘Pr\$ \ze Q‘x a d‘P . D, . y r P*‘ Q#‘x)} 

[*23211] 

*232*51. h : Q e trans a connex . E ! maxQ ( (Q‘x a G‘i?) . D . 

(PRQ) k H)‘x = P*“P‘maxQ‘(Q‘x a d‘R) [*232*24] 

— ► 

*232*511. h : Q e trans a connex . E ! R , m&XQ t (Q‘x a Q‘i?) . D . 

(PRQ)JQ‘x = P^P'maxoW® a d‘P) [*232*51 ] 

*232*52. I- : Qc connex . yQ# . Q‘x a (Q‘y w i‘y) a d‘P = A . D . 

(PRQ)JQ‘x = (PRQ)jQ‘y [*23213] 

*232 53. I- : Q e connex . s e' ~Q‘x*d'R . D . (PRQ^'Q'x = (PRQ) K ‘(Q‘xf^ m ‘z) 

Dem. 

V . *232*5 . *96*3 . D I- Hp . y e (PRQ)Jq‘x . D : 

« e Q*a: a Q#‘z a d‘P . D u . y e P#“R“(Q‘x a <2*‘w) . Q#‘u C Q m ‘z : 
[*22*621.*232*11] D : y e (PfiQ) K ‘(Q‘* a V*‘*) (1) 

I- . *232*1 1 . *37*2 . D I- Hp . y e (PRQ) K ‘(Q‘x . D : 

u e Q?x a a d‘i£ . D„ . y e P^ ,, R ,, (Q‘x a Q#‘u) ( 2) 

[*96*3] 3 : u e Q‘x a Q^‘z a d‘P . D„ . y e P^“R“(Q‘x a Q m ‘u) (3) 

I- . (2) . (3) . D h Hp (2) . D : u e~Q‘x a d‘P . D„ . y e P m “R“(Q‘x a V*‘«) : 

[*232*5] D : y e (PRQ) K ‘Q‘x (4) 

I- . (1) . (4) . 3 h . Prop 
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*233. ON THE LIMITS OF FUNCTIONS. 


Summary of *233. 

There are four limits of a function as the argument approaches some 
term a in the argument-series, namely the upper and lower limits of the 
ultimate oscillation for approaches from below and above respectively. If 

the ultimate oscillation for approaches to a from below reduces to a single 
— ► 

term, i.e . if (PRQfyifQ'ael, that one term is the limit of the function for 
approaches to a from below. If this one term is also the ultimate oscillation 
for approaches from above, we may call it simply the limit of the function for 
the argument a. This may or may not (when it exists) be equal to the value 
for the argument a. It is characteristic of continuous functions that the limit 
exists for every argument, and is always equal to the value for that argument. 
Continuous functions will be considered in *234. 

The upper limit or maximum of the ultimate oscillation as the argument 
approaches a is the upper limit or maximum of the ultimate section. Hence 
if we put 

R (PQ)‘a = limaxp^PPQ^Q'a Df, 
the four limits of the function as the argument approaches a will be 

R(PQYa , R(PQ)% R(PQYa , R(PQYa . 

It will be seen that R ( PQYa is a function of Q l a. It may happen that, if we 

put a in place of Q f a, the function will have a definite limit as the argument 
increases in a, although a has no limit or maximum. Thus if, for example, 
Q consists of the series of rationals, and P of the series of real numbers, if a 
is a class of rationals not having a rational limit, we may regard the limit of 
the function (if it exists), as the argument increases in a, as the value of the 
function for the irrational limit of ol In this way we can extend the domain 
of definition of a function. 

In order to be able to deal with the cases in which a has no limit, we put 
(PRQ\ mx ‘* =Jimax P ‘(PflQ) M ‘a Df. 

If P is a Dedekindian series, (PRQ)\mx‘ a always exists. If we take a to be 
any segment of Q, we thus get a new function, derived from R, but having 
segments of Q instead of members of C‘Q as its arguments. Thus if R had 


t 
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rationals for its arguments, this new function will have real numbers for its 
arguments. (Real numbers may be regarded as segments of the series of 
rationals.) 

The function R {PQ) l a is a particular case of the above ; thus we take as 
our definition 

R(PQ)‘a = (PRQ) lmx $a Df, 
or, what comes to the same thing, 

R(PQ) = (PRQ\ m *\Q Df. 

The following propositions of this number are important : 

*233*15. I- P e Ser a Ded . (PRQ) K ‘av(PRQ) K ‘a = C‘P . {PRQ^a = A . D : 

- v . {(PiiQW«} Pi \(PRQ)i™‘«} 

*23316. h P € Ser a Ded . P* = P . Q m e connex . R“C<Q C C ( P . D s 

(PRQ)<»‘« € 0 u 1 . . (PRQ\ mx ‘a = (PRQ) lmx ‘a 

*233*2 — *25 are applications of the more important of the propositions 
*232*34 — *39, showing circumstances under which the limit of the function for 
the class a is the same as for the class a G‘l£). 

*233*4 and following propositions apply the earlier propositions of *233 

— ► 

to the case where a is replaced by Q‘a, and therefore (PRQ)i ml ‘a is replaced 
b jR(PQ)‘a. We have 

*233*43. I- : P w e Ser . (PRQ) m Wa el . D . 

R(PQ)‘a = R(PQ)‘a = t ‘ (P«Q) 0 .‘Q ‘a 


*233*433. I- :. P e Ser . Q‘a e connex . R“tya C C‘P . ( PRQ)„‘Q‘a = A . 

E 1 R ( PQ)‘a . E ! R ( PQ)‘a . D : 

R (PQ)‘a = R (PQ)‘a .v.{R ( PQ)‘a } P, {R ( PQ)‘a } 


*233*45. I- :. P e Ser a Ded . P* = P . Q m e connex . C C‘P . D : 

R ( PQ)‘a = R ( PQ)‘a . =„ . ( PRQ)jQ‘a e 0 v 1 

I.e. in a series having Dedekindian continuity, the necessary and sufficient 
condition that the two limits of the function as the argument approaches a 
from below should be equal is that the ultimate oscillation should not have 
more than one term. 

We have next a set of propositions (*233*5 — *53) on the possibility of 

— ► 

replacing Q‘a by a class a having a for its limit, without altering the limits 
of the function. We have to begin with 
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*2335. h : Q e Ser . a = « d‘R). D .~Q‘a = Q 0 “(a * d‘R) 

iu virtue of *207*291. Thence by earlier propositions of this number, 

*233*512. I- Hp *233*5 .PeSer. P“(« « C‘Q) C C‘P . (. PRQ)JQ‘u = i‘x.3: 

x = R ( PQ)‘a = R ( PQ)‘a : x = (PRQ) ^‘a . v . (PRQ\mx ,<x Pi x 
whence we obtain 

*233*514. h : Hp *233*512 . * ~ e C‘P, . D . * - (PRQ)i az ‘« = (PPQW« 

Thus if P, Q are series, and x is the limit of the function for the argument a 
(x being a term which has no immediate successor or predecessor), x is the 
limit of the function for any class of arguments whose limit is a. Hence we 
arrive at the proposition 

*233*53. h : Q e Ser . Pe Ser a Ded . P*= P , R“C‘Q C C‘P. a C (PP . E ! lt</a . 
(i > 5(2)o.‘Q*“«e0wl.D. 

(PRQ) w‘« = (PRQK> = R (PQ)‘1V« = R (PQyi v« 
Thus if P has Dedekindian continuity, and a is a class of arguments 
having a limit, and if the ultimate oscillation as the argument approaches 
this limit has not more than one term, the limit of the function for the class a 
exists, and is equal to the limit of the function for the argument lt</a. 

*233*01. (PRQjimz ~ limaxp | ( PRQ) K Df 
*233*02. R (. PQ ) = (PPQW \Q Df 

*233*1. I- : y {(PRQ^} «. = .y (limaxp) {(PPQ)„‘«} [(*233*01)] 

*233*101. h : y = (PPQW* . a . y » limaxp‘(PPQ) M ‘« [*233*1] 

*233*102. V : E ! limax P ‘(PPQ) M ‘a . = . (PPQWa = limax P ‘(PPQ) M ‘a . 

= .E! (PBQW'a [*233101 . *14*28] 
*233*103. I -:Pe connex . D . (PRQ\ m el-tCls [*207*41 . *233*1] 

*233*11. h:. PeSer. D:y = (PRQ^'a . = ,yeC‘P . P‘y = P“(PRQ) K ‘a 
[*207*51 .*233*101] 

*233*111. I- :. P e Ser . a ! P“(PPQ) M ‘« . D : 

y = (PBQhmx'a ’ = -P*y = P“(PRQ) k ‘* [*207*52 . *233*101] 
*233*12. I- :. P e Ser . ~ E ! m&xp^PRQ^a . D : 

y = (PRQ)imx‘<* • S . y e C‘P . P‘y = (PRQ) K ‘a 

Dem. 

V . *231*13 . *211*41 . D h : Hp . D . (PRQ) K ‘a = P“(PRQ)„‘a (1) 

K (1). *233*11. 3 K Prop 
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*233*13. I- : P e connex a Ded . D . 

E ! (PBQW® . (PflQXmi‘ a = Umax j>‘(P RQ) K ‘<* 
[*233 102*103. *214*11] 

*233*14. I- : PeSer.(PRQ) M ‘ael . 3.(PRQ\ mx ‘a = (PPQW« - PiPRQyj 1 * 
[*231 *193. *233*102] 

*233*141. I- P e Ser . (PRQ) K ‘a w (PRQ) K ‘a = C‘P . (PRQ)„‘tt = A . D : 

E ! (PSQW* • h . E ! (PPQW« 

[*211*727 . *233*102 . *231*13] 

*233*142. h :PeSer. QmP a e connex . 

R“(a a C‘Q) C C‘P . (PRQ) m ‘Q*“(« a d‘P) eOvl. 

E ! (PRQ), ml ‘Q*“(« a d‘P) . (PPQWQ*“(« « d‘P) ~eO‘P 1 .D. 

(PPQ) im,‘« = (PPQW'® = (PPQWQ*“(« « a‘P) 

= (PPQWQ*“(a«<3‘P) 

Dem. 

K*231*252.D h:Hp.D.(PPQ) UM ‘Q*‘‘(aAa‘P)=(PPQ) lmx ‘(2 1|t «(aAa‘P) (1) 
I- . *232*37 . *233*14 . D h : Hp . (PPQ)o.‘Q*“(« a d‘P) el.D. 

(PPQW'® - (PRQ\ m > = (PPQ)i»x‘Q*“(«« a‘P) 

=(PPQWQ*“(««a‘fi) (2) 

I- . (1) . *232*34 . Dh:Hp. (PRQ)o.‘Q m “(a a d‘P) = A.D. 

(P PQ)i ml ‘o = (PPQW<2*“(« « a‘P) = (PP<2W<2*“(« " a*P) 

= (PPQ) n»,‘« (3) 

I- . (2) . (3) . D h . Prop 

*233*15. h PeSer a Ded . (PRQ) K *a w (PRQ) K ‘a = C‘P . (PRQ)„‘a =A.D: 

(PPQW« = (PPQW« • v . {{PPQW®} -Pi {(PPQ)imx‘«} 
[*214 43 . *233*13 . *231*13] 

*233*16. h P e Ser a Ded . P’ = P . Q* e connex . R“C‘Q C C‘P . D : 

(PRQ)„‘a e 0 w 1 . D. . (PRQ^a = (PRQ\ mj .‘a 

Dem. 

h . *232*22 . D h : Hp . D . C‘P = (PRQ) K *« v (PRQ) K ‘a (1) 

h . *201*65 . D h : Hp . D . P, = A (2) 

h . (1) . (2) . *233*14*15 . D K Prop 
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*23317. I- « a C‘Q a G‘P = A . 3 : y - (PBQW« . s . y - 

Dem. 

K *23215. *233 101. 3 
h Hp . 3 : y = (PRQ)i mx « . = . y — limaxj.‘C ,< P . 
[*206-2.*93117] = . y - P‘P 3 h . Prop 

*233171. h : a a C‘Q a G‘P - A . 3 . ~ {(PPQ W« - (PfiQW«! 

Dem. 

h . *93102 . 3 I- . ~ (P‘P = P‘P) (1) 

l-.(l). *23317.31-. Prop 

*233172. I- : a a C‘Q a G‘P = A.E! (PPQW® . E ! (PPQW* . 3 . 

(PRQ)o,‘* ~(0wl 

Dem. 

K *233171. *23215. 3 

h : Hp . D . (PRQ\ mx ‘a, (PPQ) lmi ‘a e (PRQ)„‘a . (PRQ\ ax ‘a * (PPQW® • 
[*52-41] 3 . ( PRQ)„‘a ~ e 0 u 1 : 3 h . Prop 

*233173. h : (PRQ^a e0 v 1 .E! (PPQW« . E ! (PKQWa . 3 . 

[*233172. Transp] 

*233174. \-:PGJ. (PRQ) m ‘a e 1 . 3 . g ! a a (7‘Q a G'P 

Pent. _ 

h . *20012 . 3 h : Hp . 3 . ~ \C‘P C (PPQVa) . 

[*23215] 3 . g ! a a C‘Q a G‘i£ : 3 h . Prop 

*233*2. : Q* D a 6 conoex . P e Ser . it“(a a (7‘Q) C (7‘P . 

(PRQ)o.‘Q#“(a a G‘P) = A.E! (PfiQWQ*“(« « d‘P) • 3 • 

(P«<2Wa= (PP«WQ*“(« * a‘P).(PP<2w«= (PPQW‘Q*“(a « d‘P) 

[*232-34 . *211-727 . *233102] 

*233-21. h : Ppo e Ser . g ! (PRQ)Ja . (PRQ)o.‘Q*“(a a G‘P) el .3. 
(PPQ)l m x‘« - (PPQW« = (PPQ)lmx‘Q*“(« A <3‘P) 

= (PPQ)uax‘Q*“(« A a‘P) = 7‘(P RQ) m ‘Q#“(a A d‘P) 
[*232-341. *231193] 

*233-22. h :. P e Ser . (PRQ)„‘Q*“(a a G‘P) = t‘x . 

(PRQ)^a w (PRQ) k ‘ol = C‘P . 3 : 

ar = (PRQX n X ‘a . v . (PPQ^'aP,® . (PPQ), mi ‘a = maxj.‘(PPQ) K ‘« 

Pent. 

H . *232-352 . 3 1- : Hp . * e (PBQ)„‘o . 3 . * = (PfiQW* (1) 
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h . *232 356 . 3 h : Hp . x ~ e ( PRQ) K ‘ a . ~ E ! ma.x P ‘(PRQ) tc ‘a . 3 . 

x = (PRQ) lna ‘a (2) 

h . *232 358 . *207 42 . 3 I- : Hp . x ~ e (PRQ) K ‘a . E ! ma xp^PRQ^a . 3 . 

ma Xp^PRQYaPtX . (PPQW* = ma x P ‘(PRQ) K ‘a (3) 
h . (1) . (2) . (3) . 3 I- . Prop 

*233-23. I- :Hp *233-22. D. 

* = (PRQWQ*“(« « d‘R) = (-PBQ)taix‘Q*“(« A d‘R) [*231-193] 
*233-24 h : Hp *23322 . <r ~ e CPP, .D.x- (PRQ) lmi ‘a [*23322] 


*233-241. h : Hp *23322 .*~e<7‘P 1 .3. i c = (PRQ^a = (PRQ^a 


*233-24 p. *233-24 


*233 25. I- P e Ser a Ded . 1* = P . Q^e connex . R“C‘Q C C“P . 3 : 
(PRQ)„‘Q#“(* « d‘P) e0ul.3. 

(PPQ). mx‘a = (PKQWQ*“(« a< 3‘P)= (PPQ) lmx ‘a = (PPQWQ *“(«a a‘P) 
[*232-39] 

*233-4 H:y(P (PQ)} a. = .y \(PRQ\ mx ]Q ( a [(*23302)] 

*233-401. I -:y = R ( PQ)‘a . = . y = (PRQ\ m jQ‘a [*233 4] 

*233*402. h : Pe connex . 3 . R(PQ)e 1 — ^Cls [*207-41] 


*23341. \-:y = R (PQ)‘a . = . y = (PPQW(Q‘“ a CI‘P) 

Dem. 

h . *23213 . 3 h . (PRQ)jQ‘a = (PRQ) K ‘(Q‘a a <3‘P) 
h . (1) . *233-401101 .31-. Prop 


(l) 


*233*42. I- :. Q e trans a connex . E ! max c ‘(Q*a a G‘P) . 3 : 

y = P (PQ)‘a . = . y = limaxp'P^'P'maxQ^Q'a a Q‘P) 
[*232 24. *233-401101] 

*233*421. I- : Pe Rl ‘«/ a trans . Q e trans a connex . P'max^a a (Pi?) e C“P. 3 . 

R ( PQ)‘a = P'maxoXQ'a a CPP) 

Dem. 

h . *233*42.3 h:.Hp.3:y = R(PQ)‘a.~ ,y= limaxp t P 0 t R , m&XQ , (Q‘ar\(l , R) . 
[*205-197] = . y= P‘maxg‘(Q‘a a <3‘P) :. 3 1- . Prop 

*233-422. h :. 0*0 a <PP = A . 3 : y = P (PQ)‘a . = . y = 5‘P [*23317] 
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*233423. t- :~Q‘a a <I‘P = A . D . ~ {P (PQ)‘a = R (PQ) l a\ [*233171] 

*233-424 h iQ‘a a G‘P = A . E ! P (PQ)‘a . E ! P (PQ)‘a . D .(PRQ)jQ‘a~ eQvl 
[*233172] 

*233-425. I- : (PPQv'Q'a e0vl.E!P (PQ)‘a . E ! P (PQ)‘a .D.glJ'an d‘P 
[*233424 . Transp] 

*233-426. h:PCP. (PRQ)jQ‘a el .D.glQ'aA <3‘P [*233174] 

*233-43. h : Ppo f Ser . (PRQ^'a e 1 . D . 

P (PQ)‘a = P (PQ)‘a 'l‘(PRQ)„‘Q , a [*23M93] 
_ — ► 

*233-431. h:P e trans a connex . (PRQ) m ‘Q‘a~e 0 w 1 . 

E ! P (PQ)‘a . E ! P (PQ)‘a .D.{P (PQ)‘a} P {P (PQ)‘a} 
[*215-52 . *23113101] 

— ► 

*233 432. I- : P e trans a connex . (PRQ) m ‘Q‘a = A . 

E ! P ( PQ)‘a . E ! P (PQ)‘a .D.{P (PQ)‘a) P* {P (PQ)‘a) [*21553] 

*233'433. I- P e Ser . Q # £ Q‘u e connex . R“Q‘a C C‘P . (PPQ^'Q'a = A . 

E! P (PQ)‘o . E ! P(PQ)‘a . D : P(PQ)‘a = P(PQ)‘a . v . |P(P<2)‘a} P, }P(PQ)‘a} 
[*215-54 . *232-22] 

*233*434 b : P e Ser . £ Q‘a e connex . R“Q‘a C C‘P . E ! P (PQ)‘a . 

E ! P (PQ)‘a . D . (P (PQ)‘a) (P, o P*) (P (PQ)‘a} [*233-43-431433] 

*233-435. h : P e Ser . P (PQ)‘a = P (PQ)‘a . D . (PRQ)J$a eOwl 
[*233*431 . Transp] 


*233-44 b P e Ser . Q# £ Q‘a e connex . R“Q‘a C C‘P . E ! P (PQ)‘a . 

E ! P (PQ)‘a . ~ {P (PQ)‘a e D‘P, . P (PQ)‘a e d'P,} . D : 

P (PQ)‘a = P (PQ)‘a . = . (PRQ)jQ‘a e 0 v* 1 [*233-426-43433-435] 
*233-45. b : . P e Ser a Bed . P* = P . Q* e connex . R“C‘Q C C‘P . D : 

P (PQ)‘« = P (PQ)‘a . = a . (PRQ)jQ‘<i eOul 
[*23313 . *201-65 . *233 44] 

*233-5. h:QeSer.a = lt <? ‘(««d‘^)-3-?o = Q*“(aAa‘P) [*207*291] 
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*233*601. hi.QeSer . o = ltQ < (ortCE < B) . 3 : g! Q'oaG'P. = . g! a a C^Q a(1‘P 

Dem. 

h . *233*5 . 3 I- Hp . 3 : g ! Q‘a a Q‘P . = . g ! Q#“(« a Q‘P) a G‘P . (1) 

[*37*29*265] D.g!and‘.RA(7‘Q (2) 

h . *90*33 . *22*43 .31 -:xeanC‘Qr\ 0‘P .O.xe Q*“(«aG‘P) . x e d‘R (8) 
K (3). *10*28. 3l-:g!aAC , ‘QAa‘P.3.g!Q#“(aAG‘P)AG‘P (4) 
h . (1) . (2) . (4) . 3 I- . Prop 

*233*61. I- : Hp *233*5 . P e Ser . P“(a a C‘Q) C C*P . (PRQ)jQ‘a = A . 

E ! R ( PQ)‘a . 3 . (PPQW« = B (BQ)‘a [*233*2*5] 

*233*611. h : Hp *233*5 . P e Ser . g ! (PRQ)„‘a . (PRQ)jQ‘a e 1 . 3. 

(PRQ^* = (PBQW« = B (P«)‘a = P (PQ)‘a = P(PRQ)J$a 
[*233*501*5*21] 

*233*612. h:.Hp *233*5 . P € Ser . P“(a a 0‘Q) C C‘P . (PRQ)jQ‘a = i‘x . 3 : 

* = B (PQ)‘a = B (PQ)‘a : * = (PPQ), mx ‘« . v . (PRQ) lmx ‘« P,x 
[*233*22*23. *232*22] 

*233*613. h : Hp *233*512 . e (TP, ,D.x = (PRQ^'a [*233*512] 

*233*614. h : Hp*233 512 .x~eC‘P l . 3 . * = (PPQ) lmx ‘a = (PPQ) lmi ‘a 
^*233*513 ^ .*233*5 13 J 

*233*616. I- : P, Q e Ser . a = lt Q ‘(a a G‘P) . P“(C‘Q a a) C C‘P . 

(PRQ)jQ‘a eOwl.E \R ( PQ)‘a . R (PQ)‘a ~ C‘P, . 3 . 

(BBQW«= <PP<2W« - B (PQ)‘a = P (PQ)‘o 
[*233*1425] 

*233*616. h : P, Q e Ser . E ! P (PQ)‘lt c ‘o . P (PQ)‘lt c ‘a ~ e C‘P, . 

R“(C‘Q a a) C <7‘P . (PBQX/Q'I V« «0vl .3. 

(PPQWx'a = (PPQ)im*‘« = B (PQ)‘l Vo = P (PQ)‘lt c ‘a 
[*233*515] 

*233*62. h:. Hp *233*5 . P e Ser a Ded . P» = P . P“C‘Q C C‘P . 3 : 
(PRQ)ojQ l a 6 0 w 1 . 3 . 

(BPQW« = (PPQ)tox‘« = p ( PQ)‘a = P (PQ)‘a [*233*25] 
*233*63. I- : Q e Ser . Pe Ser a Ded . P*=P . R“C‘Q C (7‘P . a C d‘P . E ! 1 tq'a . 
(PRQ)o»‘Q*“*eU w 1 • 3 . 

(BPQ) lmx‘« = (PBQ)lmx‘« = B (PQ/ltg'o = P (PQ)‘l t„‘ a 
[*233*52] 
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*234. CONTINUITY OF FUNCTIONS. 

Summary of *234. 

In the present number we are concerned with the definition and analysis 
of the continuity of functiona The following definition of continuity is given 
by Dini* : 

"We call it [the function] continuous for a, or in the point a, in which 
it has the value f(a), if, for every positive number <r , different from 0 but as 
small as we please, there exists a positive number e, different from 0, such 
that, for all values of 8 which are numerically less than e, the difference 
/(a + 8) — f(a) is numerically less than a. In other words, f(x) is continuous 
in the point x = a, where it has the value /(a), if the limit of its values to 
the right and left of a is the same and equal to /(a)....” 

By the second form of the above definition, the function R of previous 
numbers is to be called continuous at the point a if 

R (PQ)‘ a - R (. PQ)‘a = R (PQ) ( a = R {PQ)<a - R‘a. 

The first form of the definition can also be so stated as to be free from any 
reference to number, and derivable from the ideas dealt with in the previous 
numbers of the present section. For this purpose, instead of "a positive 
number <r” we take an interval in which R‘a is contained, say P(z — w\ 
Similarly the “ values of 8 which are numerically less than € ” are replaced by 
arguments in a certain interval containing a. 

By *233*423, if the limits of the function as the argument approaches a 
are to be all equal, a must not be the maximum or minimum of G‘i2. We 
therefore take the interval containing a to be an interval in which the 
end-points are not included, say Q(y-y'). Thus our definition becomes 

(A) R*a eP(z — w). D*. w . 

(&y,y') *&R - a *Q{y -tf) - R“Q(y>-*y')CP (z- w) 

We require further, what is tacitly assumed in Dini’s definition, that R*a 
is a member of which has no immediate predecessor or successor, i.e. 

R t a e C*P — C i P l . 

* Theorie der Functional einer verdnderlichen reaUen Qrfose, Chap. iv. § 80, p. 50. 

B.&W. II. 48 
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In order to deal more easily with the above definition, we analyse it into 

V 

the product of four factors, which concern respectively P and Q , P and Q , 

V/ V V 

P and Q, P aud Q. In the first place, it is obvious that (A) is the product of 

(B) R‘aeP(z-w). D 1|B . (gy) . y e Q‘R . y e Q‘a . R“Q (yt-a)CP(z-w) 

and a factor obtained by substituting Q for Q in (B). If Q#econnex, and 
Ppo e Ser, (B) is the product of 

(C) R‘a e P^w . D„, . (gy) . y e Q.‘R . y e Q?a . R“Q (y a) C P%w 

V 

and a factor obtained by writing P for P and z for w in (C) ; and in virtue of 
R‘a ~ e £7‘P, , (C) becomes 

R‘a e Ppo‘ w • X • (ay) • y e <3‘P . y e Q‘a . R“Q (y t- a) C P^w, 
i.e. if Q is transitive, 

(D) R‘a e ~P V 0 ‘w . D„ . P (Q+t ~Q‘a) ca (P^w) 

Hence the function is continuous for the argument a if a satisfies (D) and 

V V 

the three other hypotheses resulting from replacing P by P, or Q by Q, or 

P and Q by P and Q . If we substitute x for P‘a, and Q for Q'a, 

(D) becomes 

(E) ^“P^'xCQjR 

Hence continuity can be studied by studying the hypothesis (E), and 
replacing x by R‘a and Q by Q‘a. 

The hypothesis (E) is an interesting one on its own account. We put 
sciP.QyR-C'PHztf^^xcljJR) Df. 

Thus “ X€Bc(P t Q)‘R” means that a? is a member of the value-series such 
that, if y is any later member, the function ultimately becomes less than y. 
If we put further 

os (P, Q)‘P - sc (P, Q)‘R a sc (P, Q)‘R Df, 

then, if x is a member of os (P, Q)*R f the function ultimately becomes less 
than any later member of C‘P, and greater than any earlier member. 
Hence x is the limit of the function as the argument increases indefinitely. 

Hence, if we substitute Q‘a for Q, and if a: e os (P, Q# £ Q‘a)‘R, x is the 
limit of the function as the argument approaches a from below, i.e. 

R (PQ)‘a = R (PQ)‘a = x. 

(This is proved in *234*462.) Hence, putting R‘a in place of x, the function 
is continuous from below at the point a if 

R‘a e os (P, Q# £ Q‘a,yR, 
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and is continuous from above if 

These results, and various others connected with them, are proved below. 
The equivalence of Dini’s two definitions is proved in *234*63. It will be 
observed that practically nothing in the theory of continuous functions 
requires the use of numbers. 

We use the symbol “ ct (PQYR ” for the class of arguments a for which 
the limit of the function for approaches to a from below is K'o. Thus, in 
virtue of what was said above, we may put 

ct (PQYR - & [R'a € os (P, WR - W} D£ 

Then a function is continuous at the point a if a belongs to the two classes 
ct (PQYR and ct ( PQYR Hence we put 

con tin (PQYR ** ct ( PQYR a ct (PQYR Df 

The function R is continuous with respect to P and Q if it is continuous for 
all arguments in C‘Q. Thus we put 

P contin Q * {g ! C € Q a <1‘R . C‘Q a G‘12 C contin (PQYR) Df. 

Our propositions in this number begin with the properties of sc (P,QYR 
and os (P, QYR We have 

*234*103. h : Ppo e Ser . a ! os (P, QYR . 3 . PR<* Q * 0 v 1 

Thus the hypothesis g ! os (P, QYR enables us to use propositions of 
previous numbers having the hypothesis PR^QeOv 1. 

The identification of our definitions with the usual definitions of continuity 
of functions proceeds by means of the proposition 

*234*12. I- ss Q* e connex . 3 s. x € os (P, QYR A D‘P a G‘P . = s 

X € D‘P A G‘P lXeP(z — w).^ ZiW . RQca [P(z-w)\ 
We have a collection of propositions dealing with the relations of 

sc (P f QYR to PR k Q and PR M Q. sc (P,Q)‘R is an upper section of 
P (*234*131); se(P,QYR is the complement of P“(PR K Q), i.e. of PR^Q 
without its maximum (if any). This is expressed in the following 
proposition : 

*234 174. h : Ppo € Ser . Q* e connex . R“C‘Q C C‘P . D . 

C‘P a p‘iv ‘80 (P, Q)‘R = P“(PR k Q) - VP - 8C (P, QYR 
We thus arrive at 

H»234‘182. h : P t Ser . Q m e connex . R“C‘Q C C‘P . 3 . 

limaxj> < (P.5 i0 Q) = mini>‘8c(P, QYR 

48—2 


Digitized by Tooele 



756 


SERIES 


[PART V 


Thus os (P, QyR is contained in maxp^PP^Q) sj minp^PR^Q) (*234*201), 
and therefore has not more than two terms (*234*202). If PR M Q has one 
term, this is the only member of os (P, QYR (*234*203). If os (P, QYR has 
two terms, they have the relation P x (*234*242); hence if P is a compact 
series, and os (P,QyR is not null, its only member is both limaxp^PP^Q) 

and liminp^PPgcQ) (*234*25), while conversely, if limaxp^PP^Q) and 

V/ __ 

liminp^PP^Q) are equal, each is the only member of os(P, QYR (*234*251). 

We now apply the above results to the limits of a function as its argument 
approaches the limit of a class cr. This is done, as before, by substituting 
<w« for Q. We arrive at the proposition (*234*33) that if P has Dede- 
kindian continuity, and os(P, Q#t a YR ls not null, its only member is both 

V/ 

(PRQfrinx** and (PPQXm/a, i.e. is the limit of the function as the argument 
increases in a. 

We then take for a the particular value Q^a, so that we become concerned 
with what happens when the argument approaches a from below. For the 
comparison of our definition of continuity with such definitions as the one 
quoted from Dini above, we have 


*234*41. h :: Q e trans . Q‘a e connex . D s. 

x € os (P, Q‘aYR a D‘P a G‘P . = s 
x € D‘P a G‘P : x e P {z — w) . . 

(ay) • y e Q‘ a A • R“Q (y*-a)CP(^-«;) 

I.e. if x is neither the first nor the last member of the P-series, x belongs to 

os(P, Q#tQ‘ a )‘R w ben, and only when, given any interval P(* — w), however 
small, in which x is contained, there is an argument y earlier than a, such that 
the value of the function for all arguments earlier than a but not earlier than y 
lies in the interval P(x — w). 

We deduce from previous propositions that, with the usual hypothesis as 
to Q , if P is a Dedekindian series, 

R (PQYa = liminp'sc (P, tyayR (*234*422), 

and if P is a series and os (P, Q‘a) is a unit class, its only member is both 

R (PQ)‘a and R ( PQ)‘a , i.e. is the limit of the function for approaches to a 
from below (*234 - 43). The following proposition sums up our results : 

*234 45. I -i.Pe Ser . Qe trans . 0#£ 0*0 e connex . R“Q‘a C C‘P . P* - P. D : 

a ! os (P, Q*tQ‘a)‘R • = • os (P, - i‘R (PQ)‘a . 

= . os (P, 0*D (PQ)‘a • 

- . R (PQ)‘a = R (PQ)‘a 
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Thus g! os (P,Q*£Q‘a)‘P is, in a compact series, the necessary and 
sufficient condition for the existence of a definite limit of the function as 
the argument approaches a from below. 

Without assuming P f =* P, if a? is a member of os (P, Q ( a)‘R t and if x 
has no immediate predecessor or successor, so that in the neighbourhood of x 

the series is compact, we still have x = R (PQ)‘a = R ( PQ)‘a (*234*462). 

We next consider ct (PQYR- By the definition we have 


*234*5. h : a e ct (PQYR . = . R*a e os (P, Q* £ Q^aYR - C‘P, 

Thus a is an argument for which the function has a single value which 
has no immediate predecessor or successor in P, and which, in virtue of 
*234*462, is the limit of the function as the argument approaches a from 

below (*234*52). The cases when R‘a « B € P or R‘a = B‘P require special 
attention; excluding these cases, we arrive at 

*234*51. h : : Q e trans . Q # £ Q‘a e connex . R‘a € D ‘P a (FP . D 
a e ct (PQYR • s s R‘a ~ e 0‘Pi : R‘a € P (z — w) . . 

(ay) • y e Q‘ a * cfb • R“Q (y*-*a)CP(z-w) 

This proposition is analogous to *234*41. 

We prove (*234*562) that if P, Q are series, and a is any class of 
arguments for which all the values belong to C‘P , and if a has a limit at 
which the function is continuous from below, then the limit of the function, 
as the argument increases in a, is the value of the function at the limit of cc. 

We next consider contin ( PQYR , which is defined as ct (PQYR a ct (PQYR- 
We show that if P is a series whose field contains R u Q l a t and Q is transitive, 

and Q * £ Q‘a is connected, and R‘a is neither B‘P nor B‘P, then if a belongs 
to the class contin (PQYR t R‘a is the limit of the function for the argument 
a for approaches either from below or from above (*234*62). If P is compact, 
the converse also holds (*234*63). Our definition of a point of continuity is 
thus identified with the second form of Dini’s definition quoted above. It is 
identified with the first form by the following proposition: In the circumstances 
of *234*62, if R‘a, e D‘P a G‘P, we have (*234*64) 

a e contin (PQYR . = : R‘a e C‘P — C‘Px s R‘a eP(z — w), D* fW . 

(ay. y') • y> e • « « Q (y - y') • R“Q (y ^ y') c P (* - w), 


i.e. a is a point of continuity when, and only when, the value R‘a for the 
argument a is a member of the P-series having no immediate predecessor 
or successor, and if R‘a is contained in the interval P(z — w\ then, 
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however small this interval may be, two arguments y , y' can be found such 
that a lies between them, and the values for all arguments from y to y' (both 
included) lie in the interval P (z — w). 

We end with a few propositions on continuous functions. The last of 
these (*234*73) states that, if P is a compact series and Q is transitive and 
connected, then R is continuous with respect to P and Q when, and only 
when, it has arguments in C*Q , and for all such arguments a we have 

R (PQ)‘a « R (PQ)‘a = R (PQ)‘a = R (PQ)‘a = R*a , 
i.e. the value for every argument is the limit for that argument for approaches 
either from above or from below. 


*234*01. sc (P, QYR = C<P a £ (P„“P„‘x C QJR) Df 

*234*02. os (P, Q)‘P = sc (P, Q)‘P a sc (P, Q)‘P Df 

*23403. ct(PQyP = a{P^€os(P,Q # tUo^)^-C ,ip il Df 
*234*04. contin ( PQ)‘R = ct ( PQyR a ct (PQ)‘i£ Df 

*234-05. P contin Q = .£ (g ! C‘Q a <PP . C‘Q a (TP C contin (PQYR) Df 

*234*1. :.xs8c(P, Q)‘R , = :xe C‘P : xP^w . . RQ m (P^w ) : 

= :xe C‘P : aP,*, w . . (gy) . y € (7‘Q a Q‘P • R“Q* , y C P^vj 

[*23011 . (*23401)] 


*234 101. I- : Ppo e Ser .xesc (P, Q)‘R . D . PR K Q C P*‘<r 

Dem. 

K *40-16. (*23401). D 

HiHp.D.tfeC'P. p‘P*‘“&»‘-R a C‘P C p‘P*“‘Ppo“P*,‘* a C*P 
[*91674] C a C‘P 

[*204-65.*91-602] CP,'* (1) 

h . (1) . *231*1 . D h . Prop 

*234102. h : Ppo e Ser . <r e os (P, Q)‘P . D . PR„ QCi'x 

Dem. 

I- . *2341101 . (*234 02) . D V : Hp . 3 . x e C'P . PR^Q C P*‘* a P#‘* . 
[*200-39] D . PR„Q C t‘« : D I* . Prop 

*234103. I- : P^eSer . g ! os (P,Q)‘R . D . PR„Qe 0 w 1 
Dem. 

h . *234-102 . D h : Hp . D . (g») . PR M Q C i‘« . 

[*51-401] D . PR m Q e 0 w 1 : D h . Prop 
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*234104. I- : RQ m (P m ‘x) . D . a; e sc (P, Q)‘R 

Dem. 

h. *91*52. D h : xP^z . D . P m ‘x C P^z (1) 

K(l). *230*211151 .Dhi.Hp.D: xP^z . D f . RQ m (P^z) :xeC‘Pi 
[*2341] D : a: « sc (P, Q)‘R :. D h . Prop 


*234105. h : Ppo f Ser . a: e ac (P, Q)‘R a D‘P, . D . RQ^ (P m ‘x) 

Dem. 

h . *201*63 . *121*254 .31-:: Hp ,xP x z . 3 yP^z . 3 \~(xP va y ) : 

[*202*103] 3 : yP^a; . v . y = a: (1) 

I- . (1) . *91*54 . 3 h Hp ,xP x z . 3 : P^zCP+x: 

[*230*211] 3 : RQ^ (P^z ) . 3 . RQ m <P m ‘x) (2) 

I- . *234*1 . 3 h : Hp . 3 . (g*) . xP x z . RQ m (P^z) (3) 


h . (2) . (3) . D h . Prop 

When a:~eD‘P,, the above proposition is not necessarily true: it may 
fail if x= minp‘sc(P, Q) f R. 

It is to he observed that sc (P, Q)‘R and os (P, Q)‘R are functions of P p 0 , 
so that they are unchanged when P^ is substituted for P. Hence the 
hypothesis P^e Ser is as effective, with regard to them, as the hypothesis 
PeSer. This is stated in the following proposition. 


*234*106. h . sc (P, Q)‘R - sc (P„, Q)‘R . os (P, Q)‘R = os (P^, Q)‘R [*234*1] 

*234*107. I -:.xeC‘P- D‘P, . 3 : x e sc (P, Q)‘R . = . ~P m ‘‘P v0 ‘x CQ m ‘R 

Dem. 

h . *121*254 .3b:. Hp . 3 : x~e D ‘(PpoX s 
[*201*61] 3 : x~e D'lPp^P,,’} : 

[*10*51] 3 : ap^y . 3 . arP^’y . 

[*91*574] 3 . (g*) . xP^z . ~PJz C Ppo'y (1) 

l-.(l). *230*21 1.3 

*■ :• Hp : xP poy . 3„ . RQ m ~P m ‘y : 3 : a:P po y . 3„ . P^'y (2) 

I-. *91*54. *230*21 l.D 

h :. aPpoy ■ ■ -®Qcn P po*y * ^ ■ ®P poy • ■ RQcu P * c y (3) 

h . (2) . (3) . 3 I- Hp . 3 : P,*^,** cVc»‘P • = . Ppo“Ppo‘* C &»‘-R (4) 

b . (4) . *234*1 .DK Prop 

*234*11. b :. x e D‘P a Q‘P :xeP(z — w). 3, iW . {P («-«>)): = : 

x e D‘P a Q‘P :xeP(z — w). D r>w . 

(ay) • y e a cfp . P“V*‘ y cp (*-«>) [* 23011] 
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*234111. h x e D‘P a G‘P :xeP(z — v>). 3,,* . RQ m {P (a — «>)): 3 . 

xcob(P,Q)‘R 

Dem. 

K *230-211. 3 

P :: Hp . 3 x e D‘P a <I‘P xP^w : (gs) . xP^x : . PQ«n Pp/w :• 

[*91504] 3 x e D‘P : xP^w . D» . PQ OT Ppo'w 

[*2341 J 3:.xesc(P,Q)‘P (1) 

Similarly h : Hp . 3 . sc (P, Q)‘R (2) 

P . (1) . (2) . 3 I- . Prop 

*23412. h :: c coDnex . 3 :. x e os (P, Q)‘i? a D‘P a Q‘P . = : 

x e D‘P a Q‘P : x e P (z — w) . (P(« — w)J 

Dem. 

I- .*2341 . 3 I- :.x€Os(P, Q)‘P a D‘P a (I‘P. a : 

x e D‘P a 0‘P : aPpoto . 3„ . PQ cn (P^w ) : . 3, . PQ OT (P^z ) : 

[*11-71] = : xe D‘P a a‘P : zP^x . xP^w . 3 Z| „ . RQ^P^w) . RQ m (P^z) (1) 
I- . *230-42 . 3h:.Hp.3: RQ m P^w . PQ CT (P^z ) . = . 

RQcn (P„‘* * Ppo'w) (2) 

1- . (1) . (2) . *121*1 .DI-. Prop 

*234121. I- .~B‘PC sc (P, Q)‘R [*93 104 . (*23401)] 

*234*122. H P^ e connex . x — B‘P . 3 : 

x e os (P, Q)‘R . = . x e sc (P, Q)‘R . = . P^d'P C &„‘P 
[*234121 . (*23402) . *234 1 . *205 253] 


*23413. I- : x e sc (P, Q)‘R . 3 . P,‘x C sc (P, Q)‘R 

Dem. 

I- . *96-3 . *91-74 . *90 13 . 3 h : xP m z . 3 . P„o ** C P^‘x .zeC ( P. 

[*37-2] 3 . pA‘z C < P po ‘‘P po < x . « e C‘P (1) 

I- . (1) . (*234 01) .DP. Prop 

*234131. I- . sc (P, Q)‘R = P#“sc (P, Q)‘P . sc (P, Q)‘P e sect'P 

Dem. 

V . *90-21 . *2341 . 3 1- . sc (P, Q)‘R C P*“sc (P, Q)‘R (1) 

I-. *23413. 3 I- . P*“sc (P, Q)‘P C sc (P, Q)‘P (2) 

I- . (1) . (2) . *211-13 .31-. Prop 
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*23414 h : e connex .a: esc (P, Q)‘R . 3 . x e C'P . P^x C PR K Q 

Dem. 

y . *2341 .31-:. Hp . 3 : x e G*P : xP^z . 3 Z . RQcn (Ppo'x) • 
[*230-211] 3 t .RQn(P*‘z)- 

[*231141] 3 z . * e PR k Q 3 1- . Prop 

* 234 * 141 . I- : Q* e connex . g I sc (P, Q)‘R . 3 . g ! JPR K Q [*234-14] 

* 234142 . I- : g ! sc (P, Q)‘R a D‘P . 3 . g ! C‘Q a d‘R 
Dem. 

h. *2341. 3 

I- :. x e sc (P, Q)‘R a D‘P . 3 : x e D‘P : (gw) . xP^w . 3 . g I C‘Q a (PiZ : 
[*91-604] 3 : g ! C‘Q a G‘R :. 3 h . Prop 


*234*15. h : P#, Q# e connex . g I sc (P, Q)‘R . 3 . PRjQ u PR m Q — C‘P 

Dem. 

I- . *231 202 . *234141 . 3 h : Hp . 3 . C‘P - PR M Q C PR K Q (1 ) 

K *231-1. 3h.PP K QwPR M QCC‘P (2) 

h . (1) . (2) . 3 f- . Prop 

*23416. I- : Ppo e Ser . Q m e connex . 3 . 

PR M Q C p‘P*“9c (P. Q)‘P . P^'sc (P, Q)‘R C PP M Q [*23410114] 


*234161. I- :. P w e Ser . R“C‘Q C C‘P . PP«Q C P # ‘ar . 3 : 

PP K Q = P*^-v.P<2on(P*^) 

Dem. 

V . *231-24 . 3 h : Hp . ~ {PQ OT (P*‘a;)} . 3 . P*‘a; C PP K Q . 

[Hp.*22-41] 3 . ~P*x = PP k Q : 3 h . Prop 


*234162. I- : Ppo e Ser . C C‘P . P#‘a: = PR„Q .xeC'P. 3 . 

a: e sc (P, Q)‘iZ 

Dem. 

h . #202-5 .31-:. Hp . xP^z . 3 : z ~ e PR K Q : 

[*23112] 3 : (gy) . y e a (KR . * ~ e P*“£“V*‘y : 

[*211-56] 3 : (gy) . y e C‘Q a d‘.R . P*“P“Q*‘y CP,*/* * 

[*90-33] 3 : (gy) . y e a <3‘P . iZ“V*‘y C P^* : 

[*23011] 3:^Qon(Ppo^) (1) 

h. (1). *2341. 3 h. Prop 

48 — 5 
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*23417. h Ppo e Ser . R“C‘Q C <7‘P . D : 

x esc ( P , Q)‘R , = .xe C‘P . PR^Q C P*x 


Bern. 

h . *2341101 . D Y Hp . D : x e sc (P, Q)‘R .O.xe C‘P . PR K Q CP,‘* (1) 

h . *234161162104 . D h Hp . D : « « C‘P . PR m Q C ~P*‘x . D . 


h . (1) . (2) . D h . Prop 


x e sc (P, Q)‘R (2) 


*234171. h : Ppo e Ser . P“(7‘Q C C‘P . x e (7‘P - sc (P, Q)‘P . D . 

~P*‘xCP“{PRJl) 

Bern. 

K *234-17. DHHp.D. g! PR m Q-’p*‘x (1) 

h . (1) . *211-56 . *23113 . D h : Hp . D . P*‘a: C P^iPR^Q) (2) 

h . (2) . *231*134 .Oh. Prop 


*234172. I- : Ppo e Ser . D . C‘P - sc (P, Q)‘R = (7‘P a p‘Ppo“sc (P, Q)‘P 

Bern. 

V . *200-5 . D h : Hp . 3 . (7‘P a p^P^sc (P, Q)‘P C C‘P - sc (P, Q)‘P (1) 
K *234131. D 

h : x e sc (P, Q)‘-R . y e C‘P — sc (P, Q)‘R . D . ~ (xP^y) .x,ye C‘P . 
[*202103] D . yP^x (2) 

I- . (1) . (2) . D h . Prop 


*234173. I- : Ppo e Ser .g! sc(P, Q)‘P . D . (7‘P- sc (P, Q)‘P = p‘Ppo“sc(P, Q)‘P 
[*234 172 . *4001 . *37-15] 


*234174. I- : Ppo e Ser . Q* e connex . P“(7‘Q C (7‘P . D . 

(7‘P a j)*Ppo“sc (P, Q)‘P = P“(PR k Q) ** (7‘P — sc (P, Q)‘P 

Bern. 

I- . *234171172 . 3 h : Hp . D . P*“{C‘P a p'P^sc (P, Q)‘P} C P“(PP M Q) . 
[*9021] D.C‘Pap‘P P o“sc(P,Q)‘PCP‘‘(P^ 0 Q) (1) 

h. *23416 .*37-2 . D I- : Hp . D . P“(PR K Q) C P“p‘P#“ sc (P, Q)‘P 
[*40-37 .*91-52] Cp‘Ppo“8c(P,Q)‘P (2) 

I- .*3715 . D I- . P“{PRJl) C D‘P (3) 

h . (1) . (2) . (3) . *234172 . D h . Prop 

*234175. I- : Hp *234174 . a ! sc (P,Q)‘R . D . j>‘Ppo“sc (P, Q)‘R=P*‘(PR te Q) 
[* 234174. *40-61. *3715] 
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*23418. I- : Ppo e Ser . Q# e connex . R“C‘Q C C‘P . 3 . _ 

C‘P - sc (P, Q)‘R w P“(PP k Q) . sc (P, Q)‘£ a P“(PP«Q) = A. 
sc (P, Q)‘P = C‘P - P"(PR tc Q) 

Derm. 

I- . *234174 . *24-411 . 3 I- : Hp . 3 . C‘P - sc (P, Q)‘P u P'^PR^Q) (1) 

F . *234174 . 3 F : Hp . 3 . P“(PR K Q) C pip ,," sc (P, Q)‘P . 

[*200o] 3 . sc (P, Q)‘P a P“(PR k Q) =_A (2) 

F . *24-492 . *234174 . 3 F : Hp . 3 . sc(P, Q)‘R = C‘P - P“(PR K Q) (3) 
F . (1) . (2) . (3) . 3 F . Prop 

In virtue of this proposition, P“(PR tc Q) and sc (P,Q)‘R are complementary 
sections of P, i.e. they constitute a Dedekind cut in P. 

*234*181. F : P^ e Ser . e connex . R“C‘Q C C‘P . 3 . 

PR K Q a sc (P, Q)‘R = ma xp^PR^Q) . 
sc (P, Q)‘P = (C‘P - PRJQ) w idslx p t (PR tc Q) 

Dem. 

F . *23418 . 3 F : Hp . 3 . PP^Q a sc (P, Q)‘P = PR^Q - P“(PR K Q) 

[*205111] = n^c p ‘(PR m Q) (1) 

h • *24*412 • *231*13 • D 

F : Hp . 3 . C‘P - P“{PR k Q) = {C‘P - (Pg K Q)}u {(PP^Q) - P“(PP„Q)} . 

[*23418.*205111] 3 . sc (P, Q)‘P = (C‘P — PR M Q) u maxi»‘(Pg w ,Q) (2) 

F . (1) . (2) . 3 F . Prop 


*234182. I- : P c Ser . Q# e connex . R (, C t Q C C‘P . 3 . 

limax/(PP M Q) = min/ac (P, Q)‘R 

Devi. 

F . *207-51 . 3 F Hp . 3 : x = limaxj>‘(PP M Q) . = . « e C‘P . ~P‘x = P‘\PR M Q) . 

[*234174] =.iteC‘P.A- C*P a p‘P“sc (P, Q)‘P (1) 

F . *200 52 . 3 


F : Hp. * e C‘P. P‘ar = C‘Pr\ P ‘P“bc(P,Q)‘R . 3 . C'P* 0‘Pa p‘P“sc(P,Q)‘P . 
[*40'2.Transp] 3.alsc(P,Q)‘fi. 


[*40-62] 3 . C‘P a p‘P“sc (P, Q)‘R = p‘P“ac (P, Q)*P . 

[*1312] 3.P‘«: = p‘P“sc (P, Q)‘P (2) 

F. *22-621.3 


F : P‘<r = p‘P“sc (P, Q)‘P . 3 . P** = C‘P a p‘P“sc (P, Q)‘P (3) 

F . (2) . (3) . 3 F Hp . a: e (7‘P . 3 : 

~P‘x = C‘P a p‘P“sc (P, Q)‘P . = .~P t x = n‘P“sc (P, Q)‘P (4) 
F . (1) . (4) .3 ^ ^ 

F Hp . 3 : x = limaxp‘(P5*.Q) . = . x e C f P . P‘x =p‘P“sc (P, Q)‘P . 
[*206*67] = . x = minp'sc (P, Q)‘P 3 F . Prop 
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*234183. I- s Hp *23418 . sc (P, Q)‘R = A . 3 . PR^Q - C‘P . ~ E ! B‘P 
[*234181121] 

*234*2. h : Ppo e Ser . R“C‘Q C (7‘P . Q* e connex . D . 

os (P, Q)‘P = \™n P ‘(PR K Q) - PR„Q}y {mLx P ‘(PR K Q) - PR K Q\ w 
{maxp‘(PP lc Q) a m'm P , (PR K Q)} 

Dem. 

I- . *234181 . 3 1- : Hp . 3 . os (P, Q)‘R = {((7‘P - PR K Q) v maxp‘(PP*Q)} a 

{((7‘P - PRJ}) a r^np‘(PP iC Q)} (1 ) 
I- . *231*201 . 3 1- : Hp . 3 . ((7‘P - PR^Q) a ((7‘P - PR M Q ) = A (2) 

h . (1) . (2) . 3 h . Prop 

*234*201. I- : Hp *234*2 . 3 . os (P, Q)‘P C f^tx P ‘(PR K Q) w imnp‘(PP«.Q) 
[*234*2] 

*234*202. I- : Hp *234*2 . 3 . os (P, Q)‘R e0vlu2 
[*234*201 .*205*681 .*60*391] 

*234*203. I- : Hp *234*2 . PR„Q e 1 . 3 . 

os (P, Q)‘R e 1 . os (P, Q)‘R — i‘max p‘(PR M Q) = t‘minp‘(PP t0 Q) =■= PR„Q 
[*231*193 103 . *205*68 . *234*2] 

*234*204. I- : Pp„ s Ser . PR„Q ~ e 0 v 1 . 3 . os (P, Q)‘P = A [*234103] 

*234 21. I- : Hp *234*2 . PR„Q = A . 3 . 

os (P, Q)‘R = ma.xp‘(PR M Q) w minp^PP^Q) 

Dem. 

I-. *205*1 111 1.3 

h : Hp . 3 . maxp‘(PP w Q) C - (PRJi ) . minp‘(PP tc Q) C - (PRJi) (1) 

I- . (1) . *234*2 . 3 V . Prop 

*234*23. H :. Hp *234*2 . PR W Q ~ « 1 . os (P, Q)‘R e 1 . 3 : 

PRotQ = A : os (P, Q)‘R = t‘maxp‘(PP (PC Q) . ~E ! minp‘(PP K Q) . v . 
os (P, Q)‘R = t'minp^PPgoQ) . ~ E ! maxp^PP^Q) 

Dem. 

V . *234103 .31-: Hp . 3 . PR„Q = A (1) 

[*234*21] 3 . os (P, Q)‘P = maxp^PPioQ) w minp^PP^Q) (2) 

h . *52*41 . 3 h : PR m Q = A . E ! maxp‘(PP K Q) . E ! minp‘(PP*.Q) . 3 . 

jmaxp‘(PP K Q) w minp^PP^Q)} ~ e 1 (3) 

h . (1) . (2) . (3) . Transp . 3 

h :. Hp . 3 : ~ E ! ma x p ‘(PR k Q) . v . ~ E ! minp‘(PP M Q) (4) 

h . (2) . *205*681 . 3 h :. Hp . 3 : E ! maxp‘(PP„Q) . v . E ! minp‘(PP K Q) (5) 
I- . (1) . (2) . (4) . (5) . 3 H . Prop 
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*234*24. I - :. P e Set . Q* e connex . R (, G‘Q C C‘P . 3 : 

os (P, Q)‘R e 1 . 3 . os (P, Q)‘R = t'limaxp^P.R^Q) = i‘limin P ‘(PP K Q) 

Dem. 

(-.*234*203. *207*42. 3 

I- : Hp . PPo,Q e 1 . 3 . os (P, Q)‘R = t‘limax P ‘(PP K Q) - t‘liminp‘(PP„Q) (1) 
I- . *234*23 . *211*728 . *207*42 . 3 

I- : Hp. PR M Q~e 1.3. os (P,QYR = t‘limaxp‘(PS, ! Q) - i‘limin P ‘(PP M Q) (2) 
I- . (1) . (2) . 3 1- . Prop 

•234*241. I- : Hp *234*2 . os (P, QYR e 2 . 3 . PR m Q — A 
Dem. _ 

(-.*234*103 . 3 (- : Hp . 3 . PR m Q e 0 u 1 (1) 

I- . *234*203 . Transp .31-: Hp . 3 . PR M Q ~ e 1 (2) 

(- . (1) . (2) .31-. Prop 

*234*242. I- : Hp *234*2 . oa (P, Q)‘R e 2 . 3 . 

08 (P,Q)‘P=i‘maxp‘(PP M Q)wt‘minp < (PP K! Q) . maxj>‘(PP le Q)P, minp^PP^Q) 

Dem. 

(* . *234*201 . *205*3 .31-: Hp . 3 . E ! maxp^Pfi^Q) . E ! minp‘(P.R 80 Q) . 

maxp‘(P2U»*minp‘(PiU>) (1) 

(- . *234*241*15 . 3 1- : Hp . 3 . PR^Q = C‘P - PR„Q . 

[*211*8.(1)] 3 . maxp‘(PP K Q) - max (P^YiPR^Q ) . 

nrinp‘(PR»Q) = seq (P^Pi^Q) . 
[*206*5.*201*63] 3 . {max P ‘(PR M Q)} ( P ^ {minp‘(PP w Q)} . 

[*121*254] 3 . (maxp^PPgoQ)) P, (minp‘(PP llc Q)} (2) 

(- . (1) . (2) . *234*201 . 3 b . Prop 

*234*243. I- : Hp *234*24 . a ! os (P, QYR . 3 . 

E I limaxp‘(PP t0 Q) . E ! liminp^PP^Q) 

Dem. 

(-. *234*202. 3l-:Hp. 3. os(P, Q)‘Pel o2 (1) 

(• . (1) . *234*24*242 .31-. Prop 

*234*244. I- : Hp *234*2 .P*= P.3.os(P, QYR e 0 v 1 

Dem. 

V . *234*242*202 . 3 1- : Hp *234*2 . os (P, QYR ~ e 0 w 1 . 3 . a ! P, (1) 

(- . (1) . Transp . *201*65 . 3 (* . Prop 

*234*25. (- : Hp *234*2 . P* = P . a I os (P, QYR . 3 . 

os (P, QYR “ t‘limaxp‘(PP iC Q) = t‘liminp‘(PP K Q) 

[*234*244*24] 
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*234*261. I- : Hp *234*24 . limaxp‘(Pfi iC Q) — liminp‘(Pii K! Q) . D . 

os (P, Q)‘R = i‘limaxp‘(PP K Q) = i‘minp‘sc (P, Q)‘R — 1 ‘maxp‘sc (P, Q)‘R 

Dem. 

I- . *234*18 . *207*61 . D 

h : Hp . D . sc (P, Q)‘R = C‘P — P‘\ima.Xp‘(PR K Q) . 

sc (P, Q)‘R = C"P - P‘liminp‘(PS lc Q) . 

[Hp.*202*101] D . os (P, Q)‘R = C‘P a t‘ limax P ‘(PP K Q) . 


[*51*31] 

= t‘ limax p^PPjcQ) 

a) 

[*234*182] 

w 

r vPi 

= i‘min P ‘sc (P, Q)‘iJ 

(2) 

( 2 >p 

= t‘maxp‘sc (P, Q)‘P 

(3) 


I- . (1) . (2) . (3) . D I- . Prop 

*234*26. h Hp *234*2 . P* = P . D : 

3 ! os (P, Q)‘P . = . os (P, Q)‘R = t‘limax p ‘(PP M Q) . 

= . os (P, Q)‘P = iMiminp^PRgcQ) . 

= . os (P, Q)‘P = t'minp'sc ( PQ)‘R . 

-- . os (P, Q)‘P = i‘maxp‘sc (PQ)‘R . 

= . limaxp‘(PR lc Q) = limin P ‘(PP -s Q) 
[*234*26*251*182. *51*161] 

*234*27. h : Hp *234*24 . x e os (P, Q)‘P — Q‘Pi . D . a; = Umax p‘(PR K Q) 

1 Dem. 

h . *234*24 . D h : Hp . os (P, Q)‘i2 e 1 . D . <c = limax i >‘(Pft. c Q) (1) 

I- . *234*242 . D h : Hp . os (P, Q)‘R e 2 . D . x - limaxp^PPJ?) (2) 

h . *234*202 . D h : Hp . D . os (P, Q)‘P e 1 w 2 (3) 

I- . (1) . (2) . (3) . D V . Prop 

*234*271. V : Hp 234*24 . x e os (P, Q)‘R — T>‘P X . D . x » liminp‘(PP*.<2) 
[*234*27 pj 

*234*272. I- : Hp *234*24 . a e os (P, Q)‘P - C‘P, . D . 

c = limax P ‘(PP iC Q) = limin P ‘(PP K Q) [*234*27*271] 
The remaining propositions of the present number are for the most part 
immediate consequences of those already proved. In order to obtain, from 
propositions already proved, propositions concerning the limit of a function 
as the argument approaches the limit of some class of arguments a, we only 
have to substitute Q# £ a for Q. In order to obtain the limit of a function as 

the argument approaches a given term a, we take Q * £ Q‘a in place of Q. 
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*2343. I- a: e sc (P, Q* £ a)‘R . = : 

x € C‘P : xPpo w • • (gy) -yean C‘Q n d‘R . R“(a a Q#‘y) C P p a ‘w 

[*2341] 

*234*301. h :: Q+ £ a e connex . 3 x e os (P, £ a)‘R r\ D ‘P a d‘P . = : 

x e D‘P a (PP : x e P (z — w ) . 3, iW . 

(gy) -yeart C‘Q a G‘P . R“(a a Q%y) CP(z — w) 

[*234*12] 

*234*31. hP^eSer.Q+tae connex . R“(a a C‘Q) C C‘P . 3 . 

C‘P - sc (P, Q* t a)‘R = C‘P a A" sc (P, Q* £ a)‘P = P“(PRQ). > 
[*234*174] 

*234*311. I- : Hp *234*3 1 . 3 . C‘ P = sc (P, Q* r a)‘P v P“(PRQ) n ‘a . 

. sc (P, Q* t a)‘R a P“(PRQ) k ‘cl = A . 
sc (P, <2* t «)‘P = C*P - P“(PPQ)«‘a 

[*234*18] 

*234*312. h P e Ser . Q # £ a e connex . R“(a a C‘Q) C C‘P . 3 : 

E ! (PRQ) im. ‘« . = . E ! minp'sc (P, Q # £ a)‘i2 . 

= . (PPQ) , mx ‘a = min/sc (P, Q # £ a)‘P 

[*234*182] 

*234*32. h Ppo e Ser . t ft « connex . P“(o a C‘Q) CC"P.3: (PXQX»‘« e 1 . 3 . 

os (P, Q* C «)‘P - (PRQ ) = t‘max P ‘(PP(2) K ‘a = i‘min P ‘(PRQ).o‘« 
[*234*203] 

*234*321. I- :: Hp *234*32 . os (P, £ a)‘P e 1 . 3 (PRQ) „‘a ~ e 1 . 3 : 

(PRQ) 0 ,‘a = A : os (P, Q# £ a) f R = i‘max/(PPQ) K ‘a . ~ E ! minp‘(P.8Q) i0 < a . 

v . os (P, Q* £ a)‘i2 = I'minp^PRO^'a . ~ E ! maxp‘(PPQ) M ‘« 
[*234*23] 

*234*322. h : Hp *234*312 . os (P, Q* £ a)‘P el. 3. 

os (P, <2* D «Y R = i‘(P«Q)in>/« = t‘(P«Q)ua,‘« [*234*24] 
*234*329. h : Hp *234*32 . os (P, Q# £ a)‘P e *2 . 3 . 

os (P, Q * t a)‘R = t‘maxp‘(PPQ) M ‘a w t'min ^‘(PRQ^a . 

Jmaxp^PPQ^'a} P, {minp^PRQ^'a} 

[*234*242] 

*234*33. I- : Hp *234*32 . P* = P . g ! os(P, Q* £ a)‘R . 3 . 

os (P, <2* D a)‘P = t‘(PPQW« = t‘(PPQ)im.‘« [*234*25] 

*234*331. I- : Hp *234*312 . (PP<2W« = (PB<2W« • 3 • 
os (P, <2* D «)‘P = i‘(PRQ)) mx , a = i‘(PRQ)imx <a 

= i‘minp‘sc (P, Q# £ a)‘P = i‘maxp‘sc (P, Q* £ a)‘i£ 

[*234*251] 
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*234-34. J- :. Hp *23432. P» = P. D : 

3. 1 os (P> Qm P a)‘R . = .os (P, Qq £ a)‘R — t‘(P RQ)i mx‘ a • 

= . 08 (P, Q# t a)‘R = i‘(PPQW « . 

[*234-26] 

*234-36. I- : Hp *234-312 . x e os (P, Q m £ a)‘R - a t P 1 . D . x = (PPQW« 
[*234-27] 

*234-361. I- : Hp *234312 .*eos(P,Q»t a)‘R - D‘P, . D . * = (PPQW« 

W 

jj*234'35 pj 

*234-362. h : Hp *234 312 . * e os (P, Q* £ «)‘P - (7‘P, . D . 

* = (PBQW'a - (PRQ\ m r‘« [*234-35-351] 

*2344. h :. a: e sc (P, Q# £ Q^^YR • = : 

a: « C‘P : xP m w . D*, . (gy) . y e Q^a a G‘P . R“Q (y i— a) C P^'w 
[*234-3. (*121012)] 


*234-41. I- :: Q e trans . Q m £ Q‘a e connex . D :. 

x e os (P, Qm £ Q‘a)‘R a D‘P a (1‘P . = : x e D‘P a (I‘P : 

xeP{e — w).^ z<v . (gy) . y e Q‘a a G‘P . R“Q (yh-a)CP(s — w) 
[* 234 - 301 . (* 121012 ) . * 20118 ] 


*234*42. h :. P e Ser . Q e trans . Q m £ Q‘a e connex . R“Q‘a C C‘P . D : 

R ( PQ)‘a = minp'sc (P, Q m £ Q‘a)‘R [*234182] 


*234*421. I- :. P^ e Ser . Q e trans . Q m £ Q‘a e connex . R“Q‘a C C‘P . D : 

sc (P, Q* D"Q‘a)‘P = A . 3 . R(PQ)‘a = P‘P [*234 1 83] 

*234 422. h : Hp *234 42 . P € Ded . D . R (PQ)‘a = limin^sc (P, Q* £ <?a)‘P 
[*23313. *234-42] 


*234-43. h : Hp *23442 . os (P, Q* £ Q‘a)‘R el.O. 

os (P, Q* t ~Q‘ a ) = (PQ)‘a - t‘R (PQ)‘a [*234-322] 

*234-439. h : Hp *234 421 . os (P, Q, ^‘a/P e 2 . D . 

os (P, Q m t&ayR = i‘P (PQ)‘a w i‘R (pQ)‘a . 

{P (PQ)*a) P, {P (PQ)‘o} [*234-329] 

*234-44. h : Hp *234421 . P* = P . g ! os (P, Q# t"Ja)‘P . D . 

os (P, Q* t Q‘a)‘R = (PQY a = (PQ)‘a [*234-33] 
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*234*441. I- :Hp *234-42. P(PQ)‘a = P(PQ)‘a. 3. 

os (P, Q m t ~Q‘a) = i‘R (PQ)‘a = i‘R (PQ)‘a [*234-331] 

*234*46. I- P e Ser . Q e trans . Q* e connex . R“Q‘a C C‘P . P* = P .3 : 

3 ! os (P, Q# C "Q‘a)‘P . = . os (P, Q* C "Q‘a)‘P = t‘P (PQ)‘a . 

= . os (P, Q# P"Q‘o)‘P = i‘P (PQ)‘a . 

= . P (PQ)‘a = R (PQ)‘a [*234 34] 

*234-46. h : Hp *234 42 . x e os (P, Q* iQ‘a)‘R - a‘P, . 3 . x = P (PQ)‘a 
[*234-35] 

*234-461. h : Hp *234 42 . x <r os (P, Q* £ Q‘a)‘P -D‘P,.3.ar=P (PQ)‘a 
|^*23446 pj 

' *234-462. h : Hp *234 42 .*eos (P. Q* e"J«)‘P - C‘P, . 3 . 

x = R (PQ)‘a = P (PQ)‘a [*234'46'461] 

*234-6. I- : a e ct (PQ)‘P . = . P‘a « os (P, Q* £ ~Q vo ( a)‘R - C‘P l [(*234-03)] 

*234 61. h :: Q e trans . Q* £ Q‘a e connex . P‘a e D‘P a Q‘P . 3 
a e ct (PQ) l R . = : P‘a~e(7‘P, : R , aeP(z — iff) . D*,* . 

( 33 ^) • y e Q‘a a a‘P . P“Q (y i-i a) C P (x - iff) 

Dem. 

H . *234-5-4 . *53 31 . 3 

I- :: Hp . 3 a ect(PQ)‘P . = : P‘a e D‘P a (I‘P — (7‘P, : R‘aeP(z — w ) . 3 X>1( ,. 

(ay) • y € Q‘ a A H‘P . P“Q (y i— a) C P (« — w ) . R“i , a C P{e-w) (1) 
Ml). *121-242. 3 h. Prop 

*234*52. h :. P e Ser . Q e trans . £ Q‘a e connex . R“Q‘a C C‘P . 3 : 

a « ct ( PQ)‘R . 3 . P (PQ)‘a = P (PQ)‘a = P‘o [*234 462 5] 

*234*521. h : Hp *234*52 . a e ct (PQ)‘R . 3 . os (P, Q# £ Q‘a) = t‘P‘o 
[*234-441-52] 

*234-522. h:.Hp *23452 ,P> = P.3: 

a e ct (PQ)‘P . = . P (PQ)‘a — R ( PQ)‘a * P‘o 

Dem. 

V . *234-45 . 3 

I- :. Hp . 3 : P (PQ)‘a = P (PQ)‘a = P‘o . 3 . os (P, Q* tQ*a)‘P = t‘P‘a . 
[*234-5.*201-65] 3 . a e ct (PQ)‘P (1) 

h . (1) . *234*52 . 3 1- . Prop 
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*234 53. I- :: e connex . Q e trans . R‘a = B‘P . 3 

a e ct ( PQ)‘R . = : P‘P~ 6 D‘P, : w e <I‘P . 3„ . 

(ay) • y « Q‘« a (HP . P“Q (y i-i a) C Ppo*«’ 

Dem. 

I- . *234122 . *53-31 . *234 5 . 3 

I- :: Hp . 3 a e ct ( PQ)‘R . = : P‘P~e D*P, : ( B‘P ) P„ 0 w . 3» . 

(ay) • y 6 Q‘ a A • K“(Q*‘y a Q‘a) C Ppo'tt/ . R ,( i‘a C Ppo‘u> : 
[*202-522.*205-253.*20118] = : P‘P~eD‘P, : 

w e G‘P . 3 W . (ay) . y e Q‘a a G‘P . R“Q (y w a) C P^'w :OK Prop 

*234 54 I- : a c ct ( PQ)‘R . 3 . a e Q.‘R a . R*a e C‘P 

Dem. 

h . *234-51 . (*234-02) . 3 h : Hp . 3 . R‘a « C*P (1 ) 

K (1). *234 5. (*234 02). D 

I- Hp . 3 : a l sc (P, <?#£ Q^ayR a D‘P . v . a* sc (P, Q*D Qpo‘ a YR f ' G‘P : 
[*234142] 3 : a ! &> A : 

[*37-46] 3:aeQ po “ (I ‘- B (2) 

h . (1) . *14-21 . *33-43 . 3 h : Hp . 3 . a e (PP (3) 

f- . (1) . (2) . (3) . 3 1- . Prop 

*234-55. h . ~ {min (Q^'Q'P e ct (PQ)‘R] [*234 54 . Transp] 


*234-56. h : Hp *234 52 . a e ct (PQ)‘R . 3 . 

(PRQ)„/Q‘a e 0 w 1 . E ! R (PQ)‘a . R (PQ)‘a~e C‘P, . P‘a = R (PQ)‘a 

Dem. 

I- . *234-5 . 3 I- : Hp . 3 . 3 ! os (P, Q# £ ~Q‘a)‘R . P‘a~<? (7‘P, . 

[*234 103] 3 . (PPQV^o eOwl. P‘a~e C‘P, ( 1 ) 

h . *234-52 . 3 h : Hp . 3 . P‘a = R (PQ)‘a . E 1R ( PQ)*a ( 2 ) 

I- . (1) . (2) . 3 h . Prop 


*234 561. I- : P, Q e Ser . a e ct ( PQ)‘R . a = lt c ‘(a a d'fi) . R“Q‘a C C‘P . 3 . 

(PRQ\mx‘« - -B'a = (£fl<2W« [*233-515 . *23456] 
*234-562. h : P, Q e Ser . lt<j‘(a a <3‘P) e ct (PQ)‘P . R“(a a C‘Q) CC‘P.3. 

(-PflQW« = (PPQXmx'a = P‘lt e ‘a [*233-516 . *234 56] 

That is, if a is any class of arguments having a limit at which the function 
is continuous, then the limit of the function, as the argument approaches the 
limit of the set of arguments, is the value of the function for that limit. 
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*234-6. b : a e contin (PQ)‘R . = . a e ct ( PQ)‘R a ct (PQ)‘P [(*234-04)] 

*234*61. b :: P-po e Ser . Q t trans . Q* £ Q‘a econnex . R‘a e D‘P n Q‘P. 3 

a e contin ( PQ)‘R . = : P‘a~e (7‘P, : P‘a e P (z — w) . D z w . 

(^.y,y')'aeQ(i/-i/).y,y' ed < R.R ,t Q(y^y')CP(z-w) 

Dem. 

b . *234*51 . 3 b :: Hp . 3 a e contin ( PQ)‘R . = : 

P‘a e D‘P a Q‘P — (7‘P, : P‘a eP(z - it.) . D*,*, . 
(gy.y') .y e Q‘a a <I‘P . y' e Q‘a a <I‘P . 
ii“Q (y h a) w il“Q (a h y 1 ) C P (* - ») (1) 

h . (1) . *201-19 . *20217 .31-. Prop 

*234-62. I- :. Hp *234 61 . P e trans . P“(?a C C‘P . 3 : a e contin (PQ)‘P . 3 . 

P ( PQ)‘a = P (PQ)‘a = P (PQ)‘a = P (PQ)‘a = P‘a 

[*234-52-6] 

*234*63. b :. Hp *234*62 . P” = P . 3 : a € contin ( PQ)‘R . = . 

P (PQ)‘a = R ( PQ)‘a = P (PQ)‘a = P (PQ)‘a = P‘a 

[*234-522-6] 

*234*64 I- :: Hp *234-62 . P‘a e D‘P a G‘P . 3 :. a e contin (PQ)‘R . = : 

P‘a e (7‘P — (7‘P, : P‘a eP(z — w). 3 A „ . 

(ay. y') • y. y' « • « « Q (y - y') • P“Q (y *-• y') c p (z - w) 

[*234-51-6] 

*234*7. b : P e P contin Q . = . 3 ! C‘Q a Q‘P . C‘Q a Q‘P C contin (PQ)‘P 
[(*234*04)] 

*234-71. b : PcPcontin Q. 3 . Pf (7‘Qe 1 -»Cls . P“(7‘Q C C‘P 

Dem. 

b. *234-7-6-5. 3 

b :. Hp . 3 : o e (7‘Q a Q‘P . 3 . P‘o e os (P, Q# £ Qpo‘a)‘P . 

[*2341] 3 . P‘a e (7‘P . (1) 

[*14-21] 3.ElP‘a (2) 

b. (2). *71-572 . 3 b : Hp . 3 . P f C‘Q el—* CIs (3) 

b . (1 ) . (2 ) . *37-61 . 3 b : Hp . 3 . P“((7‘Q a d‘P) C (7‘P (4) 

b. (3). (4). *37-26. 3 b. Prop 

*234*72. b :. P € Ser . Q e trans a connex . PeP contin Q . 3 : 

a e C‘Q a d‘P . 3« . P (PQ)‘a = P (PQ)‘a = P (PQ)‘a - P (PQ)‘a = P‘a 
[*234-62-7] 
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*234*73. h :: P e Ser . P* * P . Q e-trans a connex . D 

ReP con tin Q . = : g ! C‘Q a G‘P : a e C‘Q a G‘P . D a . 
P (PQ)‘a = P (PQ)‘a = P (PQ)‘a = 2? (PQ)‘a = P‘a 

Dem. 

h . *234*7*71 . D I- :: Hp . D PeP c^Etm Q.=:g! AO'fi. R“C‘QCC*P-. 

a e C‘Q a G‘P . D„ . a « contin ( PQ)‘R : 
[*234*63] = : g ! C‘Q a d‘P . P“C‘Q C C‘Piae C‘Q a O'P . D„ . 

22 (PQ)‘a = R (PQ)‘a - P (PQ)‘a = 22 (PQ)‘a = P‘a (1 ) 
h . *233*401*101 . D 

I- a « C*Q a G‘P . D„ . P (PQ)‘o = P*a : D : a € C‘Q a G‘P . . P‘a e C‘P : 

[*37*61*26] D : R“C‘Q C C‘P (2> 

h . (1) . (2) . D h . Prop 
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